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Introduction
Recall from last lecture

Main Result

Singly Exponential Covering

Theorem

There exists an algorithm that takes as input the description of
a P-closed semi-algebraic set S ¢ R¥, and outputs a covering
of S by a family of subsets of S which are closed and
contractible. The complexity of the algorithm, as well as the
complexity of the covering, is

(sd)<°”

where s = #(P) and d = maxpcp degP).
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Introduction
Recall from last lecture

Main Result

Main Theorem

Theorem

There exists an algorithm that takes as input the description of
a P-semi-algebraic set S ¢ R¥, and outputs by(S), . . ., by(S).
The complexity of the algorithm is

(sd)k°"

where s = #(P) and d = maxpcp degP).
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Introduction
Recall from last lecture

Main Result

Main Ingredients

@ The first ingredient is a result discussed in the previous
lecture, which enables us to compute a singly exponential
sized covering of the given closed and bounded
semi-algebraic set, consisting of closed, contractible
semi-algebraic sets, in single exponential time. The
number and the degrees of the polynomials used to define
the sets in this covering are also bounded singly
exponentially.
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Introduction
Recall from last lecture

Main Result

Main Ingredients

@ The first ingredient is a result discussed in the previous
lecture, which enables us to compute a singly exponential
sized covering of the given closed and bounded
semi-algebraic set, consisting of closed, contractible
semi-algebraic sets, in single exponential time. The
number and the degrees of the polynomials used to define
the sets in this covering are also bounded singly
exponentially.

@ The second ingredient is an algorithm which uses the
covering algorithm recursively and computes in singly
exponential time a complex whose homology groups are
isomorphic to the first £ homology groups of the input set.
This complex is of singly exponential size for fixed 2.
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Generalized Mayer-Vietoris Sequence
Double Complexes and Spectral Sequences

Algebraic Topological Preliminaries
Mayer-Vietoris Spectral Sequence

Mayer-Vietoris exact sequence

@ LetAq,..., Ay be subcomplexes of a finite simplicial
complex A such that A= A; U---UA,. Let C'(A) denote
the R-vector space of i co-chains of A, and
C*(A) = @iCi(A).
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Generalized Mayer-Vietoris Sequence
Double Complexes and Spectral Sequences

Algebraic Topological Preliminaries
Mayer-Vietoris Spectral Sequence

Mayer-Vietoris exact sequence

@ LetAq,..., Ay be subcomplexes of a finite simplicial
complex A such that A= A; U---UAy. Let C'(A) denote
the R-vector space of i co-chains of A, and
C*(A) = @iC'(A).

@ We will denote by A, ... o, the subcomplex A,y N--- N A,,.
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Generalized Mayer-Vietoris Sequence

Algebraic Topological Preliminaries Double Complexes and Spectral Sequences
Mayer-Vietoris Spectral Sequence

Mayer-Vietoris exact sequence

@ LetAq,..., Ay be subcomplexes of a finite simplicial
complex A such that A= A; U---UA,. Let C'(A) denote
the R-vector space of i co-chains of A, and
C*(A) = @iCi(A).

@ We will denote by A, ... o, the subcomplex A,y N--- N A,,.

@ The following sequence of homomorphisms is exact.

O%C HHC (yo ‘> H C “O”l

ap<og

RN H C* (Ao, ap) - N H C*(Aag. g+ — -

ap<--<ap ap<--<Opi1
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Generalized M Vietoris Sequence
Algebraic Topological Preliminaries Double Compl and Spectral Sequences
Mayer-Vietoris Spectral Sequence

Mayer-Vietoris Double Complex

0 — Huo CS(A(VO) - H(yo<<yl CB(AUO-(H) - Hry0<u1<u2 c
d d [

0 — Hao CZ(AWO) I Hao<a1 CZ(Auoxxl) —_— Ha0<al<a2 CZ(Aryc
[d [a [a
0 — Hao Cl(Aao) - Hao<al Cl(Aﬂoﬂl) Ha0<al<a2
d d |d

0 — H(ro CO(AU‘O) - Hug<(v1 CO(AOLO-,OQ) - H(J.0<(yl<(y2 CO(AGC

gd id d
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Generalized Mayer-Vietoris Sequence
Algebraic Topological Preliminaries Double Complexes and Spectral Sequences
Mayer-Vietoris Spectral Sequence

