Week 6: Flatness and Tor

1 Revision of tensor product of modules.

Theorem 1. Let A be a commutative ring and
E-“E-E"—0

be an exact sequence of right A-modules and let F' be a left A-module. Then the
sequence

E o, FrEo FEAE 9, F — 0

1s also exact.

Proof. Clearly v = v ® 1 is surjective since v is surjective and the image of © =
u ® 1 is contained in ker v. Let M be the image of w. In order to prove exactness
we will show that there are A-module homomorphisms

f:E@AF/M—>E”®AF
g:E/I®AF—>E®AF/M

such that both fo g and go f are identity mappings which establishes a bijection
between F @4 F/M and E” ®4 F. Also, since f will factor through the canonical
homomorphism ¢: F ®4 F /M — E ®4 F /ker v this would imply that ¢ is an iso-
morphism and hence M =kerv .

Let ¢: E @4 F — E ®4 F/M be the canonical homomorphism and let x” €
E”. Since v is a surjection there exists # € E such that v(z) = z”. We define a
homomorphism ¢g: E” ®4 FF — E ®4 F/M by defining g(z” ® y) = ® y where x
is any element of E with v(z) = 2”. We now show that this is well defined. Sup-
pose, there exists x1, zo € F, with v(z1) = v(z2) = 2”. Then z; — 23 € ker v =Im w.
Hence, 11 ® y — 2@ y = (x1 — x2) ® y € M and so (z1 — 29)® y =0. Thus, g is well
defined. Let f: E ®4 F/M — E" ®4 F be defined by © ® y— v(z) ® y. Clearly,
fog,go f satisfies the required properties and we are done. 0

Remark 2. Note that in general if £’ is a submodule of a right A-module F and
j: E' — FE the canonical injection, then for any left A-module F', the canonical
mapping

j®1FZ E/®AF—>E®AF

is not necessarily injective. Take for example A =7, E=7, E' =27, F = 7/27.
Then, £B'® F~ E® F~ F. But under the canonical mapping for any =’ =2z € E’,
and ye F, (2r)@y=r®2y=x®0=0.

So care must be taken to distinguish, for a submodule E' C E and an element
x € E', between the element x @ vy “calculated in E' ® F” and the element © ®
y “calculated in E @ F 7 (in other words, the element j(x) ® y). This care is not
necessary if F'is a flat module which we define in the next section.
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Even though tensoring does not preserve injective homomorphisms in general
in the following situation it does.

Lemma 3. If v: M' — M is injective and v(M') is a direct summand of M, then

the homomorphism l1p ® v is injective and its image is a direct summand of
E® M.

Proof. Follows from the following more general proposition taking F'= M = M'®
M". OJ

Proposition 4. Let E= @, ; Ei and F =
module. Then there is a canonical isomorphism

g:E@AF—> @ (EZ®AFJ)

(i,5)eIxJ

e Fi be a right (resp. left) A-

defined by
I((Bicre) @ (Djesfi) =@ jyerxs i@ fj.

Proof. Easy. U

2 Flatness.

Definition 5. Let E be a right A-module and M a left A-module. We say that the
module E is M-flat if for every injection j: M' — M the homomorphism 1g ® j:
E@sM' — E®s M is also an injection.

Lemma 6. For a right A-module E is M-flat if it is necessary and sufficient that
for every finitely generated submodule M’ of M the canonical homomorphism 1g ®
JE®@aM' — E®4 M is an injection.

Proof. Let N be a submodule of M and let 2= )., 7;® y; € E®4 N. Suppose
that the image of z under the homomorphism 1z ® jis 0in £ ®4 M. Let M'C M
be the submodule of M generated by the finite set of elements (y;);cs, that is

iel

Then canonical injection 1 ®4j: E ®4 M'— E ®4 M factors through £ ®4 N. By
hypothesis if the image of z is 0 in £ ®4 M, 2z =0 in £ ®4 M’ and hence in
E®aN. O

Proposition 7. If the right A-module E is M-flat, then it is also N-flat if N is a
submodule or a quotient module of M.

Proof. The case of the submodule is obvious since for any submodule N’ C N,
the homomorphism 1z ® j: E ®4 N' — E ®4 M, factors through £ ® 4 N, and
hence if the image of z € F ®4 N’ is equal to 0 in £ ®4 N, its image must also be
equal to 0 in £ ®4 M, which forces z=0 since F is M-flat.
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Now suppose that N is a quotient module of M. Hence there exists an exact
sequence

0 L M—""N —0.

Let N’ C N be a submodule of N and M’ C M be the submodule v~!(N’) of M.
We have the following commutative diagram.

