Complexity of Computing Semi-algebraic Descriptions of the Connected Components of a Semi-algebraic Set

Saugata Basu

Mathematical Sciences Department IBM T.J. Watson Research Center Yorktown Heights, NY 10598

saugata@watson.ibm.com

Richard Pollack^�

Department of Mathematics Courant Institute of Mathematical Sciences New York University, New York, NY 10012

pollack@geometry.nyu.edu

Marie-Françoise Roy^y

IRMAR (URA CNRS 305) Université de Rennes Campus de Beaulieu 35042 Rennes cedex FRANCE

Marie-Francoise.Coste-Roy@univ-rennes1.fr

Abstract

Given Q ∈ R[X1, . . . , Xk] with deg(Q) ≤ d, we give an algorithm that outputs a semi-algebraic description for each of the semi-algebraically connected components of Z(Q) ⊂ R^k. The complexity of the algorithm as well as the size of the output are bounded by d^{O(k3)}.

More generally, given any semi-algebraic set S defined by a quantifier-free formula involving a family of polynomials, P = {P1, . . . , Ps} ⊂ R[X1, . . . , Xk] whose degrees are at most d, we give an algorithm that outputs a semi-algebraic description for each of the semialgebraically connected components of S. The complexity of the algorithm as well as the size of the output is bounded by s^{k+1}d^{O(k3)}. This improves the previously best known bound of (sd)^{kO(1)} for this problem due to Canny, Grigor’ev, Vorobjov and Heintz, Roy and Solernò [9, 14].

1 Introduction

Let R be a real closed field. A semi-algebraic set in R^k is the set of points which satisfy a boolean combination of polynomial inequalities. The semi-algebraically connected components of a semi-algebraic set S are themselves semi-algebraic [6].

∗Supported in part by NSF grants CCR-9424398, CCR-9711240 and NSA grant MDA904-98-1-0505.

†Supported in part by the project ESPRIT-LTR 21024 FRISCO and by European Community contract CHRX-CT94-0506. Permission to make digital/hard copy of all or part of this work for personal or classroom use is granted without fee provided that copies are not made or distributed for profit or commercial advantage, the copyright notice, the title of the publication and its date appear, and notice is given that copying is by permission of ACM, Inc. To copy otherwise, to republish, to post on servers or to redistribute to lists, requires prior specific permission and/or a fee. ISSAC’98, Rostock, Germany. cfl1997 ACM 0-89791-875-4/ 97/ 0007 $ 3.50

The problem we consider here is how to efficiently compute a semi-algebraic description of the semialgebraically connected components of a semi-algebraic set. To fix notation, we let S be a semi-algebraic set defined by a quantifier-free formula involving a family of polynomials, P = {P1, . . . , Ps} ⊂ R[X1, . . . , Xk] with deg(Pi) ≤ d, for 1 ≤ i ≤ s. All computations take place in the ring D generated by the coefficients of the polynomials in P. By the complexity of our algorithms we mean the number of arithmetic operations (additions, multiplications and sign determinations) in the ring D. Note that this ignores the cost of reading the input (see [2], section 1.3, page 1004, for further details).

For the past twenty years many researchers have sought and found algorithms to compute various topological properties of semi-algebraic sets. Based on Collins’ Cylindrical Algebraic Decomposition (CAD) [10] it is possible to compute the semi-algebraically connected components, a decomposition of a semi-algebraic set into a finite number of smooth pieces (stratification) as well as the homology groups of S in time polynomial in s and d and doubly exponential in k (see [16, 11]).

In the past decade, single exponential bounds have been found for a number of topological invariants as well as for the complexity of algorithms to compute topological information about semi-algebraic sets. In particular, there are two algorithms in the literature which compute a semi-algebraic description of the semi-algebraically connected components of S. These are due to Canny, Grigor’ev, Vorobjov and Heintz, Roy, Solernò [9, 14].The complexity of their algorithms is (sd)^{kO(1)} .

It is the purpose of this extended abstract to describe an algorithm with complexity s^{k+1}d^{O(k3)} for the same problem.

An important notion, described below, for the algorithmic study of connectivity properties of semi-algebraic sets which has made it possible to obtain algorithms with single exponential complexity is the notion of a roadmap which was introduced by Canny and studied by many others [7, 8, 13, 15, 12, 1, 3, 5].

