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SUMMARY

Fractures in a fluid-saturated poroelastic -Biot- medium are
very thin, compliant and highly permeable layers. Fracture
apertures in reservoir rocks are on the order of millimeters,
much smaller that the wavelengths of the predominant travel-
ling waves. Thus, any finite element (FE) procedure would
require extremely fine meshes to represent fractures. In this
work aligned fractures within a Biot medium are modeled us-
ing boundary conditions imposing continuity of the total stress
components, pressure discontinuities proportional to average
fluid velocities and displacement discontinuities proportional
to stress components and average fluid pressures. Besides,
a Biot medium with a dense set of aligned fractures behaves
as an effective transversely isotropic and viscoelastic (TIV)
medium at the macroscale when the predominant wavelengths
are much larger than the average distance between fractures.
In this work a set of time-harmonic FE experiments are used
to determine the stiffness coefficients of TIV medium equiv-
alent to a horizontally fractured Biot medium. The method-
ology is first validated against a theory valid for flow perpen-
dicular to the fracture layering and then applied in the case of
patchy CO2-brine saturation for which no analytical solutions
are available.

INTRODUCTION

Fractured hydrocarbon reservoirs are a subject of interest in ex-
ploration and production geophysics, since generally, natural
fractures control the permeability of the reservoir (Gurevich,
B. et al., 2009). In many cases reservoir rocks contain dense
sets of fractures aligned in preferred directions (Gurevich, B.,
2003).

Fractures embedded in a fluid-saturated poroelastic medium
are very thin compliant and highly permeable layers, with thick-
ness much smaller than the predominant wavelengths of the
seismic travelling waves. Thus any FE discretization of a frac-
tured reservoir would require extremely fine meshes to repre-
sent fractures and instead a proper set of boundary conditions
to model fractures is required.

Here fractures in a Biot medium are modeled using the bound-
ary conditions derived by Nakawa, S. and Schoenberg, M. A.
(2007), which impose continuity of the total stress, pressure
discontinuities proportional to average fluid velocities and dis-
placement discontinuities proportional to stress components
and average fluid pressures. This approach allows to include
mesoscopic attenuation and dispersion effects suffered by seis-
mic waves travelling across fractured hydrocarbon reservoirs.

A Biot medium with a dense set of horizontal fractures behaves
as a TIV medium for average fracture distances much smaller
than the predominant wavelengths of the traveling waves. To
determine a long-wave equivalent TIV medium to a horizon-
tally fractured Biot medium we employ a set of harmonic FE
compressibility and shear experiments. The FE results are first
validated against a theory derived by Krzikalla, F. and Müller,
T. (2011) and then applied to a patchy gas-brine saturated frac-
tured sample for which no analytical solutions are available.

A FRACTURED BIOT MEDIUM AND THE EQUIVA-
LENT TIV MEDIUM

We consider a fractured isotropic Biot medium and let us and
ũ f , denote the averaged displacement vectors of the solid and
fluid phases, respectively. Let u f = φ(ũ f − us) be the rela-
tive fluid displacement, where φ denotes the porosity and set
u = (us,u f ). Let ε(us), τ(u) and p f (u) denote the strain ten-
sor of the solid, the stress tensor of the bulk material and the
fluid pressure, respectively. The stress-strain relations in a Biot
medium can be written in the form (Biot, M.A., 1962):

τst(u) = 2Gεst(us)+δst(λU ∇ ·us +α M ∇ ·u f ), (1)

p f (u) =−α M ∇ ·us−M(θ)
∇ ·u f . (2)

The coefficient G is equal to the shear modulus of the bulk
material, considered to be equal to the shear modulus of the
dry matrix. The other coefficients in (1))-(2) can be obtained
in terms of Ks,Km and K f , the bulk moduli of the solid grains,
dry matrix and saturant fluid, respectively, (Carcione, 2007).
Biot’s equations in the diffusive range and in the absence of
external forces are (Biot, M.A., 1962):

∇ · τ(u) = 0, (3)

iωu f +
µ

κ
∇p f (u) = 0, (4)

where i =
√
−1, ω is the angular frequency, µ is the fluid vis-

cosity and κ is the frame permeability.