0—>L—>M'LN'—>0

Looooal pl
0 — L — M — N — 0
Tensoring with £ we obtain the following diagram.

Foil 25 BouM 2% EguN' — 0
Id| 1®ql 1®pl
1®1 1®v

Fasl — E@sM — E®RsN — 0

The rows of the diagram above are exact and the homomorphism 1 ® ¢ is
injective since E is assumed to be M-flat. By diagram chasing (check this) we
obtain that 1 ® p must be injective also, proving that E is N-flat. O

Proposition 8. If M = @,.;, M; is a left A-module and E a right A-module
which is M;-flat for each v € I, then E is M-flat.

Proof. (finite case) First suppose that M = M; @& Ms, and E is M-flat for i =1, 2.
Let M’ be a sub-module of M and let M{ = M; N M’ and M; the image of M’ in
Ms under the canonical homomorphism. Then as in the last proposition we have

the following commutative diagram whose rows are exact.

Eo M 2% Bom % Bo, M, — 0

1®r]| 1®s] 1®t]

EoaM, -2 EouM 22 EoiM, — 0

We also have that the first and the third vertical arrows are injective (since E
is M-flat for i = 1, 2 and 1 ® ¢ is injective by Lemma 3. By diagram chasing we
obtain that so is the middle one, proving that E is M-flat.

The proposition follows by induction on card I in case [ is finite.

(infinite case) If [ is infinite then each finitely generated sub-module M’ C M
is contained in a direct sum @j c; M;, where J C I is finite. Since by hypothesis
E is Mj-flat for each j € J, using the finite case proved above, we obtain that E is
M"-flat where M" = ®j€J M;. The homomorphism 1® j: E@qM'— E @4 M
factors through the £ ®4 M"”. We see that both homomorphisms in this factoriza-
tion, namely F @4 M'— FE®@4 M" and E @4 M" — E ®4 M are injections (the
first since £ is M"-flat and the second because of Lemma 3 since M” is a direct
summand of M), and hence 1® j: E®4 M — FE ®4 M is also an injection. Now
apply Lemma 6 to deduce that E is M-flat. O

Theorem 9. Let E be a right A-module. Then the following are equivalent.
1. Fis A-flat.
2. E is M-flat for every left A-module M.
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3. For every exact sequence of left A-modules
M/i) ML M
the induced sequence

E®AM/@>E®AM@>E®AM"

18 exact.

Proof. It is clear that 2. implies 1. Since every A-module M is a quotient of a
free A-module, we have that 1. implies 2. (using Proposition 8 and Proposition
7). It is also clear that 3. implies 2. (considering the exact sequence 0 —

M- M ). We now prove that 2. implies 3.
Let M" C M" be the image of v. Consider the exact sequence

M MM — 0.

Applying Theorem 1 (right exactness of tensor product functor) we have that the
following sequence is also exact.

E@aM "5 E@s M-5E®M"—0.
Using 2. we have that the canonoical homomorphism
1 EQM" —E@M"
is an injection. Also the homomophism
1QUi:EQuM — E®@4q M”
factors through £ ®4 M"’, and thus kernels of the homomorphisms
1QU:EQaM — E®aM",
1QU:EQqM — E@4M"

are the same proving exactness of the sequence

E@AM/ﬂE(@AMﬁE@AM”.

O

Definition 10. We call a right A-module to be flat if it satisfies the equivalent
conditions of Theorem 9.

Proposition 11. Let F be a right A-module. If E is flat then for each a € A, a
not a divisor of 0, xa =0 implies that x =0 for all x € E. In particular, if A is a
PID, then E is flat if and only if E is torsion-free.

Proof. Let h,: A — A, t — ta, be the homothety by a. We have that h, is an
injection since a is not a divisor of 0. Since FE is flat we have that the homomor-
phism 1p @ hy: FE @4 A— E®4AX F is an injection. The image of z ® 1 under
1 ® hg is xa (after identifying £ ®4 A with E). If za =0, then x ® 1 =2 =0 (by
the same identification).



FLATNESS. 5}

If Ais a PID, then E is flat if and only if the canonical map 1p ® hyg:
E®s A— FE ®4 A is injective for each a € A. By the above argument this is true
if and only if F is torsion-free. U
Example 12.

1. @ is a flat Z-module, but Z/nZ (n >2) is not flat as a Z-module.

