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MONOTONE FUNCTIONS AND MAPS

SAUGATA BASU, ANDREI GABRIELOV, AND NICOLAI VOROBJOV

ABSTRACT. In [I] we defined semi-monotone sets, as open bounded sets, de-
finable in an o-minimal structure over the reals, and having connected inter-
sections with all translated coordinate cones in R™. In this paper we develop
this theory further by defining monotone functions and maps, and studying
their fundamental geometric properties. We prove several equivalent condi-
tions for a bounded continuous definable function or map to be monotone. We
show that the class of graphs of monotone maps is closed under intersections
with affine coordinate subspaces and projections to coordinate subspaces. We
prove that the graph of a monotone map is a topologically regular cell. These
results generalize and expand the corresponding results obtained in [1I] for
semi-monotone sets.

INTRODUCTION

This paper is a continuation of the work initiated in an earlier paper [I] where
the authors define a particular class of open definable subsets of R™, called semi-
monotone sets, in an o-minimal structure over R. One of the main results in [I]
is that semi-monotone sets are topologically regular cells. Here we generalize this
result to the sets of any codimension. The immediate motivation for defining this
class of definable sets was to prove the existence of definable triangulations “com-
patible” with a given definable function — more precisely, the following conjecture.

Conjecture 0.1 ([1]). Let f : K — R, be a definable function on a compact
definable set K C R™. Then there exists a definable triangulation of K such that,
for each n < dim K and for each open n-simplex A of the triangulation,
(1) the graph T' := {(x,t)| x € A, t = f(x)} of the restriction of f on A is a
topologically regular n-cell (see Definition [G.3));
(2) either f is a constant on A or each non-empty level set T' N {¢ = const} is
a topologically regular (n — 1)-cell.

Conjecture is part of a larger program of obtaining combinatorial classi-
fication of monotone families of definable sets discussed in [I]. The triangulation
described in the conjecture can be viewed as a topological resolution of singularities
of definable functions.

The role of semi-monotone sets in the proposed proof of the above conjecture
is as follows. We first hope to prove the existence of a definable, regular cell
decomposition of K, such that the properties (i) and (ii) are satisfied for each
cell of the decomposition. The triangulation will then be obtained by generalized
barycentric subdivision of these cells. In order for such an approach to work, one
needs a good supply of definable cells guaranteed to be regular.
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The semi-monotone sets fit this requirement. Non-empty semi-monotone sets
are topologically regular cells [I]. Moreover, the class of semi-monotone sets is
stable under maps that permute the coordinates of R"™. However, non-empty semi-
monotone sets are open (and hence full dimensional) definable subsets of R™. In
this paper, we introduce a certain class of definable maps f : X — R¥ where X is
a semi-monotone subset of R™. We call these maps monotone maps (see Definition
below). We give several characterizations of monotone maps. Our main result
(Theorem [E.1] below) states that the graphs of monotone maps are topologically
regular cells. We also prove that monotone maps satisfy a suitable generalization
of the coordinate exchange property satisfied by semi-monotone sets — namely, if
F C R” x R¥ is a graph of a monotone map f : X — R”, then for any subset of
n coordinates such that the image X’ of F under projection to the span of these
coordinates is n-dimensional, X’ is a semi-monotone set, and F is the graph of a
monotone map on X’ (see Theorem below).

For k = 0, we recover the main statements about semi-monotone sets proved in
[1]. Moreover, the proof here is simpler than in [I]. As a result we now have a full
supply of regular cells (of all dimensions), and hence we are a step nearer to the
proof of Conjecture [0.1]

Note that Conjecture does not follow from results in the literature on the
existence of definable triangulations adapted to a given finite family of definable
subsets of R™ (such as [7, B]), since all the proofs use a preparatory linear change
of coordinates in order for the given definable sets to be in a good position with
respect to coordinate projections. Since we are concerned with the graphs and
the level sets of a function, in order to prove Conjecture we are not allowed
to make any change of coordinates which involves the last coordinate. Pawhucki
[] has considered the problem of obtaining a regular cell decomposition with a
restriction on the allowed change in coordinates — namely, only permutations of the
coordinates are allowed. In this setting Pawlucki obtains a decomposition whose full
dimensional cells are regular. Note that even if this decomposition can be carried
through so that all cells (including those of positive codimension) are regular, it
would not be enough for our purposes since we cannot allow a change of the last
coordinate.

1. SEMI-MONOTONE SETS

In what follows we fix an o-minimal structure over R, and consider only sets and
maps that are definable in this structure (unless explicitly stated otherwise).

Definition 1.1. Let L, . = {x = (z1,...,2,) € R"| zjoc} for j = 1,...,n,
o € {<,=,>}, and ¢ € R. Each intersection of the kind

C = le)alxcl n---N ij7o'7nxcm C Rn’
where m = 0,...,n, 1 < j; < -+ < jm < n, 01,...,0,m € {<,=,>}, and
C1,...,Cm € R, is called a coordinate cone in R™.

Each intersection of the kind

Si=Lj—cN---NL

Jm,=Cm

C R,

where m =0,...,n, 1 <j1 <+ - < jm <n,and ¢1,...,c, € R, is called an affine
coordinate subspace in R™.
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In particular, the space R" itself is both a coordinate cone and an affine coordi-
nate subspace in R™.

Throughout the paper we assume that the empty set is connected.

Definition 1.2 ([I]). An open (possibly, empty) bounded set X C R™ is called
semi-monotone if for each coordinate cone C' the intersection X N C' is connected.

Proposition 1.3 ([I], Lemma 1.2, Corollary 1.4). The projection of a semi-monotone
set X on any coordinate subspace, and the intersection X N C with a coordinate
cone C' are semi-monotone sets.

The following necessary and sufficient condition of semi-monotonicity shows that
in the definition it is enough to consider the intersections of X with affine coordinate
subspaces.

Theorem 1.4. An open (possibly, empty) bounded set X C R™ is semi-monotone if
and only if for each affine coordinate subspace S the intersection X NS is connected.

Lemma 1.5. If X C R" is any connected definable set such that for some j €
{1,...n} and each b € R the intersection X N{x; = b} is connected, then the sets
X N{z; <c} and X N{z; > c} are connected for all c € R.

Proof. Observe that connectedness is equivalent to path-connectedness for definable
sets. Consider any two points y, z € X N {x; < c}, then there is a path v C X
connecting them. Suppose, for definiteness, that y; < z;. Let w be the point in
vN X N{x; = z;} which is closest to y in . Then the union of the segment of ~y
between y and w, and a path in X N {z; = z;}, that connects w with z, is a path
in X N{x; < ¢} connecting y with z.

The similar argument shows that X N {z; > c} is path-connected. ]

Proof of Theoren{I4} If X is semi-monotone, then X N S is always connected by
the definition.

To prove the converse, observe that since X is connected, and X N {x; = b} is
connected for every j = 1,...,n and every b € R, the intersections X N {z; < c}
and X N {z; > ¢} are connected for every ¢ € R, by Lemma The theorem
follows, by the induction on the number of half-spaces which form a coordinate
cone, since these intersections can then be taken as X. ]

Corollary 1.6. An open (possibly, empty) bounded set X C R™ is semi-monotone
if and only if the intersection X N L; — . is semi-monotone for every j =1,...,n
and every c € R.

Proof. The statement easily follows from Theorem [[L4] by induction on n. O

Definition 1.7. A bounded upper semi-continuous function f defined on a non-
empty semi-monotone set X C R" is submonotone if, for any b € R, the set
{x € X| f(x) < b} is semi-monotone. A function f is supermonotone if (—f)
is submonotone.

Notation 1.8. Let the space R™ have coordinate functions z1,...,z,. Given a
subset I = {xj,,...,z;, } C {x1,...,2,}, let W be the linear subspace of R"
where all coordinates in I are equal to zero. By a slight abuse of notation we will
denote by span{zj,,...,z;, } the quotient space R"/W. Similarly, for any affine
coordinate subspace S C R™ on which all the functions x; ¢ I are constant, we will
identify S with its image under the canonical surjection to R™/W.
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Lemma 1.9. Let the function f : X — R be submonotone (respectively, super-
monotone), and let X' be the image of the projection of X to span{wx1,...,Tp_1}.
Then the function inf,, f: X' — R (respectively, sup, f: X" — R) is submono-
tone (respectively, supermonotone).

Proof. According to Proposition[[3] the set X’ is semi-monotone. Assume that f is
submonotone. Then for any b € R the image X] of the projection of {x € X| f(x) <
b} to span{zi,...,z,_1} coincides with {(x1,...,2,-1) € X'| inf,, f(x) < b}.
Since, by Proposition [3] X is semi-monotone, the function inf,  f satisfies the
definition of submonotonicity.

The proof that sup, f is supermonotone is analogous. O

Proposition 1.10 ([I], Theorem 1.7). An open non-empty bounded set X C R™ is
semi-monotone if and only if it satisfies the following conditions. If X C R' then
X is an open interval. If X CR"™ then

X ={(x,y)|xe X', f(x)<y<gx)}
for a submonotone function f and a supermonotone function g, both defined on a
semi-monotone set X' C R"~1 with f(x) < g(x) for all x € X'.

The rest of the paper is organized as follows.

In Section 2l we define the class of monotone functions. These are a special
type of definable functions f: X — R where X is any non-empty semi-monotone
set. We give several different characterizations of monotone functions (Lemma 2.8
Corollary 2.9, and Theorem 2I7). In particular, Lemma should be compared
with the Definition above of semi-monotone sets, and Theorem 217 should be
compared with the corresponding result, Corollary .6l for semi-monotone sets. We
also prove a few useful topological results in this section. In particular, we prove a
topological property of semi-monotone sets and graphs of monotone functions that
could be viewed as an analog of Schonflies Theorem for semi-monotone sets (see
Lemma below).

