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1 The 2PBM describing a poroelastic solid saturated by a two-
phase fluid

We consider a porous solid saturated by two immiscible fluids, where we distin-
guish a wetting phase and a non-wetting one, to be denoted with the subscripts
(or superscripts) “w” and “n”, respectively. Let x = (z,y, 2) and S,, = S, (%)
and S,, = S,,(x) denote the wetting and non-wetting fluid saturations averaged
over the bulk material, respectively, with S,,, and .S, being the corresponding
residual saturations. We assume that both fluid phases completely saturate the
porous part and move within the pore space, [30,31], so that S, +.5,, = 1. and
Spn < Sp < 1— 85,4

Denote by u® = (uf), u" = (4') and u¥ = (@), i = 1,2,3 the time Fourier
transforms of the averaged displacement vectors of the solid, non-wetting and
wetting phases, respectively, and let ¢ = ¢(x) denote the matrix effective
porosity. The relative fluid displacements are

v =¢g@ -, ¢=-V-u 0=nw.

Let €;;(u®) and e® = ¢;;(u®) be the Fourier transforms of the strain tensor of
the solid and its linear invariant, respectively. Also, set u = (u®, u”, u").

Let 7 = 7;; and € = €5, 1, = 1,2, 3 denote the Fourier transforms infinitesi-
mal changes in the stress and strain tensors, respectively. Also, let P, and P,
denote the Fourier transforms of the infinitesimal changes in the non-wetting
and wetting fluid pressures, respectively. These infinitesimal changes are taken
with respect to corresponding reference values 7;;, P,, and P, associated with
the initial equilibrium state having non-wetting fluid saturation S,, and poros-
ity ¢. P, and P, are related through the capillary relation [30,31]

P = P.(S, +S,) =P, + P, — (P, + P,) = P.y(S,) + P, — P, > 0.(1)

Ignoring hysteresis, P., is a positive and strictly increasing function of the

Preprint submitted to Int. J. Rock Mech. Mining Sciences 5 December 2018



non-wetting fluid saturation.

The stress-strain of a 2PBM are [27,29,23]:

Tij(0) = 2pe;; + 6;;(A\ce® — By " — By &), (2)
To(w) = (Sp+B+C) Pa— (B+C) Py = —Bie* + My &' + Mz ", (3)
Tw(w)= (Su+C) Pu—(Py=—Bye" + Ms&" + My ", (4)
where
PCQ gn wa
5 ( )76 (5)

T (5 FulS))
The quantities 7,5, 7, and 7, are the generalized forces of the system. The
coefficient i is the shear modulus of the dry rock, while A\, = K, — g,u with
K. being the undrained bulk modulus. The coefficients in (2)-(4) can be are
determined as indicated in [27,29,23].

The equations for a 2PBM in the diffusive range of frequencies, stated in the
space—frequency domain are [27,29,23]:

V-7(u) =0, (6)
iwd,u" —iwdy, u” + VT, (u) =0, (7)
iw dy 1Y — iw dp,y 0" 4+ VT, (u) = 0. (8)

The coefficients d,,, d,, and d,,, are taken to be of the form:

d\(S) = (Sl>2/-@KZZ(SZ)’ l=n,w, 9)
(S, Sw) = € (dn(Sn)duo(Su) ) (10)

Here n,,n, are the fluid viscosities and k, K,,(S,), K(S,) are the abso-
lute permeability and the relative permeability functions, respectively, while
dy i (Sn, Sw) is a cross dissipative function. In the numerical experiments we
choose € = 0.01.

2 The equivalent TTV medium

Let us consider z; and x3 as the horizontal and vertical coordinates, respec-
tively. As shown in [15] a fluid-saturated poroelastic solid with a set of hori-



zontal layers behaves as a TIV medium with a vertical symmetry axis at long
wavelengths.

