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We report three-dimensional direct numerical simulations of the turbulent ﬂow
between counter-rotating concentric cylinders with a radius ratio 0.5. The innerand outer-cylinder Reynolds numbers have the same magnitude, which ranges from
500 to 4000 in the simulations. We show that with the increase of Reynolds number,
the prevailing structures in the ﬂow are azimuthal vortices with scales much smaller
than the cylinder gap. At high Reynolds numbers, while the instantaneous small-scale
vortices permeate the entire domain, the large-scale Taylor vortex motions manifested
by the time-averaged ﬁeld do not penetrate a layer of ﬂuid near the outer cylinder.
Comparisons between the standard Taylor–Couette system (rotating inner cylinder,
ﬁxed outer cylinder) and the counter-rotating system demonstrate the profound eﬀects
of the Coriolis force on the mean ﬂow and other statistical quantities. The dynamical
and statistical features of the ﬂow have been investigated in detail.

1. Introduction
Taylor–Couette systems with diﬀerentially rotating cylinders can accommodate a
surprisingly large variety of ﬂow states, both laminar and turbulent, as well as states
with the co-existence of laminar and turbulent regions (Andereck, Liu & Swinney
1986). The transition diagrams established by early workers (Coles 1965; Andereck
et al. 1986; Litschke & Roesner 1998) which map out diﬀerent regimes of the ﬂow have
proved to be indispensable guides to the experimental and theoretical explorations
that followed of physical mechanisms responsible for the transitions (Van Atta 1966;
Hegseth et al. 1989; Colovas & Andereck 1997; Goharzadeh & Mutabazi 2001;
Prigent et al. 2002).
The present study concerns the situation of counter-rotating cylinders, that is, with
the inner and the outer cylinders rotating in opposite directions. The ﬂow geometry
is characterized by the radius ratio, η = Ri /Ro , where Ri and Ro are, respectively, the
radii of the inner and outer cylinders, and the aspect ratio, Γ = Lz /d, where Lz is
the axial dimension of the domain and d is the gap width, d = Ro − Ri . The innerand outer-cylinder Reynolds numbers are deﬁned by Rei = Ui d/ν and Reo = Uo d/ν,
where ν is the ﬂuid kinematic viscosity, and Ui and Uo are, respectively, the rotation
velocities of the inner and outer cylinders, Ui = Ri Ωi and Uo = Ro Ωo (Ωi and Ωo
denote the angular velocities of the inner and outer cylinders, respectively). We also
deﬁne another Reynolds number, Re, based on the velocity diﬀerence of the inner
and outer cylinders, Re = Rei − Reo .
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The experimental work of Andereck et al. (1986) at a radius ratio η = 0.883
has provided so far the most comprehensive map of diﬀerent regimes of counterrotating Taylor–Couette ﬂow. Besides the laminar regimes (circular Couette ﬂow,
wavy vortex ﬂow, spiral vortices, wavy or modulated inter-penetrating spirals) at
relatively low inner- and outer-cylinder Reynolds numbers, it is observed that with
increasing Reynolds number, intermittent turbulent spots (bursts) appear randomly
in the ﬂow, with scales limited in both space and time. In contrast, the space-ﬁlling
turbulent burst studied by Coughlin & Marcus (1996) is a temporal oscillation of
the laminar ﬂow and the turbulence, and is due to a linear instability. As the inner
cylinder rotation rate increases, the turbulent spots grow in size (Goharzadeh &
Mutabazi 2001), and eventually connect to form a turbulent spiral. The ﬂow then
exhibits patterns of alternating turbulent and laminar spiralling regions (so called
spiral turbulence) (Coles 1965; Andereck et al. 1986; Goharzadeh & Mutabazi 2001;
Prigent et al. 2002). Spiral turbulence occurs in counter-rotating systems generally
with a higher outer-cylinder Reynolds number (Andereck et al. 1986). However,
it has also been observed with the inner wall at rest or even in cases with both
cylinders rotating in the same direction (Coles 1965). The turbulent spiral appears
to have no preferential direction of propagation, and may attain a right or a left
helicity with equal probability (Goharzadeh & Mutabazi 2001). It is observed that
the spiral pattern rotates with approximately the average angular velocity of the
two walls, although the diﬀerence between the two can become signiﬁcant when the
outer-cylinder Reynolds number becomes large (Coles 1965). As the inner-cylinder
Reynolds number increases, bands of turbulent spirals join together and the entire ﬂow
appears turbulent, with no apparent large-scale structures; this is termed featureless
turbulence by Andereck et al. (1986). The value of the radius ratio signiﬁcantly
inﬂuences diﬀerent ﬂow regimes in the transition diagram. For example, as the radius
ratio decreases, spiral turbulence tends to appear at much higher outer-wall Reynolds
numbers. With η ≈ 0.89, the minimum outer-cylinder Reynolds number at which spiral
turbulence can be observed is about Reo ≈ −800 (Andereck et al. 1986; Litschke &
Roesner 1998), whereas with η ≈ 0.79, this corresponds to Reo ≈ −7000. The boundary
between featureless turbulence and the other regimes (e.g. spiral turbulence) in the
transition diagram tends to shift toward higher Reo values (for identical Rei values),
see Litschke & Roesner (1998).
In this paper, we focus on the dynamical and statistical features of counterrotating Taylor–Couette systems (hereinafter referred to as CRTC ﬂow) in the
turbulent regime. We consider a range of moderate Reynolds numbers, the largest
one being about an order of magnitude higher than those in previous studies (see, e.g.
(Antonijoan, Marques & Sanchez 1998; Hoﬀmann, Lucke & Pinter 2005), at which
small-scale azimuthal vortices dominate regions near both cylinder walls. Speciﬁcally,
we perform three-dimensional direct numerical simulations (DNS) for a radius ratio
η = 0.5 at four inner-/outer-cylinder Reynolds numbers ranging from 500 to 4000,
while the condition Rei = −Reo is maintained. These approximately correspond to
the featureless turbulence or unexplored turbulent regions in the transition diagram
of Andereck et al. (1986), and the two highest Reynolds numbers in the present study
are beyond the range of parameters mapped out in that diagram.
The choice of these parameter values is based on a related study (Dong 2007), in
which we have simulated the standard turbulent Taylor–Couette ﬂow (inner cylinder
rotating, outer cylinder ﬁxed, hereinafter referred to as the standard conﬁguration
or simply TC ﬂow) at Reynolds numbers ranging from 1000 to 8000 for the same
radius ratio. The Reynolds numbers in the present study are chosen such that their
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values, based on the velocity diﬀerence of the inner and outer walls, Re = Rei − Reo ,
match those in Dong (2007) (where Reo = 0 for the standard TC ﬂow). This enables
a comparison of ﬂow features between the standard and counter-rotating Taylor–
Couette turbulence at comparable Reynolds numbers. In Dong (2007), it is observed
that in the standard Taylor–Couette system, ﬁne streaks on cylinder walls form
intricate herringbone-like patterns, and the ﬂow is dominated by small-scale vortices
while large-scale Taylor vortices can barely be discerned from the instantaneous
ﬁeld. It has also been shown that the core of the ﬂow has a constant mean angular
momentum. In the present paper, we demonstrate that the counter-rotating Taylor–
Couette system shares certain dynamical and statistical features with the standard
system, while other characteristics are much modiﬁed.

