ON HOMOTOPY TYPES OF LIMITS OF SEMI-ALGEBRAIC
SETS AND ADDITIVE COMPLEXITY OF POLYNOMIALS

SAL BARONE AND SAUGATA BASU

ABSTRACT. We prove that the number of homotopy types of limits of one-
parameter semi-algebraic families of closed and bounded semi-algebraic sets
is bounded singly exponentially in the additive complexity of any quantifier-
free first order formula defining the family. As an important consequence,
we derive that the number of homotopy types of semi-algebraic subsets of R
defined by a quantifier-free first order formula ®, where the sum of the additive

complexities of the polynomials appearing in ® is at most a, is bounded by

2(ka)O ™) g proves a conjecture made in [5].

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

If S is a semi-algebraic subset of R* defined by a quantifier-free first order formula
®, then various topological invariants of S (such as the Betti numbers) can be
bounded in terms of the “format” of the formula ® (we define format of a formula
more precisely below). The first results in this direction were proved by Oleinik
and Petrovskil [13, 14] (also independently by Thom [15], and Milnor [12]) who
proved singly exponential bounds on the Betti numbers of real algebraic varieties
in R* defined by polynomials of degree bounded by d. These results were extended
to more general semi-algebraic sets in [1, 10]. As a consequence of more general
finiteness results of Pfaffian functions, Khovanskii [11] proved singly exponential
bounds on the number of connected components of real algebraic varieties defined
by polynomials with a fixed number of monomials. We refer the reader to the survey
article [3] for a more detailed survey of results on bounding the Betti numbers of
semi-algebraic sets.

A second type of quantitative results on the topology of semi-algebraic sets, more
directly relevant to the current paper, seek to obtain tight bounds on the number
of different topological types of semi-algebraic sets definable by first order formulas
of bounded format. It follows from the well-known Hardt’s triviality theorem for
o-minimal structures (see [16, 9]) that this number is finite for the two different
notions of format discussed in the previous paragraph. However, the quantitative
bounds that follow from the proof of Hardt’s theorem give only doubly exponential
bounds on the the number of topological types (unlike the singly exponential bounds
on the Betti numbers). Tighter (i.e. singly exponential) bounds have been obtained
on the number of possible homotopy types of semi-algebraic sets defined by different
classes of formulas of bounded format [5, 2]. The main motivation behind this paper
is to obtain a singly exponential bound on the number of distinct homotopy types
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2 SAL BARONE AND SAUGATA BASU

of semi-algebraic sets defined by polynomials of bounded “additive complexity”
(defined below) answering a question posed in [5].

Additive complexity is a measure of complexity of real polynomials introduced
into real algebraic geometry by Benedetti and Risler in the book [7]. Roughly
speaking the additive complexity of a polynomial (see Definition 1.6 below for a
precise definition) is bounded from above by the number of additions in any straight
line program (allowing divisions) that computes the values of the polynomial at
generic points of R™. A surprising fact conjectured in [7], and proved by Coste [§]
and van den Dries [16], is that the number of topological types of real algebraic
varieties defined by polynomials of bounded additive complexity is finite.

In [5] a much more restricted notion of complexity of a polynomial was intro-
duced, whose definition is similar to that of additive complexity except that no
divisions were allowed in the straight line program. We will refer to this notion as
“division-free additive complexity” in this paper.! Note that the additive complex-
ity of a polynomial is clearly at most its division-free additive complexity, but can
be much smaller (see Example 1.7 below). Notice also that the additive complexity
(as well as the division-free additive complexity) of a polynomial P € R[Xq,..., Xj]
is at most the number of monomials appearing in the support of P. Hence, quanti-
tative results about the topology of semi-algebraic sets (such as singly exponential
bounds on the Betti numbers, homotopy types etc.) in terms of additive complexity
are often stronger than the corresponding statements about fewnomials.

1.1. Bounding the number of homotopy types of semi-algebraic sets. The
problem of obtaining tight quantitative bounds on the topological types of semi-
algebraic sets defined by formulas of bounded format was considered in [5]. Several
results (with different notions of formats of formulas) were proved in [5], each giving
an explicit singly exponential (in the number of variables and size of the format)
bound on the number of homotopy types of semi-algebraic subsets of R* defined by
formulas having format of bounded size. However, the case of additive complexity
was left open in [5], and only a strictly weaker result was proved in the case of
division-free additive complexity. In order to state this result precisely, we need a
few preliminary definitions.

Definition 1.1 ([5]). A polynomial P € R[Xq,..., X}] has division-free additive
complezity at most a if there are polynomials Q1,...,Q, € R[Xy, ..., X}] such that
(i) Q) = uleau L X?lk + lefu o X'lflm7

where uy,v; € R, and aq1,...,1%, B11,--- ,ﬁﬁlk € N;ﬁ 5

. _ Q51 A5k Vii j1 j ke ji

(i) Qj =u; X7 - X}’ ngiﬁj—1 Q" +u; Xy - X7 HlSiijl Q;",
where 1 < j < a, Uj, V5 € R, and ajh...,ajk,ﬁjl,...,ﬁjk,vjiﬁji € N for
1 <5 <y

(iii) P =cXy! Xlgk H1<j<a ;]jv
where c € R, and (1,...,Ck, M1, ,Mq € N.
In this case we say that the above sequence of equations is a division-free additive

representation of P of length a.

In other words, P has division-free additive complexity at most a if there exists
a straight line program which, starting with variables X1, ..., X,, and constants in

INote that what we call “additive complexity” is called “rational additive complexity” in [5],
and what we call “division-free additive complexity” is called “additive complexity” there.
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R and applying additions and multiplications, computes P and which uses at most
a additions (there is no bound on the number of multiplications).

Example 1.2. The polynomial P := (X + 1)? € R[X] with 0 < d € Z, has d + 1
monomials when expanded but division-free additive complexity at most 1.

Notation 1.3. We denote by Aﬁf‘;_free the family of ordered (finite) lists P =
(Py,...,Ps) of polynomials P; € R[X,...,X], with the division-free additive
complexity of every P; not exceeding a;, with a =), <i<s Wi

Suppose that ¢ is a Boolean formula with atoms {p;,q;,7; | 1 < i < s}. For
an ordered list P = (P, ..., Ps) of polynomials P; € R[X}, ..., Xy], we denote by
¢p the formula obtained from ¢ by replacing for each 7, 1 < ¢ < s, the atom p;
(respectively, ¢; and r;) by P; = 0 (respectively, by P; > 0 and by P; < 0).

Definition 1.4. We say that two ordered lists P = (P,..., Ps), Q@ = (Q1,...,Q5s)
of polynomials P;,Q; € R[Xy,...,X}] have the same homotopy type if for any
Boolean formula ¢, the semi-algebraic sets defined by ¢p and ¢g are homotopy
equivalent.

The following theorem is proved in [5].

Theorem 1.5. [5] The number of different homotopy types of ordered lists in
Azt;_ﬁee does not exceed

(11) 20((k+a)a)4.

In particular, the number of different homotopy types of semi-algebraic sets defined
by a fized formula ¢p, where P varies over .A(,iz_free, does not exceed (1.1).

The additive complexity of a polynomial is defined in [7] as follows.

Definition 1.6. A polynomial P € R[X7, ..., X}] is said to have additive complez-
ity at most a if there are rational functions Q1,...,Qq € R(X1,..., Xk) satisfying
conditions (i), (ii), and (iii) in Definition 1.1 with N replaced by Z. In this case
we say that the above sequence of equations is an additive representation of P of
length a.

Example 1.7. The polynomial X% +--- + X + 1 = (X4t —1)/(X — 1) € R[X]
with 0 < d € Z, has additive complexity (but not division-free additive complexity)
at most 2 (independent of d).

As before
Notation 1.8. We denote by Ay, , the family of ordered (finite) lists P = (P, ..., Ps)
of polynomials P; € R[X7,..., Xj], with the additive complexity of every P; not
exceeding a;, with a =), ., a;.

Note that Theorem 1.5 does not extend to the case of additive complexity and

indeed it is conjectured in [5] (see also [7, Section 4.6.5]) that the number of different
homotopy types of lists in Ay, , does not exceed

9(ka)?™

In this paper we prove this conjecture. More formally

Theorem 1.9. The number of different homotopy types of ordered lists in Ay q

does not exceed 2(’““)0(1).
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1.2. Additive complexity and limits of semi-algebraic sets. The proof of
Theorem 1.5 in [5] proceeds by reducing the problem to the case of bounding the
number of homotopy types of semi-algebraic sets defined by polynomials having a
bounded number of monomials. The reduction is as follows. Let P € Ad“’ free e
an ordered list. For each polynomial P; € P, 1 < ¢ < s, consider the sequence of
polynomials Q;1,. .., Qiq, as in Definition 1.1, so that

Po=c Xyt Xt T Q.