In Section 3] we generalize the definition of monotone functions and define mono-
tone maps f : X — R¥, where X C R" is a non-empty semi-monotone subset of R™
(see Definition B3] below). The definition is inductive (induction on n) and is more
complicated than the definitions of semi-monotone sets and monotone functions.
The combinatorial information regarding the dependence or independence of the
map f with respect to the various coordinates is more subtle and is recorded in a
matroid, m, of rank n (see Theorem B.I12), which is associated with £f. We prove
several important properties of monotone maps and their associated matroids in
Section[Bl In particular, we show that if F C R™** is the graph of a monotone map
f: X — RF where X C R",and I C {x1,...,%p,¥1,--.,Yx} is a basis of its associ-
ated matroid, then the image of F under the projection to span/ is a semi-monotone
set, and F' is also the graph of a monotone map defined on this set. We also iden-
tify a key property of monotone maps, of being quasi-affine (Definition B14] and
Theorem [3.16) which will be used later in an essential way.

In Section [ we prove several different characterizations of monotone maps in-
cluding Theorem 3] (which generalizes Lemma from functions to maps) and
Theorem 7] (generalizing similarly Theorem 217 from functions to maps). We
also prove a topological result namely Theorem (generalizing Lemma 2.T5]).

It was proved in [I] that every semi-monotone set is a regular cell. In Section [l
we generalize this theorem to graphs of monotone maps (see Theorem [B.I]). The
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proof of Theorem [.1] is new even in the case of semi-monotone sets, and simpler,
as it avoids a more advanced machinery from PL topology that was used in [I].

2. MONOTONE FUNCTIONS

Definition 2.1 ([7]). A definable function f on a non-empty open set X C R™
is called strictly increasing in the coordinate x;, where j = 1,...,n, if for any two
points x,y € X that differ only in the coordinate z;, with z; < y;, we have f(x) <
f(y). Similarly we define the notions of f strictly decreasing in the coordinate
x; and f independent of the coordinate x;, the latter meaning that f(x) = f(y)
whenever x,y € X differ only in the coordinate ;.

Definition 2.2. A definable function f defined on a non-empty semi-monotone set
X C R" is called monotone if it is

(i) both sub- and supermonotone (in particular, bounded and continuous, see

Definition [[7);
(ii) either strictly increasing in, or strictly decreasing in, or independent of z;,
foreach j=1,...,n.

Example 2.3. The function 2% + 22 on the semi-monotone set
XZ{JJ1>0, xo > 0, $1+£L‘2<1}CR2

satisfies (ii) in Definition [Z2] is submonotone but not supermonotone. Hence this
function is not monotone. On the other hand, the function z% + 23 on the semi-
monotone set (0,1)? is monotone.

Remark 2.4. Tt follows from the definition that the restriction of a monotone func-
tion f to a non-empty set XN{z; = c} forany j = 1,...,n and ¢ € R is a monotone
function in n — 1 variables. Lemma below implies that the restriction of f to
a non-empty X N C, where C' is a coordinate cone in R™, is also a monotone func-
tion. However, as exhibited in Example 2.3, the restriction of a monotone function
f+ X — R to a semi-monotone subset Y C X is not necessarily monotone.

Example 2.5. The function on the semi-monotone set X = (0,1) x (—1,1) C R?
defined as:

129 when xo > 0, and (1 — z1)z2 when zo < 0,

is sub- and supermonotone, strictly increasing in xs on X, strictly increasing in x
on X N{xe # 0}, but is constant on X N {z3 = 0}. Hence this function is not
monotone.

Definition 2.6. We say that a monotone function f is non-constant in x; if it is
either strictly increasing or strictly decreasing in x;.

Let a monotone function f : X — R on a semi-monotone set X C R" be
non-constant in x,,. Let

Fe={(xylxe X, y=f(x)} cCR"
be the graph of f and U be the projection of F' to span{x1,...,2,—1,y}.
Lemma 2.7. The set U is semi-monotone, and
F={(xy)lxeX, xn=9x1,...,20n-1,Y)}

is the graph of a continuous function g on U.
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Proof. Since the projection of U to span{x1,...,x,_1}, coincides with the projec-
tion X’ of X to the same space, it is a semi-monotone set by Proposition [[.3l
Observe that

U={(x1,. .., 2n_1,9) (@1, ., 20n_1) € X', i{lff <y <supf}.

According to Lemma[[.9} inf,, f is submonotone and sup, f is supermonotone.
Moreover, sup,  f(z1,...,2,—1) <infy, f(z1,...,2,-1), for each (z1,...,2,1) €
X', since f is non-constant in z,,. Therefore the set U is semi-monotone, by Propo-
sition

The function g is defined, since f is non-constant in x,,, and continuous since f
is continuous and these functions have the same graph F. O

Lemma 2.8. Let f be a bounded continuous function defined on an open bounded
non-empty set X C R"™, either strictly increasing in, strictly decreasing in, or inde-
pendent of x;, for each j =1,...,n. Let I be the graph of f. The following three
statements are equivalent.

(i) The function f is monotone.
(ii) For each coordinate cone C in R™*! the intersection C N F is connected.
(iii) For each affine coordinate subspace S in R™*! the intersection S N F is
connected.

Proof. We first prove that (i) is equivalent to (ii).

Let f be monotone (in particular, X is semi-monotone), and let C' be a coor-
dinate cone in R™*!. It is sufficient to consider the cases when C is defined by
a sign condition on the variable y, otherwise, by Proposition [[L3] the situation is
reduced to f defined on a smaller semi-monotone set, the intersection of X with a
coordinate cone in span{z1,...,x,}. If C = {y < ¢} for some ¢ € R, then, since
f is submonotone, the projection of C' N F to span{x1,...,x,} is semi-monotone,
hence connected. Since f is continuous, the pre-image of this projection in F' is
connected. Similar argument applies in the case when C' = {y > c}.

Suppose that C' = {y = ¢}. Due to Lemma [Z7] the intersection U N {y = ¢}
is semi-monotone, hence connected, and since the function ¢ is continuous, the
pre-image of U N {y = ¢} in F' is connected.

Conversely, let for each coordinate cone C' in R"! the intersection C' N F be
connected. Let C’ be a coordinate cone in span{z1,...,z,}. Then the intersection
FN(C’" xR) is connected, hence the image of its projection, C’ N X, is connected.
It follows that X is semi-monotone. We need to prove that f is both sub- and
supermonotone. Let ¢ € R. Then the set C' N {f < ¢} is the image under the
projection to R™ of the connected set C' N F where C' := (C" x R) N {y < ¢}. Since
f is continuous, C' N {f < c} is connected, hence f is submonotone. The similar
arguments show that f is supermonotone.

Now we prove that (ii) is equivalent to (iii).

If (ii) is satisfied, then for each S the intersection S N F' is connected, since S
ia a particular case of the coordinate cone. The converse follows from Lemma
by a straightforward induction on the number of strict inequalities defining the
coordinate cone. (]

Corollary 2.9. Under the conditions of LemmalZ.8, the non-constant function f
is monotone if and only if
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(i) for every z; and every c € R the intersection F N{x; = c} is either empty,
or the graph of a monotone function in n — 1 variables, and

(ii) for every b € R the intersection F N {y = b} is either empty, or the graph
of a monotone function in n — 1 variables.

Proof. The statement easily follows from Lemma 2.8 by induction on n. O

Remark 2.10. In Lemmal[2Z10 we will prove that the requirement (ii) alone in Corol-
lary 2Z.9lis a necessary and sufficient for f to be monotone. In Theorem 2T we will
show that fizing any j in the part (i) of Corollary 229, and adding the requirement
for inf,; f and sup,; f to be sub- and supermonotone functions respectively, makes
(i) also a necessary and sufficient condition for f to be monotone.

Lemma 2.11. In the conditions of Lemma[2.7, the function g(x1,...,Tpn—1,Y) is
monotone.

Proof. The function g is defined on the semi-monotone set U. It has the same graph
as the monotone function f, and hence, by Lemma [2.§] is itself monotone. O

Remark 2.12. The function g was constructed from f with respect to the variable
Zn. An analogous function g;(z1,...,%-1,Y,Zj+1, ..., %n) can be constructed from
f with respect to any variable z; in which f is non-constant, and Lemma [2.1T]
implies that g; is monotone. If g; is non-constant in a variable x,, then the function
constructed from g; with respect to x¢, coincides with the function

Ge(T1, 0o o1, Y, Tt 1y ey ).

The function constructed from g; with respect to y coincides with f. All these
functions have the same graph F' as f.

Lemma 2.13. Let X be an open, simply connected subset in R™, and let ¥ C X
be a non-empty connected (n — 1)-dimensional manifold closed in X. Then X \ X
has two connected components.

Proof. There is a short exact sequence (a combination of a cohomological exact
sequence of the pair (X,X) and the Poincare duality)

which, given Hy(X) = Ho(X) = Z, implies that rank(Hy(X \ X)) = 2. O

Remark 2.14. Here is an alternative proof of Lemma 213 not using an exact
sequence.

If ¥ is not orientable, choose a normal at a point € ¥ and find a path in ¥ that
changes its orientation. Lift a path in the direction of the normal and connect its
ends. The result is a loop in X intersecting > transversally at . This loop cannot
be contractible in X since its intersection index with 3 is £1. It follows that X is
orientable.

If X \ X is connected, take a segment transversal to ¥ and connect its ends in
X\ Z. We get a loop in X which intersection index with ¥ is +1. Thus, X \ X is
not connected.

Assume ¥ is oriented. Every point € X \ ¥ can be connected in X \ ¥ to a
point v € ¥ by a path v such that v\ {v} € X \ X. If the path 4" for a point 2’
gets to X at the point v’ from the same side of ¥ as x, connect v and v’ by a path
p in X, then lift p along the normals to ¥. We get a path connecting = and 2’ in
X\ X. It follows that X \ ¥ has exactly two connected components.
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Lemma 2.15. Let X be a semi-monotone set in R™ and ¥ C X a graph of a
monotone function x, = hy(x1,...,2,-1) on some semi-monotone Y C R,
such that 0¥ C 0X. Then X \ ¥ is a union of two semi-monotone sets.