Double Complex

CO.Z 0 Cl<2 0 CZ,Z 0
d d d
CO.l 0 Cl.l g CZ,l 0
d d d
C0.0 g Cl,O 0 C2,0 0
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Generalized Mayer-Vietoris Sequence
Algebraic Topological Preliminaries Double Complexes and Spectral Sequences
Mayer-Vietoris Spectral Sequence

The Associated Total Complex
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Generalized Mayer-Vietoris Sequence
Algebraic Topological Preliminaries Double Complexes and Spectral Sequences
Mayer-Vietoris Spectral Sequence

Spectral Sequences of a Double Complex

@ A sequence of vector spaces progressively approximating
the homology of the total complex. More precisely,
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Spectral Sequences of a Double Complex

@ A sequence of vector spaces progressively approximating
the homology of the total complex. More precisely,

@ a sequence of bi-graded vector spaces and differentials
(Er7dl’ : Erp’q - El'p+r7q7r+l)a
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Spectral Sequences of a Double Complex

@ A sequence of vector spaces progressively approximating
the homology of the total complex. More precisely,

@ a sequence of bi-graded vector spaces and differentials
(Er,d; : EP9 — EPFRATTH),

@ E ;1 =H(E,d),
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Generalized Mayer-Vietoris Sequence
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Mayer-Vietoris Spectral Sequence

Spectral Sequences of a Double Complex

@ A sequence of vector spaces progressively approximating
the homology of the total complex. More precisely,

@ a sequence of bi-graded vector spaces and differentials
(Er,d; : EP9 — EPFRATTH),

@ E ;1 =H(E,d),
@ E., = H*(Associated Total Complgx
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Spectral Sequence

o
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Generalized Mayer-Vietoris Sequence
Algebraic Topological Preliminaries Double Complexes and Spectral Sequences
Mayer-Vietoris Spectral Sequence

Two Spectral Sequences

@ There are two spectral sequences associated with MP-9
both converging to Hj (M). The first terms of these are:
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Two Spectral Sequences

@ There are two spectral sequences associated with MP-9
both converging to Hj (M). The first terms of these are:

°
'E; = Hs(M)," E; = HgHs(M)
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Generalized Mayer-Vietoris Sequence
Algebraic Topological Preliminaries Double Complexes and Spectral Sequences
Mayer-Vietoris Spectral Sequence

Two Spectral Sequences

@ There are two spectral sequences associated with MP-9
both converging to Hj (M). The first terms of these are:

°
'E; = Hs(M)," E; = HgHs(M)

"Ep = Hg(M),” Ez = HsHg (M)
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Generalized Mayer-Vietoris Sequence
Algebraic Topological Preliminaries Double Complexes and Spectral Sequences
Mayer-Vietoris Spectral Sequence

Homomorphisms of Double Complexes

Given two (first quadrant) double complexes, C** and C**, a
homomorphism of double complexes,

QS . Co,o N C_:.’.,
is a collection of homomorphisms, ¢P9 : CP:4 — CP9, such
that the following diagrams commute.

crPa %, cptlag

J@pyq Jd)erl,q

cpa %, Cptlg

cra 94, cpa+l

M)p,q Jd)p,qﬂ

cra 94, Gpa+l
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Generalized Mayer-Vietoris Sequence
Algebraic Topological Preliminaries Double Complexes and Spectral Sequences
Mayer-Vietoris Spectral Sequence

Comparison Theorem

Proposition

A homomorphism of double complexes,
gf) :C** — C_:"'7

induces homomorphisms, '¢s : 'Es — 'E s (respectively,

"¢s - "Es — "Es) between the associated spectral sequences.
If ‘¢ (respectively, ”¢¢) is an isomorphism for some s > 1, then
'EP9 and 'E}? (repectively, "EP? and “EP? ) are isomorphic for
all r > s. In particular, the induced homomorphism,

¢ : Tot*(C**) — Tot*(C**)

is a quasi-isomorphism.
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[T, H3(As,)
Hao H2(A(¥0)
[T, H(As,)

H(yo H 0 (AOéO )

Generalized Mayer-Vietoris Sequence
Algebraic Topological Preliminaries Double Complexes and Spectral Sequences
Mayer-Vietoris Spectral Sequence

Huo<(y1 HS(AO"OJ)":L) H(10<(y1<(y2 H3(A”'O-”r1-
H(‘zo<(yl HZ(A”{O«(YI) H(¥0<C¥1<a2 HZ(A”O:(H:
Hao<a1 Hl(Aao,al) Ha0<a1<a2 Hl(Aﬂoaal,