2. Simulation method, convergence and validation
We consider the incompressible ﬂow between two inﬁnitely long concentric
cylinders, whose common axis is aligned with the z-axis of the coordinate system. The
inner cylinder rotates counterclockwise (when viewed toward the −z-direction) at a
constant angular velocity Ωi (Ωi > 0), while the outer cylinder rotates clockwise at an
angular velocity Ωo (Ωo < 0). All the length variables are normalized by the cylinder
gap d, and the velocity components by the inner wall rotation velocity Ui = Ωi Ri , and
the pressure by ρUi2 , where ρ is the ﬂuid density.
To solve the three-dimensional Navier–Stokes equations we employ a Fourier
spectral expansion of ﬂow variables along the cylinder axis (z-direction), assuming
a periodicity of the ﬂow at z = 0 and z = Lz (Lz is the axial dimension of
the computational domain), and a spectral element discretization (Karniadakis &
Sherwin 2005) of the annular domain in (x, y)-planes. We integrate the Navier–
Stokes equations in time employing a stiﬄy stable scheme with a third-order
temporal accuracy, and the pressure is computed by solving a Poisson-type equation
(Karniadakis, Israeli & Orszag 1991). Dirichlet boundary conditions are employed on
the inner and outer cylinder walls to reﬂect their respective rotation velocities. Parallel
computation is through a multi-level parallelization framework (Dong & Karniadakis
2004) and implemented using the message passing interface (MPI). The above scheme
has been used previously to study the standard Taylor–Couette turbulence (with
ﬁxed outer cylinder) (Dong 2007), high-Reynolds-number turbulent bluﬀ-body ﬂows
(Dong & Karniadakis 2005; Dong et al. 2006), and vortex-induced vibrations (Dong,
Triantafyllou & Karniadakis 2008).
We consider the ﬂow at four Reynolds numbers, Rei = −Reo = 500, 1500, 2500
and 4000, for a radius ratio η = 0.5. Note that in all the simulation cases, we have
maintained the condition Rei = −Reo . The axial dimension of the domain is varied
between Lz /d = π and 2π. We have conducted extensive grid-reﬁnement tests by
varying the element order and the number of Fourier planes. We employ a spectral
element mesh with 400 quadrilateral elements in the (x, y)-planes, and the element
order is varied between 7 and 10, with over-integration (Dong 2007). In the axial
direction, we employ 128 to 256 Fourier grid points (64 to 128 Fourier modes), with
3/2-dealiasing. Table 1 summarizes the grid resolution studies at Rei = −Reo = 4000.
It shows the time-averaged mean torque coeﬃcients on the inner and outer cylinder
walls with diﬀerent grid resolutions. The mean torque coeﬃcient is deﬁned as
CT =

T 
,
0.5πρUi2 Ri2 Lz

(2.1)
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Cases

Nz

P

Lz /d

CTinner

A
B
C
D
E
F

128
192
256
256
256
256

8
8
7
8
9
10

π
1.5π
2π
2π
2π
2π

−0.0271
−0.0272
−0.0272
−0.0273
−0.0272
−0.0272

CTouter
0.0271
0.0273
0.0272
0.0272
0.0272
0.0272

Table 1. Grid resolution studies at Rei = −Reo = 4000. Nz , number of Fourier planes in axial
direction; P , element order; CTinner , mean torque coeﬃcient on inner cylinder wall; CTouter ,
mean torque coeﬃcient on outer cylinder wall.

(a) 1.0

(b)
case A
case B
case C
case D
case E
case F

0.15
u′θ/Ui

uθ/Ui

0.5

0

–0.5

–1.0

0.10

0.05

0

0.2

0.4
0.6
(r – Ri)/(Ro – Ri)

0.8

1.0

0

0.2

0.4

0.6

0.8

1.0

(r – Ri)/(Ro – Ri)

Figure 1. Convergence studies (Rei = −Reo = 4000). Comparison of proﬁles of (a) the mean
azimuthal velocity uθ  and (b) the root-mean-square ﬂuctuation azimuthal velocity uθ , with
diﬀerent grid resolutions. r is the radial coordinate. Labels of diﬀerent cases correspond to
those in table 1.

