Computing the Betti Numbers of Arrangements

Saugata Basu^∗

School of Mathematics and College of Computing Georgia Institute of Technology Atlanta, Georgia

saugata@math.gatech.edu

ABSTRACT

In this paper, we consider the problem of computing the Betti numbers of an arrangement of n compact semi-algebraic sets, S1, . . . , Sn ⊂ R^k, where each Si is described using a constant number of polynomials with degrees bounded by a constant. Such arrangements are ubiquitous in computational geometry. We give an algorithm for computing ℓth Betti number, β_ℓ(∪iSi), 0 ≤ ℓ ≤ k − 1, using O(n^{ℓ+2}) algebraic operations. Additionally, one has to perform linear algebra on matrices of size bounded by O(n^{ℓ+1}). All previous algorithms for computing the Betti numbers of arrangements, triangulated the arrangement giving rise to a complex of size O(n^{2k} ) in the worst case. To our knowledge this is the first algorithm for computing β_ℓ(∪iSi) that does not rely on such a global triangulation, and has a graded complexity which depends on ℓ.

Categories and Subject Descriptors

F.2.2 [Analysis of Algorithms and Problem Complexity]: Nonnumerical Algorithms and Problems

General Terms

Topology of Arrangements

Keywords

Semi-algebraic Sets, Betti Numbers, Spectral Sequence

1. INTRODUCTION

The combinatorial, algebraic and topological analysis of arrangements of real algebraic hypersurfaces in higher dimensions are active areas of research in computational geometry (see [1, 11, 21]). Arrangements of lines and hyperplanes have been studied quite extensively earlier. It was

∗The author was partially supported by NSF grant CCR- 0049070 and an NSF Career Award CCR-0133597.

Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted without fee provided that copies are not made or distributed for profit or commercial advantage and that copies bear this notice and the full citation on the first page. To copy otherwise, to republish, to post on servers or to redistribute to lists, requires prior specific permission and/or a fee.

STOC’02, May 19-21, 2002, Montreal, Quebec, Canada. Copyright 2002 ACM 1-58113-495-9/02/0005 ...$5.00.

later realized that arrangements of curved surfaces are a significant generalization and have a wider range of applications. There has been substantial progress in analyzing the combinatorial complexity – that is the number of cells (appropriately defined) of various dimensions occurring in the boundary – of substructures in arrangements [21].

However, there is another source of geometric complexity in arrangements of hypersurfaces – namely topological complexity. Arrangements of hypersurfaces are distinguished from arrangements of hyperplanes by the fact that arrangements of hypersurfaces are topologically more complicated than arrangements of hyperplanes. For instance a single hypersurface or intersections of two or more hypersurfaces, can have non-vanishing higher homology groups and thus sets defined in terms of such hypersurfaces can be topologically more complicated in various non-intuitive ways. It is often necessary to estimate the topological complexity of arrangements [9] and sometimes these estimates even play a role in bounding the combinatorial complexity see [4].

An important measure of the topological complexity of a set S are the Betti numbers βi(S). Here and elsewhere in the paper the set S will always be semi-algebraic, (that is defined in terms of a finite number of real polynomial equalities and inequalities) and closed and βi(S) will denote the rank of the H^i(S) (the i-th singular cohomology group with real coefficients). Intuitively, βi(S) measures the number of idimensional holes in S. The zero-th Betti number β0(S) is the number of connected components.

For example, if T is topologically a hollow torus, then β0(T ) = 1, β1(T ) = 2, β2(T ) = 1, βi(T ) = 0, i > 2, confirming our intuition that the torus has two 1-dimensional holes and one 2-dimensional hole. Analogously, for the two dimensional sphere, S, β0(S) = 1, β1(S) = 0, β2(S) = 1, βi(S) = 0, i > 2.

1.1 Brief History

The basic result in bounding the Betti numbers of semialgebraic sets defined by polynomial inequalities was proved independently by Oleinik and Petrovsky [15], Thom [22] and Milnor [14].

They proved:

Theorem 1. [15, 22, 14] Let S ⊂ R^k be the set defined by the conjunction of n inequalities,

P1 ≥ 0, . . . , Pn ≥ 0, Pi ∈ R[X1, . . . , X_k ],

deg(Pi) ≤ d, 1 ≤ i ≤ n.

Then, ∑ i βi(S) = O(nd)^k.

However, the proof techniques used to prove theorem 1 does not allow us to prove bounds on the individual Betti numbers separately. Nor do they suggest an efficient algorithm for actually computing the Betti numbers.

The first bounds on the individual Betti numbers of semialgebraic sets were proved in [3]. The following two theorems were proved bounding the Betti numbers of semi-algebraic sets obtained as intersections or as unions of sets, each defined by a single polynomial inequality.

Theorem 2. Let S ⊂ R^k be the set defined by the conjunction of n inequalities,

P1 ≥ 0, . . . , Pn ≥ 0, Pi ∈ R[X1, . . . , X_k ],

deg(Pi) ≤ d, 1 ≤ i ≤ n.

contained in a variety Z(Q) of real dimension k^′, and

deg(Q) ≤ d.

Then,

βi(S) ≤ ( n k^′ − i ) O(d)^k .