)
1<j<a;

Introduce a; new variables Y;1,...,Y,,. Fix a semi-algebraic set S C R™, defined
by a formula ¢p. Consider the semi-algebraic set S , defined by the conjunction
of a 3-nomial equations obtained from equalities in (i), (ii) of Definition 1.1 by
replacing Q;; by Y;; for all 1 <7 <5, 1 < j < ag, and the formula ¢p in which
every occurrence of an atomic formula of the kind Py * 0, where * € {=,>, <}, is
replaced by the formula

Cin“- XClk H me

1<j<a;

Note that S is a semi-algebraic set in R* e,
Let p : RFT® — R* be the projection map on the subspace of coordinates

Xi,.. Xk It is clear that the restriction pgz : S Sisa homeomorphism, and

moreover S is defined by polynomials having at most k£ + ¢ monomials.

Notice that for the map pg to be a homeomorphism it is crucial that the ex-
ponents 7;;,7i;,0;; be non-negative, and this restricts the proof to the case of
division-free additive complexity. We overcome this difficulty as follows.

Given a polynomial F € R[X7, ..., X}] with additive complexity bounded by a,
we prove that F' can be expressed as a quotient % with P,Q € R[X}, ..., X}] with
each P,Q having division-free additive complexity bounded by a (see Lemma 3.1
below). We then express the set of real zeros of F in R* inside any fixed closed
ball as the Hausdorff limit of a one-parameter semi-algebraic family defined using
the polynomials P and @ (see Proposition 3.5 and the accompanying Example 3.6
below).

While the limits of one-parameter semi-algebraic families defined by polynomials
with bounded division-free additive complexities themselves can have complicated
descriptions which cannot be described by polynomials of bounded division-free ad-
ditive complexity, the topological complexity (for example, measured by their Betti
numbers) of such limit sets are well controlled. Indeed, the problem of bounding the
Betti numbers of Hausdorff limits of one-parameter families of semi-algebraic sets
was considered by Zell in [19], who proved a singly exponential bound on the Betti
numbers of such sets. We prove in this paper (see Theorems 2.1 and 1.12 below)
that the number of homotopy types of such limits can indeed be bounded single
exponentially in terms of the format of the formulas defining the one-parameter
family. The techniques introduced by Zell in [19] (as well certain semi-algebraic
constructions described in [6]) play a crucial role in the proof of our bound. These
intermediate results may be of independent interest.

Finally, applying Theorem 2.1 to the one-parameter family referred to in the
previous paragraph, we obtain a bound on the number of homotopy types of real
algebraic varieties defined by polynomials having bounded additive complexity. The



semi-algebraic case requires certain additional techniques and is dealt with in Sec-
tion 3.3.

1.3. Homotopy types of limits of semi-algebraic sets. In order to state our
results on bounding the number of homotopy types of limits of one-parameter fam-
ilies of semi-algebraic sets we need to introduce some notation.

Notation 1.10 (Format of first-order formulas). Suppose ® is a quantifier-free
first order formula defining a semi-algebraic subset of R¥ involving s polynomials
of degree at most d. In this case say that ® has dense format (s,d, k). If the sum
of the (division-free) additive complexities of the polynomials appearing in ® does
not exceed a, then we say that ® has (division-free) additive format bounded by
(a, k).

Notation 1.11. For 1 < p < ¢ < k, we denote by 7y, o R* = RIVE  RIP the
projection

(@1,...,zk) = (2p, ..., Zq).
In case p = q we will denote by m, the projection 7, ;. For any semi-algebraic sub-

set S CR¥ and X C R[q’k], denote by Sx the semi-algebraic set 7y 41 (W[Elk] (X)n
S), and S, rather than Sg,;. We also let S<, and S<, denote S(_o 4) and S(_ q]

for a € R.
We have the following theorem which might be of independent interest.

Theorem 1.12. Fiz a,k € N. There exists a collection S, 1 of semi-algebraic
subsets of R* such that #Sox = 2k ond with the following property. If T C
R* N {(x,t) € RFM| t > 0} is a bounded semi-algebraic set such that Ty is closed
for each t > 0, T is described by a formula having additive format bounded by
(a,k +1), and Ty := 71 g (TN ﬂ'k_il(())), then Ty is homotopy equivalent to some
S € Sa,k-

The rest of the paper is devoted to the proofs of Theorems 1.12 and 1.9 and is
organized as follows. We first prove a weak version (Theorem 2.1) of Theorem 1.12
in Section 2, in which the term “additive complexity” in the statement of Theorem
1.12 is replaced by the term “division-free additive complexity”. Theorem 2.1 is
then used in Section 3 to prove Theorem 1.9 after introducing some additional
techniques, which in turn is used to prove Theorem 1.12.

2. PROOF OF A WEAK VERSION OF THEOREM 1.12

In this section we prove the following weak version of Theorem 1.12 (using
division-free additive format rather than additive format) which is needed in the
proof of Theorem 1.9.

Theorem 2.1. Fiza,k € N. There exists a collection S, i of semi-algebraic subsets
of of R* such that #Sax = 2(ka)* M nd with the following property. If T C
R* N {(x,t) € RFM| t > 0} is a bounded semi-algebraic set such that Ty is closed
for each t > 0, T is described by a formula having division-free additive format
bounded by (a,k+1), and To := 7y i (Tﬂﬂk_jl(O)), then Ty is homotopy equivalent
to some S € Sy ;.



6 SAL BARONE AND SAUGATA BASU

2.1. Outline of the proofs. The main steps of the proofs are as follows. Let
T c RF x R, such that each fiber T} is closed and bounded, and let Ty be as in
Theorem 2.1.

We first prove that for all small enough A > 0, there exists a semi-algebraic
surjection fy : Tn — Tp which is metrically close to the identity map 17, (see
Proposition 2.23 below). Using a semi-algebraic realization of the fibered join de-
scribed in [6], we then consider for any fixed p > 0, a semi-algebraic set J }DA (Ty)
which is p-equivalent to Ty (see Proposition 2.12). The definition of Jf (Th) still
involves the map f), whose definition is not simple, and hence we cannot control
the topological type of J }1 (T) directly. However, the fact that fy is close to the
identity map enables us to adapt the main technique in [19] due to Zell. We replace
J} (Ty) by another semi-algebraic set, which we denote by DZ(T) (for € > 0 small
enough), which is homotopy equivalent to J ;’A (T’), but whose definition no longer
involves the map fy (Definition 2.17). It is now possible to bound the format of
D?(T) in terms of the format of the formula defining T', which leads directly to
proof of the following proposition.

Recall that

Definition 2.2 (p-equivalence). A map f: A — B between two topological spaces
is called a p-equivalence if the induced homomorphism between the homotopy
groups,

fu 1 mi(A) = m(B)

is an isomorphism for all 0 < ¢ < p, and an epimorphism for ¢ = p, and we say that
A is p-equivalent to B.

Proposition 2.3. Let T C RF™ N {(x,t) € R*™| ¢ > 0} be a bounded semi-
algebraic set such that Ty is closed for each t > 0, and p > 0. Suppose that T is
described by a formula having (division-free) additive (resp. dense) format bounded
by (a,k +1) (resp. (s,d,k+1)). Then, there exists a semi-algebraic set D? ¢ RY
such that DP is p-equivalent to Ty := 7 (TN ﬂ,cjl(O)), and such that DP is
described by a formula having (division-free) additive (resp. dense) format bounded
by (M, N) (resp. (M',d+1,N)) where M = (p+1)(k+a+3) +2("F")(k+2) and
N=@+1)k+1)+ ("5 (resp. M' = (p+1)(s+2)+3("5") +3).

Finally, Theorem 2.1 is an easy consequence of Proposition 2.3.

2.2. Preliminaries. We need a few facts from the homotopy theory of finite CW-
complexes.

We first prove a basic result about p-equivalences (defined earlier). It is clear
that p-equivalence is not an equivalence relation ( e.g. for any p > 0, the map
taking SP to a point is a p-equivalence, but no map from a point into S? is one).
However, we have the following.

Proposition 2.4. Let A, B,C be finite CW-complezes with dim(A),dim(B) < k
and suppose that C is p-equivalent to A and B for some p > k. Then, A and B are
homotopy equivalent.