Denote by 7;;(11s) and €;;(05) the stress and strain tensor components of the
equivalent TIV medium, where u, denotes the solid displacement vector at
the macroscale. The corresponding stress-strain relations, stated in the space-
frequency domain and assuming a closed system are [32,8]

T11(Us) = pu1 €11(Ws) + P12 €22(Us) + P13 €33(1s), (11)
Too(Us) = P12 €11(0s) + P11 €22(Us) + P13 €33(y), (12)
T33(0s) = p13 €11(Us) + P13 €22(0s) + p3s €33(Us), (13)
T23(Us) = 2 ps5 €23(Us), (14)
T13(0) = 2 pss5 €13(0s), (15)

(u,) =2 ( (16)

DPe6 €12 ﬁs)-

Note that in a TIV medium pi2 = p1; — 2 pgs, so that only five independent
stiffness, i.e., p11, P33, P13, P55 and pgg need to be considered.

As shown in [21,22] these stiffnesses can be determined using five time-harmonic
experiments. Next we present the generalization of those experiments using
the 2PBM to determine a TTV medium long-wave equivalent to a fine layered
poroelastic solid saturated by a two-phase fluid.

We will solve (6)-(8) in the 2D case on a reference square Q = (0, L)? with
boundary I in the (21, x3)-plane. Set I' = TLUTBUTEUTT, where T, T T8
and I'T" denote the left, right, bottom and top boundaries of Q. Denote by v
the unit outer normal on I' and let x be a unit tangent on I' oriented coun-
terclockwise so that {v, x} is an orthonormal system on I'. To determine the
five independent stiffness coefficients, we solve (6)-(8) in € with the boundary
conditions

u'-v=0, u’-v=(r,a3) €l (17)

i.e., no fluids enter or leave the sample, and the additional boundary condi-
tions:

for P33
T(uwv-v=—-AP, (x1,23)€ T, (18)
T(wr-x=0, (z1,23) €T, (19)
w-v=0, (z,23) el \I7". (20)



Using the relation
AV (w) AP
- 21
v @) (21)

where V' the original volume of the sample, ps3(w) can be determined from (21)

measuring the complex volume change AV (w) =~ Luf’gf’ ) (w), where u§3§’ ) (w)

is the average of the vertical component of the solid phase at the boundary

for P11-
T(uwv -v=—-AP, (x1,23)€ e, (22)
T(u v-x= 07 (x17x3) € Fv (2?))
w v =0, (r1,23) €\ (24)

Thus, this experiment determines p;; as indicated for ps3, measuring the os-
cillatory volume change.

for pi3:

T(Wv-v=—AP, (z,23)cTFur?, (25)
T(U)V X = 07 (x17$3) € Fa (26>
wv=0, (z,73) €Tl url? (27)

From (11) and (13) we get

011 = P11€11 T P13€33 033 = P13€11 1+ P33€33,

with €;; and e33 being the (macroscale) strain components at I'l and T'7,
respectively. Since 017 = 033 = —AP (c.f.(25)) we obtain p3(w) as

plg(w) _ P11€11 — p33€33. (28)
€11 — €33
for Ps5-
—r(wWr =g, (r,r3)eMUr*ur”, (29)
u, =0, (x1,23) € B, (30)
where



(07 AG)? ($1,LE‘3) S FL7
g = (07 _AG>7 (I17$3) € FR:
(_AGaO)7 ($1,$3) S PT‘

The change in shape of the rock sample allows to obtain pss(w) by using the
relation

tg(fw)) = pifi)

where (w) is the departure angle between the original positions of the lateral
boundaries and those after applying the shear stresses, that can be determined
by measuring the average horizontal displacement at I'"' [21,22].

: (31)

for peg:
—T(U)I/ = g9, (ZL‘l,l’Q) - FB U FR U FT, (32)
u, =0, (x1,29) € Ik, (33)
where

(AG70)7 ($1,[L‘2) S PB?
g =1 (=AG,0), (z1,22) €T,
(0, —AG), (w1,29) € T

Then, we proceed as indicated for pss(w).

