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Abstract

An effective viscoelastic medium is derived using harmonic FE numerical experi-
ments in a fluid-saturated composite poroelastic solid.

Key words: , Poroelasticity, Finite element methods, Effective viscoelastic media

1 Introduction

To be written

2 The stress-strain relations

Let the Fourier transform in the time variable be defined as usual by
Flw)= [~ ety at, (1)

where w denotes the angular frequency.

Let 2 be an elementary cube of poroelastic material composed of two porous
solid phases, referred to by the subscripts or superscripts 1 and 3, saturated
by a single-phase fluid phase indicated by the subscript or superscript 2. Thus,
Q=01 U UQ3. Let V; denote the volume of the phase 2; and V}, and Vj,,
the bulk volume of €2 and the solid matrix €2, = 1 U {23, so that

Vim = V14 V3, Vi=Vi+Va+ V3.

% V
L and S; = —3, denote the two solid fractions of the composite

sm sm

Let 51 =

matrix.

We also define the effective porosity as

=1

b
Let u™, u® and u® be the averaged solid and fluid displacements over the
bulk material. Here u® is defined such that on any face F of the cube Q

/ ou? - vdo
F
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is the amount of fluid displaced through F', while
/ SiuV) - vdo and / Ssu® - pdF
F F

represent the displacements in the two solid parts of F', respectively. Here
v = (v;) denotes the unit outward normal to F' and dF the surface measure
on F.

Let 7 = (V) and 7® = (Ti(;’)) denote the stress tensors in ; and 3

averaged over the bulk material 2, respectively, and let p; denote the fluid
pressure. These quantities describe small changes with respect to reference
values corresponding to an initial equilibrium state. Let us also introduce the
tensors

T@'S'LT) = qu(jl) — S10p50ij, Ti(,:;"T) = Ti(f) — S30ps0ij, (2)

associated with the total stresses in €2; and ()3, respectively.

Let
W= ¢(u(2) — Su® — Sgu(3)), (3)

where ( = —V - w represents the change in fluid content and

1/0u™  oul™
(g m)y — = i J
(™) 2( or; T 8xi>’ "

denotes the strain tensor in €, with linear invariant 6,, = e;(u(™).

The stress-strain relations are

T = [ — BiC + Difs |0y + 24mel]) + purse, )
7_i(j:%,T) _ [}\393 — By + DSQI}% + 2/@,65?) + M1,3€S), (5)
pf = —81(91 - 3293 + MC (6)

3 The equations of motion

The equations of motion stated in the space-frequency domain are



—W2P1111(1) - W2p12u(2) - w2p13u(3) + Z'anu(l) - iwf12u(2) - Z'anu(?’)

=v.r0D, (7)
—w2p12u(1) - w2p22bu(2) - w2p2311(3) - iwfuu(l) + iwf2211(2) + iwleU(g)

= —Vpy, (8)
—wprzu — w?posu® — Wpsu® —iwfiiu® +iwfiou® +iwfiu®

=v.-r6D =123 (9)

4 Determination of the stiffneses ps3

In order to determine the coefficients p33 we proceed as follows. We will solve
(7)-(9) in the 2D case on a reference square 2 = (0, L)? with boundary T in
the (x1, z3)-plane.

Set I = TP UTBUTRUTIT, where

F={(x1,23) €T :2y =0}, T'F={(xy,23) €l 2 =L}
FB:{(ZIfl,.ﬁEg) EFZ$3:0}, FT:{<.’IZ‘1,373) 6FIQZ’3:L}.

Denote by v the unit outer normal on I' and let x be a unit tangent on I'
so that {v,x} is an orthonormal system on I'. It follows how to obtain the
stiffness components.

To determine p33, we solve (7)-(9) in 2 with the following boundary conditions

D v =—-AP, (21,23) €7,

(u)
Oy v = —AP;, (w1, 25) € T7
(u)

KN

(10)

(11)

v-x=0, (x1,23) €T, (12)
3D - x =0, (r1,23) €T, (13)
uV v =0, (z,23) el \I7, (14)
u®.v =0, (2,25) €D\, (15)
w-v=0, (z1,23)€l. (16)

In this experiment e (u) = epn(u® = () = enu® =V.-w =0
and this experiment determines ps3 as follows.

Denoting by V' the original volume of the sample, its (complex) oscillatory
volume change, AV (w), we note that



= — (17)
valid in the quasistatic case.

After solving (7)-(9) with the boundary conditions (10)-(16), the vertical dis-

placements ugl)(a:, L, w) of the solid frame on I'"" allow us to obtain an average

vertical displacement ﬂél)(w) suffered by the boundary I'7.

The numerical tests show that ug)(m, L,w) gives the proper volume

change.

Then, for each frequency w, the volume chan%e produced by the compressibility
test can be approximated by AV (w) ~ Lal (w), which enable us to compute

p33(w) by using the relation (17).

To determine pss, let us consider the solution of (7)-(9)in 2 with the following
boundary conditions

0D (W =g, (1,23) € [T UTFUTE, (18)
—rBD )y =g;,  (1,73) e TTUTFUTE, (19)
u® =0, (2,23) € T®, (20)
u® =0, (21,125) € TP, (21)
w-v=0, (r1,23)€Tl (22)

(0,AG1), (Z’l,l'g) c FL,
g1 =4 (0,—AGy), (x1,23) € T'H, (23)
(—AGl,O), (.Il,l’g) cIt,

(O,AGg), (ZEl,Qfg) € FL,
g3 = (0,—AGs), (x1,23) € TF, (24)
(—AG3,0), (Il,l’g) cI?,

The change in shape of the rock sample allows to recover cs5(w) by using the



relation AG
tg(f(w)) = 71,
D e

where 0(w) is the departure angle between the original positions of the lateral
boundaries and those after applying the shear stresses.

(25)

The horizontal displacements ugl)(xl, L,w) at the top boundary I'"" allow us
to obtain, for each frequency, an average horizontal displacement ﬂgl)(w)

suffered by the boundary I'". This average value allows us to a prox1mate the
change in shape suffered by the sample, given by tg(f ~ ul w)/L, which
from (25) let us estimate pss(w).

5 A variational formulation

In order to state a variational formulation we need to introduce some nota-
tion. For X C R with boundary 0X, let (-,-)x and (-, -) 5 denote the complex
L*(X) and L*(0X) inner products for scalar, vector, or matrix valued func-
tions. Also, for s € R, || - ||s.x and | - |sx will denote the usual norm and
seminorm for the Sobolev space H*(X). In addition, if X = Q or X =T, the
subscript X may be omitted such that (-,-) = (-,-)q or (-,) = (-, *)r.

Let us introduce the following closed subspace of [H(Q)]?:

Wis(Q) = {v e [H'(Q))]?:v-vr=0 on " Ut UT?},
Wis(Q) = {v € [H'(Q)]?: v=0 on I'?}.

Also, let
Ho(div; Q) ={v € H(div;Q): v-vr =0 on I'},
H'(div;Q) ={ve [H(Q): V-ve H(Q)},

and for (I,J) = (3,3),(5,5) let

Zry(2) = Wi (Q) x Ho(div; €2) x Wi, () .

