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Semi-algebraic Sets and their Betti numbers

@ Let S ¢ ¥ be defined by a Boolean formula whose atoms
consistsof P > 0,P = 0,P < 0. P € 77, where 7 is a set of
polynomials of degrees bounded by a parameter and
#P =n.
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Semi-algebraic Sets and their Betti numbers

@ Let S ¢ ¥ be defined by a Boolean formula whose atoms
consistsof P > 0,P = 0,P < 0. P € 77, where 7 is a set of
polynomials of degrees bounded by a parameter and
#P =n.

Z bi(S) <n?0O(d)¥. (Gabrielov-Vorobjov, 2005)
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Semi-algebraic Sets and their Betti numbers

@ Let S ¢ ¥ be defined by a Boolean formula whose atoms
consistsof P > 0,P = 0,P < 0. P € 77, where 7 is a set of
polynomials of degrees bounded by a parameter and
#P =n.

°

Z bi(S) <n?0O(d)¥. (Gabrielov-Vorobjov, 2005)

@ Bound for sign conditions: (B-Pollack-Roy, 2005)

k—i

> ) < ( >4Jd 2d — 1)t =nko(d)k.

0€{0,1,—1}7 j=0
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Combinatorial Complexity

@ Notice that the bounds in the previous page are products
of two quantities — one that depends only on n (and k), and
another part which is independent of n. We refer to the first
part as the combinatorial part of the complexity, and the
latter as the algebraic part.
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Combinatorial Complexity

@ Notice that the bounds in the previous page are products
of two quantities — one that depends only on n (and k), and
another part which is independent of n. We refer to the first
part as the combinatorial part of the complexity, and the
latter as the algebraic part.

@ While understanding the algebraic part of the complexity is
a very important problem, in several applications, most
notably in discrete and computational geometry, it is the
combinatorial part of the complexity that is of interest (the
algebraic part is assumed to be bounded by a constant).
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Definition of Arrangements

@ Let A=1{S,, ..., Sn}, with each S; belonging to some
“simple” class of sets.
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Definition of Arrangements

@ Let A=1{S,, ..., Sn}, with each S; belonging to some
“simple” class of sets.
@ Forl c {1... ., nj, let A(l)denote the set
N s n N Rk \'Sj,
ielC[l...n] j€[1...n]

and it is customary to call a connected component of A, a
cell of the arrangement .4 and we denote by C(.A) the set
of all non-empty cells of the arrangement A.
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Definition of Arrangements

@ LetA={S, ..., Sn}, with each S; belonging to some
“simple” class of sets.

@ For!l c {1,.... nj, let A(l)denote the set
N s n N Rk\ S|,
ielC[l...n] j€[1...n]

and it is customary to call a connected component of A, a
cell of the arrangement .4 and we denote by C(.A) the set
of all non-empty cells of the arrangement A.

@ The cardinality of C(.A) is called the combinatorial

complexity of the arrangement A.
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Arrangements

Objects of Bounded Description Complexity

@ The class of sets usually considered in the study of
arrangements are sets with “bounded description
complexity”. This means that each set in the arrangement
is defined by a first order formula in the language of
ordered fields involving at most a constant number
polynomials whose degrees are also bounded by a
constant.
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Arrangements

Objects of Bounded Description Complexity

@ The class of sets usually considered in the study of
arrangements are sets with “bounded description
complexity”. This means that each set in the arrangement
is defined by a first order formula in the language of
ordered fields involving at most a constant number
polynomials whose degrees are also bounded by a
constant.

@ Additionally, there is often a requirement that the sets be in
“general position”. The precise definition of “general
position” varies with context, but often involves restrictions
such as: the sets in the arrangements are smooth
manifolds, intersecting transversally.
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Examples of Admissible Sets

O-minimal Structures and Admissible Sets
A-sets

Definition of O-minimal Structures

An o-minimal structure on a real closed field R is a sequence
S(R) - (Sn)néf'-
© All algebraic subsets of R" are in &,,.
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An o-minimal structure on a real closed field R is a sequence
S(R) - (Sn)néf'-
© All algebraic subsets of R" are in &,,.