The proof of Proposition 2.4 will rely on the following well-known lemmas (see
for example [17, pp. 70] or [18, Theorem 7.16]).
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Lemma 2.5. Let X,Y be CW-complexes and f : X — Y a p-equivalence. Then,
for each CW-complex M, dim(M) < p, the map

w(Id, f) : 7(M, X) —» n(M,Y)

s surjective.

Lemma 2.6. If A and B are finite CW-complexes, with dim(A) < p and dim(B) <
p, then every p-equivalence from A to B is a homotopy equivalence.

Proof of Proposition 2.4. Suppose f : C — Aand g : C' — B are two p-equivalences.
Applying Lemma 2.5 with X = C, M =Y = A, we have the map Idp has a preim-
age under 7(Idp, f). Denote this preimage by h: A — C. Then,

(IdA)* = f* o h* : 7T1(A) — Wi(A),

is an isomorphism for every i > 0. In particular, since f is a p-equivalence, this

implies that h, : m;(A) — m;(C) is an isomorphism for 0 < ¢ < p. Composing h with

g, and noting that g is also a p-equivalence we get that the map (goh), : m;(A) —

m;(B) is an isomorphism for all ¢ > 0, and hence a weak equivalence. Since the

spaces A and B are assumed to be finite CW-complexes, every weak equivalence is

in fact a homotopy equivalence. O
We introduce some more notation.

Notation 2.7. For any R € R with R > 0, we denote by By (0, R) C R*, the open
ball of radius R centered at the origin.

Notation 2.8. For P € R[Xj, ..., X}] we denote by Zer(P, ]Rk) the real algebraic
set defined by P = 0.

Notation 2.9. For any first order formula ® in the language of ordered fields with
k free variables, we denote by Reali(®) the semi-algebraic subset of R* defined by
®. Additionally, if P C R[Xy,..., X] consists of the polynomials appearing in @,
then we call ® a P-formula.

A very important construction that we use later in the paper is an efficient semi-
algebraic realization (up to homotopy) of the iterated fibered join of a semi-algebraic
set over a semi-algebraic map. This construction was introduced in [6].

We use the lower case bold-face notation x to denote a point x = (x1,...,x) of
R*, and upper-case X = (X, ... , Xk) to denote a block of variables.

Definition 2.10 (The semi-algebraic fibered join [6] ). For a semi-algebraic subset
S < R* contained in By (0, R), defined by a P-formula ® and f : S — T a semi-
algebraic map, we define

p;ﬂ)

Jf(S) :{(XO,...,xp,t,a) c R(p+1)(k+1)+( |
QR(XO’ - XP,8) A O (t,a) A @;D(xo, L xP ) AO3(xX0, ..., xP b, a)}
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where
p .
Of = A(X'P<R)AITP <4,
i=0
p
o— — 2 _
0, = ZTz‘—l/\ Z Aj; =0,
(2.1) i=0 1<i<y<p
P
oy = /\(Tz =0V ®(X"),
i=0
of = N (T=0vI=0V[f(X)- f(X)?=Ay)

0<i<j<p
We denote the formula QF A ©; A ©2 A O by J7 (@)

Remark 2.11. Definition 2.10 differs slightly from the original definition in [6] in
that we have replaced the predicate Ag<;<pT; > 0 in the original definition by the
predicate Zog i<p T2 < 4. Also, because of the application in [6] the semi-algebraic
fibered join was defined as a semi-algebraic subset of a sphere of large enough radius.
This is not essential in this paper and this leads to a further simplification of the
formula. However, it is easily seen that the semi-algebraic set defined by the two
definitions are equal up to homotopy equivalence.

The next proposition proved in [6] is important in the proof of Proposition 2.3;
it relates up to p-equivalence the semi-algebraic set J. ;’ (S) to the image of a closed,
continuous semi-algebraic surjection f: S — L.

Proposition 2.12. [6] Let f : S — T a closed, continuous semi-algebraic surjection
with S a closed and bounded semi-algebraic set. Then, for every p > 0, the map f
induces a semi-algebraic p-equivalence J(f) : jj?(S) —T.

We now define a thickened version of the semi-algebraic set J ;7 (S) defined above

and prove that it is homotopy equivalent to J ;’ (S).

Definition 2.13 (The thickened semi-algebraic fibered join). For S C R* a semi-
algebraic set contained in By (0, R) defined by a P-formula ¢p, p > 1, and € > 0
define

7 () ={(x",.... %7, t,a) € RETDETDH(T)
QR0 .. xP t) ABS(t,a) AOF (X0, ..., xP,t) AO3(x",...,xP t,a)}

where
p .
Of = A(X'PP<R)ATP <4,
1=0
p
O] = > Ti=1An Y A}<e
(2.2) i=0 1<i<j<p
P
ey = AT =0veX)),
1=0
of = AN (T=0vI=0V[f(X)-f(XI)*=Ay).

0<i<j<p



Note that if S is closed and bounded over R, so is Jf _(5).
The relation between J7(S) and J¢ _(S) is described in the following proposition.

Proposition 2.14. Forp e N, f: S — T semi-algebraic there exists g > 0 such
that J7(S) is homotopy equivalent to Jf _(S) for all 0 < & < eo.

We prove the above proposition in Section 2.3 after proving a few preliminary
results.

Proposition 2.15. Forpe N, f: S — T semi-algebraic, and 0 < ¢ < &,
1e(S) € TFL(9).

Moreover, there exists €9 > 0 such that for 0 < ¢ < &' < gg the above inclusion
induces a semi-algebraic homotopy equivalence.

The first part of above proposition is obvious from the definition of J fp .(8). The
second part follows from the next lemma.

Lemma 2.16. Let T C R*™ 0 {(z,t) € R*™| ¢t > 0} be a semi-algebraic set.
Suppose that T. C T., for all 0 < € < €, then there exists €9 such that for each
0 < e < ¢ <eg the inclusion map T, &, T., induces a semi-algebraic homotopy
equivalence.

Proof. We prove that there exists ¢./ : T., — T such that

Qer 00 Ty =T, Per 0 Ide?
ie’ [¢) (]55/ : TE’ — T5’7 igl 9] ([55/ ~ IdTE,.

We first define i; : T, — T} and /i\t : Ty — T/, and note that trivially i. = Idr_,
25/ = Idr,, and i = 25. Now, by Hardt triviality there exists g9 > 0, such that
there is a definably trivial homeomorphism h which commutes with the projection
Tk+1, i.e., the following diagram commutes.

Tao X (0,60] L>Tﬂ {(X,t)‘ 0<t< E()}

Tk+1
Th41

(0, &0]
Define F(x,t,s) = h(my g o h™'(x,t),s). Note that F(x,t,t) = h(m g o
h=1(x,t),t) = h(h~1(x,t)) = (7) We define
¢ Ty — T,
Ge(x) = T8 0 F(x,t,€),
o T — T,
Ge(x) = 1 0 F(x,€',1)

o~

and note that ¢., = ¢..
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Finally, define
Hi(,t) =¢iois:T. =T,
H1(~,E) —d)aozs —IdTgv
Hl('agl) = e 0 i,
H2('7t) = to¢t: E’_>TE7
H2('a5) :ZEO¢5—25/O¢5,
HQ(',EI) :’LE/ O(bel —IdT,.
The semi-algebraic continuous maps H; and Hs defined above give a semi-

algebraic homotopy between the maps ¢,/ 0 i.s ~ Idz, and i.s o ¢ ~ Idr, proving
the required semi-algebraic homotopy equivalence.