To obtain our variational formulation associated with ps3, set v = (V(l), v, V(S)) €
Z33(2) Then multiply equations (7) by v(Y) € Wi3(Q), equation (9) by v® €



Wa3(Q) and equation (8) by v?) € Hy(div;Q), integrate by parts using the
boundary conditions (10)-(16) and add the resulting equations to get the weak
form: find u®¥ = (33 w33 uB33) € Z33(Q) such that

A(u(?’?’),v) — 2 (p1111(1’33) +p12u(2,33) +p13u(3’33),v(1)) (26)
tiw <f11u(1,33) _ f1211(2’33) — fu u(3:33) ,U(l))

w2 (p12u(1,33) + Dao 1(233) + Pos i1(333) v(2))

+zw( Dt fopu®®) 4 f1211(3’33),’l}(2))

w2 (plgu (1,33) 4 p23u( 33) | p33u(3’33), U(S))

i (—fuu 1.33) | f12u(2,33) + f1111(3’33)7v(3))

+Z (T W u(33) 51911("(1))) - (pf( 33)) V- U(2)>
+>

(@), ()
q

= — (APl,v(l) -1/) - (APg,V(3) . V) , Vo v= (V(l),v(z),v(?’)) € Z33(Q).

Similarly, to obtain our variational formulation associated with pss, set v =
(V(l),V(z),V(S)) € Z55(Q). Then multiply equations (7) by vV € Wss(9),
equation (9) by v® € Wx5(Q2) and equation (8) by v® € Hy(div; ), inte-
grate by parts using the boundary conditions (18)-(22) and add the resulting
equations to get the weak form: find u®® = (u(1%) u25) uB5)) ¢ Z.(Q)
such that

A(u(55), V) = —w2 <p11U(1’55) + P12W + p13U(3’55), ’U(l)) (27)
+iw (f11u(1’55) . f12u(2,55) . f u(3,55) U(l))
w2 (p12u (1,55) + Do u(2:55) +p i3 55) (2))

—i—zw( + foou®® 4 f) u(3’55),v(2))
w2 (plgu( ,55) + Do3 u( ,55) + pas u® 55)’0(3))
+iw ( )+ fou®® 4 fu 3’55),21(3))

+

2|7 5pq<V(1))> - (pf(u(“r"r’)),V . U(Q))

q

(w7
+ Z (7_ (3,1) u(55 5pq(v(3)>>
pq

(gl, ) (gg,V(3)> .,V o v= (V(l),V(Q),V(S)) € Z55(Q).



6 Finite element formulation

Let 7"(€2) be a non-overlapping partition of 2 into rectangles {2, of diameter
bounded by & such that Q = UJ€;. Denote by I, = 99, N 982, the common
side of two adjacent rectangles €2; and €. Also, let I'; = 02, N T.

We employ the space of globally continuous piecewise bilinear polynomials, to
approximate each component of the solid displacement u®, while the vector
part of the Raviart-Thomas-Nedelec space of zero order is used to approximate
the fluid displacement vector u’/ [27]. More specifically, let

W(Q) = {v®: v*|g, € [PL1()]%, v¥ v =0o0on " UTHTP}N[CO(Q)),

WE(Q) = {v*: v¥|g, € [PL1()]%, v* v =0o0nIP}N[CO(Q)

be the FE spaces to approximate the solid displacement, and let

Vh<Q) = {Vf € H(le, Q) . Vf‘QJ € Pl,O(Qj> X PO,l(Qj>7 Vf -v=0o0n F}

be the space to approximate the fluid displacement vector. Here P;, denotes
the polynomials of degree not greater than s in x; and not greater than t in
xIs.

Then, for (I,.7) = (3,3), (5,5) let
Z15(Q) = Wiy (Q) x V(Q) x Wi, ().
Next, for (I,.7) = (3,3), (5,5) let

17, : [H*2(Q)F — Wi, (Q)

be the interpolant operators associated with the spaces WI,. More specifi-
cally, the degrees of freedom associated with I1?,v are the vertexes of the
rectangles 2; and if b is a common node of the adjacent rectangles €2; and

Q) then (H’}Jgo)j (b) = (H’}Jgo)k (b), where (H'}Jgo>j denotes the restriction of

the interpolant I}, of ¢ to ;.

Also, let



Q" : H}(div; Q) — V"(Q)

be the projection defined by

<(Qh1,b—1/))-1/,1>3:0, B=T; or B=T;.

The approximating properties of I1?; and Q" are [27]

le — 1% 6pllo + kil — I elly < CRY2||]|30, (28)
I — Q"pllo < Ch||9|1, (29)
IV - (= Q") |lo < Ch(||t]ly + |V - 4]1) . (30)

Now, we formulate the FE procedures to determine the stiffnesses p;;’s as
follows:

e ps3(w): find u™3) € Z2.(Q) such that

A" v) = — (AP, v - v) = (AP, v® 1), Vv € 25(Q). (31)
o pss(w): find ™5 € ZL(Q) such that

Au) v) = (gl,v(l)) + (gg,v(g)) . YveZL(Q), (32)

where g; and g3 are defined in (23)-(24).

To approximate each component ugl),uf’) of the solid displacement vectors

u®, u® take a reference rectangle R = [0,1]* and consider bilinear polinomi-

~

als V(R) Then we define
V(R) = Span{p"", oPF, TR, ST

For example, P is a bilinear polynomial taking the value one at the botttom
left corner of R and vanishing at the other three corners of R.

To approximate the fluid displacement vector u® we choose the vector part
of the Raviart-Thomas-Nedelec space [27,28] of zero order defined on R as
follows. The four degrees of freedom associated with each fluid displacement
vector are the values of the normal components at the mid points &1 =
L, R, B, T of the faces of R. Thus, defining the local basis

Vi) =1 -2, (@) =2, 9P (2) =1 -2 ¥ (2) = 2,



we have that

W(R) = Span{(v*(z),0), (4" (2),0), (0,4 (2)), (0,%"(2)) }.

Now, our finite element approximations U® to u®, UO = (UM, UM) to
uV = (u (1)7 o ) and U®) = (Uld),Ug ) to ul®) = (ug?’),ué )) in the reference
element R are represented as follows:

U® = U (g (x),0) + UR (" (x),0) + UP (0,47 (2)) + U (0,47 (2)),
Ugl) ULEQPE (2, 2) + ]1 UPPoPR(x, 2) + U1 ROTR (g, 2) + U ToTL(
U = USEQPE (2, 2) + UPP PP (w, 2) + UP o™ (@, 2) + U o (

T, z),
x,2), J
By properly scaling the given basis elements we construct the spaces V" and

WP" used to represent the approximating functions UM, U®) and U® for the
solid and fluid displacement vectors on each element (2;.

7 The effective viscoelastic solid

let pm, m = 1,2, 3 denote the mass density of each solid and fluid constituent
in 2. Also let

Vi Vs

= — d
ol v an O3 = Vb

be the fractions of the two solid phases in the bulk material. The mass density
of the effective viscoelastic material is given by the arithmetic average

p = Q1p1 + ¢p2 + @3p3

8 Numerical Examples

desde aqui hay que comenzar a definir, validacion y ejemplos, fractal ice con-
tent, fractal shale-sandstoen distributions etc.