Proof. First notice that, by Lemma ZT3] X \ ¥ has two connected components,
X4 and X_. For any variable z;, j = 1,...,n, and any ¢ € R the intersection
X N{z; = ¢} is semi-monotone due to Corollary [[L0] while ¥ N {x; = ¢} is either
empty or the graph of a monotone function due to Corollary 2.9

The rest of the proof is by induction on n, the base for n = 1 being triv-
ial. If h, is constant in each variable x1,...,x,_1 then the statement of the
theorem is trivially true. Let X N {z; = ¢} be non-empty for some variable
zj, j = 1,...,n, and some ¢ € R. Note that if h,, is non-constant in x;, where
j < n, then according to Remark 2121 ¥ is the graph of a monotone func-
tion x; = hj(z1,...,%j-1,%j+1,...,Tp) ON some semi-monotone set Y;. Now let
j=1,...,n. U ¥N{x; = c} =0, then either Xy N{x; =c} = X N{zx; = ¢}
or X_ N{x; =c} = X N{z; = c}, in any case the intersection is semi-monotone.
Assume now that ¥ N {z; = c} # 0. Observe that ¥ ¢ {x; = ¢}, since h,, is not a
constant function, and ¥ is the graph of h,,. Hence, (X1 UX_)N{z; =c} # 0.

Both intersections, X+ N {x; = ¢} and X_ N {x; = ¢} are non-empty. Indeed,
if j < n and {x; = ¢} contains a point p € X, it also includes an open interval of
a straight line parallel to x,-axis containing p. The two parts into which p divides
that interval belong one to X and another to X_. If j = n then the restriction of
the function h,, to a straight line parallel to z;-axis, such that h,, is non-constant
in z;, has the graph which is a subset of ¥ and has non-empty intersections with
both {x,, < 0} and {x, > 0}.

By the inductive hypothesis, (X N{z; = c}) \ (EN {x; = c}) is a union of two
semi-monotone sets. It follows that one of the connected components of (X N{z; =
)\ (EN{z; = c}) lies in X while another in X_. Hence, the intersection of
{z; = ¢} with each of X1 and X_ is semi-monotone.

Finally, in the case when h,, is independent of x;, j < n, the set ¥ is a cylinder
over the graph ¥ N {x; = ¢} of a monotone function, for any ¢ € R, and therefore
one of the connected components of (X N{z; = ¢})\ (EN{z; = ¢}) lies in X
while another X_. It follows that the intersection of {z; = ¢} with each of X and
X_ is semi-monotone.

Corollary [[L0 now implies that each of X and X_ is semi-monotone. O

Lemma 2.16. Let f : X — R be a continuous, bounded, non-constant function
defined on a non-empty semi-monotone set X. The function f is monotone if and
only if
(i) it is either strictly increasing in, or strictly decreasing in, or independent
of x;, for each j =1,...,n;
(ii) for every b € R the set {x € X| f(x) = b} is either empty, or a graph of a
monotone function in n — 1 variables.

Proof. If f is monotone, then (i) follows from the definition of a monotone function,
while (ii) is the statement of Corollary 20l

Conversely, suppose the conditions (i), (ii) are true.

Let ¥ := X Nn{f(x) = b}. Since ¥ is a level set of a continuous function,
0¥ C 0X. By Lemma 2T5 X \ ¥ is a union of two semi-monotone sets. The
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condition (i) implies that one of these sets is X N {f(x) < b} and another is
X N{f(x) > b}. It follows that f is both sub- and supermonotone. O

Theorem 2.17. A continuous function f, defined on a non-empty open bounded
set X C R™, and not independent of x,, is monotone if and only if it satisfies the
following properties:

(i) f is either strictly increasing in or strictly decreasing in or independent of

each of the variables x;, where j =1,...,n;
(ii) inf,, f and sup, f are sub- and supermonotone functions, respectively, in
variables x1,...,Ty,_1;

(ili) the restriction of f to each non-empty set X N{x, = a}, where a € R, is a
monotone function.

Proof. Assume that f, not independent of x,,, satisfies the properties (i)—(iii). Let
F be the graph of f. Then F can be represented as in Lemma 2.7,
F={(x,y)|xeX, zp,=g(x1,...,20-1,9)},

with the function ¢ defined on the domain

U={(z1,...,2n-1,9)| (x1,...,2n-1) € X', inf f <y < sup f},

where X' is the projection of X to span{zi,...,z,—1}. Observe that F is also
the graph of g. By the property (ii), and by Proposition [[ 10, the domain U is
semi-monotone.

Applying Lemma to g, and using (iii), we conclude that this function is
monotone. Hence, by Lemma 2.8 f is also monotone.

Conversely, suppose that a function f : X — R, not independent of x,, is
monotone. Then property (i) follows from the definition of a monotone function.
By Lemmal[2 7 the set U is semi-monotone, hence, by Proposition[.T0] the property
(ii) is satisfied. Property (iii) follows immediately from Lemma 28 O

3. MONOTONE MAPS
Definition 3.1. For a non-empty semi-monotone set X C R™ and k > 1, let
f=(fi,....fx): X > R¥
be a continuous and bounded map. Let
H = {'rj17" 3 Loy Yiyy - - ay’ig} - {Ilv" <y Ly Y1, - - 'ayk}v
where a4+ 8 = n. The set H is called a basis if the map
(lea' '-7xja7fi17'- 'afig) : X - R"
is injective. Thus, a system of basis sets is associated with f.

Lemma 3.2. If k = 1, then the system of basis sets associated with £ = (f1) :
X — R consists of {x1,...,xn}, and each set {x1,...,Tj-1,Y, Tj+1,...,%Tn} Such
that the function fi is either strictly increasing in x;, or strictly decreasing in x;

(see Definition [21]).

Proof. Clearly, {x1,...,z,} is a basis set.
If fi is either strictly increasing in xj, or strictly decreasing in x;, then the
set {x1,...,2j-1,Y,Tj41,...,Zn} is obviously a basis. Conversely, suppose that
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{z1,...,2j-1,Y,Tjq1,...,2,} is a basis set, i.e., the restriction of f; to every non-
empty interval

XN {561 =C1y-- 3 Tj—1 = Cj—1,Tj4+1 = Cj1,-- -y Tn = Cn}7
where ¢ = (¢1,...,¢j-1,Cj41,...,Cpn) € R™1, is either strictly increasing or strictly

decreasing. Let A (respectively, B) be the set of points ¢ for which the restriction
is strictly increasing (respectively, strictly decreasing), and X’ the projection of X

to span{z1,...,%j—1,%j41,...,Tn}. Thus, X’ = AU B. Because f1 is continuous,
both sets, A and B, are open in X’. Since, by Proposition[I.3] X’ is connected, we
conclude that either X’ = A or X' = B. O

Definition 3.3. For a non-empty semi-monotone set X C R"™ and k > 1, let
f=(f1,....fx): X = RF

be a continuous and bounded map and let F := {(x,y)| x € X, y = f(x)} C R***
be its graph. Associate with f a system m of basis sets as in Definition Bl Define
a map f to be monotone, by induction on n > 1.

If n =1, the map f is monotone if for every i the function f; is monotone.

Assume that monotone maps on non-empty semi-monotone subsets of R™ ! are
defined.

A map f is monotone if for every i = 1,... k, and every 7 = 1,...,n such that
fi is not independent of x;, the following holds.

(i) For every b € R, the intersection F N {y; = b} (considered as a set in
span{@i, ..., Tn,Y1y- - Yi1, Yit+1s- - -» Yk }), When non-empty, is the graph
of a monotone map, denoted by f; ;;, from a semi-monotone subset of
Span{Ti, ..., Tj—1,Tj41,--->Tn}, N0 SPAn{y1, ..., Yie1, T, Yit1,- - - Yk }-

(ii) The system of basis sets associated with f; ; ; does not depend on b € R.

Remark 3.4. Tt follows from Theorem that if the conditions in Definition B.3]
hold for any one j, then they hold for every j such that f; is not independent of ;.

Lemma 3.5. If the map f := (f1,...,fr) : X — R¥ is monotone, then the map
(fi,.. s fr_1): X — RE=1 s also monotone.

Proof. For any map g : X — RF let [g] : X — R*~! denote the map obtained
from g by removing the k-th component.

The proof is by induction on n, with the base n = 1 being trivial. Choose any
b € R. By the inductive hypothesis applied to the monotone map f; ;;, where
i # k, the map [f; ;5] is monotone. But [f; ;] coincides with [f]; ;5. Hence the
requirements (i) and (ii) in Definition [33] are proved for [f]. O

Theorem 3.6. The map £ = (f1) : X — R is monotone if and only if the function
f1 is monotone.

Proof. Suppose that f is a monotone map, let F be its graph. If f; is a constant
function, then it is trivially monotone. Suppose that f; is non-constant. Then, by
item (i) of Definition B3] the item (ii) of Lemma 216 is satisfied.

It remains to show that the condition (i) of Lemma is also valid for the
function f;. We prove this by induction on n, the base for n = 1 being a requirement
in Definition

Suppose that for some ¢1,...,¢,—1 € Rtheset XN{x1 =c1,...,2p—1 = cp_1} s
non-empty, and the restriction of f; to this set is independent of z,,, i.e., identically
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equal to some b € R. We now prove that f; is independent of z,, i.e., remains a
constant for all fixed values of x1,...,z,_1.

Since we assumed f; to be non-constant on X, there exists j such that f; is
not independent of z;. As f is a monotone map, by item (i) in Definition B3]
F N {y; = b} is a graph of a monotone map fi ;, = (f1,;) defined on a semi-
monotone subset of span{z1,...,2;_1,%j41,...,2}. Then j # n, since FN{z; =
Cly.-,Tp—1 = Cn—1,y1 = b} contains a non-empty interval.

The function f; ;5 is monotone by the inductive hypothesis. The restriction of
figeon {z1 = c1,...,Tj—1 = Cj—1,Tj+1 = Cj+1,.-.,Tn—1 = Cp_1} Is constant
(identically equal to ¢;). Then, by item (i) of Lemma [ZT6, f1 ;5 is constant for all
fixed values of z1,...,2j-1,%j41,...,2Zn—1. Since, by item (ii) of Definition [33] the
system of basis sets associated with the map f; ;; does not depend on b € R, the
property of fi ;i to be constant for all fixed values of x1,...,z;_1,%Tj11,...,Tn_1
holds for all b. Since the graph {z; = fi1 s} of the function fy ;; is the level set
of f1 at b, and the union of all level sets for all values b is X, it follows that for all
fixed values of variables x1, ..., x,—1 the function f; is independent of z,,.