Theorem 3. Let S ⊂ R^k be the set defined by the disjunction of n inequalities,

P1 ≥ 0, . . . , Pn ≥ 0, Pi ∈ R[X1, . . . , X_k ],

deg(Pi) ≤ d, 1 ≤ i ≤ n.

Then,

βi(S) ≤ ( n i + 1 ) O(d)^k .

Note that, a special case of the above theorem is the situation when S is the union of n sets each defined by a polynomial equation Pi = 0. We just replace the equalities by the inequalities, −P^2_i ≥ 0.

A crucial new ingredient in the proofs of these bounds is the use of a spectral sequence argument. In this paper, we extend this argument so as to be able to actually compute the Betti numbers of a union of semi-algebraic sets efficiently. We note that similar techniques would also work in the case of intersections.

In many applications in computational geometry one is often interested in understanding the topological complexity of the whole arrangement. For instance, unions of balls in R^3 has been studied by Edelsbrunner [9] from both combinatorial and topological view-point motivated by applications in molecular biology, and efficient algorithms for computing the various Betti numbers of such unions are currently being studied [10]. There is also a whole body of mathematical literature studying the topology of arrangements of hyperplanes in complex as well as real spaces (see [18]).

The standard technique of computing the Betti numbers of an arrangement is to associate a simplicial complex to such an arrangement, and compute the simplicial homology groups of such a complex (see [20]). Since, compact semialgebraic sets are triangulable, there always exists such a simplicial complex (corresponding to that of the triangulation). Thus, in order to compute the Betti numbers of an arrangement of n real algebraic hypersurfaces in R^k it suffices to first triangulate the arrangement and then compute the Betti numbers of the corresponding simplicial complex. However, currently the most efficient way known to obtain such a triangulation is via the technique of cylindrical algebraic decomposition [7], and this produces O(n^{2k} ) simplices in the worst case.

More efficient ways of decomposing such an arrangement into topological balls have been proposed. In [6], the authors provide a decomposition into O^∗(n^{2k−3}) cells (see [13] for a recent improvement of this result). However, this decomposition does not produce a cell complex and is therefore not useful in computing the Betti numbers of the arrangement.

1.2 The Nerve Lemma and the Leray Spectral Sequence

Figure 1: The nerve complex of a union of disks.

In certain simple situations, it is possible to compute the Betti numbers of an arrangement, without having to compute a triangulation. For instance, when the sets are compact and convex, a classical result of topology, the nerve lemma [19], gives us an efficient way of computing the Betti numbers of the union. The nerve lemma states that the homology groups of such a union is isomorphic to the homology groups of a combinatorially defined simplicial complex, the nerve complex. The nerve complex has n vertices, one vertex for each set in the union, and a simplex for each nonempty intersection among the sets. Thus, the (ℓ+1)-skeleton of the nerve complex can be computed by testing for nonemptiness of each of the possible ∑ 1≤j≤ℓ+2

(_n j ) = O(n^{ℓ+2}) at most (ℓ + 2)-ary intersections among the n given sets. The ℓ-th Betti number of the union can then be computed from the (ℓ + 1)-skeleton using linear algebra. (Actually, the nerve lemma requires only that all finite intersections of the sets be topologically trivial and convex sets clearly satisfy this condition.) This technique would work, for instance, if one is interested in computing the Betti numbers of a union of balls in R^k (see [9]).

However, when the given sets are not necessarily convex, which would be the case in very many applications, the nerve lemma does not apply. However, even though one cannot directly associate a simplicial complex in general, it is possible to associate a more complicated combinatorial object – namely a spectral sequence of vector spaces – which converges to the cohomology groups of the union in finitely many steps. In fact, the nerve lemma is a particular case of this spectral sequence which degenerates in one step to yield the cohomology groups. Using the spectral sequence we will give an algorithm for computing the ℓ-th Betti number of an arrangement of n compact semi-algebraic sets, which needs to triangulate only O(n^{ℓ+2}) sub-arrangements each of small (constant) size.

Spectral sequences were first introduced by Leray and are familiar objects in algebraic topology, and we refer the reader to [16] for a comprehensive survey. The spectral sequence method was used to prove the first graded bound on the individual Betti numbers of an arrangement of algebraic hypersurfaces [3]. In this paper, we show that using the spectral sequence, it is possible to compute the Betti numbers of an arrangement without having to compute a global triangulate of the whole arrangement. In order to compute the ℓ-th Betti number of the arrangement, it suffices to compute O(n^{ℓ+2}) independent triangulations of all subarrangements consisting of at most ℓ + 2 of the given sets. Each such triangulation will be of constant size and description complexity and the cost of computing such a triangulation is O(1). Thus, in order to compute all the non-zero Betti numbers, β0, . . . , β_{k−1}, we will need to produce O(n^{k+1}) different constant sized triangulations.

By complexity of our algorithm we will mean the number of arithmetic operations including comparisons on elements of the ring generated by the coefficients of the input polynomials (those describing the input sets). Thus, we are only counting the cost of computing the different triangulations, and not the cost of performing the linear algebra in order to determine the Betti numbers.

We prove the following theorem.

Theorem 4. Let S1, . . . , Sn ⊂ R^k be compact semi-algebraic sets of constant description complexity and let S = ∪_{1≤i≤n}Si, and 0 ≤ ℓ ≤ k1. Then, there is an algorithm to compute β0(S), . . . , β_ℓ(S), whose complexity is O(n^{ℓ+2}).