Lo de abajo es para el codigo

10
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9 The Algebraic Problem for u = u®®

Let

A(u(33),v) — 2 (pnu(1,33) +p12u(2’33) +p13u(3’33),v(1)>
+iw (f11u(1’33) — f120®%) — f1;u®3) U(l))
w2 <p12u(1,33) + pmu(2,33) + p23ﬁ(3,33)’ 0(2))
iw (—f12u(1’33) + f22u(2,33) + flzu(3’33),v(2))
2 <p13u(1,33) + ngu(2,33) +p33u(3’33), U(3))
iw (_fllu(l,:s:s) + f1211(2’33) + f1111(3’33),?)(3))
Al(u(33), V(l)) + Az(u(SS)’ V(2)) + Ag(u(33), V(1))
= — (APl,v(l) -u) - (APg,V(3) : I/) , V= (V(l),V(Q),V(S)) :

+

+ o+

where

11



1(u, V(l)) (2,%11(11( )+ A ( 1(u®) + e33(u 1 )+Blv-u(2)

(2/1822( )+)\1 (811(115 + &3 ( )+B1V u

A
" Dy (e1(u®) + £33 (u®)) + pzens (u <3>> en(vi)))
+ )
+ D (511( D) + e55(u )) + ji13€02(0 )),522(‘,(1)))
(
)

+2(2M1512(( + p113612(u®), £5(v U)

8u2) v
ox
1) (1)
(()‘1+2M1 8u2 81}2 ) ( 8u1 781)2 )
ox
n auﬁl) (%1 n 8u2) 61}
”1 ay ) 8?,/ Ml
au(?») 811( 1 u23 (1)
Mlsiay 'y +* ,ulsix ,
+1 augg) 31}&” +1 au;) (1)
2 \" 0y or “1303:’@95

8u(3) 81}51) (b 8u2) (%(1)
ox = Ox S0y’ Oz

8u(3) vV ou vV
+ | (Ds——, == | + [ (D3 + ps) =2, =

8u§1) 81}1

+ | (D3 + p13) ——

ox = Oy oy Oy
(B 8u§2) +8ug2) 7(%%1)
ox oy ox

(B 8u?) n aug) ’(%él)
Ox oy oy

12

)l

(34)

8u§1) avél)
Yor ' ox



oul®) av(3> ous? 811(3)
(3) Ju; ™ 0y Juy ™ 0vy
8u2) 81}&3) 8u§3) 81}&3)
()\34‘2#3 8y + )\37813 y ay
(3) 81} n 3u§3) 81}%3) n au§3) 81}53) n 8u§3) 81}53)
y7 y 4] axaay J 4] ay7ax 25 8:1:’8:1:
+1 8u§1) 8@1 +1 8u§1) 8@&3)
9 M1378y - 9 Mlsiax ' "By
+1 8u§1) 8@&3) +1 8u§1) 81}%3)
9 | F18 oy = Oz 2 \ M 0 " "o
8u§1) 81)(3) 8u21) 81)(3)
| (Pstms) 75~ oxr = Ox Ds=5,7 oy = Ox
Oul (1) 81)(3) 8u21) 81)(3)
D
+ | (D3—— or " Oy (D3 + p13) —— By oy
v (3, au?) 8u§2) 7(%%3)
ox oy ox
v (s, 8u%) 8u§2) 701}53) .
ox Jy dy
As(u,v7™) = (3191+3202 Mg,V -0®) (36)
augl) 8u2 ()
= (Bl ( O + ay ,V %
augg) Gugg) (2)
+ (BQ ( or + ay ,V -V
8u§2) au§2>
M 2 v
—i—( ( I + By ,V-v

Then the FE problems associate
Z33(€2) such that

d with ps3 is : find u®) = (0133 w233 wBG33) ¢

13



A(u(33),v) N (p11u(1’33) +p12u(2’33) —|—p13u(3’33),v(1)) (37)
+iw <f11u(1,33) . f1211(2’33) — fi u(3:33) U(l))

w2 (p1211(1’33) +p22u(2’33)+p i 33) (2))

—Hw( frou 133)+f u(2,33)_|_f u(3’33),v(2))

—l—zw( f1111 (1,33) + 1o u(2:33) + fu (3,33) (3))

A1<u(33) (1))—|—A( (33 )+A( (33) V(1))

— (APl,v ~1/) — (APg,V . I/) , V= (v(l),v(Q),v(3)> v E ZL(Q).

+

We write the local 20 x 20 linear system associated with (37) on a square
Q = (0,h)? in the x, z-plane. I am thinking on the z-axis pointing upwards to
imagine the node BL the bottom left corner (0,0), the node BR the bottom
right corner (1,0), the node T'R the top right corner (1,1), and the node T'L
the top left corner (0,1). (I am moving counterclockwise).

Let us define the 4 local basis for each component of the solid dispalcement
vectors u(l), v®

Pz = (L= (1= ), (38)
PP z) = o)1= 5, (39)
P2 = (1= 550G, (40)
P 2) = GG, (41)

and the 4 local basis for the fluid u/:

V) =1- - (42)
¢T($7 Z) = hzk’ (44>
1/13(377 Z) = 1= hik’ (45>

Let us use the notation u® = (u{", u3), u? = (W, u{?)

and set

3) 3
u(3) = (u(l ),U3)),

)

14



i (@, 2,0) = uf""P (@)™ (@, 2) + 0" PP (W), 2) +uf T (W) (w, 2) + T (W) (x, 2),
uy (2, 2,w) = ™" (@)™ (2, 2) + uf P (W) (w, 2) +ug T (W), 2) 4 ug T (W) (x, 2)
w? (@, 2,w) = " (@), 2) + 0P W), 2) + ™ (W), 2) + T (W)™ (2, 2),
ui? (@, 2,w) = us”" (@)™ (2, 2) + 0 (W), 2) + ug T (W), 2) - us T (W) (x, 2)
i = u®H(F,0) + u>P (", 0)
u§? = u®P(0,47) + u>D(0,47).

The ugl’BL) (W), ,u;(f”TL) (w), uE) 2R 4 (2B) 42T) are the coefficients in

the 20 x 20 linear system to be defined next.

To get the equation for the first unknown ugl’BL), choose

v = (v%l),vél)) = (¢PE(z,2),0) and v® = (0,0), v = (0,0) in (37) and

note that
Op"h(2,y)
L _ 9
511((90 (.Z',y),())) - ax )
100" (z,y)
€ BL(z,y),0)) = = 4
(77 (2,9),0)) = 5 By

Then we get the equation

15



2 1,BL) BL 1,BR, B LTR) T
(1,BL) 4 R (LTR) TR |

: TL
—w? (pur [uf" PPl up PR 4 MR 4y [HTDGTL] pBL)
(46)
w2 <p12 [u(Q,L)wL + u(27R)wR} ’@BL>
,BL ,BR R TL
— 2 (p13 [ugiﬁ ) + u§3 )¢BR + ug?»T )()OTR 4 ugi’JT )SOTL} 7¢BL)
+iw (fn :uglvBL)SDBL + ugl,BR)SDBR + USLTR)SOTR + uglaTL)SOTL] 7<'0BL)
W (fm _u(2,L)1/}L + u(2,R)¢R] 7SDBL)
, [ (3,BL ,BR TR TL
—iw (f11 _ugS ) 4 y(BBR) ,BR L BTR) TR 4 /(3 )SOTL} 78DBL)
1,BL 1,BR I,TR 1,TL
. )a[ug )QOBL_’_U% )¢BR+U§ )(pTR_i_ug )SDTL} DBl
1 /"Ll ax 7 ax
L, 9 {uéLBL)SOBL_i_u(l BR)SDBR_i_u:())l’TR)QDTR_i_uéLTL)(pTL} §pBL
! dy " O
N P {ugLBL)SOBL_i_ugl’BR)SOBR_i_ugl’TR)SOTR_i_ (1, TL)¢TL} 9Bl
N P {ugLBL)SOBL_i_uglaBR)SOBR_i_uglaTR)SOTR_i_ (1, TL)¢TL} HpBL
/’Ll 81‘ Y ay
+1 D) {u§3uBL)SOBL + ug&BR)QOBR + ug?%TR)gOTR + ug?”TL)goTL} 9Bl
9 H13 y ' By
+1 P [u(3uBL)SOBL 4 ug’%BR)QOBR + ug?%TR)QOTR + u:())&TL)(pTL} §pBL
H13 y ' By
3,BL 3,BR 3,TR 3,TL
Dy g )SOBL_i_ug )SOBR_i_ug )SOTR_i_ug )WTL} DpBL
3 M13 o o
(3 BL) BL+ug3,BR)¢BR+u(3 TR)gOTR+u§,3’TL)g0TL] DBl
oy " Oz
e P [u 2Ll [u(2,R)wR] DBl
! ox " Ox
e a[[u(Q,B)q/}B_'_u(Q,T)wT} DpPL
! 0z " Ox