2. If A=C{z}, E=C. E is not flat as an A-module.

Example 13. (geometric example) Consider the affine variety V' defined by the
equation XY =0, and let m: V' — k be the projection on the X-co-ordinate. Let
A =k[X] and B =k[V] =k[X, Y]/ (XY) be the corresponding co-ordinate rings.
Then m,: A— B, makes B into an A-module. Since A is a PID, and B is not tor-
sion-free, by the previous proposition B is not a flat A-module (which is an alge-

braic reflection of the fact that the dimension of the fibres of 7 has a discontinuity
at 0).

2.1 Flatness of Quotient Modules

Proposition 14. Let E be a right A-module. Then the following are equivalent.
1. E s flat;
2. for every exact sequence

0— G H—5E—0

and every left A-module F, the following sequence

0— GOAF S H@AF 5 E @4 F — 0
18 exact;
3. There exists a flat right A-module H and an exact sequence
0—G-SH-E—0
such that the sequence
u®1 v®1
0—GRUF—H® F—E®sF—0
is exact for each F'=A/a where a is a f.g. ideal of A.
Proof. We first prove that 1. implies 2. Let I’ be the quotient of a free module
L, i.e. there exists an exact sequence
0—R—L— F—0.

Tensoring with F we have the following diagram.
GRosR — H®sR — FEQaR

! ! !
GRsL — HRsL — EQ®aL .
! ! !

GRrF — HRsF — EQuF
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Apply the snake lemma to conclude that the first homomorphism in the last
row is an injection.

2. implies 3. is clear by considering E as a quotient of a free module H.
Finally, to prove 3. implies 1. take for F' in the preceding diagram the quotient
module A/a for a f.g. ideal a C A, L = A, R = a, and conclude using the snake
lemma that the first homomorphism in the last column is an injection, proving
that F is flat. O

Proposition 15. Let
0— B'—SE—SE"—0

be an exact sequence of right A-modules and suppose that E" is flat. Then for E
to be flat it is necessary and sufficient that E' is flat.

Proof. Apply previous proposition. O

Remark 16. In the above proposition if £ and E’ are flat, then it is not neces-
sary that that £’ is flat. Take for example A=7, E =7, F'=27. Then E" =7/
27 is not flat even though E, E’ are. Hence, quotient modules of a flat module
need not be flat.

Remark 17. A submodule of a flat module need not be flat. Take for example
A=Fk[X,Y], and a=AX + AY. Then a is not flat as an A-module. (The homo-
morphism a ®4a — a®4 A= a is not injective since 0£ X QY - Y ® X ca®aa
is in the kernel.

2.2 Flatness in terms of relations.

Theorem 18. Let (e))rer be a family of elements of a right A-module E with
finite support, and let (f\)rcr be a family of generators of a left A-module F and
suppose that

Y @ HL=0€E@4F.
AEL

Then there exists a finite family of elements (z;),es of elements of E and for each
Jj€J a family (aj))rer of elements of A having finite support, such that

ey = Z x;jaj, for each A€ L, and

jeJ

Z ajxfn = 0 for eachjeJ.

AeL

Proof. Let I be the quotient of the free module A*= @, _, Au, with kernel of
relations R, such that f) is the image of u). Then we have an exact sequence

00— R AL 2 F 0.
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Tensoring with £ we obtain an exact sequence

E@iR-2 B0 AL 22E @ F — 0.

Note that we have an isomorphism

ZEQ@A/4L2§€}> EEQ@ArfluA.

A€L
The element ), , ex®@uy€ker(1® p)=Im(1®1i). Let
z= Z r;Qr;€e E®aR
jed
be such that (1®1)(z) = >_,., ex®uy. Here J is a finite set.
Now for each j € J, let
i(rj)= Z @) Un.

AeL
Finally, we have ©

(1®i)(z) = (1®19) Z T;Qr,

jed

= Z x; ®1i(rj)

JjeJ

= Z xj@Z Ajx U

jeJ A€EL

=Y <Z xjaj)>®ux

AEL jeJ
= E e\ uy.
AEL

Since the last expression is unique because E ® AF is the direct sum of the sub-
modules ¥ ® Auy we get that

ey = Z xja;y for each AeL.
jet
Furthermore, since p(i(r;)) = 0 for each j € J we obtain

Z ajxfn = 0 for eachjeJ.

AEL

OJ

Theorem 19. A right A-module E is F-flat for a left A-module F, if and only if
for every finite family (ex)xer, (fx)aer of elements of E and F respectively, with

Y e h=0€E@,F,

AEL
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there exists a finite family of elements (x;) ;e of elements of E, and for each j €
J a family (ajx)rer of elements of A having finite support, such that

ex = Z xjaj, for each A€ L, and

JjeJ

Z ajrxfrn = 0 for eachjeJ.