The approximate solution of these five BVP was computed using a FE proce-
dure. We used bilinear functions to approximate each component of the solid
displacement vector, while for the non-wetting and wetting fluid displacements
we used a closed subspace of the vector part of the Raviart-Thomas-Nedelec
space of zero order [33]. See [22,23] for details on the description of these finite
element spaces. Also, it was shown in [22] that the error associated with these
finite-element problems, measured in the energy norm, is on the order of h'/2,
with h being the size of the computational mesh. The proof can be generalized
to the case of two-phase fluids analyzed here.

3 Numerical experiments

The FE procedures described above were implemented to determine the five
complex stiffnesses pr;(w) as a function of frequency. The corresponding phase
and energy velocities and dissipation coefficients for qP, qSV and SH waves
were computed as in [8].



In all the experiments the numerical samples are squares of side length 20 cm
and were discretized using a 80 x 80 uniform mesh representing 10 periods of
of 6 cm isotropic illite layers and 2 cm isotropic viscoleastic kerogen layers,
with the layers saturated by two-phase fluids.

The saturant fluids were chosen to be two-phase mixtures of water-gas or oil-
gas, with water being the wetting phase for the illite layers and oil being the
wetting phase for the kerogen layers.

The grain bulk modulus, density, dry bulk and shear modulus, porosity and
permeability of the illite are (in MKS units)

K, =28.43110° p, =2700.0, K,, =18.0098 x 10° p,, = 12.4683 x 10°
$=01 KrK=2x10""

For the kerogen layers, the grain density, dry bulk and shear modulus, porosity
and permeability are (in MKS units)

K, =6.775910° p, = 1400.0, K,, = 4.2923 x 10° p,, = 1.277 x 10°
=01 KrK=2x10""

The bulk modulus, density and viscosity of the fluids are 2.25 GPa, 1000
kg/m? and 0.001 Pa-s for water, 0.022 GPa, 78 Kg/m® and 0.00015 Pa-s for
gas and 0.57 GPa, 700 Kg/m3 and 0.01 Pa-s for oil, respectively.

In the illite layers, saturation for the water (wetting) phase is S,, = 0.99, while
the nonwetting gas phase has saturation S, = 0.01.

In the kerogen layers saturation for the wetting (oil) phase is S, = 0.05, and
the nonwetting gas phase has saturation is S, = 0.95.

The two-phase fluid is described in terms of relative permeabilities, K., (S,) ,
K, (Sy), and capillary pressure function, P.,(S,), taken to be [29,34]:

K (Sn) = (1 ( )/(1 Sen))?
Kv’w(Sn) ([ - ] / ( Srw))2 ’
PulS2) = A (1 /(sn Sy = 1) = 2 /[Su(l = Son — Sr))).

where A is the capillary pressure amplitude, chosen to be 30 kPa in all ex-
periments. These relations are based on laboratory experiments performed on
different porous rocks during imbibition and drainage processes (neglecting



hysteresis effects) and are of common use in multiphase flow reservoir simula-
tion.

The first experiment compares energy velocities and attenuation coefficients
of qP, qSV, and SH waves for a two-phase gas-brine mixture defined using the
2PBM with those corresponding to the analytical solution using the SPBM as
in [15], with the single-phase fluid determined by weighting the gas and brine
properties with the corresponding saturations in background and fractures.
Note that the analytical solution correspond to the case when the kerogen
layers are elastic.

The effective single phase fluid viscosity 1(¢//), density p(¢/) and bulk modulus
K1) are computed as follows,

n(eff) — nnsn + anw’

1 Sp . Su
+

KEh K, K,
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Fig. 1. Polar representation of energy velocities of qP and qSV waves of the 2PBM
for a two-phase gas-brine fluid and those of the analytical model, the latter computed
using and effective single-phase fluids. Residual saturations are S, = 0, S;.,, = 0.01.
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Fig. 3. Polar representation of energy velocities of SH waves of the 2PBM for a
two-phase gas-brine fluid and those of the analytical solution, the latter computed
using and effective single-phase fluids. Residual saturations are S, = 0, Sy, = 0.01.
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