A roadmap [7] of S is a semi-algebraic set R(S) ⊂ S which has dimension at most one and satisfies;

RM1 For every semi-algebraically connected component C of S, C ∩ R(S) is nonempty and semi-algebraically connected,

RM2 for every p ∈ R and C a semi-algebraically connected component of (we use π to denote the projection of R^k onto the first co-ordinate).

In [3, 4], we have presented algorithms to compute the road map of S in time ( O(s) k ) sd^{O(k2)}. In the same papers, we have presented a connecting subroutine which takes as input any point of S and outputs a semi-algebraic path in S connecting the input point to the roadmap of S.

1.1 Our Result

We prove the following theorems.

Theorem 1 If Z(Q) is an algebraic set defined by a polynomial Q ∈ D[X1, . . . , Xk] with deg(Q) ≤ d then there is an algorithm that outputs semi-algebraic descriptions of all the semi-algebraically connected components of Z(Q). The complexity of the algorithm is bounded by d^{O(k3)} and the degrees of the polynomials that appear in the output are bounded by d^{O(k2)}. Moreover, if the input polynomial has integer coefficients whose bit length is bounded by τ then the bit length of the coefficients output is d^{O(k2)}τ and the total number of bit operations is bounded by d^{O(k3)}τ^{O(1)}.

More generally, we prove:

Theorem 2 If S is a semi-algebraic set defined by a quantifier-free formula involving a family of polynomials P = {P1, . . . , Ps} ⊂ D[X1, . . . , Xk] with deg(Pi) ≤ d for 1 ≤ i ≤ s then there is an algorithm that outputs semialgebraic descriptions of all the semi-algebraically connected components of S. The complexity of the algorithm is bounded by s^{k+1}d^{O(k3)} and the degrees of the polynomials that appear in the output are bounded by d^{O(k2)}. Moreover, if the input polynomials have integer coefficients whose bit length is bounded by τ then the bit length of the coefficients output is d^{O(k2)}τ and the total number of bit operations is bounded by s^{k+1}d^{O(k3)}τ^{O(1)}.

As is often the case in this subject, we in fact prove a uniform version of the theorem. Namely, we prove the following, which implies Theorem 2. Theorem 3 Let P = {P1, . . . , Ps} ⊂ D[X1, . . . , Xk] with deg(Pi) ≤ d for 1 ≤ i ≤ s. Then there exists an algorithm that outputs semi-algebraic descriptions of all the semialgebraically connected components of every realizable sign condition of the family P. The complexity of the algorithm is bounded by s^{k+1}d^{O(k3)}. The degrees of the polynomials that appear in the output are bounded by d^{O(k2)}. Moreover, if the input polynomials have integer coefficients whose bit length is bounded by τ the bit length of the coefficients output is d^{O(k2)}τ and the total number of bit operations is bounded by s^{k+1}d^{O(k3)}τ^{O(1)}.

The proof of this theorem is based on a parametrized version of the roadmap algorithm of an algebraic set and of the connecting routine as presented in [3, 5]. We do not need the roadmap algorithm for an arbitrary semialgebraic set. As remarked on in [3, 5], the reason for the control on the bit length of the output and the arithmetic complexity in the case that the input polynomials have integer coefficients is due to the fact that all our techniques are based on linear algebra.

There is something a bit peculiar about the output of our algorithm. Each semi-algebraically connected component is described as a union of basic semi-algebraic sets (i.e. as a conjunction of polynomial equalities and inequalities). Many of these basic semi-algebraic sets may very well be empty. We can describe each semialgebraically connected component as a union of nonempty basic semi-algebraic sets but this algorithm has complexity s^{2k}d^{O(k4)}.

Notice too, that there is a separation between the combinatorial and algebraic part of the complexity. Moreover, the degree bound on the polynomials in the output is independent of the combinatorial parameter s.

2 Some Definitions and Notations

A k-univariate representation is a k + 2-tuple u = (f(T ), g0(T ), g1(T ), . . . , gk(T )). The point p = (x1, x2, . . . , xk) in R[i]^k is associated to u if xi = gi(t)/g0(t), for i = 1, . . . , k, with f(t) = 0.