where T  is the time-averaged torque value on cylinder walls. The total degrees of
freedom in the system has been increased by nearly six times from case A to case
F. The torque coeﬃcient is observed to ﬂuctuate slightly (variation less than 0.5 %)
at low resolutions and converge to its ﬁnal value. Comparison of cases A, B and D
also demonstrates a general insensitivity of the torque to the axial dimension of the
domain.
Figure 1 further demonstrates the convergence of the simulation results with a
comparison of proﬁles of statistical quantities from diﬀerent grid resolutions at
Rei = −Reo = 4000. In ﬁgure 1(a), we plot proﬁles of the mean azimuthal velocity
(normalized by the inner-cylinder rotation velocity), averaged both in time and in
the axial and azimuthal directions, as a function of the radial coordinate at various
grid resolutions. The mean velocity proﬁles with diﬀerent resolutions essentially
collapse into one curve, suggesting the grid independence of the results. In ﬁgure 1(b),
we compare proﬁles of the root-mean-square (r.m.s.) ﬂuctuation azimuthal velocity
(averaged both in time and along the axial and azimuthal directions, and normalized
by the inner-cylinder rotation velocity) for diﬀerent grid resolutions. In the near-wall
regions, the proﬁles for diﬀerent cases collapse into one. Toward the middle of the
gap, some minor diﬀerences in the proﬁles for diﬀerent cases can be observed; there
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Figure 2. Comparison of mean azimuthal velocity proﬁles between —, the present simulation
and , the experiment of Vaezi et al. (1997) at (|Rei | + |Reo |)/2 = 1500 for a radius ratio
η = 0.89.

is a slightly larger diﬀerence between the proﬁle from case A and those of the other
cases in the middle of the gap and at the peak location near the outer cylinder,
while essentially no diﬀerence can be discerned between cases with relatively high
resolutions (e.g. cases D to F). Both the torque data (table 1) and the statistics data
(ﬁgure 1) have demonstrated the convergence of the present simulation results.
Our application code has been validated for turbulent Taylor–Couette ﬂows in a
previous work (Dong 2007), and also extensively for other turbulence problems such
as the bluﬀ-body ﬂows (Dong et al. 2006). In Dong (2007), we have compared the
computed torque values on the cylinders (standard Taylor–Couette conﬁguration)
for Reynolds numbers ranging from 1000 to 8000 with those determined from
the experiments of Wendt (1933), Bilgen & Boulos (1973) and Racina & Kind
(2006); we have also compared the mean velocity distribution in the gap from the
simulations with the experimental data of Smith & Townsend (1982). Very good
agreements have been observed in these comparisons. A survey of literature indicates
that the experimental data for counter-rotating Taylor–Couette turbulence in the
range of Reynolds numbers reachable by DNS (and hence can be used for validating
simulations) turns out to be scarce. As a further validation, here we compare our
simulations with the experiment of Vaezi, Oh & Aldredge (1997) which was performed
for the counter-rotating Taylor–Couette ﬂow in the turbulent regime (ﬁgure 2). Note
that the experiment of Vaezi et al. (1997) was for a radius ratio η = 0.89 and an
inner-/outer-cylinder Reynolds-number ratio Reo /Rei = −1.4, which were diﬀerent
from the parameters in our simulations. For the purpose of comparison, we have
conducted simulations with the above parameter values from the experiment. In
ﬁgure 2, we compare the proﬁles of the mean azimuthal velocity (normalized by the
rotation velocity of the inner cylinder) at Reynolds number (|Rei | + |Reo |)/2 = 1500
from our simulation and the experiment of Vaezi et al. (1997). The experimental
data are only available at a few points around the middle of the gap, in addition
to the two points at the walls. The computed proﬁle agrees with the experimental
data reasonably well. The slightly larger discrepancy between the simulation and the
experiment at the data point toward the outer cylinder may be related to a small
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Figure 3. Time histories of instantaneous torque coeﬃcients CT on —, the inner and . . . ,
outer cylinders at Rei = −Reo = 500. The torque on the inner cylinder has been made negative
in the plot. t denotes time.

mean axial velocity present in the experiment (Vaezi et al. 1997) owing to its set-up
(no mean axial velocity in the simulations).

3. Dynamical features
We report results of the ﬂow at statistically stationary states only. For this purpose,
we have monitored the signals of the instantaneous torques on the inner and the
outer cylinders. An example of such signals has been shown in ﬁgure 3, in which
we plot time histories of the instantaneous torque coeﬃcients (see (2.1), with the
mean torque replaced by the instantaneous torque) of the inner and outer cylinders
at Rei = −Reo = 500. While the ﬂuctuations are indicative of the highly dynamical
nature of the ﬂow, they are all around some mean value. The constancy of the mean
torque suggests that the ﬂow is in a statistically stationary state. For each Reynolds
number simulated in this study, we ensure that the ﬂow has reached a statistically
stationary state before the ﬂow statistics are accumulated or other characteristics are
investigated. All results presented below are for statistically stationary states.
Figure 4 shows contours of the instantaneous azimuthal velocity in a nearly
cylindrical surface close to the inner cylinder (at a distance about 0.125d) for the
four Reynolds numbers considered, providing an overview of the instantaneous ﬂow
features (side view). Bright regions indicate higher (or more positive) azimuthal
velocities, and dark regions indicate lower (or more negative) azimuthal velocity
values. At Rei = −Reo = 500, azimuthal stripes of high velocities (bright regions) can
be observed with a fairly regular spacing, approximately 1.1d on average, along the
axial direction. These are the outﬂow boundaries of Taylor vortices, which pump
high-speed ﬂuids away from the inner cylinder in these regions. Disturbance to the
regular pattern of high-velocity stripes can be observed; see ﬁgure 4(a) at the lower
half of the cylinder. As the Reynolds number increases to 1500 and 2500, structures
with smaller scales have emerged in the system, in addition to the high-velocity
striped regions which have become increasingly irregular (e.g. appearing broken or
forked) with decreased axial spacings. At Rei = −Reo = 4000 the ﬂow appears to be
permeated with the small-scale structures. The pattern of high-speed striped regions
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Figure 4. Contours of instantaneous azimuthal velocity in a nearly cylindrical surface (at
a distance approximately 0.125d from the inner cylinder) at Reynolds numbers (a) Rei =
−Reo = 500, (b) 1500, (c) 2500, and (d) 4000.