The idea of using filtrations for computing Betti numbers has been used in [10] for incremental algorithms for computing the homology groups of certain complexes in low dimensions. However, our techniques in this paper are quite different.

Also note that, efficient decomposition of an arrangement of n algebraic surfaces of constant degree in R^k, into simple cells remains one of the outstanding open problems in computational geometry. Here by simple we mean that the individual cells should be describable in terms of a fixed number of polynomials of fixed degree (independent of n). The dependence on the degrees of the input polynomials is allowed to be doubly exponential in k or even worse. The main conjecture is that there exists such a decomposition of size O(n^k ), which is also a bound on the Betti numbers of such an arrangement. Such a decomposition would lead to more efficient algorithms for a host of different problems in computational geometry. Even though in this paper, we do not produce a decomposition of the whole arrangement of size O(n^k ), we prove that O(n^{k+1}) independent decompositions are enough to compute important topological information about the arrangement (namely the Betti numbers).

Finally, computing the Betti numbers of semi-algebraic sets in single exponential time is a major open question in algorithmic semi-algebraic geometry. The algorithm described in this paper does not answer this question, as we use triangulations whose sizes are doubly exponential in the dimension. However, as is usual in computational geometry we will assume that the degree d of the defining polynomials, as well as the dimension k are fixed constants and hence these triangulations are of size O(1) for the purposes of this paper.

The rest of the paper is organized as follows. In section 2, we state a result on triangulations of semi-algebraic sets which we will use heavily in the rest of the paper. In section 3, we give a brief introduction to two spectral sequences associated with a double complex. In section 4, we describe the generalized Mayer-Vietoris exact sequence and the double complex associated to it. Finally, in section 5 we describe our algorithm for computing the Betti numbers of a union of semi-algebraic sets, each of constant description complexity.

2. SEMI-ALGEBRAIC TRIANGULATIONS

Given a simplicial complex K we will denote by by C^i(K) denote the R-vector space of i co-chains of K (that is the dual vector space to the vector space of formal R-linear combinations of the i-simplices in K), and denote by C^∗(K) the direct sum ⊕iC^i(K).

2.1 Triangulation of semi-algebraic sets

A triangulation of a compact semi-algebraic set S is a simplicial complex Δ together with a semi-algebraic homeomorphism from |Δ| to S. Given such a triangulation we will often identify the simplices in Δ with their images in S under the given homeomorphism, and will often refer to the triangulation by Δ.

Given a triangulation Δ, the cohomology groups H^i(S) are isomorphic to the simplicial cohomology groups H^i(Δ) of the simplicial complex Δ and are in fact independent of the triangulation.

We call a triangulation h1 : |Δ1| → S of a semi-algebraic set S, to be a refinement of a triangulation h2 : |Δ2| → S if for every simplex σ1 ∈ Δ1, there exists a simplex σ2 ∈ Δ2 such that h1(σ1) ⊂ h2(σ2).

If Δ1, Δ2 are two triangulations of a compact semi-algebraic set S, and Δ1 is a refinement of Δ2, then there there exists a natural homomorphism λ : C^∗(Δ1) → C^∗(Δ2), such that the induced map λ^∗ : H^∗(Δ1) → H^∗(Δ2) is an isomorphism [17].

Let S1 ⊂ S2 be two compact semi-algebraic subsets of R^k. We say that a semi-algebraic triangulation h : |Δ| → S2 of S2, respects S1 if for every simplex σ ∈ Δ, h(σ) ∩ S1 = h(σ) or ∅. In this case, h^{−1}(S1) is naturally identified with a sub-complex of Δ and h|_h−1_{(S1)} : h^{−1}(S1) → S1 is a semi-algebraic triangulation of S1. We will refer to this sub-complex by Δ|S_1 .

We will need the following theorem which can be deduced from section 9.2 in [5].

Theorem 5. Let S1 ⊂ S2 ⊂ R^k be closed and bounded semi-algebraic sets, and let hi : Δi → Si, i = 1, 2 be semialgebraic triangulations of S1, S2. Then, there exists a semialgebraic triangulation h : Δ → S2 of S2, such that Δ respects S1, Δ is a refinement of Δ2, and Δ|S_1 is a refinement

of Δ1.

Moreover, there exists an algorithm which computes such

a triangulation and if the sets S1, S2, as well as the triangu-

lations Δ1, Δ2 are of constant description complexity, then

the triangulation Δ produced by the algorithm is also of con-

stant description complexity.

Also, all the homomorphisms in the following diagram,

C∗(Δ2 ) C∗(Δ1)

C∗(Δ) λ2� r�_C^∗_{(Δ|S1 )} λ1�

are all computable in constant time. (Here the vertical ho-

momorphisms λ2, λ1 are as described above and r is induced

by restriction.)

3. DOUBLE COMPLEXES

In this section, we introduce the basic notions of a double

complex of vector spaces and associated spectral sequences.

A double complex is a bigraded vector space,

C = ⊕C^{p,q} ,

with co-boundary operators d : C^{p,q} → C^{p,q+1} and δ :

C^{p,q} → C^{p+1,q} and such that dδ + δd = 0. In our case,

the double complex would be a single quadrant double com-

plex, which means that we can assume that C^{p,q} = 0 if either

p < 0 or q < 0.

. . . . . . . . .