For x ∈ R and f ∈ R[X] we write σf,x for

(sign(f(x)), sign(f^′(x)), . . . , sign(f^{(i)}(x)),

. . . , sign(f^{(deg(f))}(x))).

It is a consequence of Thom’s lemma [6] that if f(x) = 0 then σf,x distinguishes x from all the other roots of f and we call σf,x the Thom encoding of the root x.

A real k-univariate representation is a pair (u, σ) where u is a k-univariate representation u = (f(T ), g0(T ), g1(T ), . . . , gk(T )) and σ ∈ {−1, 0, 1}^{deg(f)} is the Thom encoding of a root tσ of f(T ) in R. The point p = (x1, x2, . . . , xk) in R^k is associated to (u, σ) if xi = gi(tσ)/g0(tσ), for i = 1, . . . , k.

A parametrized k-univariate representation with parameter Y is a k + 2-tuple u(Y ) = (f(Y, T ), g0(Y, T ), g1(Y, T ), . . . , gk(Y, T )), When we specialize the parameter Y to y, we get a kunivariate representation.

A curve segment parametrized along the Y axis is specified by an open interval D which is its domain of definition, a parametrized k-univariate representation u(Y ) = (f(Y, T ), g0(Y, T ), g1(Y, T ), . . . , gk(Y, T )), together with a σ ∈ {−1, 0, 1}^{deg(f)} such that for every y ∈ D there exists a real root tσ(y) of f(y, T ) with Thom encoding σ.

3 The case of an algebraic set

The roadmap algorithm in [3, 5] for an algebraic set Z(Q) and a point y ∈ Z(Q) takes as input a polynomial Q ∈ R[X1, . . . , Xk] together with a point y = (y1, . . . , yk) ∈ Z(Q) and outputs R(Z(Q), y), which is a roadmap of Z(Q) passing through y and is stored as a graph (V, E) whose vertices are labeled by the following;

1. a triangular system of equations in X1, . . . , Xℓ,

2. a collection of Thom encodings which specifies a real solution, (x1, . . . , xℓ) ∈ R^ℓ of the above triangular system ,

3. a univariate representation (f(x1, . . . , xℓ, T ), g0(x1, . . . , xℓ, T ), . . . , gℓ+1(x1, . . . , xℓ, T ), . . . , gk(x1, . . . , xℓ, T )), where gi(x1, . . . , xℓ, T ) = xig0(x1, . . . , xℓ, T ) for 1 ≤ i ≤ ℓ, 4. a Thom encoding of a real root of the univariate polynomial, f(x1, . . . , xℓ, T ). Each edge is labeled by a similar system except that it is parametrized along a co-ordinate direction (say Xℓ+1).

Any graph labeled with polynomial systems and Thom encodings (as described above) is the type of a roadmap. Note that the coefficients of the polynomials occurring in a type are allowed to come from any domain and a type need not correspond to an actual roadmap.

Let Y = (Y1, . . . , Yk) represent a parametric point of Z(Q). The roadmap algorithm can be viewed as an algebraic computation tree. Let L consist of Q together with the collection of polynomials in D[Y1, . . . , Yk] which might (depending on the values of the parameters) occur at some node of the tree. Hence, for all points y in a sign invariant set of L for which Q(y) = 0, the type of the roadmap R(Z(Q), y) is the same and hence all such points belong to the same semi-algebraically connected component of Z(Q).

A detailed examination of the roadmap algorithm reveals that the number of polynomials along any branch is at most d^{O(k2)} and their degrees are also at most d^{O(k2)}. Moreover, this is the number of polynomials in L.

We use the sample points subroutine of [2] (which has complexity S^{k+1}D^{O(k)} where S is the number of polynomials in L and D a bound on their degrees) to compute a set of points meeting every semi-algebraically connected component of every non-empty sign condition on L. For every such point y, we output the type of the roadmap R(Z(Q), {y}) (by computing the roadmap).

For every distinct non-empty sign-condition on L we use the roadmap algorithm to check whether or not a sample point from each of these conditions are in the same semi-algebraically connected component of Z(Q).

It follows that a semi-algebraically connected component of Z(Q) is described by the disjunction of the corresponding sign conditions.

