Assignment 3: Due Sept 23 (Tues)

1. For each f € A, let X; denote the complement of V((f)) in X = Spec A
(also called a principal open set). Show that
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the sets Xy form a basis of open sets in the Zariski topology on X;
XiNXy= Xy

Xs=0 < f is nilpotent;

X=X <= fis a unit;

Xp=X, = \/m = \/@%

X is quasi-compact (i.e. every open cover has a finite subcover);

An open subset of X is quasi-compact if and only if it is a finite
union of principal open sets.

2. Let X = Spec A. Prove that X is a Ty-space (i.e. for every distinct points
x, y € X, there is a neighborhood of x disjoint from y or else there is a
neighborhood of y disjoint from z).

3. A topological space X is said to be irreducible if X = () and if every pair of
opens sets of X has a non-empty intersection. Show that X = Spec A is
irreducible if and only if nil(A) is a prime ideal.

4. Let ¢: A — B be a ring homomorphism and let X = Spec A and Y =
Spec B. If g € Y, then ¢~!(q) € X. Hence, ¢ induces a map ¢*: Y — X.
Prove that

1.
1l.
iii.

1v.

V.

vi.

¢* is continuous (in the Zariski topology);
If aC A is an ideal, then ¢*~1(V(a)) =V (a®);
If b C B is an ideal, then ¢*(V' (b)) =V (b°);

If ¢ is surjective, then ¢* is a homeomorphism of Y onto the closed
subset V' (ker ¢) of X;

If ¢ is injective then ¢*(Y") is dense in X
If ¢»: B— C is another ring homomorphism then (¢ o ¢)* = ¢* o ¥*.

5. Prove the following properties of expansion and contraction of ideals.
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(a1 +az)®=af + a5, (by+ bs)¢D bS]+ bS;
(apNag)¢Cainas, (byNbg)c=biNbs;
(a1 a2)=af a3, (b1b2)° D b bS;
(a:0a)°Caf:as, (by:bg)®C b+ bs;

(

Va) cval, (Vo) =vbe.