© The class &, is closed under complementation and finite
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Definition of O-minimal Structures

An o-minimal structure on a real closed field R is a sequence
S(R) - (Sn)néf'-

© All algebraic subsets of R" are in &,,.

© The class &, is closed under complementation and finite
unions and intersections.

Q@ IfAcS,andB c S then A < B € Sy .
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O-minimal Structures and Admissible Sets
A-sets

Definition of O-minimal Structures

An o-minimal structure on a real closed field R is a sequence
S(R) - (Sn)néf'-

© All algebraic subsets of R" are in &,,.

© The class &, is closed under complementation and finite
unions and intersections.

Q@ IfAcS,andB c S then A < B € Sy .

Q If 7 R — R"is the projection map on the first n
co-ordinates and A € S, 1, then 7(A) € S,
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Examples of Admissible Sets

O-minimal Structures and Admissible Sets
A-sets

Definition of O-minimal Structures

An o-minimal structure on a real closed field R is a sequence
S(R) - (Sn)néf'-
All algebraic subsets of R" are in S,

The class &, is closed under complementation and finite
unions and intersections.

IfAeS,andB e S then A x B € Sy,

If 7 - R"* — R" is the projection map on the first n
co-ordinates and A € S, 1, then 7(A) € S,

The elements of S; are precisely finite unions of points and
intervals.

© 060 O©060
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O-minimal Structures and Admissible Sets
A-sets

Examples of O-minimal Structures |

@ Ouir first example of an o-minimal structure S(R), is the
o-minimal structure over a real closed field R where each
Sy is exactly the class of semi-algebraic subsets of R".
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O-minimal Structures and Admissible Sets
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Examples of O-minimal Structures |

@ Ouir first example of an o-minimal structure S(R), is the
o-minimal structure over a real closed field R where each
Sy is exactly the class of semi-algebraic subsets of R".

@ Let S, be the images in R" under the projection maps
R BT of sets of the form
{(x,y) € R P(x,y, e e¥) =0}, where P is a real
polynomial in 2(n + k) variables, and e* = (e** ... eXn)
and eV = (e¥1 ..., e<). We will denote this o-minimal
structure over R by Seyp(R).

REULEICRERT] Combinatorial Complexity in O-minimal Geometry



Examples of Admissible Sets
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A-sets

Examples of O-minimal Structures I

@ Let S, be the images in R" under the projection maps
RN R of sets of the form
[(x,y) € RTE | P(x,y) = 0}, where P is a restricted
analytic function in 2(n 4 k) variables.
(A restricted analytic function in N variables is an analytic
function defined on an open neighborhood of [0, 1]N
restricted to [0, 1]\ (and extended by 0 outside)).
We will denote this o-minimal structure over R by S,/ R).
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O-minimal Structures and Admissible Sets
A-sets

Admissible Sets

@ Let S(R) be an o-minimal structure on a real closed field R
and let T ¢ R“" be a fixed definable set.

T c RKH

\

1Y

Y

\
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Examples of Admissible Sets

O-minimal Structures and Admissible Sets
A-sets

Admissible Sets

@ Let S(R) be an o-minimal structure on a real closed field R
and let T ¢ R“" be a fixed definable set.

T c RKH

\

1Y

Y

\

y

RX R

for some y ¢ R".
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O-minimal Structures and Admissible Sets
A-sets

Example |

Let S(R) = Ss4(R) and Let T < R?“! be the semi-algebraic set

defined by
T ={(X,..., Xk, g, ..., ax,b) | (a,x) —b =0}
(where we denote a = (a;, .. .. ax)and x = (xq...., X)), and

1 and 7, are the projections onto the first k and last k + 1
co-ordinates respectively. A (T, 7.7 )-set is clearly a
hyperplane in R* and vice versa.
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O-minimal Structures and Admissible Sets
A-sets

Example I

with 7, - REFmcel) ok gnd g, - REEMkEL) L pmktl) pe the
projections onto the first k and the last m(k + 1) co-ordinates
respectively. The (T, 7.7 )-sets in this example include
(amongst others) all semi-algebraic sets consisting of
intersections with the positive orthant of all real algebraic sets
defined by a polynomial having at most m monomials (different
sets of monomials are allowed to occur in different
polynomials).
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O-minimal Structures and Admissible Sets
A-sets