C0,2 d � δ�_C^{1,2} d � δ�_C^{2,2} d � δ�_{· · ·}

C0,1 d � δ�_C^{1,1} d � δ�_C^{2,1} d � δ�_{· · ·}

C0,0 d � δ�_C^{1,0} d � δ�_C^{2,0} d � δ�_{· · ·}

Out of a double complex we can form an ordinary complex

of vector spaces, namely the associated total complex, which

is a graded vector space, defined by C^n = ⊕p+q=nC^{p,q} , with

co-boundary operator D = d + δ : C^n → C^{n+1}.

. . . . . . . . . � � � � � � � � � � � � δ�_C^{p−1,q+1} d � δ�_C^{p,q+1} d � δ�_C^{p+1,q+1} d � δ�_{· · ·} � � � � � � � � � � � � δ�_C^{p−1,q} d � δ�_C^{p,q} d � δ�_C^{p+1,q} d � δ�_{· · ·} � � � � � � � � � � � � δ�_C^{p−1,q−1} d � δ�_C^{p,q−1} d � δ�_C^{p+1,q−1} d � δ�_{· · ·} � � � � � � � � � � � � . . .

d � . . .

d � . . .

d �

There is a natural decreasing filtration that we can de-

fine on the associated total complex, by restricting p to

be greater or equal k, with k ≥ 0. In other words, let

C^n_k = ⊕_{p+q=n,p≥k}C^{p,q} .

. . . . . . . . . � � � � � � � � � Ck,q+1 d � δ�_C^{k+1,q+1} d � δ�_C^{k+2,q+1} d � δ�_{· · ·} � � � � � � � � � Ck,q d � δ�_C^{k+1,q} d � δ�_C^{k+2,q} d � δ�_{· · ·} � � � � � � � � � Ck,q−1 d � δ�_C^{k+1,q−1} d � δ�_C^{k+2,q−1} d � δ�_{· · ·} � � � � � � � � � . . .

d � . . .

d � . . .

d �

Also, let Z^n_k = {z ∈ C^n_k |Dz = 0} and B^n = DCn−1.

Let H^n_k = Z^n_k /Z^n_k ∩ B^n. We thus have a decreasing filtra-

tion, · · · ⊃ H^n_{k−1} ⊃ H^n_k ⊃ H^n_{k+1} · · · of the cohomology group

H^n(C, D). We denote the successive quotients H^n_k /H^n_{k+1} by

H^{k,n−k}.

We will now construct a sequence of complexes (Er, dr )

such that Er+1 = H(Er, dr ). Now, any element in C^n =

⊕i+j=nC^{i,j} will have a leading term at a position (p, q),

where p denotes the smallest i such that the component at

position (i, n − i) does not vanish.

Let Z^{p,q} denote the set of the (p, q) components of co-

cycles whose leading term is at position (p, q). In other

words, Z^{p,q} denotes the set of all a ∈ C^{p,q} such that the

following system of equations has a solution.

da = 0 (1) δa = −da^{(1)} δa^{(1)} = −da^{(2)} δa^{(2)} = −da^{(3)} . . Here, a^{(i)} ∈ C^{p+i,q−i}. Hence, the element a⊕a^{(1)} ⊕a^{(2)} · · · lies in Z^{p+q}_p and has leading term a.

Now, let B^{p,q} ⊂ C^{p,q} consist of all b with the property that the following system of equations admits a solution.

db^{(0)} + δb^{(−1)} = b (2) db^{(−1)} + δb^{(−2)} = 0 db^{(−2)} + δb^{(−3)} = 0 . . Here, b^{(−i)} ∈ C^{p−i,q+i−1}. Clearly, H^{p,q} ∼= Z^{p,q} /B^{p,q} . Let Z^{p,q}_r = {a ∈ C^{p,q} |∃(a^{(1)}, . . . , a^{(r−1)}|(a, a^{(1)}, . . . , a^{(r−1)})

satisfy equations 1}. Similarly, let

B^{p,q}_r = {b ∈ C^{p,q} |∃(b^{(0)}, b^{(−1)}, . . . , b^{(−r+1)})|(b, b^{(0)}, . . . , b^{(−r+1)})

satisfy equations 2}. Let E^{p,q}_r = Z^{p,q}_r /B^{p,q}_r .

Let [a] ∈ E^{p,q}_r for some a ∈ Z^{p,q}_r . Then, there exists a^{(1)}, . . . , a^{(r−1)} satisfying equations 1. We let

dr[a] = [δa^{(r−1)}] ∈ E^{p+r,q−r+1} r . (3)

p + q = ℓ + 1 p + q = ℓ d1 d2 d3 d4

p q

Figure 2: dr : E^{pq}_r → E^{p+r,q−r+1} r The sequence of graded complexes, (Er, dr), where the complex Er+1 is obtained from Er by taking its homology with respect to dr (that is Er+1 = H(Er, dr)) is called the spectral sequence associated to the double complex C^{p,q} .

The new differential dr+1 in the complex Er+1 is defined as above.

If the double complex C^{p,q} is non-zero in only the first quadrant, it is can be shown (see [16]) that the spectral sequence E^{p,q}_r stabilizes after a finitely many steps to E^{p,q}_∞ = H^{p,q} . Also, observe that the map dr takes E^{pq}_r to E^{p+r,q−r+1}_r , and hence if the double complex C^{pq} is non-zero in only the first quadrant, then dr = 0 for all r > q + 1. Thus, E^{pq}_{q+2} = E^{pq}_∞ .