— <AP1, (¢P(, 2),0) - V>I‘T =0

16



Remark: in this equation the right-hand side vanishes since the normal com-
ponent of (¢BL(x,2),0) on the top boundary vanishes.

Let us number the unknowns as follows:

1 — WP o o (BBR) gy (TR gy (BTE),
5 — ugl’BL), 6 — uél’BR), 7T — ugl’TR), 8 — uél’TL),
9 — ¥t 10 = %, 11 = u>P, 12 = .
13 = w14 = PP 15 = WP 16 - uPT,
17 = u$?18 = w70 19 — WP 20 — WP,
Collecting in (46) the coefficients multiplying the unknowns u;?*(w), - - -, us™*

etc we get:

17



(1,BL)
Uy

I

ox

fue™™®, P <(A1+2u1 oyt 80 >+< ,90 )]ugwm

fue™ o) + (()\1 + 2#1 SO > ( 90 ﬂ uglvTL)

OBl 9pBL OBL §pBL
e ) o )

_ OBl 9pBL BR 9 BL
—w? (pn(,pBR7 ('DBL) + w (fHSOBR’ S0BL> (()\1 +2u1) ’ 90 > + 90 )] ul (1,BR)
+

aSOBL &PBL (1,BL)
<>\1 ay ) ox + | o ) ay Ug (47
aQOBR aSOBL aQOBR aQOBL (1,BR)
(Al ay ) 8$ + 431 (9x ) ay U3
angR a(pBL &,DTR aQOBL (1.TR)
(Al oy = Oz T or = Oy ¢
6ngL OQOBL aSOTL agOBL (1.7L)
8¢L angL
2 L  BL\ _ L BL gy~ (2,L)
w (p12¢ P ) w (f121/) , )+ (Bl 92 on
R BL
2 BL R , BL P Oy (2,R)
—w (P12¢ ;P ) W (f12¢ )+< 97" on )]
PP dpPE\ o by
(Bl oy ' Ox “
8wT angL
B (2,1)
( Yoy ox “
B 1 3 BL a BL 8 BL a BL
—w? (p13SOBL>SDBL)—W (f11<PBL7<PBL)+2<M13 gy ; gy >+ ((D3+M13) gx ) gx )] gsBL)
1 a BR 3 BL 3 BR a BL
—w’ (p13¢BR7€OBL)—W (fnSOBRaSOBL)‘f‘E <M13 gy ) gy >+ <(D3+M13) or gx )]Ugg’BR
. 1 OLTE §BL TR §,BL
—w’ (p1390TRaSOBL) —w (f1190TR7<PBL>+2<M13 gy ; gy >+ ((D3+M13) or gx )1 Ugg’TR)
2 TL , BL 1 890TL a@BL aSOTL 8SDBL (3,TL)
_ —w <p13<,0 , o ) Zw(fnSD , P )+§ 13 oy oy + | (D3 + p3) or ' on Uy
'1 8goBL angL 6¢BL angL (3,BL)
5 <M13 ox = Oy P oy = Ox s
'1 8QOBR a(pBL aQDBR a(pBL (3,BR)
5 ('uls ox = Oy P oy = Ox 3
'1 asOTR 8¢BL 890TR 8QOBL (3.TR)
— D 5
2 ('ulg or = 0Oy e oy = Oz s
_} ulSaSOTL 8goBL N 38QOTL 8¢BL u(37TL)
2 or = Oy oy = Ox 3



Thus we get an equation of the form

1,BL 1,BR 1,TR
al,lu( ) + al,gug ) + CL1}3U§ ) + a1 4u

Yy gu®D) (2.R) 2B) 4 g, 1u®T) +

(3,BL) (3,BR) (3,TR) (3,TL) (3,BL)
a1,13U + aq,14Uy + a1,15U + a1,16U7 + aq,17u3 + aq,18u

(1,TL) (1, (1,BR) (LTR (1,TL)

BL
+ a1 sus ) + a1,6U3 + a1,7U3 ) + a1 gUusg

+ aq,10u + a1 11u

(3,BR) (3.TR)

-+ a1,19U3 (49)

The coefficient ay;,j =1,---,16 in (47) are
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' aQOBL GQOBL 8(pBL ag&BL
_ 2 BL _BL BL _BL
aj = _—W <p1190 , P )—I—zw (anO , P )+<(/\1+2M1) 9r ' on + | p1 oy ' oy
i . a BR a BL a BR a BL
= [ (g™ ) i () 2 B 25 )+ (2 O )
r TR BL TR BL
o 2 TR _BL TR _BL % Dy Oy dyp
s = | <p11<,0 P )+zw (f1190 P )+ ((/\1+2u1) 97 on >+<u1 9y oy ]
r ‘ a TL 8 BL a TL 8 BL
14 = —w? (pllsOTL,SOBL) +w (fll%OTL,SOBL> + <(>\1 +2/19) g y gx ) + (Ml gy ) gy ]
B aQOBL angL 8QOBL aQOBL
a15 = <)\1 oy oz + | or ' oy (50)
. B i )\ 8@33 a(pBL N aQOBR aSOBL
16— i ! dy = Ox Y ox oy
B i )\ aQDTR angL N aQDTR 8QOBL
Q17 = _ 1 ay ) ax M1 al‘ ) ay
- i )\ &pTL aSOBL N 8¢TL &,OBL
a18 = 1 ay ) 8m M1 al’ ’ 8y
. 8 L a BL
o = =2 9) =t (st )+ (3, 2, 227

a0 = —w? (f12¢R, SOBL) — 1w (le@DR, SOBL) + <B1

awB aQDBL
111 = B, By .