0 0
H(}:o<u1 H (Aao,al) H(10<(11<az H (Aao-,oq-,
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Generalized Mayer-Vietoris Sequence

Algebraic Topological Preliminaries Double Complexes and Spectral Sequences

"E4 in this case

Mayer-Vietoris Spectral Sequence

Huo<(y1 HS(AO"OJ)":L) H(10<(y1<(y2 H3(A”'O-”r1-
H(‘zo<(yl HZ(A”{O«(YI) H(¥0<C¥1<a2 HZ(A”O:(H:
Hao<a1 Hl(Aao,al) Ha0<a1<a2 Hl(Aﬂoaal,

0 0
H(}:o<u1 H (Aao,al) H(10<(11<az H (Aao-,oq-,
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Generalized Mayer-Vietoris Sequence
Algebraic Topological Preliminaries Double Complexes and Spectral Sequences
Mayer-Vietoris Spectral Sequence

Convergence of the Mayer-Vietoris Spectral Sequence

The following proposition is classical and follows from the
exactness of the generalized Mayer-Vietoris sequence.

Proposition

The spectral sequences, 'E;,”E,, associated to N'**(A)
converge to H*(A, Q) and thus,

H*(Tot"(N**(A))) = H*(A, Q).

Moreover, the homomorphism ¢ : C*(A) — Tot*(N**(A))
induced by the homomorphism r (in the generalized
Mayer-Vietoris sequence) is a quasi-isomorphism.
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Admssible Subsets

@ Consider a fixed family of polynomials, P € R[Xq, ..., Xk],
as well as a fixed P-closed and bounded semi-algebraic
set, S ¢ R¥. We also fix a number, 7,0 < ¢ < k.
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Admssible Subsets

@ Consider a fixed family of polynomials, P € R[Xq, ..., Xk],
as well as a fixed P-closed and bounded semi-algebraic
set, S ¢ R¥. We also fix a number, 7,0 < ¢ < k.

@ We identify certain closed and bounded semi-algebraic
subsets of S (which we call the admissible subsets of S).
We associate to each admissible subset X C S, its level
denoted level(X), with level(S) = 0.
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Admssible Subsets

@ Consider a fixed family of polynomials, P € R[Xq, ..., Xk],
as well as a fixed P-closed and bounded semi-algebraic
set, S ¢ R¥. We also fix a number, 7,0 < ¢ < k.

@ We identify certain closed and bounded semi-algebraic
subsets of S (which we call the admissible subsets of S).
We associate to each admissible subset X C S, its level
denoted level(X), with level(S) = 0.

@ For each such admissible subset, X C S, we define a
double complex, M**(X), such that

H! (Tot"(M**(X))) = H'(X,Q), 0 <i < /£ — level(X).
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Main ldea

@ If the sets occuring in the covering of X are all acyclic, then
the first column of the Mayer-Vietoris double complex is
zero except at the first row.
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Main ldea

@ If the sets occuring in the covering of X are all acyclic, then
the first column of the Mayer-Vietoris double complex is
zero except at the first row.

@ In order to compute bo(X),. ... b, |eye|x)(X), it suffices to
compute a suitable truncation of the Mayer-Vietoris double
complex.
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Main ldea

@ If the sets occuring in the covering of X are all acyclic, then
the first column of the Mayer-Vietoris double complex is
zero except at the first row.

@ In order to compute bo(X),. ... b, |eye|x)(X), it suffices to
compute a suitable truncation of the Mayer-Vietoris double
complex.

@ However, we do not know how to efficiently compute (even
the truncated) Mayer-Vietoris double complex.
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Main ldea

@ If the sets occuring in the covering of X are all acyclic, then
the first column of the Mayer-Vietoris double complex is
zero except at the first row.

@ In order to compute bo(X),. ... b, |eye|x)(X), it suffices to
compute a suitable truncation of the Mayer-Vietoris double
complex.

@ However, we do not know how to efficiently compute (even
the truncated) Mayer-Vietoris double complex.

@ However, making use of the covering construction
recursively, we are able to compute another double
complex, M**(X), which has much smaller size but whose
associated total complex is quasi-isomorphic to the
truncated Mayer-Vietoris double complex.
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Admissible Sets

@ Given any closed and bounded semi-algebraic set X ¢ RK,
we will denote by C’(X), a fixed covering of X by a finite
family of closed, bounded and acyclic semi-algebraic sets.
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Admissible Sets

@ Given any closed and bounded semi-algebraic set X ¢ RK,
we will denote by C’(X), a fixed covering of X by a finite
family of closed, bounded and acyclic semi-algebraic sets.