It is not difficult to see that the complexity of this algorithm is d^{O(k3)}.

This proves Theorem 1.

4 Parametrized connecting subroutine

Given a set of polynomials P we define the combinatorial level of the set P to be the minimum number ℓ satisfying:

1. No more than ℓ of the polynomials in P have a common real zero.

2. Any real zero common to ℓ polynomials of P is isolated.

Let Y represent a parametric point of R^k and assume that the system P has combinatorial level at most ℓ. For every P^′ ⊂ P, such that 0 ≤ |P^′| ≤ ℓ, we compute a set of pairs, Φ_P′ (Y ) = {(ϕ_P′_{,1}(Y ), R_P′_{,1}), . . . , (ϕ_P′_{,NP′} (Y ), R_P′_{,NP′} }) where each ϕ_P′_{,i}(Y ) is a first-order formula such that for every y satisfying ϕ_P′_{,i}(Y ) the combinatorial type of the roadmap R(Z(Q), y), is R_P′_{,i}.

The algorithm we outline in this section is nothing more than a parametrized version of the connecting subroutine in [3, 5] which we now recall. The connecting subroutine takes as input a point y ∈ R^k. The output is a semi-algebraic path which connects y to some roadmap R(Z(P^′)) where P^′ ⊂ P.

Given a sign condition σ ∈ {0, 1, −1}^P on P, the corresponding weak sign condition, σ(P ), is = 0 if σ(P ) = 0, is ≥ 0 if σ(P ) = 1 and is ≤ 0 if σ(P ) = −1. Denote by σy the sign condition on P at y. Let Sy = {x ∈ R^k | ∀ P ∈ P, P (x)σy(P )}. We say that σy is the weak sign condition defined on P at y and denote by Py the set of polynomials of P vanishing at y.

The connecting path Γy connecting y to the roadmap has the following properties. It consists of a sequence of semi-algebraic paths γy,1 joining y = y0 to y1, γy,2 joining y1 to y2, up to γy,j joining yj−1 to yj with j ≤ ℓ. Each γy,i is contained in Z(Py_{i−1} ), and on γy,i no polynomial of P \ Py_{i−1} vanishes. It is clear that Γy is contained in Sy. We first construct a roadmap R(Z(Py)_{π(y)}, y) (where π is the projection on the first coordinate and Z(Py)_{π(y)} is the intersection of Z(Py) with the hyperplane X1 = π(Y )). If y is connected to R(Z(Py)) by a path on which no polynomial of P \ Py vanishes the connection is done. Otherwise, let y1 be a point such that there is a semi-algebraically open connected curve C contained in R(Z(Py)_{π(y)}) going from y to y1 such that Py_1 strictly contains Py and that no P ∈ P \ Py vanishes on C. Replace y by y1 and iterate. There can be at most ℓ steps of iteration.

We now redo this process in a parametrized way. Thus, in the connecting subroutine we first compute parametrically the roadmap of the algebraic set corresponding to PY in the slice X1 = π(Y ), containing Y as well as the set of intersection points MP_Y , of the roadmap R(PY ) with this slice.

We then intersect all the paths of this roadmap rooted at Y with the zero set of all the polynomials in P. Either we are able to reach a point of MP_Y along one such path, staying inside the weak sign condition defined by Y, or we consider the first point of intersection, Y1 of such a path with Z(P^′) for some P^′ strictly containing PY and we repeat the process replacing Y by Y1 and the PY by the set PY_1 .

Of course, when we do this in a parametrized way we do not know the order in which we meet the polynomials in the iteration described above. Instead, we consider all possible orders. Thus for every permutation of every j tuple (j ≤ ℓ) of polynomials in P, we mimic the computation of the connecting subroutine as if this is the order in which the polynomials occur in the computation.

Once we fix an ordered j-tuple of polynomials (say) P1, . . . , Pj we consider all the possible types of connecting curve that might occur.