8¢T a(pBL
112 = Blaiy> O

» 1 aQOBL aQOBL aQOBL 8QDBL
_ 2 BL  _BL BL = _BL
ai13 = _—w (plsSO ;P )—W (f1190 ;P )+2<M13 oy oy + | (D3 + pu3) or ' OF
B . 1 3QDBR aQDBL a BR 8(,03L
_ 2 BR  _BL BR  _BL
a114 = |—Ww (p1390 , P )—M (fnSO , P )+2<M13 oy oy + | (D3 + pu3) or ' oz
1 &pTR angL TR aQOBL
., 2 TR , BL\ _ TR . _BL +
a1,15 = _ w (p1390 , P ) w (flSO "2 >+2<M13 oy oy + | (D3 + p3) 97 OF
1 angL GQOBL angL 6¢BL
2 TL _BL) _ TL _BL +
a6 = _ w (p1390 ) P ) W (f1190 , )+2<M13 oy oy + | (D3 + tu3) or =’ ox
. _ '1 angL a@BL N D 8goBL angL
1,17 _2 H13 or 8y 3 8y o
. _ '1 8@33 890BL N D 89033 8¢BL
1,18 _2 H13 or y 3 By .
. _ '1 8goTR a(pBL N D 8g0TR 8¢BL
1,19 _2 Hi13 or By 3 y .
. _ '} p aQOTL aQOBL N N a(pTL aQOBL
1,20 _2 13731‘ ) e 3 By " on




Next, taking the test functions v = (¢B%,0), v = (T, 0),0vM) = (7%, 0),v? =
(0,0),v® = (0,0) in (37) and noting that

BR T
(6" (), 0) = 220,
BR T
el (70, 0)) = 5220
633((90BR(I7y)7 O)) =0,
V- ("), 0) = 2
TR T
(), 0)) = 20,
TR T
(" w,0),0)) = 5 2E
533((90TR<x7y)7 O)) =0,
V(P (), 0)) = 2
(@ ), 0)) = 2,
cul (7 ,9),0) = 5 220
533((90TL<xay)7 0)) =0,
V(¢ ), 0)) = 2

we get equations identical to (47) but changing pP% by P2 oTf and Tl
respectively, in all the right-hand parts of the inner products.

Thus, we will get equations of the form
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ag,lugl’BL) + amugl’B ) + ao, u( R) + ao, u( L) + ao, u( L) + ao, u( BR) + a277u§1’TR) + ag,gugl’TL)
+a2’gu(2’L) “+ ag 10u( ) + CL2711U( B) -+ a2,12u( ) +

as 13@65 L) + CL ( BR) -+ (05} 15U§3’TR) + a2,16u§3’TL) -+ a2717u§3’BL) + Clz 18 ugg BR)

+a2719u§, R) + a2 20 (3 T _ = 0.

a3,1u§1’BL) + as ugl’BR) + ag,gugl’TR) + a3,4u§1 L) + as u( 2 + agz, u(l BR) + a377u§1’TR) + agigugl’TL)
+CL3 gu( L) + as 10U( R) + as 11U(2’B) + a3,12u(2’T) +

as, 13“5 Rt as, ( By as, (3 B 4 CL3,16U§3’TL) + a3,17U§3’B ) 4 as, 18U;(>,3 BE)

+CL3 19’LL;(3 R) + as 20 (3 T 0

a 1u§1 L) i a4’2ugl,BR) n a473u(11,TR) i a474ug1,TL) i a475u§1,BL) X a476u§’1,BR) i a477u:(31,TR) i a478u:(31,TL)

—|—a479u(2,L)+a4710u(2,R)+a]4711u(2,B)+a4712u(27T)+
a4,13u§3’BL)+a u(3,BR) T ay 15ug3,TR)+a4,16u§3,TL) +a4’17ug3,BL)+a4’18u:()’3,BR)
tan0ud T 4 ag00ud ™ =0,

where
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- oBL &pBR OBL 9 pBR
Qs = _—W <p1190 , P ) + 1w <f11<P , P ) + (()\1 +2,u1 o + ( oy oy )1
I 3¢BR a@BR BR awBR
(29 = —w? (anDBR, SDBR) + 1w (fnsDBR, SDBR) <()\1 + 2p1) o7 + )
+ +

_ [ 2 TR BR . TR BR TR 8SOBR TR &PBR
a3 = |—w <p1190 P ) +iw (quO N7 ) (A1 + 2#1 9 ,
- oL (9 BR TL (9 BR
g4 = —w? <p11%0TLa SOBR> +w <f1190TL, SOBR> + (()\1 + 2#1 <p ( gp )]
- a BL a BR a BL a BR
925 = (Al gy ’ g:ﬁ > + <M1 gsﬁ ’ gy )1 (51)
. _ A awBR awBR N MlawBR awBR
20 I Yoy 0 ox or = Oy
B i 6¢TR awBR awTR a¢BR
Qo7 = _<)‘1 ay ) 3x =+ 241 637 ) ay
o ::' A18¢TL a@BR N 18¢TL awB
S oy = Ox oxr = 0Oy

azo = —? (prov, 0P7) — i (frat, oPF) + (3 du

ag10 = —w’ (pu@DR, QOBR) —w (flgwR, chR) + (le A

( awB awBR>
a211 = )
dy
( 8¢T awBR>
ag12 = )
dy
1 a BL a BR awBL awBR
agiz = |—w? (p1390 #?BR) w (f1190BL790BR)+2<M13 gy ) gy >+ ((D3+M13) or " on
. 1 3 BR a BR a BR a BR
ag1q = |—w? (p13¢3R7€0BR)—W (fnSOBR,%OBR)+2<M13 gy ; gy >+<(D3+M13) gm ) gx >]
1 8 TR a BR 8 TR a BR
agys = |—w? (p1390TR7SOBR)—M (f11§0TR7SOBR)+2<M13 gy ) gy >+ ((D3+,u13) gx ; gm )1
1 a TL 0 BR a TL 8@33
oo = [ (ong™ %) = g™ 7)o (o S5 )+ (0w 525
:1 a BL a BR a BL a BR
0217=*M13(p,@ +D3¢,S0
’ |2 ox dy dy ox
'1 a BR a BR a BR a BR
a218=*ﬂl3gp>gp +D3gp790
’ |2 ox oy oy ox
__'1 awTR a¢BR +-AD awTR awBR
az 19 = _2 H13 or By 3 By o
__'1 awTL awB +-AD aWTL a@BR
ag20 = _2 H13— — or By 3 By o




o = [ (o ) 0 (1 ) + (02 227, 271 (267, 2071
e o ) 552
) ) 5 0
= [ (™) i (g 7) + (004 2 22 200+ (1,26 220 )
[ )
e [ )

o [ 5 25

e[ ) o 22

4z = 0 (prat, 577) — o (froh, 67 + (Bla(;f» ang>

s = (7)o () + (2, 287

%1 = (Bl agyB’ ag;R>

W

- __wz (plgngL, SOTR) ~iw (fllgoBL’ gDTR) i ; <M13 ag;ﬂ, 8g§R> n ((D3 + f113) 6380ij ang)]
Ga14 = _ WP (plsSOBR’ gOTR) iw (fHSOBR’ SOTR) i ; <N13agyBR, &gZR) n ((D3 + ulg)ath*',, agi}zﬂ
G315 = W2 (plggoTR7 SOTR) iw (f1 SOTR, g0TR> 4 ; (“l3ang, ag23> n ((Dg + pt13) 3TR, angﬂ
dss = |~ (plSSOTL7 sDTR) —iw (fHSOTL,SDTR) +; (“13ag;L, 822}%) + <(D3 + u13)8§TL7 ag;“fzﬂ
o= 5 (%555 ) + (2%, %)

=[5 ("5 %5, ) + (075, %)