AEL

Proof. We have that F is F-flat if and only if for every f.g. submodule F’ C F,
the homomorphism 15 ® j: E ®4 F' — E ®4 F is injective. Let F’ be generated
by the finite family (f\)rer, and suppose that

(1®j)<z €A®f>\>: Z ex®j(fr)=0.

AEL AEL

By Theorem 18 we have that there exists a finite family of elements (x;),c; of ele-
ments of F, and for each j € J a family (a;)) e, of elements of A having finite
support, such that

ey = Z xjaj, for each A€ L, and
jeJ
Z ajAj(f,\):Z ajxfx = 0 for eachjeJ.
AEL AEL

This implies that
Y. a®h=0eEQ,F

AEL

proving that E is F-flat. The converse is clear. 0
An immediate corollary is

Corollary 20. A right A-module E is flat if and only if for every finite family
(ex)acr, (ba)aer of elements of E and A respectively, with

j{: GAbAZZO,

AEL

there exists a finite family of elements (x;) e of elements of £, and for each j €
J a family (ajx)rer of elements of A having finite support, such that

ey = Z xz;jaj, for each A€ L, and
j€S

Z a;xby = 0 for eachjeJ.

AEL

Remark 21. In other words: “every relation amongst (by)\c; with coefficients in
FE is a linear combination (with coefficients in F') of linear relations amongst the
(bx)aer with coefficents in A”.
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2.3 Faithfully flat modules

Theorem 22. Let E be a right A-module. Then the following are equivalent
1. A sequence of left A-modules
N N—SN”
1s exact if and only if the sequence
E@iN"BE@ A N-SE@4N"
18 exact.
2. E is flat and for any left A-module N, E @4 N =0 implies that N =0.

3. E is flat and for any left A-module homomorphism v: N — M, 1lp @ v =10
implies that v=0.

4. E is flat, and for every mazimal ideal m C A, E'#+ Fm.
Definition 23. A right A-module E is called faithfully flat if it satisfies the
equivalent conditions of Theorem 22.

Proof.

i. 1. implies 2.: F is flat by Proposition. Now suppose that £ ®4 N = 0.
Consider the sequence 0 — N — (. After tensoring with F we obtain an
exact sequence 0 — E ®4 N — 0 (since the middle term is 0). By hypoth-
esis we must then have that the sequence 0 — N — 0 is exact, or in other
words N =0.

ii. 2. implies 3.: Suppose that 1z ® v=0 for a module homomorphism v: N —
M. Let I =v(N), and let j: I — M denote the inclusion homomorphism.
Then 1z ® v = 0 implies that 1z ® 7 = 0. Since E is flat this implies that
E ®4I=0, whence by hypothesis I = 0. Hence, v=0.

iii. 3. implies 1.: Since by hypothesis F is flat, clearly the exactness of
N/LNL)N//
implies exactness of
E®AN/@>E ®AN@>E ®AN”.

Conversely, suppose that

E®AN/@>E®AN@>E®ANN

is exact. Let I =Imwu and K =kerv. It is easy to see that [ C K. To prove
the reverse inclusion consider the exact sequence

0 I-K 2 K/T—0.
Tensoring with £ we obtain the exact sequence (since E is flat)

1p®1i 1p®p
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Thus, F @4 K/E @41~ E ®4 (K/I) and the former is 0 by the exactness
of the sequence F ® 4 N E ®a N ®4 N”. By hypothesis we get K/
I =0, proving I = K.

iv. 2. implies 4.: We have that E/Em ¥ E ®4 (A/m). Since A/m #+ 0, by
hypothesis we obtain that £/Em 0.

v. 4. implies 2.: For any proper ideal a C A, let m be a maximal ideal con-
taining a. Then by hypothesis we have that F/Em ¥ F @ A/m #+ 0
implying that £ # Ea. Now suppose that N # 0. Choose a non-zero mono-
geneous sub-module N' = An’ of N. Then N'~ A/a for some ideal a C A.
We have E/Ea>X E®4A/a> E®4N'#0. Since FE is flat this implies that
E®4N#0.

O

Corollary 24. If E is a faithfully flat module, then E is a faithful and A-
module.

Proof. Suppose a € A, with za=0 for all z € E. Let v: A— A be the homothety
by a. Then 1p ® v = 0, implying by property 3. of Theorem 22 that v = 0, and
hence a =0. U

Corollary 25. If A is a PID, then for a right A-module E to be faithfully flat it
is necessary and sufficient that E is torsion free and E + Ep for each prime ideal

p of A.

Proof. Since A is a PID, F is flat if and only if E is torsion free. Now apply
Theorem 22 (property 4.). O

Example 26. The Z-module @ is faithful and flat, but not faithfully flat.