It follows that if the restriction of f1 to X N{x1 = ¢1,...,2p—1 = ¢p—1} is not
independent of x,, for some ¢y, ...,c,—1 € R, then it is not independent for all fixed
values of x1,...,2,_1. Repeating the argument from the proof of Lemma (for
j =n), we conclude that f; is either strictly increasing in, or strictly decreasing in,
or independent of x,,.

Replacing in this argument n by each of 1,...,n — 1, we conclude that the item
(i) of Lemma [210 is satisfied, and therefore the function f; is monotone.

Now suppose the function f; is monotone. Then, by item (ii) in Lemma 216
the map f = (f;) satisfies (i) in Definition To prove that f satisfies also
(ii) in Definition B3] fix the numbers b € R and j € {1,...,n}. Suppose that
{z1,...,xn—1} is a basis set of f ;;, i.e., the fibre {1 =c¢1,...,2p—1 =Cpn-1, f1 =
b}, whenever non-empty, is a single point for each sequence ¢1,...¢,—1 € R. Then,
according to (ii) in Definition2.2] f; is non-constant on {x1 = ¢1,...,Tp—1 = Cpn_1},
in particular, the fibre {1 = ¢1,...,2,—1 = ¢n_1, f1 = a}, whenever non-empty, is
a single point for any other value a € R of f;. It follows that the set {a1,..., 2,1}
is a basis also for f; ; 4.

Replacing in this argument n by each of 1,...,n—1, we conclude that the system
of basis sets of f ;; does not depend on b, hence f is monotone. g

Corollary 3.7. If the map f = (f1,...,fr) : X — R* is monotone, then every
function f; is monotone.

Proof. Lemma implies that the map (f;) : X — R is monotone for every
1 =1,..., k. Then, by Theorem [3.6], the function f; is monotone. O

Remark 3.8. The converse to Corollary B is false when n > 1 and k& > 1. For
example, consider the map f = (f1, f2) : (3,1)* = R?, where

fi=wx2/x1 and fo=x1 — 2.

Both functions, f; and fs, are monotone on (%,1)? but their level curves, {f; =1}
and {f2 = 0}, coincide while all other pairs of level curves are different. It follows
that the map f; ;1 has two basis sets, {1} and {z2}, while f; ; » has three basis
sets, {1}, {z2} and {y2}. Thus, the condition (ii) of Definition B3] is not satisfied
for f.
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Lemma 3.9. Let f : X — R¥ be a monotone map, F the graph of f. Then for
any {i1,...,ig} C {1,...,k} and by,...,bg € R, where 5 < k, the intersection
Fs:=FN{y;, =b1,...,yi, = bg} is either empty or the graph of a monotone map
defined on a semi-monotone set in some space span{z;,,...,x;, }, where a+ 5 > n.

Proof. The proof is by induction on 3. If 5 = 0 (the base of the induction), then
Fy = F and hence is the graph of a monotone map from X C span{z,...,x,} to
span{yi,...,yr}. Let Ip =0, and Jy = {x1,..., 2, }.

By the inductive hypothesis,

Fﬂ—l =FnN {yll = bla" '7yi571 = bB—l}

is a graph of a monotone map h = (hy,...,h;) from a semi-monotone subset of
span Jg_1 to

span(({y1, ..., ue} \ Is—1) U {21, .-, 20} \ Jp-1)).

If the function h;, is constant in each of the variables in Jg_1, then the graph
Fp_1 liesin {y;, = c} for some ¢ € R, hence the intersection Fg = Fg_1N{y;, = bg}
is either empty (when ¢ # bg), or coincides with the graph Fz_; (when ¢ = bg).
In this case we consider Fg as the graph of the same map h, and assume Iz =
Ig—1, Jg = Jg_1.

Suppose now that h;, is not constant in some of Jz_1, let it be, for definiteness,
Tj,, - Let Ig :=Ig 1 U{y,} and Jg := Jg_1 \ {x,,, }. Then, by Definition 3.3]

Fs = Fg_1 N {yi, = bg} is the graph of the monotone map hi, o, . b, from a
semi-monotone subset of span(Jg) to
span(({y1,- -, yet \ Ig) U ({21, .., 20} \ JB)).
O

Notation 3.10. For a subset H C {x1,...,2Zn,y1,...,yr}, let £(H) : X — RIHI
denote a map defined by the functions corresponding to the elements of H.

Lemma 3.11. If H is a basis set of a monotone map £ : X — R, then every
component of £(H) is non-constant on X .

Proof. If all components of f(H) are coordinate functions, then this is obvious. If
non-coordinate functions exist and all are constants, then the dimension of each
non-empty fibre of f(H) equals to the number of these functions, i.e., greater than
zero, which contradicts to H being a basis set. Take a component f; of f(H) which
is not a constant on X, thus it is non-constant in some variable ;. Then each
non-empty fibre of f; is the graph of a monotone map f; ;;, according to (i) in the
Definition Observe that H \ {y;} is a basis set for the map f; ;, since the
fibres of f; ; »(H \ {v:}) are exactly those fibres of f(H) on which f; = b. If each
component in f(H \ {y;}) is constant on all (n — 1)-dimensional fibres of f;, then we
get a contradiction with H \ {y;} being a basis for f; ; ;. Continuing by induction,
we conclude that all non-coordinate functions of f(H) are non-constant on X. O

Theorem 3.12. Let f : X — RF be a monotone map on a non-empty semi-
monotone X C R™, and F its graph. Then

(i) The system m of basis sets associated with £ is a matroid of rank n.
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(ii) For each independent set I = {xj ,...,2Tj,,Yi,»---,Yizt of m, and all se-
quences ci,...,Cq,b1,...,b5 € R, the non-empty intersections

Fm{le =C1y.- 5 T5, = Cay Yiy :blv"'ay’ig :bﬁ}

are graphs of monotone maps, having the same associated matroid my of
rank n — a — B (the contraction of m by I). In particular, all such inter-
sections have the same dimension n — a — 3.

Proof. By the definition of a matroid, to prove (i), we need to check the basis aziom
(8], p. 8), which states that for any two basis subsets H, G C {x1,...,Zn, Y1, -+, Yk}
if h € H\ G then there exists g € G\ H such that the set {g} U(H \ {h}) is a basis
set. We prove this property by induction on n simultaneously with the property
(ii). The base for n =1 is obvious for both (i) and (ii).

First we prove the inductive step for (i). Fix any two basis subsets H, G, and
an element h € (H \ G). Consider the set Z = H \ {h}. We prove that each non-
empty fibre of f(Z) is a graph of a univariate monotone map. This is obvious if all
components of f(Z) are coordinate functions. If some non-coordinate functions exist
then, by Lemma [B.T1] they are non-constant. Let f; be one of them. In particular,
fi is not independent of some variable z;. According to (i) in the Definition B3]
each non-empty set F N {y; = b} is the graph of a monotone map f; ;. Observe
that H \ {y;} is a basis set for the map f; ;; since the fibres of f; ; ,(H \ {y;}) are
exactly those fibres of f(H) on which f; = b. Note that the matroid m; associated
with f; ; is the contraction of the matroid m by y;. Since H is a basis set for
f, all these fibres are single points, hence f; ; ,(H \ {y:}) is injective. Recall that
H\ {yi} = 2\ {h}.

By the inductive hypothesis of (ii), all non-empty fibres of f; ; ,(H \ {y;}) are
one-dimensional graphs of monotone functions. Since these fibres coincide with the
fibres of f(Z) on which f; = b, we conclude that all non-empty fibres of £(7) are
one-dimensional graphs of monotone maps.

Now let z € {x1,...,2n,Y1,...,Yx}, and let ¢ be the corresponding function.
Suppose that Z U {z} is not a basis set. Then the restriction of ¢ to some fibre
U of the map f(Z) has fibres of dimension greater than zero. But, as we proved
above, all fibres of f(Z) are one-dimensional graphs of monotone maps, hence 1 is
constant on W. Then item (ii) in the inductive hypothesis implies that 1 is constant
on each fibre of f(Z).

Suppose that the basis axiom is violated, i.e., given h € H, for every g € G\ H
the set Z U {g} is not a basis. It follows that the function corresponding to every
g € G\ H is constant on fibres of f(Z) (which are curves). On the other hand,
GNH C Z, so any function corresponding to g € G N H is constant on fibres of
£(Z). Therefore functions corresponding to all g € G are constant on fibres of f(7),
hence fibres of f(G) are curves, thus G is not a basis set, which is a contradiction.

Now we prove the inductive step of (ii). It is sufficient to prove the statement
for |I| =1 since the case of the general I will follow by induction on |I].

If I = {f;} for some ¢ = 1,...,k, then according to Lemma BII] f; is not a
constant, and the statement follows immediately from Definition [3.3}

Now suppose that I = {xy}.

By Definition it is sufficient to prove that
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(a) foralli=1,...k,j=1,...,nand b € R, such that f; is non-constant in z;,
the intersection F N {z; = ¢} N{y; = b} is the graph of a monotone map g
on a semi-monotone set in span{T1, ..., Te—1, Tot1s- -y Tj—1, Tjb1s-- > Tn };

(b) The matroid associated with gy is the same for every b € R.

By Definition B3] the set F N {y; = b} is the graph of a monotone map f; ;.
Applying the inductive hypothesis to this monotone map we conclude that the set
Fn{y; = b}N{xy = ¢} is the graph of a monotone map g, on an (n— 2)-dimensional
semi-monotone set. Hence, (a) is established.

By Definition B3] the maps f; ; ;, have the same system of basis sets for all b € R.
By the inductive hypothesis, this system is the matroid m;. The common matroid
for the maps gj is obtained from m; as follows. Select all basis sets in m; which
contain the element x,, and remove this element from each of the selected sets. The
resulting system of sets forms the matroid for g;. Note that this matroid is the
contraction of m; by x,. Since m; is independent of b, so does this matroid, which
proves (b). O

For any I C {z1,...,%n,Y1,...,yx}, and F C R"* let T := span(I), and
pr : F — T be the projection map.