(a)

(b)

(c)

(d)

5

5

5

5

z
4
d

4

4

4

3

3

3

3

0

0.5
(r – Ri)/d

1.0

0

0.5
(r – Ri)/d

1.0

0

0.5
(r – Ri)/d

1.0

0

0.5
(r – Ri)/d

1.0

Figure 5. Patterns of instantaneous velocity ﬁelds in a radial-axial plane at Reynolds numbers
(a) Rei = −Reo = 500, (b) 1500, (c) 2500, and (d) 4000. Above each plot the larger arrow
indicates the location of the surface with zero mean azimuthal velocities, and the smaller
arrows mark the boundaries of high-velocity-gradient layers near the cylinder walls (see § 4).

typical of lower Reynolds numbers has become increasingly less obvious, and highly
irregular zones with relatively high or low azimuthal velocities can be identiﬁed.
In order to understand the small-scale structures observed in ﬁgure 4, we now look
into the instantaneous velocity patterns. Figure 5 shows snapshots of the instantaneous
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velocity ﬁelds in a radial–axial plane (r, z)-plane, where r is the radial coordinate) at
Reynolds numbers Rei = −Reo = 500, 1500, 2500 and 4000. A time-averaged mean
velocity ﬁeld will be shown in § 4. In these plots, the inner and outer cylinder
walls, respectively, correspond to (r − Ri )/d = 0.0 and 1.0. Note that the velocity
vectors have been plotted on the quadrature points of the spectral elements. Because
the quadrature points are non-uniformly distributed within an element (ﬁner near
boundaries, coarser toward middle of an element) and the sizes of spectral elements
are also non-uniformly distributed in the cylinder gap (ﬁner near cylinder walls,
coarser toward the middle of the gap), clustering of the quadrature points (and
hence the clustering of velocity vectors) induces apparent vertical ‘stripes’ in the
plots.
At Rei = −Reo = 500, pairs of counter-rotating Taylor vortices can be observed,
with a fairly regular spacing in the axial direction. Their outﬂow boundaries contain
the high-speed ﬂuid carried away from the inner cylinder wall, which accounts for
the stripes of high-velocity regions in ﬁgure 4(a). A comparison with the standard
Taylor–Couette conﬁguration (Dong 2007) at the same Re = Rei − Reo = 1000 (TC:
Rei = 1000; CRTC: Rei = −Reo = 500) reveals notable diﬀerences. In the standard
conﬁguration, the Taylor vortices are observed to ﬁll out the entire gap (Dong
2007); in contrast, in the counter-rotating conﬁguration they appear in size, albeit
commensurate to, somewhat smaller than the gap width, and their induced ﬂuid
motions tend to be conﬁned to regions in the middle of the gap or near the
inner cylinder. A similar observation has been made at lower Reynolds numbers
(Rei , −Reo ∼ 100) by others (Hristova et al. 2002; Hoﬀmann et al. 2004). Note that
in the counter-rotating Taylor–Couette ﬂow there exists a cylindrical surface in the
gap with a zero mean azimuthal velocity; we use R ∗ to denote the radial coordinate of
this surface, i.e. uθ (R ∗ ) = 0, where uθ  is the azimuthal velocity averaged over time
and along the axial and azimuthal directions. In ﬁgure 5, the larger arrow above each
plot marks the location of this zero-velocity surface, and the smaller arrows mark the
boundaries of high-velocity-gradient regions near the two walls which will be discussed
in detail in § 4. Hoﬀmann et al. (2004) observe that Taylor vortices are restricted not to
extend signiﬁcantly beyond R ∗ since, based on the Rayleigh criterion (Rayleigh 1916)
(valid for inviscid and axisymmetric ﬂows), radial momentum transport is suppressed
by opposite pressure gradients for regions outside this location.
As the inner-/outer-cylinder Reynolds number increases to 1500, Taylor vortices
diminish notably in size, and their axial spacing has become much less regular. In
addition, azimuthal vortices with scales notably smaller than the gap width emerge
at the inner cylinder wall, as well as in regions not far from the outer cylinder.
In ﬁgure 5(b), we have marked several such small-scale vortices using arrows. At
Rei = −Reo = 2500, the Taylor vortices, typical at lower Reynolds numbers, can no
longer be observed from the instantaneous ﬂow patterns. The ﬂow ﬁeld comprises
numerous small-scale vortices, predominantly located at the inner cylinder (see the
arrows in ﬁgure 5c) and in the bulk of the gap; they can barely be observed in
regions very close to the outer cylinder. The small-scale vortices collectively appear
to be clustered around several axial locations, with regions in between relatively
free of small-scale vortices. At Rei = −Reo = 4000, small-scale vortices appear to be
permeated throughout the gap. They can especially be observed at and in regions
near the outer cylinder wall (see vortices marked by arrows near the outer cylinder in
ﬁgure 5d), which are generally free of vortices at lower Reynolds numbers. However,
the population of vortices at the inner cylinder appears to be considerably larger than
at the outer one.
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Figure 6. Iso-surface of instantaneous λ2 (the intermediate eigenvalue in Jeong & Hussain
(1995) vortex identiﬁcation method) at Rei = −Reo = 4000: (a) perspective view, the inset being
an enlarged view near the upper end of the inner cylinder; (b) top view. Colour contours of
the radial velocity are shown on the λ2 iso-surface: red, positive radial velocity; blue, negative
radial velocity. The inner cylinder is also shown in the plot.