We claim that there exists a family of polynomials in Y of size d^{O(k2)} and degrees bounded by d^{O(k2)} such that the signs of these polynomials determine this type. In order to see this consider the connecting subroutine with an oracle which tells you the polynomials which vanish at the intersection points y1, y2, . . . , in the at most ℓ iterations. The complexity of the connecting subroutine (not counting the number of calls to this oracle) in this case is d^{O(k2)}. Moreover, in the parametrized situation the total number of polynomials in Y which are possibly encountered in the sign determinations during the course of the algorithm is bounded by d^{O(k2)}.

We then use the sample points subroutine to generate a set of points representing every sign condition of this family of polynomials. For each such sample point y we compute the type of the connecting curve. More precisely, we compute the parametrized representations of curves, the points of intersections y1, . . . , yj , as well as the various Thom encodings.

The total number of sample points is bounded by d^{O(k3)}. For a sample point y let Γy be the type of connecting curve. We also get parametrized (by Y ) descriptions of the points y1, . . . , yj .

We now construct a formula which expresses the predicate that no polynomial in the family P changes sign on any path γy,i other than at their endpoints.

Since each γy,i is a sequence of curves given by parametrized univariate representations of degrees at most d^{O(k)}, and the end points defined by polynomials of degrees at most d^{O(k2)}, we can construct such a formula for each of them having complexity bounded by sd^{O(k2)}. Note that each such predicate is a conjunction of s independent predicates expressing that the polynomial Pj maintains its signs at all points of γi other than its endpoints.

The conjunction of all these formulas is ϕy(Y ) which has size at most sd^{O(k2)}. We now distinguish between the various segments of the roadmap of the algebraic set

Z(P^2_1 + · · · + P^2_j ) on which the end point yj of the connecting path can possibly lie.

For j < ℓ, the roadmap on the algebraic set Z(P^2_1 + · · · + P^2_j ) is cut up into sd^{O(k2)} segments by the zero sets of the family of polynomials P, and the end point of the connecting path may lie on any one of these segments. For each such segment we adjoin the corresponding condition to the predicate ϕy(Y ) giving rise to sd^{O(k2)} different predicates.

For j = ℓ, the algebraic set Z(P^2_1 + · · · + P^2_j ) consists of at most d^{O(k)} isolated points and we specify which one of them is reached by the connecting curve. Thus, we get d^{O(k)} new predicates in this case.

We now take the union over every permutation of every j tuple of polynomials, for all j ≤ ℓ, and over all the sample points y (described above) of the formulas ϕy(Y ), and over all possible segments of the end points as described above.

Each semi-algebraically connected component of a set defined by a weak sign condition associated to a point of R^k can now be described by a disjunction of some subset of these formulas. Moreover, we can easily identify these subsets by looking at the portion of the roadmap to which the point Y gets connected.

There are j! (_s j ) different permutations of j-tuples of polynomials. For j < ℓ we obtain for each of these a set of sd^{O(k3)} different formulas each of length at most sd^{O(k2)}, and for j = ℓ, d^{O(k3)} different formulas each of length at most sd^{O(k2)}.

Thus the complexity of obtaining the semi-algebraic descriptions of all the semi-algebraically connected components as well as the size of the descriptions obtained are bounded by s^{ℓ+1}d^{O(k3)}.

The degrees of the polynomials appearing in these descriptions are bounded by d^{O(k2)}.

We have proved the following theorem. Theorem 4 If P = {P1, . . . , Ps} ⊂ D[X1, . . . , Xk] with deg(Pi) ≤ d for 1 ≤ i ≤ s has combinatorial level ℓ, then there exists an algorithm that outputs semi-algebraic descriptions of all the semi-algebraically connected components of every realizable weak sign condition of the family P. The complexity of the algorithm is bounded by s^{ℓ+1}d^{O(k3)}. The degrees of the polynomials that appear in the output are bounded by d^{O(k2)}. Moreover, if the input polynomials have integer coefficients whose bit length is bounded by τ the bit length of the coefficients output is d^{O(k2)}τ and the total number of bit operations is bounded by s^{ℓ+1}d^{O(k3)}τ^{O(1)}.

5 Computing the Connected Components of a General Semi-algebraic Set

Let S be defined by a quantifier-free first order formula involving the family of polynomials P = {P1, . . . , Ps}.

We use two infinitesimals ϵ ≫ ϵ^′ to replace the set P by a new set of polynomials P^∗ which has combinatorial level k (as was done in [5, 4]).