A-sets |

Let A — {Sq... .. Sy}, suchthateach S; R is a

(T, 71, m)-set. Forl C {1,..., n}, we let A(l) denote the set
ﬂ Si N ﬂ R\ S;, (1)
ielC[l...n] je[d..n]\l

and we will call such a set to be a basic A-set. We will denote
by, C(.A), the set of non-empty connected components of all
basic A-sets.
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Examples of Admissible Sets

O-minimal Structures and Admissible Sets
A-sets

A-sets |l

We will call definable subsets S ¢ R¥ defined by a Boolean
formula whose atoms are of the form, x € §;,1 <i <n, a
A-set. A A-set is thus a union of basic A-sets. If T is closed,
and the Boolean formula defining S has no negations, then S is
closed by definition (since each S; is closed) and we call such a
set an A-closed set.

Moreover, if \V is any closed definable subset of Rk, and S is an
A-set (resp. A-closed set), then we will call S NV to be an

(A, V)-set (resp. (A, V)-closed set).
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Results Application: Generalization of a Theorem due to Alon et al.

Bounds on Betti Numbers |

Theorem
Let be an o-minimal structure over a real closed field
and let be a closed definable set. Then, there exists a

constant C = C(T ) > 0 depending only on T, such that for any

of subsets of R¥ the
following holds. For every i,0 <i <Kk,

> bi(D)<C-n*

DeC(A)

In particular, the combinatorial complexity of 4, is at most
C - n¥. The topological complexity of any m cells in the
arrangement A is bounded by m + C - nk—1,
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Lower dimensional

Theorem
Let be an o-minimal structure over a real closed field
and let be closed definable sets with

. Then, there exists a constant C = C(T,V) > 0
depending only on T and V/, such that for any
of subsets of RK, and for everyi,0 <i <k,

Z bi(D) < C -nk'~,

DeC(AV)

In particular, the combinatorial complexity of A restricted to /,
is bounded by C - n¥’.
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Topological Complexity of A-sets

Theorem
Let be an o-minimal structure over a real closed field R,
and let be closed definable sets with
. Then, there exists a constant C = C(T,V) > 0
such that for any with , and an
, and an ,
k/
> bi(SinV) < C-n* and,
i=0
k/
Zbi(SZ ﬁV) <C- n2kl.
i=0
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Topological Complexity of Projections

Theorem (Topological Complexity of Projections)

Let be an o-minimal structure, and let be a
definable, closed and bounded set. Let and let
denote the projection map on the last
co-ordinates.
Then, there exists a constant C = C(T ) > 0 such that for any
, A, with , and an ,

ko
> bi(m3(S)) < C - nlatbke,
i=0
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Definition of cdcd

A cdcd of R“ is a finite partition of R“ into definable sets (C;);
(called the cells of the cdcd) satisfying the following properties.
If k = 1 then a cdcd of R is given by a finite set of points

a; < --- < ay and the cells of the cdcd are the singletons {a, |

as well as the open intervals, (cc.aq), (a5, az), ..., (an, 00).

If k > 1, then a cdcd of R“ is given by a cdcd, (C/);-/, of R“~*

and for each i < I, a collection of cells, (; defined by,

C = {(')i(Ci/ X Dj) | € Ji}».
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Definition Il

where
¢i - C/ x R — RX

is a definable homemorphism satisfying 7 o ¢ — 7, (D;);-; isa
cded of R, and = - R“ — R“ ! is the projection map onto the
first k — 1 coordinates. The cdcd of R“ is then given by

Uci.

el

Given a family of definable subsets A — {S;... .. Sy} of R, we
say that a cdcd is adapted to .4, if each S; is a union of cells of
the given cdcd.

REULEICRERT] Combinatorial Complexity in O-minimal Geometry



Bounds on Betti Numbers
Cylindrical Definable Cell Decomposition
Results Application: Generalization of a Theorem due to Alon et al.