The above observations for the counter-rotating system and those in Dong (2007) for
the standard conﬁguration suggest that it is a characteristic common to both standard
and counter-rotating Taylor–Couette ﬂows that with increasing Reynolds number the
large-scale Taylor vortices (typical at low Reynolds numbers) cease to exist in the
instantaneous sense, i.e. they can no longer be observed from the instantaneous ﬂow
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patterns. As the Reynolds number increases, the prevailing structure is the azimuthal
vortices with scales much smaller than the gap width. In standard Taylor–Couette
ﬂows, it has been shown that the small-scale vortices originate at the inner cylinder
wall and around the outﬂow boundaries of Taylor vortices (Wei et al. 1992; Dong
2007). For the counter-rotating conﬁguration, the above point is not quite obvious
from the present data. The small-scale vortices seem to appear ﬁrst at the inner
wall, because at Rei = −Reo = 1500 the outer wall is free of vortices whereas they
can already be observed at the inner wall. However, whether the small-scale vortices
originate from the outﬂow boundaries of Taylor vortices is not clear from the data.
Compared to the plane Couette ﬂow, we note the strong asymmetry of ﬂow features
here between the inner and the outer cylinder walls. This is reﬂected from the general
conﬁnement of Taylor vortices to the inner portion of the gap at low Reynolds
numbers and the considerable diﬀerence in the population of small-scale vortices at
the two walls as the Reynolds number increases.
To explore the structural characteristics of the small-scale vortices in threedimensional space, we employ the method of Jeong & Hussain (1995) for vortex
identiﬁcation. In ﬁgure 6, we visualize the vortices at Rei = −Reo = 4000 by plotting
the iso-surface of λ2 = −7.0, where λ2 is the intermediate eigenvalue of the tensor
S · S + Ω · Ω (S and Ω, respectively, denote the symmetric and anti-symmetric parts
of the velocity gradient tensor). ﬁgure 6(a) shows a perspective view, the inset being
an enlargement around the top end of the cylinder, and ﬁgure 6(b) is a top view.
To provide the sense of rotation of the vortices, we have plotted contours of the
instantaneous radial velocity ur on the λ2 iso-surface. Red indicates a positive radial
velocity (i.e. ﬂow from inner cylinder to outer cylinder), and blue indicates a negative
one. For an azimuthally elongated vortex, we can usually observe a positive radial
velocity (red) on one side of the vortex tube and a negative radial velocity (blue)
on the other; the sense of its rotation can be determined as a result. The ﬁgure
demonstrates numerous small-scale vortices in the ﬂow, extending in general along
the azimuthal direction in three-dimensional space. Nearly all the azimuthal vortices
seem to appear in pairs. The two vortices in a pair have opposite senses of rotation
(i.e. counter-rotating), and their strengths (or sizes) can diﬀer considerably (ﬁgure 6a).
Instantaneously, the vortices appear to originate from the inner or the outer cylinder,
stretch azimuthally, and extend away from the wall to the core of the gap (ﬁgure 6b);
the majority of vortices are distributed in regions near either the inner cylinder or
the outer one, and the middle region of the gap is relatively void of vortices. In some
instances, the pair of azimuthal counter-rotating vortices appears to form the legs of a
hairpin-like vortex. For example, several hairpin-like vortices can be clearly identiﬁed
on the inner cylinder wall from the inset of ﬁgure 6(a). Hairpin vortices have been
observed in turbulent channels and ﬂat-plate boundary layers, and been considered as
a promising conceptual model for basic near-wall structures of turbulence (Robinson
1991; Adrian 2007). In the counter-rotating Taylor–Couette system studied here, we
note that the majority of small-scale vortices appear to be azimuthally elongated
vortices and not connected with a hairpin-like vortex.
One of the most intriguing features of turbulent Taylor–Couette ﬂows in a standard
conﬁguration is the presence of near-wall streaks that form herringbone-like patterns.
The herringbone-like streaks were ﬁrst observed in a visualization study (Barcilon
et al. 1979), and have also been observed in direct numerical simulations (Dong 2007).
Barcilon et al. (1979) show ﬂow photographs of ﬁne streaks (aluminium particles) on
the outer cylinder wall that tilt alternately at small angles with respect to the planes
normal to the cylinder axis. Dong (2007) demonstrates that Herringbone streaks
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start to appear on the walls as the Reynolds number reaches a threshold value, and
that they are initially distributed in banded regions concentrating on certain axial
locations. With increasing Reynolds number, it is observed that the streaks spread
over the entire cylinder surface and become less coherent (persisting for a shorter
time), and their population increases dramatically. The studies of both Barcilon et al.
(1979) and Dong (2007) are for a standard Taylor–Couette conﬁguration.
A natural question arises as to whether the existence and the characteristics of
herringbone streaks carry over to the counter-rotating Taylor–Couette systems. In
light of this question, we next investigate the spatial–temporal characteristics of the
ﬂow. Figure 7 shows contours of the instantaneous azimuthal velocity in the spatial–
temporal (z, t)-plane for Reynolds numbers ranging from Rei = −Reo = 500 to 4000.
The velocity data were collected along a ﬁxed line parallel to the cylinder axis and
located near the inner cylinder wall (at a distance 0.033d). The contour levels of the
azimuthal velocity range from 0.45Ui to 0.9Ui in these plots, and the regions with
contours are associated with a higher azimuthal velocity than the ambient (blank)
ones. At Rei = −Reo = 500, distinct high-speed regions marked by the contour lines
correspond to the outﬂow boundaries of Taylor vortices (see also ﬁgures 5a and
4a). Instabilities localized in both space and time can be clearly observed. However,
no obvious pattern can be discerned at this Reynolds number. As the Reynolds
number increases to 1500 and above, interesting herringbone-like patterns of streaks
are observed. The streaks appear to share certain characteristics with those observed
in the standard Taylor–Couette conﬁguration (Barcilon et al. 1979; Dong 2007). For
example, they tilt alternately at small angles with respect to the (x, y)-plane; with the
increase of Reynolds number, the streaks tend to be ﬁner and more closely packed, and
their population increases dramatically. Some diﬀerences are also noted despite these
similarities. In the standard Taylor–Couette conﬁguration, the herringbone streaks
are distributed in banded regions along the axial direction (Dong 2007), which are
disjoint when the streaks start to appear and are quite evident even at high Reynolds
numbers. On the other hand, in a counter-rotating system, it is not obvious that
the streaks are distributed in banded regions, especially as the Reynolds number
increases. They appear to be on the entire cylinder wall. For example, at the same
Re = Rei − Reo = 3000 (Reo = 0 for standard Taylor–Couette ﬂow) the herringbone
streaks in the standard conﬁguration are distributed in disjoint bands along the axial
direction (Dong 2007), whereas this is apparently not quite the case in the counterrotating conﬁguration (ﬁgure 7b). Comparisons of the standard conﬁguration and
the counter-rotating conﬁguration at the same Re = Rei − Reo values also indicate
that the streaks in the counter-rotating system tend be more coherent (i.e. persisting
longer in time) and less populous.
We next investigate the spectral characteristics of velocity ﬂuctuations. Figure 8
shows a comparison of the Fourier power spectra of the axial velocity near the
inner cylinder (at a distance 0.108d) at diﬀerent Reynolds numbers. The spectra were
computed based on the time histories of velocity at certain points in the ﬂow domain,
and have been averaged along the axial direction over points with the same radial and
azimuthal coordinates. The spectra at all four Reynolds numbers exhibit a broadband
distribution typical of a turbulent power spectrum, which indicates that the ﬂow has
become turbulent at all four Reynolds numbers. At Rei = −Reo = 500, although
the velocity ﬂuctuations are quite weak (which can be two orders of magnitude
weaker than at Rei = −Reo = 1500 at higher frequencies), the spectrum has nonetheless
retained characteristics of a turbulent spectrum. At very low frequencies (f d/Ui < 0.1),
the spectra for Rei = −Reo = 1500, 2500 and 4000 essentially coincide with one
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Figure 7. Spatial–temporal contours of the azimuthal velocity along a ﬁxed line that is parallel
to the z-axis and near the inner cylinder wall (at a distance 0.033d): (a) Rei = −Reo = 500, (b)
1500, (c) 2500, and (d) 4000. t0 is an arbitrary instant in time.
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Figure 9. Power spectra of the azimuthal velocity in the middle of the gap and at two other
locations near the inner and outer cylinder walls (at a distance 0.033d): (a) Re i = −Re o = 500
and (b) 4000. In (b), the curves for the mid-point and the point near the outer wall intersect
with each other.