Theorem 3.13. Let f : X — RF be a monotone map on a non-empty semi-
monotone X C R™ having the graph F C R"*. Let m be the matroid associated
with £, H a basis set of m, and T := span(H). Then pp(F) is semi-monotone, and
F is the graph of a monotone map on pr(F).

Proof. Suppose that H = {z1,...,%j—1, i, Tj41,...,2n} for some i and j.
Lemma 27 implies that pr(F) is a semi-monotone set. Observe that F is the
graph of a continuous map (fi,..., fi—1,%;, fi+1,---, fx) on pr(F). This map
is monotone by the definition, since according to Theorem BI2] for each h €
{Y1,--,Yi=1, T, Yi+1,--.,yx} and for each b € R, the intersection F N {h = b},
if non-empty, is the graph of a monotone map with the matroid independent of b.
For an arbitrary basis H, by the matroid’s basis axiom, there exists a sequence

HO = {Il,...,.In},Hl,...,Ht,l,Ht :H

such that the basis Hyy, is obtained from the basis H, by replacing a variable of
the kind z; by a variable of the kind y;. Applying the argument, described above
to each such replacement, we conclude the proof. 0

Definition 3.14. Let a bounded continuous map f = (f1,..., fi) defined on an
open bounded non-empty set X C R™ have the graph F ¢ R"**. We say that f
is quasi-affine if for any T := span{x;,,..., 2., Yi,, .., Yis }, where a4 3 = n, the
projection pr is injective if and only if the image pr(F) is n-dimensional.

Remark 3.15. Observe that in Definition 314 the property of pr to be injective is
equivalent to {,,..., 2., ¥, .-, ¥, } being a basis set associated with f.

In the case of a function, the property to be quasi-affine is equivalent to the
condition on the function to be either strictly increasing in, strictly decreasing in,
or independent of any variable.

Theorem 3.16. Every monotone map £ : X — R¥ is quasi-affine.

Proof. Let £ : X — RF be a monotone map having the graph F € R"**, and
T :=span{x;,,..., %, Yi,,---,Yis}, Where a + 3 =n.
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If the projection pr is injective, then obviously pr(F) is n-dimensional.

Conversely, observe that, by Lemma[3.5, the map g := (fi,, ..., fi ) is monotone.
Suppose that, contrary to the claim, pr is not injective. Lemma B.9 implies that if
the fiber of a monotone map over a value is 0-dimensional then it is a single point.
Hence, there are two points

(ajlv'-'aajavaila-"vaig)and(bjla"-7bjaabi15-'-abi5)

in span{zj,,...,%j,,Yi,, -, Yiz } such that the fiber of g" := gls, —a; .25, =a;,
over (a;,...,a;,) is a single point, while the fiber of g” := g|mh:bj1 ooy, =b;, OVET
(biy, ..., bi,) has the positive dimension. By the part (ii) of Theorem .12 applied
to the independent set {x;,,...,z;, } as I, the matroids, associated with g’ and g”
coincide. In particular, there exists a point (b(o) e b(g)) such that the fiber of g’

i1 e
over this point has the positive dimension. Let Gg be the graph of g’.
We proceed by induction on v =0,1,...,3. According to Lemma [3.9] for every
v < B the intersection G, := Go N {y;;, = a;, ...,y;, = a;,} is the graph of a

monotone map g(*) (since the fiber of g’ over a;,, ... , @i, is O-dimensional, the set

G, is non-empty). Also, since the fiber of g’ is 0-dimensional, the map g is of the
(v=1) (v-1)

form g, . for an appropriate j. Because g~1 is monotone, the map g' 1)
viyJsWiy ] iy
has the same matroid as gz(fgla)l . In particular, there exists a point (bz(-:ﬁl, s bg;’))

such that the fiber of gl(:;{l)
On the last step, for v = 3 — 1 and an appropriate j, the two maps, gl#~1) =

gz(f_f; ai ('8_2)_ (52, defined on an interval, have the same matroids. On
—1:0,0ig_q .
ig—1

igfl,‘],b
the other hand, the component of g

over this point has the positive dimension.

and g

(B-2) . .
ip_1,aiy 1 corresponding to y;,, is a non-
(B-2)

. . -2
15717J1b§§71) ’

constant monotone function on that interval, while the component of g

corresponding to y;,, is a constant function. We get a contradiction.

Corollary 3.17. Let a monotone map f : X — R* have the graph F C R"** and

the associated matroid m. A subset H C {x1,...,%n,Y1,...,Yr} is an independent
set of m if and only if dim(pr(F)) = |H|, where L := span H.

Proof. Let |H| = m. If H is an independent set of m then, by the matroid theory’s
Augmentation Theorem ([8], Ch. 1, Section 5), there is a basis set I of m such
that H C I. By Theorem B0 dim(pr(F)) = n, where T := span I, and therefore
dim(pr (F)) = m, since pr(F) is the image of the projection of pr(F) to L.
Conversely, suppose that dim(pr(F)) = m. Clearly, m < n. Observe that for
any definable pure-dimensional set U in R"** with dim U = n, if p,(U) = m then
there is a subset I C {x1,...,2pn,Y1,..., Yk} such that H C I and dim(pr(U)) = n,
where T' = span/. Since F, being the graph of continuous map on an open set in R™,
satisfies all the properties of U, there exists a subset I such that dim(pr(F)) = n.
Then H is an independent set of m, being a subset of its basis. 0

4. EQUIVALENT DEFINITIONS OF A MONOTONE MAP, AND THEIR COROLLARIES

Lemma 4.1. Letf : X — R* be a monotone map on a semi-monotone set X C R™,
and C a coordinate cone in R™. Then the restriction flc : X NC — R* is a
monotone map.
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Proof. Tt is sufficient to consider just the cases of C' = {z; = ¢} and C = {zy > c}.
The first case follows directly from Theorem B.I2] (ii). The proof for the case
C = {xy > ¢} can be conducted by induction on n, completely analogous to the
last part of the proof of Theorem O

Corollary 4.2. Let F C R"* be the graph of a monotone map £ : X — R*, and
let
P = ﬂ {(zl,...,zn+k)|aj<zj <bj}CRn+k
1<j<n+k
for some aj, b; € R, j=1,...,n+ k. Then FN P is either empty or the graph of
a monotone function.

Proof. Let P’ be the image of the projection of P to X. By Lemma [1] the
restriction fpr : P’ — RF is a monotone map. Theorem B.13 allows to apply the
same argument to projections of P to other subspaces of R"t%. 0

The following theorem is a generalization of Lemma[28 from monotone functions
to monotone maps.

Theorem 4.3. Let a bounded continuous quasi-affine map £ = (f1,..., fr) defined
on an open bounded non-empty set X C R™ have the graph F C R"*. The
following three statements are equivalent.

(i) The map f is monotone.
(ii) For each affine coordinate subspace S in R""* the intersection F N S is
connected.
(iii) For each coordinate cone C' in R™"** the intersection F N C is connected.

Proof. We first prove that (i) implies (ii). Suppose that f is monotone. Consider an
affine coordinate subspace S = {z;, = c1,...,%j, = Ca,¥i;, = b1,...,Yi, = bg} in
R™"**. Lemma Fl implies that the intersection F N {x;, = c1,...,2;, = ¢4} is the
graph of a monotone map g, and hence connected. Applying Lemma to g, we
conclude that F NS is also the graph of a monotone map, and therefore connected.

The part (ii) implies the part (iii) by Lemma[[l5 and a straightforward induction
on the number of strict inequalities defining the coordinate cone.

Now we prove that (iii) implies (i). Suppose the condition (iii) is satisfied. Let
C' be a coordinate cone in span{z,...,z,}. Then the intersection F N (C’ x R¥) is
connected, hence the image of its projection, C’ N X, is connected. It follows that
X is semi-monotone.

We prove that f is a monotone map by induction on n, the base for n = 1
being trivial. Choose any ¢ and j such that f; is non-constant in z;, and consider
the map f; ;; for some b € R. This map and its graph F N {y; = b} inherit
from f and F properties (i) and (ii) in the conditions of the theorem. Thus, by
the inductive hypothesis, f; ;; is a monotone map. It remains to prove that the
system of basis sets associated with f; ;; does not depend on b € R. Let T' =
span{zi,...,%j—1,%j+1,--.,Tn}. Any basis set of f; ;; is a subset

{'rjlv"'anaayila"'ay’ig} - {xla'"axnayla'"ay’iflay’H’la"'?yk}a
where a4+ 8 = n — 1, such that the map
(le,...,xja,fil,...,fiﬁ) : pT(Fﬁ{yi Zb}) — R!

is injective. Since f is quasi-affine, the injectivity does not depend on the choice of
b. O
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The following corollary is a generalization of Definition 2.2 from monotone func-
tions to monotone maps.

Corollary 4.4. Let a bounded continuous map £ = (f1,..., fr) on a non-empty
semi-monotone set X C R™ have the graph F C R"™*. The map f is monotone if
and only if

(1) it is quasi-affine;

(ii) for every subset {i1,...,im} C{1,...,k} the intersection
Sitrosim = ﬂ {fi,000} C X,
1<t<m

where oy € {<, >}, is semi-monotone.

Proof. Suppose that the map f is monotone. Then, by Theorem [4.3] the condition
(i) is satisfied. Let C' be a coordinate cone in span{xi,...,2,}. The intersection
Sir.....imy N C' s the projection on span{x1, ..., z,} of the intersection of F with the
coordinate cone
K :=(C xRN ﬂ {yi,000}
1<e<m

in span{z1,...,%n,Y1,-..,Yx}. By item (ii) in Theorem E3] this intersection is
connected, hence the projection is also connected. It follows that S, . ;.. is semi-
monotone.