=[5 (%525 ) + (2%, %)

o= |3 (5 55 )+ (2555 %55




a BL a TL a BL a TL
e ) o B2 )
- ' 9oBR §TL 9oBR §oTL
o= [ a7 i () o (a2 25 (2507, 20

a4,3: —w? (pllgoTR,gaTL)~l—iw f11@0TR,S0TL)+<(>\1+2u,1) 9r ' on >+<M1 oy ' Oy )]

a TL a TL a TL a TL
(g4 = w2 <p1180 ") +iw f11%0TL,SOTL)+ (A1 +241) g , gx )‘f‘(#l gy ; gy ]
r a BL a TL
g5 = _(Al oy ox ) + ( )] (53)
i a BR a TL
[ ) o )
i oy
i a TR a TL
Q47 = _<)\1 oy gx ) + ( ) )]
a TL a TL a TL a TL
asg = || M 4 ; SO + d ; d
i dy ox Jy
' a L a TL
(49 = —w? <P12¢L, SOTL) — 1w (le%UL, SDTL) + (Blgia gx )

2 R TL . R TL wR aSOTL
(4,0 = —W (f12¢ ) ) —w (fmw P ) + | Bi+— 97’ On
a B a TL
Q411 = <B1 gy ) gx >
a T a TL
Q412 = (B (;i/ ) gx )
B 1 a BL a TL 8 BL a TL
(4,13 = —w? (plsSOBLaSOTL) —w (fnSOBLa(PTL) +§ <M13 gy ) gy >+ <(D3+M13) g ) gx N
- 1 a BR a TL a BR a TL
agy = |—w? (plstRﬂOTL) — W (f11903R790TL)+§ <M13 gy ; gy >+ ((D3+M13) (gx ) gx )1
B . 1 a TR a TL 8 TR a TL
(4,15 = —w? (p1390TR790TL) — 1w (fnSOTRa(PTL) + 5 <M13 gy ) gy ) + <(D3 +M13)§7’ gx )]
r . 1 a TL 8 TL 8 TL a TL
Q416 = —w? (p1390TL,<PTL) — 1w <f11%0TL790TL +§ <M13 gy ) gy )+ ((D3+M13) g ) gx )]
. _ '1 p angL a@TL N D 8¢BL angL
4,17 _2 13 or oy 3 e .
. _ '1 8@33 angL N D agoBR a(pTL
4,18 _2 H13 or y 3 dy -
. _ '1 p 8goTR a(pTL N D 890TR 8@“
4,19 _2 13 or y 3 y .
. _ '} p aLTL 8¢TL N 8¢TL 8QOTL
4,20 _2 13 or ay 3 e .




To get the fifth equation for the unknown zs = uz®"
(0,0) in

v = (0, pB(z, 2)) = (VY 0§), 0@ =

el (0.7 ) = 2,

({0,072, ) = § 2

(0,072, 9) = 0.

V- (0.5 ) =
Then we get
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Ve =

take the test function
(37) and note that



[ (1,BL) 1LBR, BR (1,TR) TR |

1,TL
— 2 (pn u BL 4y bPRGBE 4o 0 0 ( )(pTL} ,SOBL)

U3

w2 <p12 —u(Q,B)wL + u(?,T)wR} ’SOBL)

[ (3,BL 3,BR
—? (i [uP) 4 PP

+ Us goBR + u;(f”TR) cpTR + ug

3,TL) SOTL} : SOBL)

Fuu [us" PP Pl 4 ufh PRQBR TR TR 4 [LTRQTL] (oL

(
—iw (fm :u(2,B)¢B 4 u(2’T)¢T} >SOBL>
(

[ (3,BL 3,BR 3,TR 3,TL
fu ué )—i—ué )SOBR —l—ug(; )(PTR + ué )SDTL} 7SOBL>

1,BL 1,BR 1,TR 1,TL
P [ué )SOBL + U:(), )()OBR + ug )()OTR + ué )SOTL} DpBL
dy T Oy

o _UgLBL)QOBL + ugl,BR)

LTR 1L,TL T
R SOBR_i_ug )SOTR_i_ug )(pTL_ DpBL
! Ox T Oy
) o :uglﬁBL)SOBL + uglyBR)ngR + uglaTR)SOTR + ugl»TL)(pTL: L
/‘Ll 8y Y aw
) o :ugLBL)SOBL + u:(gLBR)SOBR + uglaTR)SOTR + uél»TL)(pTL: L
= Ox T Ox
[ (3,BL 3,BR 3,TR 3,TL 1
. 1 B ug )SOBL + ug )SOBR + ug )SOTR + ug )¢TL- DBl

[ (3,BL 3,BR 3, TR 3,TL T
1 P ug )SOBL_i_ué )¢3R+ug )SOTR+U£()) )¢TL DpBL
H13— =
ox ox

3,BL 3,BR 3,TR 3,TL
o {u:(% )SOBL —i—ug )SOBR_i_ug )SOTR_i_ug )SOTL} 09031’)

+ ((Ds + p13) 3y oy

3,BL 3,BR 3,TR 3,TL
A a{ug )SOBL+U§ )¢BR+U§ )SOTR+U§ )SOTL] DpBL
’ Ox T Oy

0 [uCDpl 4 [wRyR] 5 5L
+ | B [ [ ]’ 5
ox dy

P U(Z’B)¢B _l_u(Q,T)wT o BL
(ol £
dy Ay
= — (AP, (0,¢"(z,y)) - v) , =0

(54)



since B’ vanishes on I'T.

Collecting, we get
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BL BL BL BL
A Oy Dy >+< e dp )1 u(lBL)

Yor 7 oy K oy = Ox
)\1 angR 8¢BL N 8goBR angL (1 BR)
I ox = Oy 0y ’
[ 0pTE 9Bl &DTR 3 (1,TR)
_(Al or oy ) T\ oy ui
- )\1 aSOTL Qp N GQOTL angL o (1.7L)
or = Oy ’

_ aQOBL 8QOBL aQOBL a(pBL (1,BL)
2 BL _BL BL _BL :
—Ww (p1190 , P ) + 1w (f1190 P ) + (()\1 + 2411) oy ' oy + | 11 or ' or Us

) +iw ( 5

. 0 TR o BL o TR ) BL
—w? (pHSOTRJQOBL)—FZw (ngOTR’gOBL) 4 ((/\1+2M1) g : ‘gy >+ (m gx ’ gx )] ugl,TR)
—w? (pua™, @") +iw (™, ") + ((A1+2u1) g : gy >+ (Nl gx , gx )] (LTL)

: ot 0Pt (2,L)
_(Blax’ay u

‘ az/}B 89031'
2 B _BL) _ B, _BL (2,B)
w (p12¢ P ) w (f12¢ P )‘1' <Bl oy oy |

' awT aQOBL
2 T  BL) _ T _BL 2,7)
w <p12¢ , P ) w (f127/1 P )+ (Blay ’7811 U

:1 8goBL &OBL . a(pBL aSOBL @51

2 oy ' 8:1: ’ !