4. THE MAYER-VIETORIS DOUBLE COM- PLEX

Let A1, . . . , An be sub-complexes of a finite simplicial complex A such that A = A1 ∪ · · · ∪ An. Let C^i(A) denote the R-vector space of i co-chains of A, and C^∗(A) = ⊕iC^i(A).

We will denote by Aα_0,...,α_p the sub-complex Aα_0 ∩ · · · ∩ Aα_p .

Consider the following sequence of homomorphisms.

0 −→ C^∗(A)^r−→ ∏ α0 C^∗(Aα_0 )^δ−→ ∏ α0<α1

C^∗(Aα_0,α_1 )

· · ·^δ−→ ∏ α0 <···<αp

C^∗(Aα_0,...,α_p ) · · ·^δ−→ ∏ α0 <···<αp+1

C^∗(Aα_0,...,α_{p+1} ) · · ·^δ−→ · · ·

where r is induced by restriction and the connecting homomorphisms δ are defined as follows:

For ω ∈ ∏ α0<···<αp C

∗(Aα_0,...,α_p ), and a simplex s ∈ Aα_0,...,α_p , we define

(δω)α_0,...,α_{p+1} (s) = ∑ 0≤i≤p+1

(−1)^iω_{α0,...,α̂i,...,αp+1} (s)

(here and everywhere else in the paper^denotes omission).

Recall that a sequence of vector space homomorphisms

· · · di−1 � Vi di �

Vi+1 di+1� · · ·

is said to be exact if ker(di) = Im(di−1) for each i.

Lemma 1. The sequence defined above is exact.

Proof. We first prove that δ^2 = 0. For, ω ∈ ∏ α0<···<αp

C^∗(Aα_0,...,α_p ),

δ^2(ω)α_0,...,α_{p+2} = ∑ 0≤i≤p+2

(−1)^i(δω)_{α0,...,α̂i,...,αp+2} = ∑ i,j<i

(−1)^i(−1)^j ω_{α0,...,α̂j ,...,α̂i ...αp+2} + ∑ i,j>i

(−1)^i(−1)^j ω_{α0,...,α̂i,...,α̂j ...αp+2} = 0.

Now let, ω ∈ ∏ α0<···<αp C

∗(Aα_0,...,α_p ), such that δω = 0.

For a simplex s ∈ A let n(s) = |{Aα|s ∈ Aα}|.

Define, τ ∈ ∏ α0 <···<αp−1 C

∗(Aα_0,...,α_{p−1} ) by, τα_0,...,α_{p−1} (s) = 1 n(s) ∑ α|s∈Aα

ωα,α_0,...,α_{p−1} (s).

Now,

(δτ )α_0,...,α_p (s) = ∑ 0≤i≤p

(−1)^iτ_{α0,...,α̂i,...,αp} (s) = ∑ 0≤i≤p

(−1)^i( 1 n(s) ∑ α|s∈Aα

ω_{α,α0,...,α̂i,...,αp} (s)).

Now, δω = 0. Hence, (δω)α,α_0,...,α_p (s) =

ωα_0 ,...,α_p (s) − ∑ 0≤i≤p

(−1)^{i+1}ω_{α,α0 ,...,α̂i ,...,αp} (s) = 0.

Hence,

ωα_0,...,α_p (s) = ∑ 0≤i≤p

(−1)^iω_{α,α0,...,α̂i ,...,αp} (s).

Substituting the above in the expression for δτ above, we have, (δτ )α_0,...,α_p (s) = 1 n(s) ∑ α|s∈Aα ( ∑ 0≤i≤p

(−1)^iω_{α,α0,...,α̂i,...,αp} (s)) =

1 n(s) ∑ α|s∈Aα

ωα_0,...,α_p (s) = ωα_0,...,α_p (s).

This proves that the sequence is exact.

We now consider the following bigraded double complex M^{p,q} , with a total differential D = δ + (−1)^pd, where M^{p,q} = ∏ α0 ,...,αp

C^q (Aα_0,...,α_p ).

. . . . . .

0 �^∏_{α0 C}^3_{(Aα0 )} d � δ�^∏_{α0<α1 C}^3_{(Aα0 ,α1 )} d � δ�_{· · ·}

0 �^∏_{α0 C}^2_{(Aα0 )} d � δ�^∏_{α0<α1 C}^2_{(Aα0 ,α1 )} d � δ�_{· · ·}

0 �^∏_{α0 C}^1_{(Aα0 )} d � δ�^∏_{α0<α1 C}^1_{(Aα0 ,α1 )} d � δ�_{· · ·}

0 �^∏_{α0 C}^0_{(Aα0 )} d � δ�^∏_{α0<α1 C}^0_{(Aα0 ,α1 )} d � δ�_{· · ·}

0 d � 0 d �

Interchanging the roles of the horizontal and the vertical differentials, we obtain two spectral sequences, (E^′_r, d^′_r), (Er, dr), associated with M^{p,q} both converging to H^∗_D(M). The first terms of these are E^′_1 = H_δ M, E^′_2 = H_dH_δ M, and E1 = H_dM, E2 = H_δH_dM. Because of the exactness of the generalized Mayer-Vietoris sequence, we have that, E^′_1 is:

. . . . . . . . .