another, indicating that on temporal scales about 10d/Ui and larger, the intensity
of ﬂuctuations for the three Reynolds numbers is comparable. At higher frequencies
(f d/Ui > 0.1), diﬀerences in the power spectral density among various Reynolds
numbers become more signiﬁcant; turbulent ﬂuctuations are substantially stronger at
a higher Reynolds number. At frequencies f d/Ui > 1.0, the diﬀerence in the power
spectral density values between successive Reynolds numbers is nearly an order of
magnitude.
Turbulent ﬂuctuations are unevenly distributed in intensity in the domain, and
the distribution characteristics diﬀer with the Reynolds number. In ﬁgure 9, we
compare the power spectra of the azimuthal velocity at three locations, the midpoint of the gap and two near-wall locations (at a distance 0.033d), at Reynolds
numbers Rei = −Reo = 500 (ﬁgure 9a) and 4000 (ﬁgure 9b). At Rei = −Reo = 500,
we observe more energetic ﬂuctuations (higher power spectral density) in the middle
region of the gap than near the cylinder walls. This characteristic is reversed as
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inner cylinder (at a distance 0.108d); (b) axial separation that corresponds to the minimum
correlation coeﬃcient, ZC0 , as a function of Reynolds number.

the Reynolds number increases. With increasing Reynolds number, the intensity of
turbulent ﬂuctuations near cylinder walls, especially near the inner cylinder, increases
substantially and surpasses that of the middle region of the gap. ﬁgure 9(b) shows
that at Rei = −Reo = 4000, the most energetic ﬂuctuations are observed near the inner
cylinder. Comparison between the gap mid-point and the point near the outer cylinder
indicates that high-frequency ﬂuctuations are stronger near the outer cylinder, whereas
at low frequencies (f d/Ui . 0.2) it is relatively stronger at the mid-point of the gap.
These distribution characteristics are related to the vortex distributions in the ﬂow.
At a low Reynolds number such as Rei = −Reo = 500, Taylor vortices dominate the
middle region and the inner portion of the gap (ﬁgure 5a). This apparently results
in stronger ﬂuctuations in the middle of the gap than in the near-wall regions. As
the Reynolds number increases, small-scale vortices emerge and are predominantly
distributed near both cylinder walls, especially at the inner cylinder, while the middle
region of the gap is comparatively vortex-free (ﬁgure 6b). This gives rise to stronger
turbulent ﬂuctuations in near-wall regions than in the middle of the gap.
We next study the spatial and temporal correlations of the velocity ﬂuctuations.
ﬁgure 10(a) shows the spatial two-point autocorrelation coeﬃcient of the ﬂuctuation
radial velocity as a function of the axial separation (Zc ) between the two points
at diﬀerent Reynolds numbers. The spatial correlation coeﬃcient is deﬁned for two
points separated by a distance Zc in the axial direction by the following expression
Rrr (Zc ; r) =

ur (r, θ, z, t)ur (r, θ, z + Zc , t)
u2
r (r, θ, z, t)

,

(3.1)