BOUNDARY CONDITIONS AT FRACTURES AND THE
EQUIVALENT TIV MEDIUM

Consider a rectangular domain Ω =(0,L1)×(0,L3) with bound-
ary Γ in the (x1,x3)-plane, with x1 and x3 being the horizontal
and vertical coordinates, respectively. Assume a Biot medium
Ω with a set of J( f ) horizontal fractures Γ( f ,l), l = 1, · · · ,J( f ),
each one of length L1 and aperture h. This set of fractures di-
vides Ω in nonoverlapping rectangles R(l), so that Ω =∪J( f )+1

l=1 R(l).
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Consider a fracture Γ( f ,l) and the two rectangles R(l) and R(l+1)

having as a common side Γ( f ,l). Let νl,l+1 and χl,l+1 be the
unit outer normal and a unit tangent (oriented counterclock-
wise) on Γ( f ,l) from R(l) to R(l+1). Let [us], [u f ] denote the
jumps of the solid and fluid displacement vectors at Γ( f ,l), i.e.
[us] =

“
u(l+1)

s −u(l)
s

”
|
Γ( f ,l) , where u(l)

s denotes the displace-

ment values in R(l). The following boundary conditions on
Γ( f ,l) are derived in Nakawa, S. and Schoenberg, M. A. (2007):

[us ·ν l,l+1] = ηN
`
(1−αB̃(1−Π))τ(u)νl,l+1 ·ν l,l+1

−α
1
2

“
(−p(l+1)

f )+(−p(l)
f )

”
Π

«
, (5)

[us ·χ l,l+1] = ηT τ(u)ν l.l+1 ·χ l,l+1, (6)

[u f ·ν l,l+1] = αηN
`
−τ(u)ν l,l+1 ·ν l,l+1 (7)

+
1eB 1

2

“
(−p(l+1)

f )+(−p(l)
f )

”«
Π,

(−p(l+1)
f )− (−p(l)

f ) =
iωµΠbκ 1

2

“
u(l+1)

f +u(l)
f

”
·ν l,l+1.(8)

τ(u)νl,l+1 ·ν l,l+1 = τ(u)νl+1,l ·ν l+1,l (9)

τ(u)νl,l+1 ·χ l,l+1 = τ(u)νl+1,l ·χ l+1,l . (10)

Here ηN and ηT are the normal and tangential fracture compli-
ances, respectively and bκ = κ/h. The fracture dry plane wave
modulus Hm = Km +(4/3)G and the dry fracture shear mod-
ulus G are defined in terms of the fracture aperture h and the

fracture compliances as ηN =
h

Hm
, ηT =

h
G

.

Besides, Π(ε) = tanhε/ε , eB = (αM)/HU and

ε =
(1+ i)

2

„
ω µ α ηN

2 eB bκ
«1/2

, α = 1−Km/Ks.

Following Gelinsky, S. and Shapiro, S. A. (1997) and Krzikalla,
F. and Müller, T. (2011), an horizontally fractured Biot medium
behaves as a TIV medium with vertical symmetry axis at long
wavelengths. Denote by σi j(eus) and εi j(eus) the stress and
strain tensor components of the equivalent TIV medium, whereeus denotes the solid displacement at the macroscale. The stress-
strain relations, stated in the space-frequency domain, are Car-
cione (2007)

σ11(eus) = p11 ε11(eus)+ p12 ε22(eus)+ p13 ε33(eus), (11)

σ22(eus) = p12 ε11(eus)+ p11 ε22(eus)+ p13 ε33(eus), (12)

σ33(eus) = p13 ε11(eus)+ p13 ε22(eus)+ p33 ε33(eus), (13)

σ23(eus) = 2 p55 ε23(eus), (14)

σ13(eus) = 2 p55 ε13(eus), (15)

σ12(eus) = 2 p66 ε12(eus). (16)

To determine the coefficients in (11)-(16), we applied five com-
pressibility and shear FE tests to representative 2D samples
of fractured poroelastic materials. Each test consists on solv-
ing Biot’ s equations (3) with the fracture boundary conditions
(5)-(10) and additional boundary conditions representing com-
pressibility tests in the parallel and normal directions to the
fracture layering to determine p11 and p33, respectively, a test
applying simultaneous compressions in both the normal and
parallel directions to the fracture layering to determine p13,

and two shear tests to determine p55 and p66; a detailed de-
scription of the FE tests can be found in (Carcione, J. M. et al.,
2011) and (Santos, J. E. et al., 2011).

NUMERICAL EXAMPLES

The FE procedure was used to determine the complex stiff-
nesses pIJ(ω), and the associated energy velocities and dissi-
pation coefficients were computed as in Carcione (2007). In
all the experiments we used square samples of side length 20
cm, with 9 equally spaced fractures of aperture h = 2mm. The
samples were discretized with a 100×100 uniform mesh. Both
background and fractures have grain density ρs = 2650 kg/m3

and bulk modulus Ks = 37 GPa.