Quantitative cylindrical definable cell decomposition |

Theorem (Quantitative cylindrical definable cell decomposition)

Let be an o-minimal structure over a real closed field R,
and let be a closed definable set. Then, there exist
constants C1, C, > 0 depending only on T, and definable sets,

depending only on T, with , such that for any
, with
, some sub-collection of the sets
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Quantitative cylindrical definable cell decomposition Il

Theorem (Quantitative cylindrical definable cell decomposition)

<k k ~ _ :
7'l'|(_~_2(2k_1).f <7Tk>+2(2k_l)‘g (ylla cee 7yI2(2k71)) N TI) ’

|€|, lgil,...,iz(zkil)gn./

form a cdcd of R* compatible with .A. Moreover, the cdcd has
at most C, - n2(2-1) cells.
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Results Application: Generalization of a Theorem due to Alon et al.

Ramsey type theorem

Theorem

Let be an o-minimal structure over a real closed field R,
and let F be a closed definable subset of . Then, there
exists a constant , depending only on F, such
that for any set of n points,

there exists two subfamilies , with
and either,
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Ramsey type theorem

Theorem

Let be an o-minimal structure over a real closed field R,
and let F be a closed definable subset of . Then, there
exists a constant , depending only on F, such
that for any set of n points,

there exists two subfamilies , with
and either,

@ forally; € 71 andy; € 7, (vi,yj) €F ,or
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Ramsey type theorem

Theorem

Let be an o-minimal structure over a real closed field R,
and let F be a closed definable subset of . Then, there
exists a constant , depending only on F, such
that for any set of n points,

there exists two subfamilies , with
and either,

@ forally; € 71 andy; € 7, (vi,yj) €F ,or
@ fornoy; € 7y andy; € 7, (Vi,yj) € F.
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Interesting corollary

Corollary

Let be an o-minimal structure over a real closed field R,
and let be a closed definable set. Then, there exists a
constant 1 > ¢ = £(T) > 0 depending only on T, such that for
any , there exists two

subfamilies A1, A, C A, with [ A1), |As| > en, and either,
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Interesting corollary

Corollary

Let be an o-minimal structure over a real closed field R,
and let be a closed definable set. Then, there exists a
constant 1 > ¢ = £(T) > 0 depending only on T, such that for
any , there exists two

subfamilies A1, A, C A, with [ A1), |As| > en, and either,
@ forallSj € A; and Sj € Ay, SiN'S; # 0, or
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Cylindrical Definable Cell Decomposition
Results Application: Generalization of a Theorem due to Alon et al.

Interesting corollary

Corollary

Let be an o-minimal structure over a real closed field R,
and let be a closed definable set. Then, there exists a
constant 1 > ¢ = £(T) > 0 depending only on T, such that for
any , there exists two

subfamilies A1, A, C A, with [ A1), |As| > en, and either,
@ forallSj € A; and Sj € Ay, SiN'S; # 0, or
o forall S; € A; and Sj € Ay, S ﬁSj = 0.
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Idea of Proofs

Unions of definable families

Suppose that are closed, definable sets,
and the two projections.

Lemma

For any collection of , the
family isa (T', 7}, ) family where,

m
=i

with e; the i-th standard basis vector in R™, and
and , the projections
onto the first k and the last coordinates respectively.
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Idea of Proofs

Notations

Given closed definable sets X ¢ V ¢ R*, and = > 0, we denote
OT(X,V,e) ={x eV | dx(x) <e},

CT(X,V,e) ={xeV | dx(x) <e},
BT(X,V,e) ={x €V | dx(x)=¢},

and finally for =1 > =, > 0 we define
ANN(X,V e1,e2) ={X €V | e <dx(X) < e},

W(X.V.cl.:z):-{xgv ‘fzidx(X)gfl}.
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Idea of Proofs

Key Proposition

Proposition
Let be a collection of closed definable
subsets of and let be a closed, and bounded

definable set. Then, for all sufficiently small
the following holds. For any connected component,
, there exists a connected component, D,

of the definable set,

such that D is definably homotopy equivalent to
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Idea of Proofs

Proof of Proposition

@ For all sufficiently small =, > 0 and for each connected
component C of A(l) 1V, there exists a connected
component D’ of

(sin () OT(Sea)°nV,
i€l

je[l..n]\l

homotopy equivalent to C.
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Idea of Proofs

Proof of Proposition

@ For all sufficiently small =, > 0 and for each connected
component C of A(l) 1V, there exists a connected
component D’ of

(sin () OT(Sea)°nV,
i€ je[d..n]\l
homotopy equivalent to C.
@ For 0 < =, < =1, and each connected component D’ of
(IS0 [ OT(S.21)° V. there exists a connected
je[d...n)\I
component D of ﬂ CT(Si,e2) N ﬂ OT(Sj, 1)
iel je[l..n]\l
homotopy equivalent to D’.