Conversely, suppose that the conditions (i) and (ii) of the theorem are satisfied,
and let K be a coordinate cone in span{z1,...,2n,y1,...,yx}. The projection of FN
K on span{wx1,...,2,} is of the kind S;, . ;. NC for some {i1,...,im} C {1,...,k}
and a coordinate cone C in span{x1,...,z,}. Since S;, . ;. is semi-monotone, its
intersection with C' is connected. Because F is the graph of a continuous map,
the intersection F N K is also connected, hence, by Theorem (3] the map f is
monotone. (]

The following theorem is another corollary to Theorem

Theorem 4.5. Let f: X — R* be a monotone map defined on a semi-monotone
set X C R", with the associated matroid m, and graph F C R™**.  Then for
any subset I C {x1,...,%n,Y1,..., Y}, with T := span I, the image pr(F) under
the projection map pr : ¥ — T is either a semi-monotone set or the graph of a
monotone map, whose matroid is a minor of m.

Proof. By Theorem 3] it is sufficient to prove that G := pp(F) is either a semi-
monotone set or the graph of a quasi-affine map, and that for each affine coordinate
subspace S in span I the intersection pp(F) N S is connected.

Let dim G = m and assume first that m < dimT'.

Let H be a subset of I such that |[H| = m and dim(AL(G)) = m, where L :=
spanH, and Ay, : G — L is the projection map (obviously, there is such a subspace).
By Corollary BI7 there exists a subset J C {x1,...,Zn,y1,...,yr} such that
JNI=H,|J|=n,and dim(py(F)) = n, where N := span J.

Since f is quasi-affine, the projection map py : F — N is injective. We now
prove that the projection map Ap is also injective. Because py is injective, the set
J is a basis of m, and therefore its subset H is an independent set of m. According
to Theorem B.I2 all non-empty fibers of p;, : F — L are graphs of monotone
maps, having the same matroids of rank n —m. Since dim G = m, the image of the
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projection to T of a generic fiber of p;, (hence every fiber of py, since all matroids
are the same) to T is 0-dimensional, thus it is a single point. We conclude that Ay,
is injective, hence G is the graph of a map, defined on Ay (G), and that this map
is quasi-affine. Denote this map by g.

Let S be an affine coordinate subspace in T'. Since f is monotone, the intersection
FN(Sx(span(J\H))) is connected. It follows that GNS = pr(FN(Sx (span(J\H)))
is connected, hence, by Theorem 1.3 g is a monotone map.

Let m; be the matroid associated with g. Observe that if the projection map pr
is injective, then the family of all independent sets of m; consists of subsets H C I
which are independent sets of m. It follows that m; is a restriction of the matroid
m to I ([§], Ch. 4, Section 2). In fact, m; includes some basis sets of m. In the
case of a general projection map, the family of all independent sets of m consists of
subsets H C I which can be appended by maximal independent subsets of J\ H so
that to become independent sets of m. Thus, m; is a contraction of m ([8], Ch. 4
Section 3). In fact, for each basis set of m; there is a subset of J \ H such that
their union is a basis of m. It follows that m; is a minor of m.

Now let dimG = m = dim7T. By Corollary BI7 I is an independent set of
the matroid m, hence, by the matroid theory’s Augmentation Theorem ([8], Ch. 1,
Section 5), there is a basis J of m, containing I. The image of the projection of F
to span J is a semi-monotone set, according to Theorems and B3l Then, by
Proposition [[L3] G is also a semi-monotone set. 0

Theorem 4.6. Let F be the graph of a monotone map £ : X — RF on a semi-
monotone set X C R". Let G C F be the graph of a monotone map g such that
dimG =n—1, and 0G C OF. Then F\ G is a disjoint union of two graphs of
some monotone maps.

Proof. Let T := span{x1,...,x,}. According to Theorem L3 pr(G) is a graph
of a monotone function, hence, by Lemma I8 X \ pr(G) has two connected
components, each of which is a semi-monotone set. Their pre-images in F are the
two connected components of F \ G, we denote them by F, and F_, which are
graphs of some continuous maps, f; and f_. We prove that f; and f_ are monotone
maps by checking that they satisfy Definition

Suppose that there exist i € {1,...,k} and j € {1,...,n} such that the compo-
nent f; of f is not independent of a coordinate x;, otherwise f is identically constant
on X, and the theorem becomes trivially true. Fix one such pair i, j.

The intersection F N {y; = b} is either empty or the graph of a monotone map,
due to Definition If G C Fn{y; = b}, then G = FN {y; = b}, and hence
(FLUF_)n{y; = b} = 0. We now prove, by induction on n, that if FN{y; = b} # 0
and G ¢ FN{y; = b}, then each of intersections F; N{y; = b} and F_ N {y; = b}
is either empty or the graph of a monotone map. The base of the induction, for
n =1, is trivial.

If GN{y; = b} = 0, then either F, N{y; = b} = FN{y; =b} or F_N{y; = b} =
F N {y; = b}. In any case, one of the two intersections is the graph of a monotone
map and the other one is empty. Assume now that G N {y; = b} # 0. Then both
intersections, F N {y; = b} and F_ N {y; = b} are non-empty. Indeed, if one of
them is empty, then the component g; of g attains the global extremum b at some
point in its domain, which contradicts the monotonicity of g;.

By the inductive hypothesis, (FN{y; = b})\ (GN{y; = b}) is a disjoint union of
two graphs of some monotone maps. One of its connected components lies in F
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while another in F_. Hence, both intersections F N {y; = b} and F_ N {y; = b}
are graphs of monotone maps, for example, of the maps f ; ;; and f_ ; ;. Thus,
the part (i) of Definition B3 is proved for f; and f_.

Observe that the matroid associated with the monotone map f; ;; does not
depend on b (by the part (ii) of Definition B3), and, since f; ;; is quasi-affine (by
Theorem [3.10]), coincides with systems of basis sets of each of the maps f} ; ;; and
f_ ;. It follows that the systems of basis sets fy ; j; and f_ ; ;; do not depend
on b, which proves the part (ii) of Definition B3] for f; and f_.

We conclude that the maps f; and f_ are monotone. O

The following theorem is a version for monotone maps of Theorem 2.17

Theorem 4.7. Let a bounded continuous quasi-affine map £ = (f1,..., fr) on a
non-empty semi-monotone set X C R™ have the graph F C R* %, Let

{Ijla'"anaayila"'vyiB}C {xla"'axnvyla"'ayk}a
where o+ =k, and

T :=span({@1, .., T, Y1y Uk f \ATjrs oo s T s Yirs > Yig })-
Assume that pp(F) is n-dimensional. The map f is monotone if and only if

(i) The image pr(F) is a semi-monotone set.

(ii) For every j € {ji,...,Ja} and everyi € {i1,...,ig}, such that the function
fi is not independent of a variable form {x1,...,xn} \ {xj,,..., 2z, }, all
non-empty intersections F N {x; = a} and F N {y; = a}, where a € R, are
either empty or graphs of monotone maps.

Proof. Suppose that f is a monotone map. Then (i) and (ii) are satisfied by Theo-
rem [3.13] because f is quasi-affine.

Conversely, assume that a bounded continuous quasi-affine map f satisfies the
properties (i) and (ii). Because f is quasi-affine and (i) is satisfied, F is the graph of
amap g: pr(F) — span{w;,,..., T, , ¥, .-, Yis ). Again, since f is quasi-affine,
all monotone (according to (ii)) maps, with graphs FN{z; = a} and FN{y; = a},
have associated matroids that don’t depend on a. It follows from Definition B3]
that g is monotone. Since f and g have the same graph, Theorem [1.3] implies that
that f is also monotone. O

5. GRAPHS OF MONOTONE MAPS ARE REGULAR CELLS

It is known (see Proposition [6]) that any compact definable set X C R™ is
definably homeomorphic to a finite simplicial complex X , which is a polyhedron [5].
In this section we will use Lemma and some known results from PL topology
(formulated, for the reader’s convenience, in Section [G) to introduce or to prove
some definable homeomorphisms of definable sets. Thus, the relation X ~ Y (“X
is definably homeomorphic to Y”) we will understand as X ~p; Y (“X is PL
homeomorphic to 7).

Throughout this section the term “regular cell” means “topologically regular
cell”. In line with the convention above, we will actually use a slightly stronger
version of this notion than the one in Definition[G.3] Namely, we say that a definable
set V is a closed n-ball if V. ~pr [-1,1]", and is an (n — 1)-sphere if V' ~p,
([-1,1]"\ (=1,1)™). A definable bounded open set U C R™ is called (topologically)



20 SAUGATA BASU, ANDREI GABRIELOV, AND NICOLAI VOROBJOV

regular cell if U is a closed ball, and the frontier U \ U is an (n — 1)-sphere. By
Proposition [6.5 such U is also a regular cell in the sense of Definition

Theorem 5.1. The graph F C R™* of a monotone map f : X — R* on a semi-
monotone set X C span{xy,...,x,} is a reqular n-cell.

We are going to prove Theorem [5.1] by induction on the dimension n of a regular
cell. For n = 1 the statement is obvious. Assume it to be true for n — 1, we will
refer to this statement as to the global inductive hypothesis.

Lemma 5.2. Let F C R"* be a graph of a monotone map. Let
Fo=Fn Xj):7c, F, =Fn Xj7>7c, and F_ =FnN Xj7<7c
for some 1 <j<n+kandcéeR. Then F+ NF_=TF,.

Proof. Let a point x = (21,...,7,) € Xj — .\ Fo belong to Fy NF_. Then there
is an € > 0 such that an open cube centered at x,

P. = m {15y Ynak)| |25 —yi] < e} CRMTF,
1<j<n+k

has non-empty intersections with both F; and F_ and the empty intersection
with Fg. Thus, P. N F is not connected, which is not possible since, according to
Corollary 420 P. N F is the graph of a monotone map. O

Corollary 5.3. Let F C R"** be a graph of a monotone map. If F, and F_ in
LemmalZ 2 are regular cells, then F is a regular cell.

Proof. We need to prove that F is a closed n-ball, and that the frontier F \ F is an
(n — 1)-sphere. The only non-trivial case is when Fy is non-empty.