0 �_C^3_{(A)} d � δ �_0 d � δ �_0 d � �_{· · ·}

0 �_C^2_{(A)} d � δ �_0 d � δ �_0 d � �_{· · ·}

0 �_C^1_{(A)} d � δ �_0 d � δ �_0 d � �_{· · ·}

0 �_C^0_{(A)} d � δ �_0 d � δ �_0 d � �_{· · ·}

0 d � 0 d � 0 d �

and E^′_2 is:

. . . . . . . . .

0 �_H^3_{(A)} d � δ �_0 d � δ �_0 d � �_{· · ·}

0 �_H^2_{(A)} d � δ �_0 d � δ �_0 d � �_{· · ·}

0 �_H^1_{(A)} d � δ �_0 d � δ �_0 d � �_{· · ·}

0 �_H^0_{(A)} d � δ �_0 d � δ �_0 d � �_{· · ·}

0 d � 0 d � 0 d �

The degeneration of this sequence at E^′_2 shows that H^∗_D(M) ∼= H^∗(A).

The initial term E1 of the second spectral sequence is given by:

. . . . . . . . .

∏ α0 H3 (Aα0 ) d � δ�^∏_{α0 <α1 H}^3_{(Aα0,α1 )} d � δ�^∏

α0 <α1<α2

H3 (Aα0 ,α1,α2 ) d � �_{· · ·}

∏ α0 H2 (Aα0 ) d � δ�^∏_{α0 <α1 H}^2_{(Aα0,α1 )} d � δ�^∏

α0 <α1<α2

H2 (Aα0 ,α1,α2 ) d � �_{· · ·}

∏ α0 H1 (Aα0 ) d � δ�^∏_{α0 <α1 H}^1_{(Aα0,α1 )} d � δ�^∏

α0 <α1<α2

H1 (Aα0 ,α1,α2 ) d � �_{· · ·}

∏ α0 H0 (Aα0 ) d � δ�^∏_{α0 <α1 H}^0_{(Aα0,α1 )} d � δ�^∏

α0 <α1<α2

H0 (Aα0 ,α1,α2 ) d � �_{· · ·}

0 d � 0 d � 0 d �

5. COMPUTING THE BETTI NUMBERS

Let S1, . . . , Sn ⊂ R^k be compact semi-algebraic sets of constant description complexity. We now describe the algorithm for computing β_ℓ(S).

For J ⊂ {1, . . . , n}, we denote by TJ the set ∪j∈J Sj . For each j, 0 ≤ j ≤ ℓ + 1, and for each (j + 1)-tuple (i0, . . . , ij ) with 1 ≤ i0 < i1 < · · · < ij ≤ n, we compute a semi-algebraic triangulation Δ^j_{i0 ,...,ij} of the set Ti_0 ,...,i_j = Si_0 ∪ . . . ∪ Si_j , such that for each J ⊂ {i0 , . . . , ij }, Δ^j_{i0 ,...,ij} respects TJ and Δ^j_{i0 ,...,ij} |T_J is a refinement of the triangulation Δ^{|J|}_J .

We denote by λ the homomorphisms,

λ : C^∗(Δ^j_{i0 ,...,ij} |TJ ) →

C^∗(Δ^{|J|}_J ) as in theorem 5 and by λ^∗ the induced homomorphism in the co-homology.

Let Δ be a semi-algebraic triangulation (which we do not compute) of S = ∪_{1≤i≤n}Si, which respects the sets Ti_0,...,i_j and such that Δ|T_{i0 ,...,ij} is a refinement of Δ^j_{i0 ,...,ij} .

Let A be the simplicial complex corresponding to the triangulation Δ, and A1, . . . , An the sub-complexes corresponding to the sets S1, . . . , Sn. Since the triangulation Δ respects the sets Si, it is clear that each set Si give rise to a sub-complex of A. Now consider the Mayer-Vietoris double complex M corresponding to A1, . . . , An and the spectral sequence E associated with it.

The first term of the spectral sequence is E1 = H_d(M) after taking the vertical cohomology. We will compute the successive terms of this spectral sequence starting from E1.

The term E^{pq}_1 in the spectral sequence is the vector space ∏ 0≤i0 <...<ip≤n

H^q (Ai_0,...,i_p ).

Now, the sub-complex Ai_0 ∩ · · · ∩ Ai_p corresponds to the set Si_0 ,...,i_p and we have a basis for H^q (Si_0 ,...,i_p ) in terms of p-cochains in the co-chain complex C^q (Δ^p_{i0,...,ip} |S_{i0 ,...,ip} ).

Note that, even though we do not have in hand the triangulation Δ of the whole arrangement, we are still able to compute the term of E^{p,q}_1 using the triangulations Δ^p_{i0 ,...,ip} in a basis consisting of q-cochains in C^q (Δ^p_{i0,...,ip} |S_{i0 ,...,ip} ).

We next show how to compute the different terms in (E^{p,q}_r , dr ) starting from r = 1.

We first compute E^{p,q}_1 = ∏ 0≤i0 <···<ip≤n H

q(Ai_0,...,i_p ), using the different triangulations Δ^p_{i0,...,ip} .