REULEICRENT] Combinatorial Complexity in O-minimal Geometry



Idea of Proofs

Proof of Proposition (cont).

@ Now notice that D is connected and contained in the set
() AnNn(Si,e1,e2)°NV.

1<i<n
Let D” be the connected component of
() ANN(S;,e1,22)° NV
1<i<n

containing D.
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Idea of Proofs

Proof of Proposition (cont).

@ Now notice that D is connected and contained in the set
() AnNn(Si,e1,e2)°NV.
1<i<n
Let D” be the connected component of
() ANN(S;,e1,22)° NV
1<i<n
containing D.
@ We claim that D = D”, which will prove the proposition.
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Idea of Proofs

Proof of Proposition (cont).

@ Now notice that D is connected and contained in the set
() AnNn(Si,e1,e2)°NV.
1<i<n
Let D” be the connected component of
() ANN(S;,e1,22)° NV
1<i<n
containing D.

@ We claim that D = D”, which will prove the proposition.
@ Suppose D"\ D # (). Letx « D”\ D and y any pointin D.
Since x ¢ D, either
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Idea of Proofs

Proof of Proposition (cont).

@ Now notice that D is connected and contained in the set
() AnNn(Si,e1,e2)°NV.
1<i<n
Let D” be the connected component of
() ANN(S;,e1,22)° NV
1<i<n
containing D.

@ We claim that D = D”, which will prove the proposition.
@ Suppose D"\ D # (). Letx « D”\ D and y any pointin D.
Since x ¢ D, either
@ there exists i ¢ | suchthat x « OT(S;,=1)¢ or

REULEICRENT] Combinatorial Complexity in O-minimal Geometry



Idea of Proofs

Proof of Proposition (cont).

@ Now notice that D is connected and contained in the set
() AnNn(Si,e1,e2)°NV.
1<i<n
Let D” be the connected component of
() ANN(S;,e1,22)° NV
1<i<n
containing D.

@ We claim that D = D”, which will prove the proposition.
@ Suppose D"\ D # (). Letx « D”\ D and y any pointin D.
Since x ¢ D, either
@ there exists i ¢ | suchthat x « OT(S;,=1)¢ or
@ thereexistsi < [1...n]\ | suchthatx ¢ CT(S;, =>).
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Idea of Proofs

Proof of Proposition (cont).

@ Let~y:[0,1] — D” be a definable path with
7(0) = x,v(1) =y. and let d; : D" — R be the definable
continuous function, dj(z) = dist(z, S;).
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Idea of Proofs

Proof of Proposition (cont).

@ Let~y:[0,1] — D” be a definable path with
v(0) = x,v(1) =y. and let d; : D” — R be the definable
continuous function, dj(z) = dist(z, S;).

@ Then, in the first case, d;(x) = dj(v(0)) > ¢; and
di(y) = di(7(1)) < e, implying that there exists t € (0,1)
with e, < d;(y(t)) < e1 implying that
di(y(t)) € Ann(S;j, e1,22)¢ and hence not in D” (a
contradiction).
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Idea of Proofs

Proof of Proposition (cont).

@ Let~y:[0,1] — D” be a definable path with
v(0) = x,v(1) =y. and let d; : D” — R be the definable
continuous function, dj(z) = dist(z, S;).

@ Then, in the first case, d;(x) = dj(v(0)) > ¢; and
di(y) = di(7(1)) < e, implying that there exists t € (0,1)
with e, < d;(y(t)) < e1 implying that
di(y(t)) € Ann(S;j, e1,22)¢ and hence not in D” (a
contradiction).