O

Definition 2.17 (The thickened diagonal). For a semi-algebraic set S ¢ RF con-
tained in Bg(0, R) defined by a P-formula ¢p, p > 1, and € > 0, define

DI(S) ={(x,...,x",t,a) € REFDEHDH("2Y))
QR0 ... xP t) A O (t,a) AOF (X0, .. xP ) AT(X,...,xP t,a)}

where
p .
OfF = A(XPP<R)AITP <4,
1=0
05 = ZT—l/\ > AL <e
(23) 1<i<j<p
e = /\ =0V ®(XY)),
T = /\ T,=0VT;=0VI|X' —XI2 = Ay).
0<7,<]<p

Proposition 2.18. Let S C RF be a semi-algebraic set defined by a formula ®
having dense format bounded by (s,d, k), and division-free additive format bounded
by (a,k). Then, DE(S) is a semi-algebraic subset set of RY, defined by a formula
with division-free additive format bounded by (M, N) and dense format bounded by
(M',d+1,N), where M = (p+ 1)(k+a+3)+2(*3")(k+2), M' = (p+1)(s +
2)+3("3") +3, and N = (p+ 1)(k+ 1)+ (°31).
Proof. We bound the division-free additive (resp. dense) format of the formulas
Q,05,02 7. Let

Mo = (p+1Dk+(p+1), Mo=(p+1)+1,

Meo; = (p+1)+ (7)), Mo =2,

Mge = (p+1)(a+1), Mél =(p+1)(s+1),

My = (P51 (2k +2), M =3("3h).
It is clear from Definition 2.17 that the division-free additive format (resp. dense
format) of Q is bounded by (Mg, N), N = (p+1)(k+1)+ (°1") (resp. (M{,2,N)).
Similarly, the division-free additive format (resp. dense format) of 05,03 T is
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bounded by (MeiaN% (M@S,N), (MTv N) (I'eSp. (Mlela2a N)7 (Mé)iw d + 17N)a

2
(M%,2,N)). The division-free additive format (resp. dense format) of the formula
defining DP above is thus bounded by

(MQ + Meos + Meg + MT,N) (resp.(M{, + M + My + My, d+1,N)).
O

We now relate the thickened semi-algebraic fibered-join and the thickened diag-
onal using a sandwiching argument similar in spirit to that used in [19].

We will use a non-archimedean real closed extension of R, namely the field of
algebraic Puiseux series in the variable € with coefficients in R, which we will denote
by R(e) (see [4, Chapter 2, Section 6]). The subring R(e), of elements of R(e)
bounded by elements of R consists of Puiseux series with non-negative exponents.

Notation 2.19. We denote by lim, the ring homomorphism from R{e); to R which
maps ) ey a; e to ag.

Definition 2.20. We recall from [4] for a semi-algebraic subset S C R* defined by
a P-formula ® that Ext(S,R(e)) the extension of S to R(e) is the set defined by
the same formula over R(e). That is,

Ext(S,R(e)) = {x € R(e)*| ®(x)}.

Given a semi-algebraic map g : S — T and a real closed extension R{e) we define
Ext(g) : Ext(S, R(e)) — Ext(T, R(e)) the extension of g to R(e) to be the map
having as a graph the set Ext(I'(g), R{e)), where I'(g) = {(x,¥)| g(y) = x} is the
graph of g.

The following lemma is easy to prove and we omit its proof (see [4]).

Lemma 2.21. Let S C R* be a closed and bounded semi-algebraic set. Then
lim, Ext(S,R{e)) = S.

Lemma 2.22. If S ¢ R** is a closed and bounded semi-algebraic set, then for
any element x € R(e)* which is bounded over R, we have

lim Ext(S,R{e))x C Siim. x-

Proof. Immediate from Lemma 2.21.

O

2.2.1. Limits of one-parameter families. In this section, we fix a bounded semi-
algebraic set T C {(x,\) € R*"'| X\ > 0} such that each fiber T} is closed and
T\ C B(0,R) for some R € R and all A > 0.

In [19], the author proves

Proposition 2.23 ([19] Prop. 8). There exists Ao > 0 such that for every A €
(0, Xo) there exists a continuous semi-algebraic surjection fx : Tx — T N w,;il(O)
such that the family of maps {fa| A € (0, o)} additionally satisfies the following
two properties:

(A)

li - =0
Jim max |x — fx(x)| =0,

and furthermore
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(B) foreach A\, N € (0, o), fn = faoh for some semi-algebraic homeomorphism
h: X)\ — X)\/ .

We give a different proof of the above proposition than the one in [19] in what
follows. Specifically, we define a different semi-algebraic map than the one which
appears in [19], which avoids explicit use of triangulation of the set T.

We now define the function fy for A > 0 sufficiently small. By Hardt’s triviality
theorem applied to 7,11 and the semi-algebraic sets (Rkﬂ, By+1(0,R),T), there is
a semi-algebraic set A C By (0, R), Ao > 0, and h : A x (0, \g] — me,;jl((o, o)) a
semi-algebraic homeomorphism which is definably trivial over the map 741 (that
is M1 0 h = Tg1)-

We define a semi-algebraic map fy(x) for x € T by

f)\ : T)\ — Rk+1

(2:4) Ja(x) = lim Ay iy © (e ), 1),

We define for (x,A) € T the semi-algebraic map
F(x,)\) . [0,)\0] — Rk+1

(2.5) Lo I e hT ) )it £0
fa(x) if t = 0.

For any fixed (x,A), we will call the graph I'(Fx x)) = {(y,t)| Fix,x)(t) =y} of
the map Fx x) the trajectory of F' passing through the point (x, A). Note that each
such trajectory is a semi-algebraic curve contained in T for ¢t > 0, and contained in
TN w;jl(O) for t = 0.

Note that if (x’,\’) belongs to I'(Fx, x)) then Fix x)(t) = Fx a(t) for all t €
(0, Ag] since h is a homeomorphism, and hence the functions are equal at ¢ = 0 as
well. Also, a point (x,A) € T belongs to exactly one trajectory. Thus two distinct
trajectories do not have a point in common for (x,A) with A € (0, \g), but may
intersect at t = 0.

We now define the semi-algebraic map F' by

F:T x[0,\] — RFH!

(2.6) (3%, A, t) = Fle ) (t)

and prove

Lemma 2.24. For (z,)\) € R(e)F*, X\ > 0 and not infinitesimal, we have
lim Ext(I'(F), R{€)) 6e.x) S T )tim. (x.0)-
Proof. Apply Lemma 2.22 to I'(F") which is a closed and bounded subset of R2k+3,

O

Proof of Proposition 2.23. Let T C R*! and {T»}r>0 be as in the statement of
the proposition. By Hardt’s triviality theorem applied to the projection map 7y :
R — R and the semi-algebraic sets (R*™, By, (0, R),T) we have that there
exists a semi-algebraic set A C R* and a Ao > 0 such that there is a homeomorphism
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h:Ax(0,A] =TnN 771:4}1(07 o) which is definably trivial over the map my41; that
is, Tp4+1 © h = Tp41. Define fy(x) for x € T as in Equation (2.4) as

Fa(x) = lim b g 0 h(x, ), t).

We need to show several things: (0) the map fy : T\ — T'N ﬂ,c_jl(()) is well-defined
and the co-domain of the map is T N 7rk_i1(0)7 the maps fy are (1) continuous and
(2) surjective, and the family of maps are (3) close to the identity and (4) they can
be obtained from each other by composition with a homeomorphism.

(0) Let A € (0,X\) and x € Th. We show that limy_q (w1 o h™1(x,A),t) €
TN ﬂ,:il(O). Using that the map w7 is continuous and that w1 0 h = 711 we
have the following.
h1 (m A(7 ) © h=H(x, M), 1)) = lim .1 0 A(7,p © h=H(x, M), 1)
= }H% 7Tk+1(77'[1’k] o h_l(X7 )\), t)
=lim¢=0.
t—0
S0, Tp41 0 fa (x) = 0. To see that fy(x) € T, we just use the definition of closure,

T={zecRY| (Ve)(e >0 = (Fy)(y € T A|z—y| <¢))}. Specifically, if § > 0
choose ty depending on §, x, and \ which satisfies

[T Ay gy 0 B (%, A),8) = Bl a 0 71 (%, A), o) <6,

which it is clear we can do. Since (7 4 © h=1(x,A),t9) € T and lim;_q h(p1,k) ©
h=1(x,A),t) = fr(x), we have fy(x) € T. So, fr(x) € Tﬁ?‘(k__il(()).

(1) Let x € T), € > 0 and it suffices to show that for some 6 > 0 if y € T)
satisfies |x — y| < 0 then |fy\(x) — fa(y)| < e. Since h is continuous, we can
pick &1 such that |(a,\) — (b, \)| < 01 implies |h(a,\) — h(b,A)] < §. Since A~ :
TN W]:il()\) — A x A is continuous, we can pick ¢ such that |(x,A) — (y,A)] <
implies |h~1(x,\) — h~(y, \)| < 1. In particular for y € T) satisfying |x —y| < §
we have, for each t > 0, that |(71 5 0 h™H(x,A),t) — (716 0 K1y, A), )| < 61 as
well, and hence
| h(my 5 © R (x, \),t) — h(71,5) © Ry, A), t) | < 5.

Thus, taking the limit as ¢ > 0 tends to zero we have

%H% | h(’n—[l,k'] © hil(xv A)vt) - h(’fr[l,k] o hil(ya /\)at) | <

£
3+

Using the fact that the norm function is continuous, we may take the limit inside
and obtain

| }ij%h(ﬂ[m] oh™(x,\),t) — }ij%h(ﬂu,k] oh™Hy, M) t) | =Ifax) — faly) < 5.