Since Fy is the graph of a monotone function due to Theorem BIZ (ii), Fy is a
regular (n — 1)-cell by the inductive hypothesis. Thus, Fo, Fy, and F_ are closed
balls, while Fo \ F is an (n — 2)-sphere. Hence F is obtained by gluing together
two closed n-balls, F; and F_ along closed (n — 1)-ball Fy (see Definition [G.4).
Proposition B implies that F is a closed n-ball.

According to Proposition[6.6] the sets F, \F = 0F; \Fg and F_\F = 0F_\ F,
are closed (n — 1)-balls. The frontier F \ F of F is obtained by gluing F, \ F and
F_ \ F along the set (Fy NF_) \ F which, by Lemma 5.2 is equal to Fo \ F and
thus, is an (n — 2)-sphere, the common boundary of F; \ F and F_ \ F. It follows
from Proposition 6.5 that F \ F is an (n — 1)-sphere. O

Lemma 5.4. IfF and F_ in Lemmali 2 are reqular cells, then Fy is also a regular
cell.

Proof. Proposition 6.8 implies that F is a closed n-ball. By the global inductive
hypothesis of the Theorem 5.1} Fy is a regular cell. By Proposition[6.6 F; \ F =
OF ; \ Fy is a closed (n — 1)-ball. Then the frontier F; \ F, of F is obtained by
gluing two closed (n — 1)-balls, Fy \ F and Fy along the (n — 2)-sphere Fy \ F.
Therefore, by Proposition [6.5] the frontier of Fy is an (n — 1)-sphere. O

The following lemma is used on the inductive step of the proof of Theorem Bl
and assumes the global inductive hypothesis (that a graph of a monotone map in
less than n variables is a regular cell).
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Lemma 5.5. Let F be a graph in RT"C of a monotone map £ on a semi-monotone
set X C span{zy,..., .}, such that the origin is in F. Letc(t) = (c1(t), ..., cnrk(t))
be a definable curve inside the smooth locus of F converging to the origin as t — 0.
Then, for all small positive t, the set

Fo:=Fn{x <ci(t),. .., Tpyr < cnyr(t)}

is a cone with the vertex at the origin and a reqular cell as the base, i.e., Fy is a
reqular n-cell.

Proof. For a non-empty subset J := {j1,...,7:} C{1l,...,n+k}, let
Cyi:=Fn{z;, =c¢j,(t),....x5, =cj;(t), x¢ < ce(t) for all € # j1,...,7:}.

Due to the theorem on triangulation of definable functions ([3], Th. 4.5), for all
small positive t, F; is definably homeomorphic to a closed cone with the vertex
at the origin and the base definably homeomorphic to C;, where C; is the union
of non-empty C'j; for all non-empty J. To complete the proof of the lemma, it is
enough to show that C; is a regular cell.

According to Theorem (ii), for every non-empty J the (n — i)-dimensional
set Cj; is either empty or a graph of a monotone map. Hence, by the global
inductive hypothesis, C; is a regular (n — i)-cell. Its closure, Cj,, is a closed
cell (i.e., is definably homeomorphic to the closed cube [0,1]"7%). Note that if
J C K C{l,...,n+k} then the closed cell C'x is a face of C 4.

We prove by induction on n the following claim. If F is a graph in R’frk of a
monotone map on a semi-monotone set X C R’}, and ¢(t) is a smooth point in F
(i.e., we don’t assume that that the origin is necessarily in F), then C; is a regular
cell. The base for n = 1 is obvious. The case of an arbitrary n we prove according
to the following plan.

(a) Prove that for all J the difference C's; \ a“, where a])t = Ug->s Okt is
a closed cell. Then C, is an (n — 1)-dimensional cell complex (we will use
the same notation for a complex and its underlying polyhedron), consisting
of the closed cells C st and the closed cells C 7t \ C s, for all J.

(b) Construct a linear cell complex, Dy, similar to Cy, replacing F by the
tangent space to F at ¢(t), and prove that D; is a regular cell.

(c) Prove that C; and D; are abstractly isomorphic, which implies that the
pairs (O}, C;) and (Dy, D;) are homeomorphic.

To prove (a) observe that, since Cj, is a regular (n—i)-cell, its boundary 9C'y, is
the PL (n—i—1)-sphere, while by the inductive hypothesis the difference 6’,“\0 Tt
is a regular (n — i — 1)-cell. Since

(C1:\Crt)U(Cri\ Crs) = Cyy,

the difference C 7\ C 7.1 is a closed cell by Newman’s theorem (Corollary 3.13 in
I5]). Note that if J C K C {1,...,n+ k} then the closed cell T, \ Ci ¢ is a face
of 6J7t \ a],t. It is clear that for any J the closed cell UJ,t is a cell complex of the
required type.

Now we construct the cell complex to satisfy (b). Recall that ¢(¢) is a smooth
point of F. Let L(t) be the tangent space to F at ¢(t). For every non-empty subset

J =L, c{l,...,n+k},
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introduce the (n — i)-dimensional convex polyhedron
Dy, :=L(t)N{xj, =c¢j,(t),...,x5 =cj;(t), x¢ < ce(t) for all € # j1,...,7:},

and let D, be the union of sets D, for all non-empty J. The same argument as in
the case of Cj;, shows that the difference D\ ﬁj)t, where ﬁj)t = Uk Dkt is
a closed cell. Then D, is a cell complex with closed cells of the kind D, for all
K > J, and the unique closed cell D 7t \ D J,¢t- 1t follows that D, is a cell complex
with closed cells of the kind ﬁ,]yt and D g\ ﬁ(]yt for all non-empty J.

Observe that D, is a cone with the vertex c(t) and the base B obtained by
intersecting D; with a hyperplane in R™** which separates c(t) from all other
vertices of D;. The base B is the boundary of a convex polyhedron, and therefore
a PL sphere. It follows, using Lemma 1.10 in [5], that D; is a regular cell.

To prove (c) we claim that for each J = {j1,...,J;}, if the cell C;; is non-
empty then the cell Dj, is non-empty, the converse implication being obvious.
Assume the opposite, i.e., that Cj; # 0 while Dy, = (). Then there exists { €
{n+1,...,n+k}\ J such that the tangent space to C s, at c(t) lies in {zy = c/}.
Since the map f is monotone, the component function fy of f is independent of each
variable x,, where r € {j1,...,7:}N{1,...n}. It follows that the graph Fy of f, lies
in {x¢ = ¢}, therefore so does C ;. This is a contradiction since, by the definition,
C,]yt C {334 < Cz}.

Thus, we have a bijective correspondence between the regular cells in C; and
D;. Relating, in addition, for each J, the cell C'y; \ aJ,t to the cell Dy, \ ﬁJﬂg
we obtain a bijective correspondence between the closed cells in the cell complexes
C; and D;. Note that the adjacency relations in both complexes are determined
by the same simplicial subcomplex of the simplex with vertices {1,...,n+ k}, i.e.,
the complexes have the common nerve. It follows that the complexes C; and D,
are abstractly isomorphic (see [5]), and their boundaries are abstractly isomorphic.
Lemma 2.18 in [5] implies that the sets C; and D; are homeomorphic, and the
boundaries C; and dD; are homeomorphic. Then, by Lemma 1.10 in [5], the pairs
(Cy,Cy) and (Dy, D;) are PL homeomorphic. Therefore C; is a regular cell, since
Dy is a regular cell. 0

We now generalize Lemma B35 by removing the assumption that the curve c(t)
lies necessarily inside F.

Lemma 5.6. Let F be a graph in Rfrk of a monotone map £ on a semi-monotone
set X C span{z1,...,x,}, such that the origin is in F. Letc(t) = (c1(t),. .., cnik(t))
be a definable curve inside Rfrk (not necessarily inside F ) converging to the origin
as t — 0. Then, for all small positive t,

Fo:=Fn{z <ci(t),...,xn < cnti(t)}

is a cone with the vertex at the origin and a reqular cell Cy as the base, i.e., Fy is
a reqular n-cell.

Proof. We use the notations from the proof of Lemma As in the proof of
Lemma 5.5 it is sufficient to show that Cy is a regular cell. _
Observe that for a small enough ¢, the set C; is a link at the origin in F.
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Choose another definable curve, s(t), converging the origin as ¢ — 0, so that s(t)
lies inside the smooth locus of F. For a non-empty J = {j1,...,7J:}, let

Sre=Fn{z;, =s;,t),...,x5 =5;,(t), x¢ < s(t) for all ¢ # j1,...,5:},

and S; be the union of non-empty sets S, for all non-empty J. According to
Lemma 55, S; is a regular cell. For a small enough ¢, the closed cell S; is also
a link at the origin in F. By the theorem on the PL invariance of a link ([5],
Lemma 2.19), the two links C; and S; are PL homeomorphic.

The same argument shows that the two links, dC; and 0.5y, at the origin in OF
are PL homeomorphic. Then, by Lemma 1.10 in [5], the pairs (C, Cy) and (S, Sy)
are PL homeomorphic. Therefore C} is a regular cell, since S; is a regular cell. [

Lemma 5.7. Let F be a graph in Rfrk of a monotone map £ on a semi-monotone
set X C span{xy,...,x,}, such that the origin is in F, and let ¢ = (cy,...,cniy) €
R’_:_"'k. Then F. :=FN{x1 < c1,...,Tn < Cntk} 18 a reqular cell for a generic ¢
with a sufficiently small ||c||.

Proof. Consider a definable set Fy :=FN{x1 < y1,...,Zn+k < Ynti}t C Ri(mrk)
with coordinates x1,...,Znik, Y1, Yntk and y = (Y1,...,Yntk). By Corol-
lary [6.10] there is a partition of Ri‘% (having coordinates yi, ..., Yntk) into de-
finable sets T' such that if any 7T is fixed, then for all y € T the closures Fy are
definably homeomorphic to the same polyhedron, and the frontiers Fy \ Fy are
definably homeomorphic to the same polyhedron.