@ In the second case, d;j(x) = d;(y(0)) < e, and
di(y) = di(7(1)) > &1, implying that there exists t € (0,1)
with e, < di(v(t)) < 1 again implying that
di(v(t)) € Ann(S;, e1,£2)¢ and hence not in D” (a
contradiction).
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Idea of Proofs

Proof of Theorem on Topological Complexity

@ Forl <i <n,lety, ¢ R such that

and let
Ai(:lA:2) = Aﬂﬂ(SiA,‘lA:z)C NnV.
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Idea of Proofs

Proof of Theorem on Topological Complexity

@ For1 <i <n,lety, ¢ R such that

and let
Ai(flAfz) Ann(S €1, _2) NnV.

@ Applying Mayer-Vietoris inequalities we have for 0 < | < k’,

n k/—i

bi((") Ai(e1,2)) < brr(V)+ Y > (b Az

j=1 =1 Jc{1,...n}#(J)=]
where A‘](Sl.fz) = Uj<:JAj(;“l.;“2).
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Idea of Proofs

Proof of Theorem on Topological Complexity (cont).

@ Notice that each Ann(S;.=1.2,)°. 1 <1 <n,isa
(ANN(T . 2q9,22)%, 71, m2)-set and moreover,

ANN(S;,e1,62)¢ =Ty NANN(T ,e1,e2)%; 1 <i <n.
i
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Idea of Proofs

Proof of Theorem on Topological Complexity (cont).

@ Notice that each Ann(S;.=1.2,)°. 1 <1 <n,isa
(ANN(T . 2q9,22)%, 71, m2)-set and moreover,

ANN(Sj,e1,22)¢ =Ty, NANN(T,e1,62)% 1 <i <n.

@ ForJ ¢ [1...n], we denote
SJ (fl.fz) = UAnn(Sj.fl.fz)C.
j€d

There are only a finite number (depending on T) of
topological types amongst SY(e1, ¢,). Restricting all the
sets to V in the above argument, we obtain that there are
only finitely many (depending on T and V) of topological
types amongst the sets AY(e1,e5) = S7(e1,2) N V.
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Idea of Proofs

Proof of Theorem on topological complexity(cont).

@ Thus, there exists a constant C(T,V ) such that

C(TV) = max  (biyj-1(A(e1,2)) + (V) + bio(V)
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Idea of Proofs

Proof of Theorem on topological complexity(cont).

@ Thus, there exists a constant C(T,V ) such that

C(T,V)= maxn} (bi+j_1(AJ(51752)) + bk/(V)) + by (V).
@ It now follows from inequality ?? and Proposition 10 that,

> b(D)<Conk

DeC(A,\V)
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Idea of Proofs

Proof of Theorem for A-sets

Key proposition:

Proposition

Let be a collection of closed definable
subsets of and let be a closed, and bounded
definable set and let S be an set. Then, for all

sufficiently small ,

where

B= Lnj{si, BT(Si, i), OT(Si, 25i)°}.
i=1
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Idea of Proofs

Proof of Theorem on projections

Notice that for each p,0 < p < k;, and any A-closed set
S c Rkatke WP (S) c RPFIKHK js an AP-closed set where,

AP = LpJAp,J,
j=0

= J(s?),
i=1

where S« R(PHDK 1 s defined by,

SPI = {(Xg,...,Xp,Y) | Xj € Ry e R® (x;,y) € Si}.

|
and W/ (X) = {(Xo,...,Xi) € X1 [f(xo) = - =f(x)}.



Idea of Proofs

Proof of Theorem on Projections (cont).

@ Also, note that AP/ is a (TP, 7' 7)) family, where

Tp’j - {(XO:----/Xpa%Z) ’ Xj €Rkl7y € sz'/z € R[./(Xj,y,Z) GT'/
for some j,0 <j < p}.

and /Trlj - R(P+Dkitko+6 _, R(P+1kitke gnd
mh  RPHDRTe e gre the appropriate projections.
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Idea of Proofs

Proof of Theorem on Projections (cont).