where the bar denotes the averaging over time and along the azimuthal and axial
directions. The ﬂuctuation radial velocity ur is deﬁned by ur (r, θ, z, t) = ur (r, θ, z, t) −
Ur (r, θ, z), where Ur (r, θ, z) is the time-averaged mean of the instantaneous radial
velocity ur (r, θ, z, t). The correlation distribution in ﬁgure 10(a) is for a location 0.108d
away from the inner cylinder. At Rei = −Reo = 500, the two-point autocorrelation
exhibits large variations about the zero value with increasing axial separation, which
is indicative of the regular Taylor vortex patterns at this Reynolds number (ﬁgures 4a
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and 5a). As the Reynolds number increases to Rei = −Reo = 1500 and above, velocity
ﬂuctuations at any two points separated by about 0.5d or more in the axial direction
completely lose correlation. As the axial separation between the two points increases
from zero, the autocorrelation coeﬃcient decreases and rapidly becomes negative.
This negative region in the autocorrelation function is due to the near-wall smallscale vortices (ﬁgure 5), and in the case of Rei = −Reo = 500, the Taylor vortices. The
radial velocity ﬂuctuations tend to be negatively correlated across an azimuthal vortex
tube. Therefore, the axial separation that corresponds to the minimum correlation
(negative peak), ZC0 , provides a measure for the characteristic size of the near-wall
azimuthal vortices. We have determined ZC0 for diﬀerent Reynolds numbers. In
Figure 10(b), we plot ZC0 as a function of the Reynolds number at two locations,
respectively, with distances 0.033d and 0.108d to the inner cylinder wall. Evidently
the axial separation that corresponds to the minimum correlation coeﬃcient decreases
with increasing Reynolds number, indicating a marked decrease in the size of nearwall azimuthal vortices as the Reynolds number increases. The curves suggest that
the dimension of the near-wall vortices approximately scales as a function ∼Reiξ
(ξ being the slope of the curves), with ξ ≈ −0.62 at a distance 0.033d from the inner
wall and slightly increasing at locations farther away from the wall.
Taylor microscales can be determined based on the spatial correlation
functions. The longitudinal Taylor microscale (Pope 2000) is deﬁned by λf (r) =
[−(1/2)(d 2 Rzz (Zc ; r)/dZc2 )|Zc =0 ]−1/2 , where Rzz (Zc ; r) is the spatial two-point autocorrelation of the ﬂuctuation axial velocity (see (3.1), with the radial velocity ur
replaced by the axial velocity uz ). Similarly, the transverse Taylor microscale can
be determined by λg (r) = [−(1/2)(d 2 Rrr (Zc ; r)/dZc2 )|Zc =0 ]−1/2 , where Rrr (Zc ; r) is the
spatial autocorrelation of the ﬂuctuation radial velocity (equation (3.1)). We have
computed the Taylor microscales at several radial locations, and in ﬁgures 11(a)
and 11(b) we plot the distributions of the longitudinal and transverse Taylor
microscales across the cylinder gap at various Reynolds numbers. We ﬁrst note
the non-homogeneity of the distribution. The values of Taylor microscales vary
substantially across the gap; at Reynolds numbers Re i = −Reo = 1500 and above,
high values are found in the middle of the gap (slightly shifted toward the outer
cylinder), and relatively low values can be observed near both walls. The distribution
at Re i = −Reo = 500 exhibits certain ‘irregularities’. The transverse Taylor microscale
increases monotonically as the radial coordinate increases, unlike the other Reynolds
numbers; this is probably due to the very weak ﬂuctuations near the outer wall
at this Reynolds number. Comparison of diﬀerent Reynolds numbers shows that
both the longitudinal and the transverse Taylor microscales decrease with increasing
Reynolds number. Figure 11(c) shows distributions of the Taylor-scale Reynolds


number, Re λ , which is deﬁned by Re
 λ (r) = u (r)λg (r)/ν (Pope 2000), where u is the




2
2
ﬂuctuation velocity magnitude, u = u2
r + uθ + uz (ur , uθ and uz are, respectively, the
ﬂuctuation radial, azimuthal and axial velocities, and the overbar denotes averaging
in time and along the axial and azimuthal directions). With the increase of Reynolds
number, the values of Taylor-scale Reynolds number increase from around 10 at
Re i = −Reo = 500 to about 50 at Re i = −Reo = 4000. At each Reynolds number,
highest values of Taylor-scale Reynolds number occur in the middle region of the
gap whereas the values in near-wall regions are comparatively low.
Figure 12(a) shows the temporal autocorrelation coeﬃcient of the ﬂuctuation radial
velocity as a function of the time separation between the two instants, τ , at diﬀerent
Reynolds numbers for a location near the inner cylinder (at a distance 0.033d). The
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Figure 11. Taylor microscales and Taylor-scale Reynolds numbers: distribution of (a) longitudinal and (b) transverse Taylor microscales (normalized by cylinder gap) and (c) the
Taylor-scale Reynolds numbers.

temporal autocorrelation coeﬃcient is deﬁned by
Rrr (τ ; r) =

ur (r, θ, z, t)ur (r, θ, z, t + τ )
u2
r (r, θ, z, t)

,

(3.2)

where the bar denotes the averaging in time and in the axial and azimuthal directions.
The autocorrelation coeﬃcient decreases rapidly as the time separation increases.
However, the rate of decrease is quite diﬀerent at diﬀerent Reynolds numbers. At
Reynolds numbers Rei = −Reo = 1500 and above, the ﬂuctuation velocity becomes
uncorrelated with a relatively short time separation, whereas at Rei = −Reo = 500 the
decrease of the autocorrelation is much slower. The decay time of the autocorrelation
function provides a measure of the typical time it takes for an azimuthal vortex
to pass a ﬁxed point in space. If the convection velocity of the vortex is known,
e.g. by assuming that it is the same as the mean ﬂow velocity, then the decay time
is practically a measure of the characteristic ‘length’ of the vortex. A quantitative
measure of the rate of decrease is the integral time scale (Tritton 1988), Te , deﬁned
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by Te = Rrr (τ ; r) dτ . In ﬁgure 12(b), we plot the integral time scale, normalized by
d/Ui , as a function of the Reynolds number at two locations: near the inner cylinder
wall (at a distance 0.033d) and in the mid-point of the gap. The integral time scale
in the mid-gap is notably larger than near the wall, suggesting a stronger correlation
of turbulent ﬂuctuations. The integral time scale decreases with increasing Reynolds
number, and scales as a function ∼ Reiξ (where ξ is the slope of the curves), with
ξ ≈ −1.44 near the wall and ξ ≈ −0.64 in the middle of the gap.

4. Statistical features
In this section, we investigate the characteristics of ﬂow statistics, with an
emphasis on the time-averaged mean ﬁeld and the root-mean-square (r.m.s.) velocity
ﬂuctuations. By averaging the Navier–Stokes equations in time and in the axial
and azimuthal directions, Eckhardt, Grossmann & Lohse (2007) observe that in a
diﬀerentially rotating Taylor–Couette system, the following quantity is a constant
across the cylinder gap,