(2) In this part we consider the real closed extension R{g) of R. Let A > 0
and y € Tp; note that (y,0) € T N W;jl(O). We need to find x € T) such that
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irx) = (y,0). Let (y,0) € Ext(T,R{e)). Using the definition of closure, there
exists (z1, A1) € Ext(T,R{e)) such that

[(y,0) — (21, \1)] < e.

Pick Ay > 0 that is not infinitesimal, and let (z2, o) € Ext(I'(F), R(g))(z, A,)-
By Lemma 2.24

lin Bxt (), RIED) 22 7)€ (i a0

Hence,
lign(zh A1) = (¥,0) € T(F)im, (22,79)-

Let (x,A) € T'(F)lim. (z5,1,) for our choice of A > 0. It is now easy to see that x € T
satisfies fy(x) =y as desired.

(3) We prove that the family of continuous, surjective maps {f)}r>o is close to
the identity in that

Jim max |(x, A) — f2(x)| = 0.

Note that fi(x) = F(x,A,0) and that the max function is semi-algebraic. Set
p(x,A) =[x — F(x,),0)],

and

A) = N).
g(A) = maxp(x, A)

So g,p are semi-algebraic. In particular, letting T = {(x, \) € Rk+1| d(x,A)} and
noting that g(\) is continuous we see that g(A) = c if and only if the following
formula is true.

(") (@(x,A) = (p(x,A) < e A (Fy)(@(y, M) Ap(y, A) = ).
The same is true when we consider the extensions Ext(7, R(e)), Ext(g), and Ext(p).
It now suffices to show that Ext(g)(e) is infinitesimal. Let y,. € Ext(T,R{e)).
such that Ext(p)(y.,e) = Ext(g)(e). Seeking a contradiction, suppose that
Ext(p)(ye,€) is not infinitesimal. This means that

lim(ye, e) # lim Ext(F)(y., €, 0).
€ €

Let (ya,A) € Ext(I'(F),R(e))(y.,c) with A > 0 not infinitesimal. Set (y1,0) =
lime (ye, €) and (y2,0) = lim. Ext(F)(ye,,0), and note y; # y2 and both (yq,0),
(y2,0) belong to lim. Ext(I'(F),R(e))(,. ). Hence, by Lemma 2.24 and our choice
of (yx,A), we have that (y1,0), (y2,0) both belong to I'(F)jim, (y,,x), Which is a
contradiction since every such trajectory intersects the A-axis at exactly one point
(since F'(x, A, 0) is defined as a limit).

(4) Finally, we show that f) can be obtained from fy by composition with a
semi-algebraic homeomorphism. This follows immediately from the fact that h :
A x (0, X0] — w,;il((O, Xo]) NT is a fiber preserving homeomorphism. In particular,
if we restrict h to A x {\} we get a semi-algebraic homeomorphism

hi: Ax A} = mL(A)NT.
Similarly, we obtain hy restricted to A x {\'}, while the near-identity map id :
Ax{A} = Ax{N}, (x,)) 4 (x, ") is a homeomorphism.
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Finally, the restriction of the projection map w[)i, K W;jl()\) NT — T) is a semi-

algebraic homeomorphism for both A and \'. Hence, wfi/ jjoheoldo hito(mp )™t

T\ — Ty is a semi-algebraic homeomorphism and, following the definitions, fy/ o
(Wf\l/ g ©h2oldo hi' o (mpy1)™h) = fa as desired.

O

Proposition 2.25. [19] There exists A1 satisfying 0 < Ay < Ao and semi-algebraic
functions 0g(X) and §1(N) defined for each A € (0, A1) such that limy_.g dp(N\) = 0,
limy_,001(A) # 0, and such that for all 0 < §p(N) < &' < § < §1(N) the inclusion
DY, (T) — D{(Ty) induces a semi-algebraic homotopy equivalence.

The above proposition is adapted from Proposition 20 in [19] and the proof is
identical after replacing DX (0) (defined in [19]) with the semi-algebraic set Df(T)
defined above (Definition 2.17).

As in [19], define for p € N,

01 nO)=pp+) (43% x= A6l +2 (max e~ 1560 ) .

Note that for ¢ < p we have 74(\) < n,(N), and that limy_.on,(A) = 0 for each
p € N since fy approaches the identity (Prop. 2.23 A).

Define for X = (x°,...,x?) € R®*D* the sum pp(X) as
pP(Xow"vxp) - Z |Xi7Xj|2'
1<i<j<p

A special case of this sum corresponding to all ¢; # 0 appears in the formula Y5 of
Definition 2.17 after making the replacement a;; = |x* — x?|. The next lemma is
taken from [19] to which we refer the reader for the proof.

Lemma 2.26 ([19] Lemma 21). Given n,(\) and fx : Tx — T as above, we have
D IAGD) = HEE =D I =P < (),
i<j i<j
and in particular
pp(x%, . xP) < pp(FA(XD), s I(XP)) + 1p(N) < pp(xX°, ..o, xP) + 2, (M),

The next proposition follows immediately from the previous lemma, Definition
2.13, and Definition 2.17.

Proposition 2.27. [19] If A € (0, A\g) is such that e, + np(N), € + 2n,(N) € (0,£0)
then
T (T3) € D2y, ()T € TE e, () (T)-

The statement and proof of the following proposition are adapted from [19].

Proposition 2.28. [19] For any p € N, there exists A € (0,Ag), € € (0,e0)
and § > 0 such that D§(T)) < Jp. (T\) and such that this inclusion induces a
homotopy equivalence

DUT,) = T, (T3).

fae
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Proof. We first describe how to choose A € (0,X), €,/ € (0,e9) and 4,8 €
(60(N),01(A)) so that
DY(T)) C TP, (T) S D5(Th) € TP . (Th),

and secondly we show how this induces isomorphisms between the homotopy groups.

Since the limit of §1(A) — do(A) is not zero for 0 < A < Ag and A tending to zero,
while the limits of n,(A\) and do(A) are zero (by Prop. 2.23 A, Prop. 2.25 resp.), we
can choose 0 < A < A\g which simultaneously satisfies

2np(A) < M and do(A) +4np(A) < eo.
Then, since dg(A) > 0 we have the following two inequalities
2Mp(A) < LR g 2 (0) < 81 () — Go(N).
Set 0 = dp +1mp(A), € =8 +2n,(N), &' =0 + 3n,(N), and €’ = § + 4n,(A). ;jFrom
Proposition 2.27 we have the following inclusions,
i j k
DS(Tx) = T}, (Tx) = DG(Tx) = T}, o (Tx).

Furthermore, we have that §,6" € (do()),d1(N)) and that e,&" € (0,£¢), and so we
have that both j o ¢ and k o j induce semi-algebraic homotopy equivalences (Prop.
2.25, Prop. 2.15 resp.). This gives rise to a diagram between the homotopy groups.

T (DY(TY)) Sk (DL (T4))

7 (TP, (1)) i »Tu(TF, o (T2)

~

Since (j 04), = j« 0i4, the surjectivity of (j o). implies that j, is surjective, and
similarly (koj). is injective means that j, is injective. Hence, j, is an isomorphism
as required.

This implies that the inclusion map between D§(Ty) and J7, _(Th) is a weak
homotopy equivalence (see [18, pp. 181]). Since both spaces have the structure
of a finite CW-complex, every weak equivalence is in fact a homotopy equivalence.

O

2.3. Proof of Proposition 2.3. We recall the Equations 2.5 and 2.6 using the
fact that fx: Tn — T N (0).

Fix 1 [0,] =T
{h(ml,k] oh~Y(x,\),t) ift#0
fir(x) ift=0.
F:Tx[0,X]—T
(36, A, ) = Fiyen (1)

t—

Lemma 2.29. Let T C R¥"0{t > 0} such that each T; is closed and Ty C By, (0, R)
fort > 0. Suppose further that for all 0 <t <t we have Ty C Ty. Then,

m Tt = ﬂ-[l,k] (Tﬁ W];il(o)) .
t>0
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Furthermore, denoting Ty = 1 (Tﬂ W,:il(())) there exists €9 > 0 such that for
all € satisfying 0 < € < g9 we have that Ty is semi-algebraically homotopy equivalent
to 1.