The first experiment validate the FE procedure against the an-
alytical solution given in Krzikalla, F. and Müller, T. (2011).
The background has dry modulus Km = 11.7 GPa, shear mod-
ulus G = 13.9 GPa, porosity φ = 0.25 and permeability κ =
0.246 D, while the corresponding values for the fractures are
Km = 0.57 GPa, G = 0.68 GPa, φ= 0.5 and κ = 4.4 D. In this
example, we consider a brine saturated sample, with brine hav-
ing density ρ f = 1040 kg/m3, viscosity µ = 0.0018 Pa s and
bulk modulus K f = 2.25 GPa. Figures 1, 2, 3 and 4 show polar
plots of the quality factors and energy velocity vectors for qP,
qSV waves as functions of the propagation angle, and Figure
5 polar plots of the energy velocity vector for SH waves. Fre-
quency is 5 MHz. Here 0 degrees and 90 degrees correspond
to waves arriving parallel and normal to the fracture layering,
respectively. A good agreement between the numerical and an-
alytical curves is obtained for all angles. The qP curves show
strong attenuation for waves arriving normal to the fracture
layering. The qSV wave has no loss along the directions par-
allel and normal to the fracture layering, showing maximum
attenuation at about 45 degrees. SH waves are lossless and
show anisotropy velocity.

The second experiment considers the same sample for several
percentages of patchy brine-CO2 saturation, with brine hav-
ing the same properties of the first example, while CO2 has
density 500 kg/m3, viscosity 0.00002Pa·s and bulk modulus
0.025GPa. Patchy CO2-brine distributions were generated us-
ing the von Karman self-similar correlation function (Frankel,
A. and Clayton, R. W., 1986). The procedure to generate
patchy saturation distributions is explained in Carcione, J. M.
et al. (2011). Figure 6 displays a map of the patchy CO2-brine
fluid density distribution in the pore space for a 10 % CO2
global saturation. Figures 7, 8, 9 and 10 show polar plots of
quality factors and energy velocity vectors of qP, qSV waves
as a function of the propagation angle for 0 %, 10 %, 50 % and
100 % global CO2 saturations. Frequency is 5 MHz. Figure 7
shows that qP anisotropy is enhanced by patchy saturation, is
maximum for qP waves arriving normally to the fracture layer-
ing, decreases as CO2 saturation increases and vanishes at 100
% CO2 saturation.

For qSV waves, Figure 8 shows that patchy saturation enhances
qSV anisotropy, is strong for angles between 30 and 60 degrees
and decreases as CO2 saturation increases, vanishing at 100 %
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CO2 saturation.

Figures 9 and 10 display qP and qSV energy velocities, show-
ing that patchy saturation has little effect on velocity anisotropy.
Finally, SH waves show moderate velocity anisotropy, with
values little affected by the presence of the CO2 patches.
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Figure 1: Dissipation factor of qP waves at 5MHz. The solid
line indicate the numerical values.
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Figure 2: Dissipation factor of qSV waves at 5MHz. The solid
line indicate the numerical values.

CONCLUSIONS

This work presented a finitce element procedure to determine
the five complex and frequency-dependent stiffnesses of the
TIV medium equivalent to a horizontally fractured Biot medium,
with fractures represented as internal boundary conditions. The
methodology was first validated against a theory valid for ho-
mogeneous layers and fluid flow normal to the fracture layer-
ing. Then, the technique was applied for several percentages of
patchy brine-CO2 saturation, where was concluded that for qP
and qSV waves patchy saturation affects more Q-anisotropy
than velocity anisotropy, and SH velocity is almost unaffected
by patchy saturation.

  1.0

  2.0

  3.0

  4.0

30

60

90

0

Vex [km/s]

V
ez

 [k
m

/s
]

 

 

Theory
FE

1.0 2.0 3.0 4.0

Figure 3: Polar representation of the qP energy velocity vector
at 5MHz. The solid line indicate the numerical values.

  1.0

  2.0

  3.0

30

60

90

0

Vex [km/s]

V
ez

 [k
m

/s
]

 

 

Theory
FE

1.0 2.0 3.0

Figure 4: Polar representation of the qSV energy velocity vec-
tor at 5MHz. The solid line indicate the numerical values.
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Figure 5: Polar representation of the SH energy velocity vector
at 5MHz. The solid line indicate the numerical values.
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Figure 6: Fluid density distribution (kg/m3) for 10 % patchy
brine-CO2 saturation. Black regions correspond to full CO2
saturation.
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Figure 7: Dissipation factor of qP waves at 5MHz for the
patchy saturation case.
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Figure 8: Dissipation factor of qSV waves at 5MHz for the
patchy saturation case.
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Figure 9: Polar representation of the qP energy velocity vector
at 5MHz for the patchy saturation case.
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Figure 10: Polar representation of the qSV energy velocity
vector at 5MHz for the patchy saturation case.
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Figure 11: Polar representation of the SH energy velocity vec-
tor at 5MHz for the patchy saturation case.