@ Also, note that AP/ is a (TP, 7' 7)) family, where

Tp’j - {(XO:----/Xpa%Z) ’ Xj €Rkl7y € sz'/z € R[./(Xj,y,Z) GT'/
for some j,0 <j < p}.

and 7} : RPFDRHeHE L pprliatke fangd

mh  RPHDRTe e gre the appropriate projections.
@ Since each T"/ is determined by T, we have using

previous lemma that A" is a (T, 7/, 7/, )-family for some

definable T’ determined by T.
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Idea of Proofs

Proof of Theorem on projections (cont).

Now W/ (S) ¢ RPHDK e js g AP-closed set and
#AP = (p + 1)n. Applying previous theorem we get, for each p
and ], 0 < p.j < kg,

bj (WP (S)) < C4(T) - n(Pikatks
The theorem now follows, since for each q,0 < g < ko,

S) < 3 B(WL(S)) < Co(T)-nl@Hkatke < ¢ (T).nlkatDke,
i+j=q
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Idea of Proofs

Proof of Ramsey type Theorem

@ Foreachi,1 <i <n, let

Ai = T;/(ﬁz}/ .

and G = {A; | 1 <1 <nj}. Notethatisa
<Y . .
(R, 75, , 5 )-family.
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Idea of Proofs

Proof of Ramsey type Theorem

@ Foreachi,1 <i <n, let

A =5, (m3 (yi)NF),

and G = {A; | 1 <1 <n}. Notethat¥is a
(R, 75, , 75 )-family.

@ We now use the Clarkson-Shor random sampling
technique (using Theorem on cdcd instead of vertical
decomposition). Applying Theorem on quantitative cdcd to
some sub-family G, < G of cardinality r, we get a
decomposition of R’ into at most Cr?(? 1) — (O(1)
definable cells, each of them defined by at most
2(2" —1) = O(1) of the y’s.
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Idea of Proofs

Proof of Ramesey type Theorem (cont).

@ Let 7 be a cell of the cdcd of Gy and let G € G. We say that
G crosses T if GN T # () and 7 ¢ G. The standard theory
of random sampling now ensures that we can choose Gy
such that each cell of the cdcd of Gy is “crossed” by no
more than Clnrﬂ elements of G, where c; is a constant
depending only on F.
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Idea of Proofs

Proof of Ramesey type Theorem (cont).

@ Let 7 be a cell of the cdcd of Gy and let G € G. We say that
G crosses T if GN T # () and 7 ¢ G. The standard theory
of random sampling now ensures that we can choose Gy
such that each cell of the cdcd of Gy is “crossed” by no
more than Clnrﬂ elements of G, where c; is a constant
depending only on F.

@ For each cell 7 of the cdcd of Gy, let G- denote the set of
elements of G which cross 7 and let 7, = F N r.
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Idea of Proofs

Proof of Ramesey type Theorem (cont).

@ Let 7 be a cell of the cdcd of Gy and let G € G. We say that
G crosses T if GN T # () and 7 ¢ G. The standard theory
of random sampling now ensures that we can choose Gy
such that each cell of the cdcd of Gy is “crossed” by no
more than Clnrﬂ elements of G, where c; is a constant
depending only on F.

@ For each cell 7 of the cdcd of Gy, let G- denote the set of
elements of G which cross 7 and let 7, = F N r.

@ Since the total number of cells in the cdcd of Gy is bounded
by rO), there must exist a cell = such that,

n
| Fr| > o
Now, every element of G \ G either fully contains 7 or is
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Idea of Proofs

Proof of Ramsey type Theorem (cont).

@ Setting a = - and 3 = (1 — %1%") we have that there
exists a set 7/ = F, of cardinality at least an, and a subset
G’ of cardinality at least Sn such that either each element
of F' is contained in every element of G’, or no element of
F’ is contained in any element of G'.
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Idea of Proofs

Proof of Ramsey type Theorem (cont).

@ Setting a = - and 3 = (1 — %1%") we have that there
exists a set 7/ = F, of cardinality at least an, and a subset
G’ of cardinality at least Sn such that either each element
of F' is contained in every element of G’, or no element of
F’ is contained in any element of G'.

@ The proof is complete by taking F; = F’, and
Fo=1{yi | Ai €'} and e = min(a, B).
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