Proof. We first prove (5o Tt = 7[1.4] (T N W;_il(())) by proving both set inclusions.
Let x € MysoTy, so (x,t) € T for all t € R, ¢ > 0. We have lim;_,o+(x,t) =
(x,0) €T. So, x € Tp.
For the other inclusion, let x € Ty and tg € R with ¢g > 0. It suffices to show
that x € T3,. Consider the real closed extension R(e). Since x € Ty, there exists
(xc,t.) € R{)**+1 such that

(Xe,te) € Ext(T,R{e)) N Br+1((x,0),¢€).

Note that lim. x. = x and lim, . = 0. It follows from the assumption that T3 C Ty
for all t,#’ € R, 0 < t <, and properties of Ext(-,R{e)) (see Definition 2.20) that

Ext(T,R(e))s. € Ext(T,R{e))s,,

since t. being infinitesimal is smaller than ¢, € R. Hence, since x. € Ext(T,R{¢)):.
we have x. € Ext(T,R(e))s,. Finally,

Ext(T,R())s, = Ext(T},, R(e)),

and T}, is closed and bounded. Using Lemma 2.21 we have lim, Ext(T},,R{c)) =
T}, and so x € Ty,.

We now prove the second part of the lemma. We follow the proof of Lemma
2.16 except replace € by 0 and €’ by e. Clearly, Ty C T} for all ¢ > 0 (since it is an
intersection). Define i; : Ty — T; and ?t 2Ty — T, for t > 0 and t < € respectively
and note that ip = Idp, and i = Idr,. Define

(bt:Tt—’TO

_ Jmum o F(x,6,0) ift #0
o) {X ift=0
$t1T5—>Tt

QASt(X) = mk © F(x,6,t)

and note that trivially ¢. = ¢9. We are now ready to give the desired semi-algebraic
homotopy maps. Define

Note that the homotopy H; : Ty x [0,e] — Tp is continuous since f;(x) =
F(x,t,0) is close to the identity in the sense of Proposition 2.23. This proves that
T} is semi-algebraically homotopy equivalent to 7.
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Lemma 2.30. Forpe N, f:5 — T semi-algebraic we have
T} (S) = [ T7(9).

e>0
Proof. Obvious from Definitions 2.10 and 2.13.

O

Proof of Proposition 2.14. Theset T = {(x,t) € R*¥™|t > 0Ax € J7.(8)} satisfies
the conditions of Lemma 2.29. The proposition now follows from Lemma 2.29 and
Lemma 2.30.

O

Proof of Proposition 2.3. Let T C R*™ N {t > 0} such that T} is closed and
T; C By(0,R) for some R € R and all ¢ > 0. Applying Proposition 2.28 we
have that for some A € (0, ) and € € (0,g9) (see Proposition 2.15 and Proposi-
tion 2.23 for definitions of &g and A respectively) the sets D (7)) ~ }i, (Ty) are
homotopy equivalent. Also, by Proposition 2.14 the sets Jphs(TA) ~ ‘7}1 (Ty) are
semi-algebraically homotopy equivalent. By Proposition 2.12 and Proposition 2.23
the map J(fx) : Jf, (Tx) — Tp induces a p-equivalence.

Thus we have the following sequence of homotopy equivalences and p-equivalence.

(2.8) DY (T) ~ JF. (T\) =~ Tf (Tx) = To

The first homotopy equivalence follows from Proposition 2.28, the second from
Proposition 2.14, and the last p-equivalence is a consequence of Propositions 2.12
and 2.23. The bound on the format of the formula defining D? := D{(T)) follows
from Proposition 2.18. This finishes the proof.

O

Proof of Theorem 2.1. The theorem follows directly from Proposition 2.3, Theorem
1.5 and Proposition 2.4 after choosing p = k + 1.

3. PROOFS OF THEOREM 1.9 AND THEOREM 1.12

3.1. Algebraic preliminaries. We start by proving a lemma that provides a
slightly different characterization of division-free additive complexity from that
given in Definition 1.6. Roughly speaking the lemma states that any given ad-
ditive representation of a given polynomial P can be modified without changing
its length to another additive representation of P in which any negative exponents
occur only in the very last step. This simplification will be very useful in what
follows.
More precisely, we prove

Lemma 3.1. For any P € R[X] and a € N we have P has additive complezity at
most a if and only if there exists a sequence of equations (*)

(i) Q1 = ulXilu ~~~X;:”“ +U1Xf“ . 'X]flm}
where uy,v1 € R, and a1, ...,a1%, B11, ..., 01k € N;
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.. a; Ak Yii B Bik i
(i) Qj = u; X77" -+ X7 HlSiijl Q" +u Xy X ngiﬁjfl Q"
where 1 < j < a, uj,v; € R, and o1, ..., a5k, Bj1, - -, Bjks Vjir 65i € N for
1<i<j;
(i) P =cX{' X [T1<jca QF
where c € R, and (1,...,C k, M1y, N € Z.

Remark 3.2. Observe that in Lemma 3.1 all exponents other than those in line (iii)
are in N rather than in Z (cf. Definition 1.6). Observe also that if a polynomial P
satisfies the conditions of the lemma, then it has additive complexity at most a.

In the proof of Lemma 3.1, we are going to use the following notation.

Notation 3.3. For a € R we let

N {a ifa>0 B {0 ifa>0
a = a =

0 ifa<o0 —a ifa<0.
For a sequence a = (ay,...,as) € R® we set a* = (af,...,a}) and o= =
(ay,...,a;) and notice that &« = at — a~ and that all the entries of both o™

and a~ are non-negative.

Proof of Lemma 3.1. The “if” part is clear. We prove below the “only if” part.

Suppose that P has additive complexity bounded by a. Let P(P;a,n) be the
property that P has additive complexity at most a, and that there exists a additive
representation of P (see Definition 1.6) in which all exponents in the first n — 1
equations are non-negative. Notice that Property P(P;a,1) holds, since it only
asserts that P has additive complexity at most a, which we have assumed.

We now prove that P(P;a,n) implies P(P;a,n + 1). Suppose that P(P;a,n)
holds. Hence, there is a additive representation of P of the form (*) such that
no negative exponents appear in the first n — 1 equations. We now define @n as
follows. Suppose that

f1 f2
+ + + +
+ Vn, Yn,n— + A0 5n,n7
On = u, X Q" Q1 4 v X0 Q" Q! _fig2 + fagn
"= — = — ak = .
= 2 Tn, Yryn— — N
Xen Q) 1"'Qn—1 1 XPn Q™ - i 1 9192
g1 g2
Define
Qn = f192 + f201.
Observe that
n N 3 n 1
Qn+1 _ Uy X Ot Hogign Q;/( +1,4) + vn+1xﬁn+1 Hogign Qi( +1,5)
@ Y(im) 5 @ 5¢.m)
= uwXx ] Qi”'( ) +ooX? ] QJ”( )
0<i<n—1 9192 0<i<n—1 9192

— y. X~ (e +6,) H Q:(ni)_('Y(n,i>+5(n,i>)("f(un)) ) @Z(-,n)
0<i<n—1

— - O ,iy— (v, . [ O(.\n ~ 2
4. XO (e +6.) H Qi( D~V Hm.)Oem) sz("")
0<i<n—1



20 SAL BARONE AND SAUGATA BASU

(where each “n 4+ 1”7 in the subscript/superscript from the second line down has
been replaced with - in order to fit inside the page width).

Thus, by replacing @, with @;(91 g2)~ ! in the additive sequence representing
P, we obtain a new sequence in which all exponents in the first n equations are
non-negative, which proves P(P;a,n + 1).

O

3.2. The algebraic case. Before proving Theorem 1.9 it is useful to first consider
the algebraic case separately, since the main technical ingredients used in the proof
of Theorem 1.9 are more clearly visible in this case. With this in mind, in this
section we consider the algebraic case and prove the following theorem, deferring
the proof in the general semi-algebraic case till the next section.

Theorem 3.4. The number of semi-algebraic homotopy types of Zer(F, Rk) amongst
all polynomials F € R[Xy,...,Xx] having additive complezity at most a does not

exceed
9(ka)?t)

Before proving Theorem 3.4 we need a few preliminary results.

Proposition 3.5. Let F, P,Q € R[X] with F' = g eR[X], RER,R>0,
T ={(z,1) € R*[ (P*(2) < (@ (x) — t7) A (|2 < R?))},
where N = 2deg(Q) + 1, and
T() = 7r[1,k] (T N 7Tk_i1(0))
Then,
To = Zer(F,R¥) N B (0, R).
Before proving Proposition 3.5 we first discuss an illustrative example.