We have a basis for H^q (Ai_0,...,i_p ) in terms of the q cochains of C^q (Δi_0,...,i_p |S_{i0 ,...,ip} ), and we compute a basis for H^q (Ai_0,...,i_p ) in terms of these q co-chains.

Next, we compute the homomorphisms d1 : E^{p,q}_1 → E^{p+1,q}_1 . We first compute the homomorphisms, δ : ∏ 1≤i0 <···<ip≤n

C^q (Δ^{p+1}_{i0,...,ip} |S_{i0 ,...,ip} ) → ∏ 1≤i0 <···<ip+1≤n

C^q (Δ^{p+1}_{i0 ,...,ip+1} |S_{i0 ,...,ip+1} ),

and the corresponding induced homomorphism

δ^∗ : ∏ 1≤i0 <···<ip≤n

H^q (Δ^{p+1}_{i0,...,ip} |S_{i0,...,ip} ) → ∏ 1≤i0 <···<ip+1≤n

H^q (Δ^{p+1}_{i0,...,ip+1} |S_{i0 ,...,ip+1} ),

noting that this is possible since each triangulation Δ^{p+1}_{i0,...,ip+1} |S_{i0 ,...,ip}

refines the triangulations Δ^p_{i0 ,...,îj ,...,ip+1} |S_{i0 ,...,îj ,...,ip} .

More precisely, for every

[a] ∈ ∏ 1≤i0 <···<ip≤n

H^q (Δ^p_{i0,...,ip} |S_{i0 ,...,ip} )

(where a ∈ ∏ 1≤i0 <···<ip≤n

C^q (Δ^p_{i0,...,ip} |S_{i0 ,...,ip} )

is a representative of the cohomology class [a]), let ai_0,...,i_p be the component of a in C^q (Δ^p_{i0 ,...,ip} |S_{i0,...,ip} ) and let

a^′_{i0,...,ip;ip+1} ∈ C^q (Δ^{p+1}_{i0,...,ip,ip+1} |S_{i0,...,ip} ),

such that λ(a^′_{i0,...,ip;ip+1} ) = ai_0,...,i_p .

Let,

r(a^′_{i0,...,ip;ip+1} ) ∈ C^q (Δ^{p+1}_{i0 ,...,ip+1} |S_{i0 ,...,ip+1} )

be the image of a^′_{i0,...,ip;ip+1} under the restriction homomorphism. Let ηi_0 ,...,i_p;i_{p+1} : H^q (Δ^p_{i0 ,...,ip} |S_{i0 ,...,ip} ) →

H^q (Δ^{p+1}_{i0 ,...,ip+1} |S_{i0 ,...,ip+1} )

denote the homomorphism which takes [ai_0 ,...,i_p ] → [r(a^′_{i0 ,...,ip;ip+1} )].

Then,

δ^∗([a])i_0 ,...,i_{p+1} = ∑ 0≤j≤p+1

(−1)^j η_{i0,...,îj ,...,ip+1;ij} ([a_{i0,...,îj ,...,ip+1} ])

We compute the matrix of the homomorphism δ^∗ that takes an element of H^q (Δ^p_{i0,...,ip} |S_{i0 ,...,ip} ) (in the basis of C^q (Δ^p_{i0,...,ip} |S_{i0 ,...,ip} )) to its image in H^q (Δ^{p+1}_{i0,...,ip+1} |S_{i0 ,...,ip+1} ) (in the basis of C^q (Δ^{p+1}_{i0,...,ip+1} |S_{i0,...,ip+1} )).

We also have isomorphisms (which we compute),

λ^∗ : H^q (Δ^{p+1}_{i0 ,...,ip+1} |S_{i0 ,...,îj ,...,ip} ) →

H^q (Δ^p_{i0,...,îj ,...,ip} |S_{i0,...,îj ,...,ip} ).

We let d1 : δ^∗ ∘ (λ^∗)^{−1}.

We have the following commutative diagram:

C^∗(Δ|S_{i0,...,ip} ) r � C^∗(Δ|S_{i0 ,...,ip+1} )

C^∗(Δ^{p+1}_{i0 ,...,ip,ip+1} |S_{i0 ,...,ip} ) λ � r � C^∗(Δ^{p+1}_{i0,...,ip,ip+1} |_{Si0,...,ip+1} ) λ �

C^∗(Δ^p_{i0,...,ip} |S_{i0 ,...,ip} ) λ � C^∗(Δ^{p+1}_{i0,...,ip,ip+1} |S_{i0,...,ip+1} ) Id � The vertical homomorphisms, λ are as in theorem 5 and induce isomorphisms in the cohomology groups. The horizontal homomorphisms, r, are induced by restriction.

We next compute the vector space E2 = H(E1, d1) by taking the homology with respect to the differential d1. In order, to compute d2 we follow the method outlined in section 3.

If [a] ∈ E^{p,q}_2 then there exists

a^{(1)} ∈ ∏ 1≤i0 <···<ip+1≤n

C^{q−1}(Δ^{p+1}_{i0,...,ip+1} |S_{i0 ,...,ip+1} )

such that

(da^{(1)})i_0,...,i_{p+1} = − ∑ 0≤j≤p+1

(−1)^j r(a^′_{i0,...,ip;ip+1} ),

1 ≤ i0 < · · · < ip+1 ≤ n.

We let d2([a]) = [δ(a1)].