@ We have that, V c X for each V € C’(X) and
X = Uyeer(x)V . We will index the sets in C'(X) as
V1,...,Vn, Where ny = #C’(X), and for
1<agp<--- <ap < ny, we will denote
Vag, ap = ﬂ V.. Forl cJ c{1,...,nyx} we will call V,

0<i<p
an ancestor of V; and X an ancestor of all the V,’s. We will
transitively close the ancestor relation.

Saugata Basu Efficient Algorithms for Computing Betti Numbers



Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Admissible Sets (cont.)

@ We now associate to certain closed semi-algebraic
subsets X of S (which we call the admissible subsets of
S), a covering, C(X), of X by closed, bounded, acyclic
semi-algebraic sets, obtained by enlarging the covering
C'(X).

Saugata Basu Efficient Algorithms for Computing Betti Numbers



Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Admissible Sets (cont.)

@ We now associate to certain closed semi-algebraic
subsets X of S (which we call the admissible subsets of
S), a covering, C(X), of X by closed, bounded, acyclic
semi-algebraic sets, obtained by enlarging the covering
C'(X).

@ The set S itself is admissible of level 0 and C(S) = C'(S).
All intersections of the sets in C(S) taken upto £ + 2 at a
time are admissible and have level 1.
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Admissible Sets (cont.)

@ The admissible subsets of S are the smallest family of
subsets of S containing the above sets and satisfying the
following. For any admissible subset X C S at level i, we
define C(X) as follows. Let {Yq,..., Yy} be the set of
admissible sets which are ancestors of X. Then,

C(X) = U C'(UgN---NUy NX).
Uiec(Y;),1<i<N

All intersections of the sets in C(X) taken at most / — i + 2
at a time are admissible, have level i 4+ 1, and have X as an
ancestor. For |1 ¢ J C {1,...,nx}, V| is an ancestor of V,
and X is an ancestor of all the V,’s. Moreover, for
V e(C'(Upn---NUyNX), each U is an ancestor of V.
This clearly implies that each V € C(X) has a unique
ancestor ineach C(Y;) (namely, U;).
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Complexity of computing C'(X)

We have a procedure (recall last lecture) for computing C'(X),
for any given P’-closed and bounded semi-algebraic set, X,
such that the number and the degrees of the polynomials
appearing in the output of this procedure is bounded by
(mD)k°® where #P’ = m and deg(P) < D, for P € P'.
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Inductive Construction of a Double Complex

Double complexes associated to certain coverings

Complexity of computing C'(X)

Proposition

Let S ¢ R¥ be a P-closed semi-algebraic set, where

P C R[Xy,...,Xk] is a family of s polynomials of degree at most
d. Then the number of admissible sets, the number of
polynomials used to define them, the degrees of these

polynomials, are all bounded by (sd)<”" .
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Inductive Construction of a Double Complex

Double complexes associated to certain coverings

Complexity of computing C'(X)

Proposition

Let S ¢ R¥ be a P-closed semi-algebraic set, where

P C R[Xy,...,Xk] is a family of s polynomials of degree at most
d. Then the number of admissible sets, the number of
polynomials used to define them, the degrees of these
polynomials, are all bounded by (sd)<°".

By induction on level(X). O
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Outline

e Double complexes associated to certain coverings
@ Inductive Construction of a Double Complex
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Double complex Associated to an Admissible Set

Given the different coverings described above, we now
associate to each admissible set X € S a double complex,
M*®*(X), satisfying the following:

o

H' (Tot*(M**(X)),Q) = H'(X,Q), for 0 <i < ¢ — level(X).
1)
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Double complex Associated to an Admissible Set

Given the different coverings described above, we now
associate to each admissible set X € S a double complex,
M*®*(X), satisfying the following:

o

H' (Tot*(M**(X)),Q) = H'(X,Q), for 0 <i < ¢ — level(X).
1)

@ For every admissible set Y, such that X is an ancestor of
Y, and level(X) = level(Y'), a restriction homomorphism:
rxy : M**(X) — M**(Y), which induces the restriction
homomorphisms between the cohomology groups:

r:H(X,Q) — H(Y,Q)
for 0 <i < ¢ — level(X) via the isomorphisms in (1).
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Construction of M**(X)

We now describe the construction of the double complex
M*®*(X) and prove that it has the properties stated above. The
double complex M**(X) is constructed inductively using
induction on level(X):