Example 3.6. Let
Fi=X(X2+Y?2-1),
F,=X?4+Y? -1

Also, let
P =X*(X%?+Y?-1),
Po=X(X24+Y?2-1),
and
Q1 =0Q2=X.
Then as rational functions in X,Y we have that
F = i7
@1
and
F2 = &
Q2

Fori=1,2,and R > 0, let
T; = {(x,1) € R*!| (PP (%) < t(QF (x) —t") A (x> < (R+1)%))}

as in Proposition 3.5.
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In Figure 1, we display from left to right, Zer(Fy,R?), (T1)e, Zer(Fy, R?) and
and (T3)e, respectively (where e = .005 and N = 3). Notice that for ¢ = 1,2, and
any fixed R > 0, the semi-algebraic set (T;). approaches (in the sense of Hausdorff
limit) the set Z(F;,R*) N By(0, R) as € — 0.

(a) (b) () ()

Figure 1: Two examples.

We now prove Proposition 3.5.

Proof of Proposition 3.5. We show both inclusions. First let x € Tj, and we show
that F(x) = 0. For every ¢ > 0 we prove that 0 < F?(x) < ¢ which suffices to
prove this inclusion. Since F' is continuous there exists § > 0 such that

(3.1) |x —y|2 <jd = |F2(x) — F2(y)| < 5.

After possibly making ¢ smaller we can suppose that § < %.
(From the definition of Ty we have that

(3.2) To={x| () >0 = B)3y)yeT,A|x—y[*+t* <))}

Since x € Ty we can conclude that there exists ¢ > 0 such that there exists y € T;
such that [x —y|?+t2 < §, and in particular both |[x —y|?> < d and t? < § < %. The
former inequality implies that |F?(x) — F2(y)| < 5. The latter inequality implies
t < 5, and together with y € T; we have the following implications.

P(y) <H(Q%(y) —tV)

= Q*(y)F*(y) < t(Q*(y) — tV)
:>O§F2(y)§t—£<t

Q*(y)

2
= 0<F(y)<3§

So, F?(y) < £. Finally, note that |F?(x)| < |F?(x) — F2(y)|+|F*(y)| < 5+ 5 =¢.

We next prove the other inclusion, namely we show Zer(F,R*) N B (0, R) C Tp.
Let x € Zer(F,R¥) N B (0, R). We fix § > 0 and show that there exists t € R and
y € Ty such that |x —y| +t? < § (cf. Equation 3.2).

There are two cases to consider.
Q(x) # 0: Since Q(x) # 0, there exists ¢ > 0 such that Q?(x) >tV and > < §. Now,
x € T; and

Ix —x|+t* = t* <6,
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so setting y = x we see that y € Ty and |x —y |+t < §, and hence x € Ty.

: Let v € RF be generic, and denote ]3(U) = P(x+Uv), @(U) =Qx+Uv),

and F(U) = F(x + Uv). Note that
P =QF,
P(0) = Q(0) = F(0) = 0.

Moreover, if F' is not the zero polynomial, we claim that for a generic v €
R, P is not identically zero. Assume F' is not identically zero, and hence
P is not identically zero. In order to prove that P is not identically zero for
a generic choice of v, write P = >, ., P; where P; is the homogeneous
part of P of degree i, and P; not identically zero. Then, it is easy to see
that ﬁ(U) = Py(v)U? + lower degree terms. Since R is an infinite field,
a generic choice of v will avoid the set of zeros of P; and P is then not
identically zero. Furthermore, we require that x +tv € B (0, R) for ¢t > 0
sufficiently small. For generic v, this is true for either v or —v, and so after
possibly replacing v by —v (and noticing that since Py is homogeneous we
have Py(v) = (—1)?Py(—v)) we may assume x + tv € By (0, R) for t > 0
sufficiently small. Denoting by v = multo(P) and p = multo(Q), we have
from (3.3) that v > p.

Let

degy; P degy, P-v

PU) = Z U =U"- Z cu1iU" = ¢, U + (higher order terms),

=0

degy; degy; @—;L

Q
QU) = Z ;U =U". Z du+iU" = d,U" + (higher order terms)
=0

i=pn
where ¢,,d, # 0.
Then we have

P2(U) = 2U? + (higher order terms),
Q*(U) = d>U*" + (higher order terms),
D) := U(@z(U) UMy = U(diUQ” + (higher order terms) — U™),

D(U) — ﬁQ(U) = aliU2M+1 + (higher order terms) — UM,
Since p < deg(®) and N = 2deg(Q) + 1, we have that 2y +1 < N + 1.
Hence, tAhere exists t; > 0 such that for ¢ with 0 < ¢t < ¢;, we have that
D(t) — P2(t) > 0, and thus x + tv € T;. Let to = (WP%)U2 and note that
forall t € R, 0 < t < ta, we have (|v|> + 1)t? < §. Since x € Bx(0, R)
and by our choice of v, there exists t3 such that for all 0 < ¢t < t3 we have

x + tv € Reali(|X|? < R?). Finally, if t > 0 satisfies 0 < t < min{t1,t,%3}
then x +tv € T}, and

Ix — (x+tv)]2 +t2 = (VP +1)t2 <6,

and so we have shown that x € Tj.
The case where F' is the zero polynomial is straightforward.
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Proof of Theorem 3.4. If F has additive complexity at most a, then there exists by
Lemma 3.1, P,@ € R[X}, ..., Xj] such that F' = g, with P, Q each having division-

free additive complexity at most a. Hence, P? —t(Q? —tV) € R[X1,..., Xy, t] has
division-free additive complexity bounded by 2a + 1. Let R > 0 and let
T = {(x,t) € R (P*(x) < #(Q*(x) — ") A (Ix]* < R* + 1))}
and
TO = 7r[1,k] (T N T]:Jil(()))
By Proposition 3.5 we have that
Ty = Zer(F,R¥) N B, (0, R).

By the conical structure at infinity of semi-algebraic sets (see for instance [4,
pg. 188]) we have that for all sufficiently large R > 0, the semi-algebraic sets
Zer(F,R¥) N B, (0, R) and Zer(F,R") are semi-algebraically homeomorphic.

Note the one-parameter semi-algebraic family T (where the last co-ordinate is
the parameter) is described by a formula having division-free additive format (2a +
E+1,k+1).

By Theorem 2.1 applied to T we obtain a collection of semi-algebraic sets
Soa+k+1,5 such that Ty, and hence Zer(F,]Rk), is homotopy equivalent to some

S € Saqtkr1i and #S = 2((atk+ DR 2(’““)0(1), which proves the theorem.
O

3.3. The semi-algebraic case. We first prove a generalization of Proposition 3.5.

Notation 3.7. Let X = (X1, ..., X%) be a block of variables and k = (k1,...,k,) €
N with > ki = k. Let r = (r1,...,r,) € R" with r; > 0,7 =1,...,n. Let
By (0,r) denote the product

Bk((),r) = Bk1 (0, 7‘1) X oo X Bkn (O,Tn).
We will also use the following notation (already used in Proposition 3.5)

Notation 3.8. Given any one-parameter semi-algebraic family 7' c R¥*! (param-
eterized by the last co-ordinate) we will denote by

To := 71,k (TN 77,;_&1(0)).

Proposition 3.9. Let Fy,...,Fs,Py,...,P,Q1,...,Qs € RXY ..., X"], P =
{F1,...,Fs}, with F; = Ft € RIX',...,X"]. Suppose X' = (X{,...,X] ) and
let k = (ki,...,k,). Suppose ¢ is a P-formula containing no negations and no
inequalities. Let

P =P, ][ Q;
JFi

Q = H Q]a
J
and let ¢ denote the formula by replacing each F; = 0 with
‘P’i2 S U(Q2 - UN)a
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N =2deg(Q) + 1. Then, for everyr = (r1,...,7,) € R™ such that r; > 0 for all i,
we have

i=1

Reali (/\(|xi|2 <r3HA 55) = Reali(¢) N By (0, r).
0

n
(See Notation 3.8 for the definition of Reali (/\(|Xl|2 <) A ¢> ).
=1 0

Proof. We follow the proof of Proposition 3.5. The only case which is not immediate
is the case x € Reali(¢) N By (0,r) and Q(x) =

Suppose x € Reali(¢) N By (0,r) and that Q(x) = 0. Since ¢ is a formula contain-
ing no negations and no inequalities, it consists of conjunctions and disjunctions
of equalities. Without loss of generality we can assume that ¢ is written as a
disjunction of conjunctions, and still without negations. Let

¢ =\/¢a

where ¢, is a conjunction of equations. As above let ¢, be the formula obtained
from ¢, after replacing each F; = 0 in ¢, with

-P'L'Z S U(Q2 - UN)a

N = 2deg(Q) + 1.
‘We have

p p
Reali </\ (IX7? < 72 ) = Reali (/\ (X2 <r3H) A (\/ ¢3a>>
=1 0 i=1 « 0
p
= Reali (\/ N (X? <7 )Aqba)
0

a =1

= UReah (/\ X2 < 7 )/\¢a>
0

S|

since (T'U S)o = Ty U Sp. In order to show that x € Reali (AI_, (|X*[* <r7) A ¢),
it now bufﬁceb to show that if x € Reali(¢,) N Bk(0,r) and Q(x) = 0, then x €
Reali (AI_; (IX'? <73) A da),

Let x € Reali(¢q) N By (0, 1) and suppose Q(x) = 0. Let Q C P consist of the
polynomials of P appearing in ¢.. Let v € R¥ be generic, and denote P;(U) =
Pi(x+Uv), QU) = Q(x + Uv), and F;(U) = F(x + Uv). Note that

ﬁi = Q\Ea
(3.4) Pi(0) = Q(0) = Fy(0) = 0.