[1(  0pPF "\ 5r)

_g(ﬂ o) (P y)ll

'1 TR 8 BL BL

HEE >+<D )] A

_1 s a(pTL a N TL GQOBL u(37TL)

-2 ay ) ) 8y 3

r a BL a BL a BL a BL
) ) B (i )

8QOTL a(pBL 8@” 8QOBL
TL BL TL _BL (3,TL)
—w , — iw : + = + [ (D3 + pag)—~—, u
(p1390 2 Jue e ) <M13 o o ( 3 Mlz) Ay Ay 3

2
= as, 1u§ Dya (1 BR) 4 a5,3U1&’TR) + CL5,4U§1’TL) + a5,5U;(a1’BL) + a5,6uz(31’BR) + a5,7U§17TR) + a5,8U:(J,LTL)

+as, QU( M+ as, 10U( B+ as, 11U(2 B+ as 1" +



where
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as51 =

52 =

53 =

Q54 =

Q55 =

56 =

57 =

(58 = | —

59 =

510 =

511 =

512 =

513 =

as514 =

5,15 =

516 =

517 =

518 =

519 =

5,20 =

angL aQOBL 8()0TL angL
)\1 8 ) + <,U1 ) )
x dy dy ox
_ BL §,BL 9pBL 9B
—w (Pn%OBL, SOBL> + w (fllSOBL79DBL) + (()\1 +241) g ; gy ) + (,Ul g:c L
BR BL
BR  _BL BR _BL ' Oy
—w (p RN )—i—zw (f11<P P )+<()\1+2M1) oy oy > + O
a TR (:) BL a TR

2 TR _BL TR _BL ¥ 2 2

—w <p1190 , P +iw (fue e ) + { (AL + 2u1) oy oy > + <M1 9 On

. OB

—” (p1at®, ") —iw (120", ") + (Bl (;py
. oYT

w2 T Bl T BL

- (pl (2 ) —w (flziﬂ P ) + (Blay

1 8goBL &pBL 8goBL aQOBL

2( Has oy (D oxr = 0Oy )]

1 0(,OBR 3QOBL BR 90

5 (Nl:ﬂ 8y ) + D .ZU ) ay >‘|

1 OTR a(pBL

z(“w 5 MD %)

Bl oTL 8 BL oTL 8 BL

3 H13 ) SO + 4

2 03/ dy

—w? —iw (fup” ,SOBL> + (Mls

(55)




Next, taking the test functions v = (0, 2% (z, y)), v = (0, "% (z, 1)), v =
(0, "5 (z,9)),v® = v® = (0,0) in (37) we get the sixth, seventh and eigth
equations with coefficients aq ;, a7 j, as;,j =1, -+ ,20 defined as those in (55),
changing the test function " in all the right parts of the innner products

by B TR or pT% respectively.

Thus the coefficients ag j, a7 ;,as;,j = 1,--- ,20 are:
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Ge,1

Ge,2

Qg3

Qg 4

Qg 5

ae,6

Qg7

Qg8

Qg9

Q6,10

Q6,11

Qg,12

6,13

6,14 =

6,15 =

ag,16 =

Ag,17 =

ag,18 =

ag,19 =

6,20 =

i \ 8¢BL 8@BR N awBL awBR
i Yor 7 oy i oy = Ox

i o BR o BR o BR o BR

)\1 4 ) 4 + 241 L4 ’ 4

i ox dy oy ox

i \ awTR awBR N ) awTR a@BR
I Yor 7 oy Yoy 7 oz

i \ 8¢TL awBR N 8¢TL awBR
I Yor 7 oy = oy = Ox

[ BL  _BR

(56)

%i a@BR
(Blﬁx’ ox
awB awBR
2 B B _BR
—w (p12¢ ) w (fmb ) (Bla> 3y
8¢T awBR
T T
(p 2", ) Z0J<fl2¢ ) (Blay, By
1 oBL &pBR 9pBL 9pBR
— Ds
2( Has oy >+< or = Oy
1 awBR 6¢ BR BR @
2(#13 oy + D o 8
1 ol R a
z(m - )*(D )
1 TL 8@BR N TL a
2 H13 03/ Y
1 9uBL 9 LBR BL §,BR
ot s o) g (e )+ (10w 5 25
‘ 1 awB awBR awBR 8¢BR
2 BR _BR BR _BR
- . - D
w (p1390 P ) ZW(fllSO P )+2<M13 B g + ( (D3 + pu13) oy oy
1 a TR a BR 8 TR a BR
—w? (p1390TR><PBR) —w (fllSOTR,SOBR>+2<M13 ga: g:{: >+ ((D3+M13) gy ; gy )]
» 1 a TL a BR a TL a BR
—w? (p1390TL790BR) — W (fnSOTLa(PBR) +§ (Ml:sgx Z;x >+ <(D3+M13)gy, ay )]



ar.1

ar7.2

ar3

Q74

Q75

a7.6

Q77

arg

Q79

ar10 =

711

a712

a7.13

a714 =

715 =

ar.16 =

ar17 =

ar18 =

ar19 =

a7.20 =

TR angR> +< 9pBL angRﬂ (57)
u ;
Y S g
. BR 5, TR OpBE 9
A 22 op >+<u1 A )]
ox dy Y .
r TR 5, ,TR TR 9y
)\1890 ,agp >+ <H}1 g ) or )]
ox oy Y
- angL aQOTR 8§0TL aQOTR
(Al dr " Oy T\ Oy~ Ox BL o TR
. . T IpPL 9t +<u13§0 ’(9@ )]
W2 <p11¢BL’¢TR>+iw (fmpB L >+<()\1—|—2u1) oy ' oy or axR
BR 9T
OpBE 9 TR ( dp © )]
—w? (pllngRyngR)—l—Z'w (fn()OBR,QOTR)‘F(()\l‘Fle) ay ) ay + | Oz amR
TR §,T
890TR aQOTR dp © ﬂ
Wl <p QOTRngTR)_i_iw (f11¢TR,¢TR)+<(/\1+2M1) oy oy + o on
TL TR 9oL agaTR
2 TL TR 4y re TR)+ (A1+2u1)a¢ ’(’m >+<u1 gx7 o
(pnso 2 )+W(f1190 i dy ~ 0Oy
- B awL 8QOTR
Y ox dy
5 W a(pTR>‘|
I Yox7 ox a -
L (st ) o) (0557 )
—Ww (p12¢ 12 dy
. (er aSOTR
- 2(]91 ¢T TR) — W (flziﬂ P
1 HpBL &pTR> . (D aSOBL’ Dy R)]
5 H13 ay ) .Z’ a
BR
L) o5
5 H13 ay 9 .ZU a
1 TR &pTR )1
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Next take the test function v = (0,0),v? = (¢Y*(z,y),0),v® = (0,0) in
(37) and note that

ess(vV) = e3(0) =en (@) =0, V- (4" 0) = W

to get

[ (1,BL , 1,TR 1,TL
— w2 (p12 ug )@BL+ui BRSOBR_'_ug )SOTR_{_ug )SDTL} ’wL)

(60)
w2 <p22 :u(Z,L)¢L + U(Q,R)¢R] ’¢L>

2 (p23 :ug&BL) + ug?’;BR)SDBR + ug&TR)SDTR + ug&TL)(pTL} ,wL))

—iw (f12 {uglaBL)SOBL 4 ugl,BR)(pBR 4 u(ll,TR)SOTR + ugLTL)QDTL} 7¢L))

+

iw (fzz [U(Q’L)i/JL + u(2:R)¢R} 7wL)

iw f12 {ug?;,BL) + uSS’BR)goBR + ug?”TR)goTR +u§3’TL)goTL} ,¢L)

+

1,BL 1,BR 1,TR L,TL
. o [ug )(pBL 4 ug )(pBR 4 ug )(pTR + ug )QOTL} oL
! Ox " Ox

1,BL 1,BR L,TR L,TL
8[u§ )(pBL_i_ug )(pBR_i_uz()) )(pTR_i_ui()) )QOTL} oL

B
e ox T Ox
e a[ug&BL)(pBL_i_ug&BR)(pBR_i_ug&TR)(pTR_i_ug&TL)gOTL} AL
? ox " Ox
e a[ug&BL)(pBL+u§3733)(pBR_i_uz())&TR)(pTR_i_ué&TL)gOTL} aL
? ox " Ox
Ma [U(Q,L)Q)DL + [U(Q,R)¢R} 8¢L
* ox T Ox
Ma [[u(2,B)¢B + u(2,T)1/}T} OuE
* oy T Ox

= (0,0 )pr = 0.