The base case is when level(X) = /. In this case the double
complex, M**(X) is defined by:

MO,O(X) = @U“o € C(X) CO(UGo)v
Mlo(x) - ®UQO’UQ1 € C(X)7CY0<CY1 CO(U(YOv“l)’
MPA(X) = 0,ifg>0o0rp > 1

Here CO(Y) is the Q-vector space of Q valued locally constant
functionson Y.
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Diagramatically

5
0 0
BUayec(x)C (Uag) = Buyy U, ec(X),a0<a1C (Uag.a) — 0
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Definition of the restriction homomorphism

For every admissible set Y, such that X is an ancestor of Y,
and level(X) = level(Y ) = ¢, we define
.y MO 0( ) — M O( ) as follows. Recall that,
MOO(x P cou), and M%%(Y)= P C

U e C(X) V eC(Y)
Also, by definition of C(Y ), we have that for each V € C(Y)
there is a unique U € C(X) (which we will denote by a(V)) such
that U is an ancestor of V.
For x € M%0(X)and V € C(Y) we define,

',y (X)v = Xav)lv-

We define ry y : MO(X) — MLO(Y), in a similar manner.
More precisely, for x € M%%(X) and V,V’ € C(Y), we define

I,y (X)v v/ = Xav)avnlvov:-
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

The inductive step

In general the MP-4(X) are defined as follows using induction
on level(X) and with n = ¢ — level(X) + 1.

MOO(X) = @u,, e cx) CO(Uay),

M®9(X) =0, 0<aq,

Mp:q(x) EB(Yo< <ap, Uqg, €C(X Tth(M. .( ao....,ap))c 0< p, 0< p+q <
MPA(X) =0, else.
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Diagrammatically

| |

O —»O0 —» O

5
> Bag<ay T M (Ung0y) — >
d d Id
5 _
> Bagea, T T M (Uag ay)) + Bag<ar<ap Tt 2(M®*(Uag.ag,a,)) - - |
0 1 0 1 0 1 2 0 1,92

9
0 —————> Dag<a, TOP(M®* Uag,ar)) —> Dag<ay <oy To (M (Uag.ay,a,))

d 1 1

p 1 s - 1 B
0 ————> Bag<ay M *Uag.ar)) —> Bag<ar<ayTot(M®®Uag.ag.a;))

d T I

0 J . 0 , L 0 , p 0
g €Cx © Uag) —> Bag<ay ToU (M * (Uag,ar)) —> Bag<ay<ap TV (M (Uag,ay,a,)) + @ag<-<anTOL(
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Key proposition

For each admissible subset X C S the double complex
M**(X) satisfies the following properties:
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Key proposition

For each admissible subset X C S the double complex
M**(X) satisfies the following properties:

@ Hi(Tot*(M**(X)),Q) = HI(X,Q) for 0 < i < ¢ — level(X).
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Key proposition

For each admissible subset X C S the double complex
M**(X) satisfies the following properties:
© Hi(Tot*(M**(X)),Q) = H'(X,Q) for 0 <i < ¢ — level(X).
@ For every admissible set Y, such that X is an ancestor of
Y, and level(X) = level(Y), the homomorphism,
.y : M®*(X) — M**(Y ) induces the restriction
homomorphisms between the cohomology groups:

r:H(X,Q) — H(Y,Q)

for 0 <i < ¢ — level(X) via the isomorphisms in (1).
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Inductive Construction of a Double Complex
Double complexes associated to certain coverings

Proof Idea

Proof.

The proof is by induction on level(X). If level(X) = ¢ then the
proposition is clear. Otherwise, by induction we can assume
that the proposition is true for all admissilbe sets of the form,
Uag,....ap With Uy, € C(X). Thus, the p-th column of the complex,

M*®*(X), is the direct sum of the complexes,

Tot" P (M**® (Uay,

[ ]
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Proof (cont.)

By induction hypothesis,

H'(Tot* (M**(Ua,....0p))) = H'(Ugg,....0p). Moreover, the
homomorphism,

rUaO..“,z\py 001 : M.‘.(UQOP"?QP) I M.’.(Ua'o-,---aa’pﬂ) )
induces the restriction homomorphisms between the
cohomology groups:

r: Hi(Uao,...,ﬂwQ) —v Hi(UOO=-~-1”PA1’Q)'

The proposition follows from comparing the spectral sequence
of M**(X) with that of the truncated Mayer-Vietoris double
complex associated to the covering, C(X), of X, which are
isomorphic from the 'E; term onwards. O
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