As in the proof of Proposition 3.5, if F; € Q is not the zero polynomial then for

generic v € R” Pi is not identically zero. Since ¢, consists of a conjunction of

equalities and
NF=0< A F=o,

FeQ
s FeQ

we may assume that Q does not contain the zero polynomial. Under this assump-
tion, and for a generic v € R*, we have that for every F; € Q the univariate
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polynomial ]3Z is not identically zero. As in the proof of Proposition 3.5, we can
assume that v also satisfies x + tv € Bg(0,r) for ¢ > 0 sufficiently small. Denot-
ing by 1/1 = multo(H) and g = multp(Q), we have from (3.3) that v; > p for all
1=1,.

Let
deg; P; degys Pi—v;
Z Ui =Uv . Z v +;U7 = ¢,,U" + (higher order terms),
j_Vi Jj=0
degU degy, @—H
Z d] =U"- Z du+;U7 = d,U" + (higher order terms)
j=n §=0

where d,, # 0 and ¢, # 0.
Then we have

iUQ"i + (higher order terms),
= diUQ’* + (higher order terms),

= U(d;, U + (higher order terms) — U™),
~2

DWU)-P, (U)= aliU2H+1 + (higher order terms) — UN !,

Since p < deg(Q) and N = 2deg(Q) + 1, we have that 2 + 1 < N + 1. Hence,

~2
there exists ¢ ; > 0 such that for ¢t with 0 < ¢ < t1 ;, we have that D(t)—P; (t) >0,
and thus x + tv satisfies

P2 (x +tv) < tH(Q*(x + tv) — tT).
Let t1 = min{t1,1,...,t1s}. Let to = (fyy)"/? and note that for all ¢ € R,

0 <t < tg, we have (|v|? +1)t2 < §. Since x € By(0,r) and by our choice of v,
there exists t3 such that for all 0 < t < t3 we have

P
x—i—tvEReah(/\ (X < r?) >

Finally, if ¢ > 0 satisfies 0 < t < min{¢1,t2,¢3} then

P
(x +tv,t) € Reali (/\(|Xz|2 <) A ¢a>

i=1
and

Ix — (x+tv)]2+t2 = (v[)t* <4,
and so we have shown that

P
x € Reali </\(|X12 <72 A (ba) .
=1 0
O

Definition 3.10. Let ® be a P-formula, P C R[Xq,...,X}], and say that ® is a

P-closed formula if the formula ® contains no negations and all the inequalities in
atoms of ® are weak inequalities.
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Let P ={Fi,...,Fs} CR[Xy,...,Xg], and ® a P-closed formula.
For R > 0, let @ denote the formula ® A (|X|? — R% < 0).
Let ®f be the formula obtained by replacing each occurrence of the atom Fj % 0,
xe{=<,>},i=1,...,s, with
Fi—T7=0 xe{<},
—F-T}=0 *¢c{>},
F;=0 * € {:}a
and let for R,R’ > 0, let (DE%,R’ denote the formula ®' A (U2 + |X|? — R? =

0) A (U2 +|T|?> - R? =0).
‘We have

Proposition 3.11.
Reali(®) = (1 4)(Reali(®')),
and for all 0 < R <K R/,
Reali(®r) = 71 ) (Reali(®} 5)),
Proof. Obvious.

O

Notice that the formula <I>TR’ g in Proposition 3.11 has no negations, and only
equalities and no weak inequalities.
In what follows we fix ® and R, R’ > 0. Let

SR,R’ = Reali((bTR’R, ) .

Note that for 0 < R < R', 1 3]s, ,, is a continuous, semi-algebraic surjection
onto Reali(®r).
Let mg g denote the map 7y i)lsy -

Proposition 3.12. We have that JP

TR, R/
Moreover, for any two formulas ®, U, the realizations Reali(®) and Reali(¥) are ho-
motopy equivalent if, for alll < R < R, Reali(J¥? (@R.r))s Reali(J? (\IIJILL r))
are homotopy equivalent for some p > k.

(Sr,r') is p-equivalent to mpy k) (Sr.r)-

Proof. Immediate from Proposition 2.12 and Propositions 2.4 and 3.11.
O

Proposition 3.13. Suppose that the sum of the additive complezities of F;,1 <
i < s is bounded by a. Then the semi-algebraic set Reali( L ((I)JI[%,R’)) (cf.

TR, R/

Proposition 3.9) can be defined by a P’-formula with P' € Aspr2 N1,

p+1

M:(p+1)(k+3a—|—8)+2< 5

)k a+a),

N=@p+1)k+at3)+ (p‘gl).
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Proof. If ® is a P formula, P = {F}, ..., F,}, such that then ®' has additive format
bounded by (a, k), then & has additive format bounded by (2a,k + a). From the
definition of <I>};’R,, it is clear that if ®' has additive format bounded by (2a, k +a),
then @}’R, has additive format bounded by (2a + 6, k +a+2). From the definition
of j}’((l)) (cf. Definition 2.10 and Equation 2.1), in the case where f = g p/ and
the formula @TR’ r» We have that the additive format of 77 (CIJE’ ) is bounded
by (M, N),

M(p+1)(k+3a+8)+2<p;1>(k+a+4),

2

In the above, for f = mg g/, the estimates of Proposition 2.18 suffice, with (a, k)
replaced by (2a + 6,k + a +2). Finally, if ¢ has additive format bounded by (a, k),
then ¢ (cf. Proposition 3.9) has additive format bounded by (2a%+a, k+1). Thus,
we have Jz,, ., (@I{’R,) has additive format bounded by (2M? + M, N + 1). After
making the estimate 2M?2 + M < 3M? the proposition follows.

N=@p+D)(k+at3d)+ (p+1>.

Finally, we obtain

Proposition 3.14. The number of distinct homotopy types of bounded semi-algebraic
subsets of defined by P-closed formulas with P € A, 1, is bounded by 9 ka)?)

Proof. By the conical structure at infinity of semi-algebraic sets (see for instance [4,
pg. 188]) we have that for all sufficiently large R > 0, the sets Reali(®r) ~ Reali(®)
are semi-algebraically homeomorphic.

By Proposition 3.12 it suffices to bound the number of possible homotopy types of
the set 72 (Sr,r'), 0 < R < R'. The proposition now follows from Propositions

3.9 (that (Reah (J#R,R, (@, R/))>0 — Reali(J?,  (®} ) and 3.13 (for bounding

TR R/
the additive complexity of the formula Jz,, ., (<I>J52 r)) and Theorem 2.1 (for bound-
ing the number of possible homotopy types of the limit (Reali (j,fR,R, (@E’R,)>>O)

applied to Reali (‘Z?R,R, (@E,R’)) O

Remark 3.15. Tt is important in the proof of the above proposition that the formula
T : (I); R’ TR,R! : (NR R/
J¥. (PR p) is of the form QEAOLAO, ™™ AO,™™ . In particular, O3 AO, T A

WR,R’
TR R/ . . . ey
O, contains no negations or inequalities.

Proof of Theorem 1.9. Using the construction of Gabrielov and Vorobjov [10] one
can reduce the case of arbitrary semi-algebraic sets to that of closed and bounded
one, defined by a P-closed formula, without changing asymptotically the complexity
estimates (see for example [5]). The theorem then follows directly from Proposition
3.14 above.
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3.4. Proof of Theorem 1.12.
Proof of Theorem 1.12. The proof is identical to that of the proof of Theorem 2.1,

except that we use Theorem 1.9 instead of Theorem 1.5. (]
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