Collecting, the coeflicients agj, j = 1,--- ,20 for the 9th equation in (60) are :
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agr = .2 (o™, 0") = i (o™ 0F) + (Bl agj’ a;;ﬂ

agy = -—WQ (P12¢BR’¢L) — w <f12(’OBR’¢L) * (Bl aij’ ({)(;D:ﬂ

ags = .2 (g™ 0F) = iw (o™, 0%) + (Bl ang’ a;}:ﬂ

gy = -—wQ (p wTL>¢L) iw <f12%0TvaL> T (Blag:’ %f)]

- (Bl aﬁf ag) (61)
w=|(555 55 )

o= (5 57).

. -<Bl ag;m 8(;5)

Go9 = [_aﬂ <p22¢L,¢L)-+ iw(fortb®, ") + (M;L 6;;)]

ag 10 = [(—wQ (paot™, ) it fot ™, %) + (<M awR %@]
Qo5 = :<—w2 (pas™" ") i (frap™F, 0F) + (<Bz agj’ aaﬁ)]
a9,14 = —(_“2 (p23¢BR’¢L) +iw(frae™0%) + <(BZ&SBR’ %@/jﬂ
(915 = -(—WQ (p2390TR’¢L) (gt 07) + <<B2 agm’ i;f)]
g6 = :<—w2 (Paae™ ") +iw(froe™ ") + <<BQ&§:7 XLN
= (8257 57)

o= (10557 57)
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Next take the test functions v = (0,0),v?® = (¥f(z,y),0),v® = (0,0) in
(37) and note that

_ 0pfi(a,y)

esz(0) = e13(vW) = e15(vV) = 0, v (*F,0) ox

Then the 10th equations is obtained changing ¥" by % in all right hand side
inner products in (61)

Thus the coefficient a;g;,7 =1, -+, 20 for the 9th equation are
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_ _(_w2 (Pase™™, ") + iw(frop"™, W) + <( Qagf’ ({9(5)1
) BL R
<(BQagy %ﬁ)
BR R
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TR R
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39



Next take the test function v = (0,0),v® = (0,¢"(z,2)),v® = (0,0) in
(37) and note that

533(1)(1)) - 513(0(1)) - 511(1;(1)) =0, V- (0,47) = 81/’38(579)
to get
—w? (p12 :ug&BL)ngL + uzls,BRSOBR + uélyTR)SOTR + ugl,TL)SDTL} ’¢B>
(63)
w2 (p22 (2,B) ¢ +u QB)wB] MUB)
. (p23 ug:s ,BL) 4 ugS,BR)SO i u(3 TR)SD + u(s ,TL) TL} ’wB))
W (f12 {u (1 BL) BL 4 él BR)SOBR + u(l TR)QOTR + uél’TL TL} Q/}B))
tiw (for [P 4 uP PP gP)
+iw ( f1o { (3,BL) +u 3, BR)QDBR + u:(337TR)<pTR + U:(sg’TL)SOTL} 7¢B>

( a[ 1BL()0 _i_ugl BR)SOBR_i_u(lTR)SOTR_i_ugl,TL)SOTL} 877[)3)

Ox T Oy
e a[uglaBL)(pBL_i_uz(ilvBR)ngR_i_u(l TR)QDTR—FU:(»)LTL)SOTL} G
! Ox T Oy
e a[ug&BL)(pBL_i_ug&BR)SOBR_i_u(?’ TR)QDTR—l—ugg’TL)goTL} G
2 Ox T Oy
e a[ug&BL)(pBL+u§3733)(pBR+u(3 TR)(pTR—l—uéB’TL)goTL} G
2 Ox T Oy
., Ma [U(Q,L)wL + [u(2,R)¢R} 8¢B
Ox " Oy
) Ma “u(2,B)¢B _{_u(2,T)¢T} OB
dy T Oy

= —((0,0) - v)pr = 0.

Collecting, the coefficients ai1,;,7 = 1,- -+, 20 of the the 11th equation are
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Next, take the test function v(* = (0,0),v® = (0,%"(z,y)),v® = (0,0) in
(37) and note that

The 12th equation is obtained changing 1” by v in all right hand side inner
products in (63). Then the 12th equation has coeflicients ais;,j =1,---,20 :

42



121 =

12,3 =

Q124 =

e (Blay’ 9y

Q125 = |—W

o (g 7) (2, 2|
(

8 BR a¢T>‘|

(i ) +
ai2,6 = —w’ (th@BR’wT) — W f12<PBR7¢T) <B1 O dy
(

[ TR 9T
tiar = | = (prop"™ 07) — i (fr2™", ") (Ba ayﬂ
[ _ 9oL §uT
a12g = |—w” (p 290TL;¢T) —iw (f1290TL,1/)T) <31 gx g; )]
o ov" o7
12,9 o oy
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. b) T o T
a121 l( w? (P22¢T,wT) +iw( 0", 7)) + (( g (;Z )]
908l 9uT
12,13 = <(82§x’ 52)
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12,14 = BQW,T?J
TR 9T
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[ ) BL o T
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(65)



Next take the test function v = (0,0),v? = (0,0),v% = (pPL(x,y),0) in
(37) and note that

ess(VV) = erz(0V) = en (V) =0, V-0 =0

to get
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since P (x,y) vanishes on I'T.

Collecting, the coefficient a;3;,7 = 1,---,20 of the 13th equation are
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Next, take the test functions v(*) = (0,0),v? = (0,0),v® = (pPF 0),00) =
(ngR,O), () = (pTF,0),v® = (0,0),v) = (0,0) in (37) to get the 14th, 15th
and 16th equations.

The coefficients of the 14th 15th and 16th equations are obtained by changing
OB by B oTE and oTL, respectively, in all the right-hand parts of the inner
products in (67) and noting that

BR T
(@™ (), 0) = 22D
cul(7(2,9),0)) = 5 21
533((90 (w,y),())) =0,
V- (7,0, 0) = 22
TR T
(" ,9),0)) = 22,
(" (0. 0)) = 5 2
ens((p™(,9),0)) =0,
V- (67, 0),0)) = 22 Y
(@, 0),0)) = 2 ),
cul (7 ,),0) = 5 220
533((90TL(x>y)70)) =0,
V(¢ ), 0)) = 2 Y
Thus, the coefficient a4, a15;,a16;5 = 1,--- , 20, are
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Next, take the test function v(Y) = (0,0),v?® = (0,0),v® = (0,"") in (37)
to get
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since P (x,y) vanishes on I'T.

Collecting, we get the coefficients a7 ;,7 = 1, - -+, 20 of the get the 17 equation:
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Next, take the test functions v = (0,0), v = (0,0),v® = (0, ®%,0),v0) =
(0,7, 0),v3) = (0,0"F,0) in (37) to get the 18th, 9th and 20th equations.

The coefficients of the 18th, 19th and 20th equations are obtained by changing
OB by B TR and oTT, respectively, in all right hand side inner products
in (72) Thus the coefficients a;s ;, a19,j,a20;,7 = 1,--- , 20 are
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All the inner products

and

(™, ¢

0 05
oxr  Ox
Op" 0p°
0z Ox

0p° 0p”
0z 0z

in (46) for o, 3 = BL, BR, TR, TL have already been computed for the case
of the classic biot case
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