For every n-dimensional 7', such that the origin is in 7T, there is, by the curve
selection lemma ([3], Th. 3.2) a definable curve ¢(t) converging to 0 as t — 0.
Hence, by Lemma [5.6] for each ¢ € T the set F, is a closed n-ball, while F.. \ F, is
an (n — 1)-sphere. Therefore, F. is a regular cell. O

Lemma 5.8. Using the notation from Lemmal[5.7, for a generic ¢ € Rfrk with a
sufficiently small ||c||, the intersection

F.N ﬂ {z,o0a,},

1<v<t

forany t <n+k,j, €{l,....,n+k}, o, € {<,>}, and for any generic sequence
ay > -+ > ayp, is either empty or a reqular cell.

Proof. It is sufficient to assume that a, < ¢;, for all v. Induction on ¢. For { =1,

the set F.N{x;, < a1} is itself a set of the kind F., and therefore is a regular cell,

by Lemma[5.71 Then the set F. N {z;, > a1} is a regular cell due to Lemma [5.4]
By the inductive hypothesis, every non-empty set of the kind

Fgé_l) =F.N m {‘Tjuauau}
1<p<i—1
is a regular cell. Also by the inductive hypothesis, replacing c¢;, by a¢ if ar < ¢j,,
every set F{' ™V N{z;, < as} is a regular cell. Since both F Y and B N{z;, <

a¢} are regular cells, so is F'n {z;, > ar}, by Lemma 5.4, which completes the
induction. O
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Lemma 5.9. Let F be a graph in R"* of a monotone map, and let a point 'y =
b =

(Y1, -+, Yntk) belong to F. Then for two generic points a = (a1,...,Antk),
(b1, boyr) € REF with sufficiently small ||a|| and ||b]|, the intersection
Fa,b =FnN m {—aj <xj;— Y <bj}
1<j<n+k

s a reqular cell.

Proof. Induction on m := n + k with the base m = 1 (n = 0,k = 1) being obvious.
Translate the point y to the origin. Let P be an octant of R™. By Lemma 5.7
for a generic point ¢ = (¢1,...,¢y) € PNF, with a sufficiently small |||, the set

F. =Fn{|jz1] < |a],- -, |xm| < |em|}

is either empty or a regular cell. Choose such a point ¢ in every octant PP.

Choose (—a;) (respectively, b;) as the maximum (respectively, minimum) among
the negative (respectively, positive) ¢; over all octants P. We now prove that,
with so chosen a and b, the set F,; is a regular cell. Induction on a parameter
r=0,...,m— 1. For the base of the induction, with r =0, if d = (dy,...,d;,) is a

vertex of
ﬂ {—aj <z < bj}
1<j<m
belonging to one of the 2™ = 2™~" octants P, then Fg is either empty or a regular
cell, by Lemma [5.8 Partition the family of all sets of the kind Fy into pairs
(Fa,Fgr) so that di = a1, d{ = by and d; = d} for all i = 2,...,m. Whenever the
cells Fg, Fgr are both non-empty, they have the common (n — 1)-face

Fn{z =0,z <dy,..., |z, <d,}

which, by the inductive hypothesis of the induction on m, is a regular cell. Then,
according to Corollary[5.3] the union of the common face and Fy UF 4. is a regular
cell. Gluing in this way all pairs (Fq/, Fg»), we get a family of 27! either empty
or regular cells. This family is partitioned into pairs of regular cells each of which
has the common regular cell face in the hyperplane {2 = 0}. On the last step of
the induction, for r = m — 1, we are left with at most two regular cells having, in
the case of the exactly two cells, the common regular cell face in the hyperplane
{x;, = 0}. Gluing these sets along the common face, we get, by Corollary 53] the

regular cell Fy, ;. O
Lemma 5.10. Using the notations from Lemmal2.d, the intersection
(5.1) Voo :=Fap () {zj,00d,},

1<v<e

forany l <n+k,j, €{l,....n+k}, o, € {<, >}, and for any generic dy > --- >
dg, 1s either empty or a regular cell.

Proof. Analogous to the proof of Lemmas O

Proof of Theorem [51l. For each point y € F choose generic points a, b € R"* as
in Lemma 59 so that the set F, ; becomes a regular cell. We get an open covering
of the compact set F by the sets of the kind

Aa,b = m {—aj <z;—y; < bj},
1<j<n+k
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choose any finite subcovering C. For every j = 1,...,n + k consider the finite set
Dj of j-coordinates a;, b; for all sets Aqp in C. Let

U Dj={d,....ds}
1<j<n+k
with d; > --- > dy. Every set Vg, corresponding to a subset of a cardinality at
most £ of {dy,...,d} (see (&), is a regular cell, by Lemma B0 The graph F is
the union of those V; ; and their common faces, for which A, ; € C.

The rest of the proof is similar to the final part of the proof of Lemma [5.9] Use
induction on r = 1,...,n + k, within the current induction step of the induction
on m = n + k. The base of the induction is for » = 1. Let Dy = {d11,...,d1 1, }
with dy; > --- > dy,. Partition the finite family of all regular cells V3, for all
Agp € C, into (]D1] — 1)-tuples so that the projections of cells in a tuple on the
xz1-coordinate are exactly the intervals

(5.2) (dikysdigy—1)s (A1 —1,d1 6 —2), -+, (di2,d1 1),

and any two cells in a tuple having as projections two consecutive intervals in ([.2])
have the common (n — 1)-dimensional face in a hyperplane {z; = const}. This
face, by the external inductive hypothesis (of the induction on m), is a regular
cell. According to Corollary 5.3 the union of any two consecutive cells and their
common face is a regular cell. Gluing in this way all consecutive pairs in every
(|ID1] — 1)-tuple, we get a smaller family of regular cells. This family, on the next
induction step r = 2, is partitioned into (|Dz| — 1)-tuples of cells such that in
each of these tuples two consecutive cells have the common regular cell face in a
hyperplane {x2 = const}. On the last step, r = m, of the induction we are left with
one (|D,|—1)-tuple of regular cells such that two consecutive cells have the common
regular cell face in a hyperplane {x,, = const}. Gluing all pairs of consecutive cells
along their common faces, we get, by Corollary [5.3] the regular cell F. 0

Graphs of monotone maps over real closed fields. Fix an arbitrary real
closed field R. In [I] semi-algebraic semi-monotone sets in R™ were considered, and
in particular it was proved that every such set X is a regular cell. The latter means
that there exists a semi-algebraic homeomorphism h : (X, X) — ([-1,1]", (=1,1)")
(cf. Definition [6.3]).

One can expand these results to semi-algebraic functions and maps over R (the
graphs of such functions and maps are semialgebraic sets). In particular, the fol-
lowing statement is true.

Theorem 5.11. The graph F C R"** of a semi-algebraic monotone map f: X —
RF on a semi-algebraic semi-monotone set X C R™ is a regular n-cell.

The proof of this theorem is based on applying the Tarski-Seidenberg transfer
principle (Proposition 5.2.3 in [2]) to a first-order formalization of the statement of
Theorem [5.1] and is completely analogous to the proof of Theorem 3.3 in [I].

6. APPENDIX

Here we formulate some propositions, mostly from PL topology, which are used
in the proofs above.

Proposition 6.1 ([3], Theorem 4.4). Let X C R™ be a compact definable set and
let Yy, i = 1,...,k be definable subsets of X. Then there exists a finite simplicial
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complex K and a definable homeomorphism (triangulation) ¢ : K — X such that
each Y; is a union of images by ¢ of open simplices of K.

Proposition implies, in particular, every compact definable set in R™ is a
polyhedron. [5].

Let ~ (respectively, ~py) denote the relation of definable (respectively, PL)
homeomorphism.

Lemma 6.2. Let X, Y C R" be two definable compact sets, and )N(, Y two polyhedra,
such that X ~ X, Y ~Y, and X ~pr, Y. Then X ~ Y.

Proof. Straightforward, since, by Theorems 2.11, 2.14 in [5], any PL homeomor-
phism of compact polyhedra is definable. 1

Definition 6.3. A definable set X is called a (topologically) regular m-cell if the
pair (X, X) is definably homeomorphic to the pair ([—1,1]™, (—=1,1)™).

Definition 6.4. Let Z be a closed (open) PL (n —1)-ball, X, Y be closed (respec-
tively, open) PL n-balls, and

Z=XNY =0XNoY.
We say that X UY U Z is obtained by gluing X and Y along Z.

Proposition 6.5 ([5], Lemma 1.10). Let X and Y be closed PL n-balls and h :
0X — 0Y a PL homeomorphism. Then h extends to a PL homeomorphism hy :
X =Y.

Proposition 6.6 ([5], Corollary 3.13,,). Let X be a closed PL n-ball, Y be a closed

(n+1)-ball, IY be its boundary (the PL n-sphere), and let X C 9Y. Then 0Y \ X
is a PL n-ball.

Proposition 6.7 ([5], Corollary 3.16). Let X, Y, Z be closed PL balls, as in
Definition[6]], and X UY be obtained by gluing X andY along Z. Then X UY is
a closed PL n-ball.

Proposition 6.8 ([6], Lemma 1.3.8). Let X,Y C R™ be compact polyhedra such
that X and X UY are closed PL n-balls. Let X NY be a closed PL (n — 1)-ball
contained in 0X , and let the interior of X NY be contained in the interior of X UY .
Then'Y is a closed PL n-ball.

Proposition 6.9 ([7], Ch. 8, (2.14)). Let X C R™"" be a definable set, and let
7 R™MT — R™ be the projection map. Then there exist an integer N > 0 and
a definable (not necessarily continuous) map f: X — A, where A is an (N — 1)-
simplex, such that for every x € R™ the restriction fx : (X N7 1(x)) = A of f to
X Nrm=Y(x) is a definable homeomorphism onto a union of faces of A.

Corollary 6.10. Using the notations from Proposition[6.4, let all fibres X N~ (x)
be definable compact sets. Then there is a partition of w(X) into a finite number
of definable sets T C R™ such that all fibres X N 7w~ 1(x) with x € T are definably
homeomorphic, moreover each of these fibres is definably homeomorphic to the same
simplicial complez.

Proof. There is a finite number of different unions of faces in A. Since f is definable,
the pre-image of any such union under the map f o 7! is a definable set. O
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