We iterate this process as in section 3 and compute (Er, dr ) for 1 ≤ r ≤ ℓ+2, by computing the sequence a, a^{(1)}, a^{(2)}, . . . .

The crucial observation here is that the maps, dr : E^{p,q}_r → E^{p+r,q−r+1} r , can be computed just from the data of the various local triangulations, Δ^{p+r}_{i0 ,...,ip+r} .

The rank of ℓ-th cohomology group of S is equal to ∑ p+q=ℓ

rank(E^{pq}_{ℓ+2}).

In order to compute β_ℓ(S) it suffices to compute the ranks of E^{p,ℓ−p}_{ℓ+2} , 0 ≤ p ≤ ℓ. For this we compute all the homomorphisms dr : E^{p,ℓ−p}_r → E^{p+r,ℓ−p−r+1} r with 0 ≤ p ≤ ℓ and

1 ≤ r ≤ ℓ − p + 1. Thus, p + r ≤ ℓ + 1 and hence we do not have to consider intersections of more than ℓ + 2 sets at a time.

5.1 Complexity

We only count the number of arithmetic operations in the ring of the coefficients. Since each triangulation takes O(1) time, it suffices to count the number of distinct triangulations we need to compute to compute the maps dr .

The triangulations needed are computed at the beginning, and there are ∑ 1≤j≤ℓ+2

(_n j ) = O(n^{ℓ+2}) of these. Thus, the total number of triangulations needed is O(n^{ℓ+2}).

The linear algebra needed in order to compute the bases for the different E^{pq}_r involve Gaussian elimination on matrices of size at most O(n^{ℓ+1}).

6. REFERENCES

[1] P.K. Agarwal, M. Sharir Arrangements of surfaces in higher dimensions, Chapter in Handbook of Computational Geometry, J.R. Sack (Ed.), North-Holland.

[2] S. Basu On different bounds on different Betti numbers, Proceedings of the ACM Symposium on Computational Geometry, 288-292, 2001.

[3] S. Basu On different bounds on different Betti numbers, (Journal version substantially different from the conference version listed above, submitted). Available at

www.math.gatech.edu/~saugata/journalsocg01.ps.

[4] S. Basu On the combinatorial and topological complexity of a single cell. To appear in Discrete and Computational Geometry. (Preliminary version in Proceedings of the Symposium on the Foundations of Computer Science (FOCS), 606-616, 1998.)

[5] J. Bochnak, M. Coste, M.-F. Roy, Géométrie algébrique réelle. Springer-Verlag (1987). Real algebraic geometry. Springer-Verlag (1998).

[6] B. Chazelle, H. Edelsbrunner, L.J. Guibas, M.

Sharir A single-exponential stratification scheme for real semi-algebraic varieties and its applications, Theoretical Computer Science, 84, 77-105, 1991.

[7] G. Collins, Quantifier elimination for real closed fields by cylindric algebraic decomposition. In Second GI Conference on Automata Theory and Formal Languages. Lecture Notes in Computer Science, vol. 33, pp. 134-183, Springer-Verlag, Berlin (1975).

[8] R. Bott, L. W. Tu Differential Forms in Algebraic Topology, Springer-Verlag (1982).

[9] H. Edelsbrunner The union of balls and its dual shape, Discrete and Computational Geometry, 13:415-440, 1995.

[10] H. Edelsbrunner, D. Letscher, A. Zomorodian Topological Persistence and Simplification, Proceedings of the Symposium on Foundations of Computer Science, 454-463, 2000.

[11] D. Halperin Arrangements, Handbook of Discrete and Computational Geometry, J. O’Rourke, J.E. Goodman editors, CRC Press, 1997.

[12] D. Halperin, M. Sharir Almost tight upper bounds for the single cell and zone problems in three dimensions, Discrete and Computational Geometry, 14 (1995), 385-410.

[13] V. Koltun Almost Tight Upper Bounds for Vertical Decompositions in Four Dimensions, Proceedings of the Symposium on the Foundations of Computer Science (FOCS), 2001.

[14] J. Milnor On the Betti numbers of real varieties, Proc. AMS 15, 275-280 (1964).

[15] O. A. Oleinik, I. B. Petrovskii On the topology of real algebraic surfaces, Izv. Akad. Nauk SSSR 13, 389-402 (1949).

[16] J. McCleary A User’s Guide to Spectral Sequences, Second Edition Cambridge Studies in Advanced Mathematics, 2001.

[17] J. R. Munkres Elements of Algebraic Topology, Addison-Wesley (1984).

[18] P. Orlik, H. Terao Arrangements of Hyperplanes, Springer-Verlag, 1992.

[19] J. Rotman An Introduction to Algebraic Topology, Springer-Verlag, 1988.

[20] J. Schwartz, M. Sharir On the ‘Piano Mover’s Problem’ II. General techniques for computing topological properties of real algebraic manifolds, Advances in Applied Mathematics 12 (1983), 298-351.

[21] M. Sharir Arrangements of surfaces in higher dimensions, Advances in Discrete and Computational Geometry, Contemporary Mathematics, Vol 223, 335-354, AMS 1999.

[22] R. Thom Sur l’homologie des varietes algebriques reelles, Differential and Combinatorial Topology, Ed. S.S. Cairns, Princeton Univ. Press, 255-265 (1965).