More precisely, P^∗ consists of the following 4s polynomials: P^∗ = ∪i=1,...,s{(1 − ϵ^′)Pi − ϵH4i−3, (1 − ϵ^′)Pi + ϵH4i−2,

(1 − ϵ^′)Pi − ϵ^′ϵH4i−1, (1 − ϵ^′)Pi + ϵ^′ϵH4i}, where Hi = (1 + ∑ 1≤j≤k i j x^{d′}_j ) and d^′ is an even number greater than the degree of any Pi.

According to [5], the set P^∗ has combinatorial level k and there is a 1-1 correspondence between the semialgebraically connected components of realizable sign conditions of P and the semi-algebraically connected components of a subset Σ of the realizable weak sign conditions on P^∗.

We now follow the previous algorithm and obtain descriptions of the semi-algebraically connected components of all weak sign conditions in Σ. By [5] we know that every semi-algebraically connected component (say C) of every strict sign condition of the original family P corresponds to a semi-algebraically connected component (say C^′) of a weak sign condition on P^∗. Moreover, C = C^′ ∩ R^k. Thus, we can now get rid of the infinitesimals using the same technique as in [2] (section 6.2, page 1043).

The complexity of the algorithm is easily seen to be bounded by s^{k+1}d^{O(k3)}.

This proves Theorem 3.

References

[1] S. Basu, R. Pollack, M.-F. Roy Computing Roadmaps of Semi-algebraic Sets, Proc. 28th Annual ACM Symposium on the Theory of Computing, 168- 173, 1996.

[2] S. Basu, R. Pollack, M.-F. Roy On the combinatorial and algebraic complexity of Quantifier Elimination, J. A. C. M., 43, 1002–1045, (1996).

[3] S. Basu, R. Pollack, M.-F. Roy Computing Roadmaps of Semi-algebraic Sets on a Variety, Foundations of Computational Mathematics, F. Cucker and M. Shub, Eds., 1-15, (1997).

[4] S. Basu, R.Pollack, M.-F. Roy On Computing a Set of Points meeting every Cell Defined by a Family of Polynomials on a Variety, Journal of Complexity, 13, 28-37, (1997).

[5] S. Basu, R. Pollack, M.-F. Roy Computing Roadmaps of Semi-algebraic Sets on a Variety, submitted, preprint available at http://www.math.nyu.edu/faculty/pollack/index.html.

[6] J. Bochnak, M. Coste, M.-F. Roy Géométrie algébrique réelle. Springer-Verlag (1987).

[7] J. Canny, The Complexity of Robot Motion Planning, MIT Press (1987).

[8] J. Canny, Computing road maps in general semialgebraic sets, The Computer Journal, 36: 504-514, (1993).

[9] J. Canny, D. Grigor’ev, N. Vorobjov. Finding connected components of a semi-algebraic set in subexponential time, Appl. Algebra Eng. Commun. Comput., 2, No.4, 217-238 (1992).

[10] G. E. Collins, Quantifier elimination for real closed fields by cylindrical algebraic decomposition, Lect. Notes in Comp. Sci., 33, 515-532, Springer-Verlag (1975).

[11] M. Coste, Effective semi-algebraic geometry. Lect.

Notes in Comp. Sci., 391, 1-27. Springer-Verlag (1989).

[12] D. Grigor’ev, N. Vorobjov Counting connected components of a semi-algebraic set in subexponential time, Comput. Complexity, 2 :133-186 (1992).

[13] J. Heintz, M.-F. Roy, P. Solernò Single exponential path finding in semi-algebraic sets II: The general case Algebraic geometry and its applications, C. L. Bajaj editor, Springer Verlag (1993) 467-481.

[14] J. Heintz, M.-F. Roy, P. Solernò Description of the Connected Components of a Semialgebraic Set in Single Exponential Time, Discrete and Computational Geometry 11:121-140 (1994).

[15] L. Gournay, J. J. Risler Construction of roadmaps of semi-algebraic sets. Journal AAECC 4 239-252 (1993).

[16] J. Schwartz, M. Sharir, On the ‘piano movers’ problem II. General techniques for computing topological properties of real algebraic manifolds, Advances in Applied Mathematics, 4, 298-351 (1983).