∂ω
,
(4.1)
J ω = r 3 ur ω − ν
∂r
where ω is the angular velocity, and  ·  denotes the averaging over time and in
the axial and azimuthal directions. They refer to J ω as the angular velocity current
because it can be interpreted as a conserved transverse current of the azimuthal
motion, transporting the angular velocity ω in the radial direction (Eckhardt et al.
2007). The ﬁrst term on the right-hand side of (4.1) represents a ‘Reynolds stress’
and the second term a viscous derivative of the mean angular velocity. Since diﬀerent
terms can be computed independently, (4.1) can serve as a consistency check of the
simulation results. In ﬁgure 13, we plot proﬁles of the individual terms in (4.1),
−r 3 ν(∂ω/∂r) and r 3 ur ω, and their sum, r 3 (ur ω − ν(∂ω/∂r)), all normalized by
Ui2 d 2 , at Reynolds number Rei = −Reo = 4000. Indeed, the angular velocity current
J ω is essentially a constant across the cylinder gap.
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4J ω /Ui2 Ri2

500
1500
2500
4000

0.0693
0.0390
0.0324
0.0271

CT
0.0686
0.0392
0.0322
0.0272

Table 2. Comparison of non-dimensional angular velocity current J ω /(Ui2 Ri2 /4) and the
mean torque coeﬃcient CT (equation (2.1)) at diﬀerent Reynolds numbers.
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Figure 13. Balance of angular velocity current J ω at Rei = −Reo = 4000.
ω is the angular velocity.

The angular velocity current is also related to the torque on the cylinders, which is
provided by the following equation,
CT =

Jω
,
1 2 2
U R
4 i i

(4.2)

where CT is the mean torque coeﬃcient deﬁned in (2.1). Both sides of the equation can
be determined independently, e.g. CT by time-averaging the instantaneous torque on
the cylinder and J ω by using (4.1). So equation (4.2) can serve as another consistency
check of the simulation data. We have computed these physical parameters, and in
table 2 compare both sides of (4.2) as a function of Reynolds number. In the table,
J ω is an average value across the cylinder gap. As expected, the values of the two
parameters are essentially the same (with a diﬀerence of about 1 % or less). Note that
the volume-averaged dissipation rate,  , is related to the mean torque coeﬃcient
CT by  /Ui2 Ωi = CT η2 /(2(1 − η)) (Lewis & Swinney 1999), and therefore can be
determined from the data in table 2.
Figure 14 shows the time-averaged mean velocity ﬁeld in a radial-axial plane at
Rei = −Reo = 4000, which can be compared to the instantaneous velocity patterns
at the same Reynolds number (ﬁgure 5d). Instantaneously, small-scale azimuthal
vortices dominate the ﬂow and no large-scale vortex patterns can be discerned; the
mean ﬂow ﬁeld, on the other hand, reveals the organized pattern of large-scale Taylor
vortices (commensurate to the cylinder gap) underlying the turbulent ﬂuctuations.
This indicates that the collective ﬂuid motion induced by the numerous small-scale
azimuthal vortices represents that of large-scale Taylor vortices, although Taylor
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Figure 14. Time-averaged mean velocity ﬁeld in a radial-axial plane at Rei = −Reo = 4000.

vortices by themselves do not exist in the instantaneous sense at high Reynolds
numbers. This appears to be a common characteristic of Taylor–Couette systems, as
a similar observation has been made by Dong (2007) for the standard conﬁguration.
Another interesting observation about the mean ﬂow is the existence of a thin layer
of ﬂuid near the outer cylinder, whose motion in the radial-axial plane is opposite to
that induced by the Taylor vortices; See the inset of ﬁgure 14 for a detailed view. As
the inner-/outer-cylinder Reynolds number increases from 500 to 4000, the thickness
of this ﬂuid layer decreases from 0.18d to 0.08d. The presence of such a ﬂuid layer
indicates that at high Reynolds numbers, the large-scale Taylor vortices manifested
by the time-averaged ﬁeld are still conﬁned toward the inner portion of the gap, and
in the mean sense their induced ﬂuid motions do not penetrate regions very close
to the outer cylinder. At low Reynolds numbers, the conﬁnement of Taylor vortices
is quite evident from the instantaneous ﬂow (ﬁgure 5a). As the Reynolds number
increases, this is not apparent. At high Reynolds numbers, Taylor vortices can no
longer be observed instantaneously, and the small-scale vortices appear to permeate
the entire cylinder gap (ﬁgure 5d). In fact, they have been predominantly observed
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in regions near both cylinder walls (ﬁgure 6b). This indicates that at high Reynolds
numbers, the instantaneous vortices are no longer conﬁned to the inner portion of the
gap, unlike at low Reynolds numbers. It is therefore surprising to observe that in the
time-averaged-mean sense, the Taylor vortex motions, that is, the motions induced
collectively by the small-scale vortices, still cannot penetrate the region very close to
the outer cylinder, even though individual small-scale vortices dominate this region
instantaneously.
In ﬁgure 15(a), we compare proﬁles of the mean azimuthal velocity (uθ denotes the
azimuthal velocity), averaged over time and along the axial and azimuthal directions,
at diﬀerent Reynolds numbers. The velocity has been normalized by the rotation
velocity of the inner wall. We ﬁrst note the asymmetry of the proﬁles at the cylinder
walls, diﬀerent from plane Couette ﬂows. With the increase of Reynolds number,
although the velocity gradients increase at both walls, higher values are always
associated with the inner wall. The core of ﬂow (with a slight shift toward the
inner cylinder) has quite low azimuthal velocities, nearly zero at Reynolds numbers
Rei = −Reo = 1500 and above. This region of near-zero velocity becomes wider as the
Reynolds number increases. The location of the surface with zero azimuthal velocity
can be determined from the mean velocity proﬁles. We have computed the radial
coordinate R ∗ of the zero-velocity surface. In ﬁgure 15(b), we plot the normalized
R ∗ as a function of Reynolds number, together with the location of the zero-velocity
surface in a laminar circular Couette ﬂow with Ui = −Uo and η = 0.5 plotted as
a horizontal line. The radius of the zero-velocity surface at Rei = −Reo = 500 is
nearly the same as (slightly
larger than) that of the laminar Couette ﬂow, which is
√
(R ∗ − Ri )/(Ro − Ri ) = 2 − 1. As the Reynolds number increases (while maintaining
the condition Rei = −Reo ), the zero-velocity surface moves outward, and its radius
appears to approach a limiting value about (R ∗ − Ri )/(Ro − Ri ) ∼ 0.55.
To understand why there exists a limiting value for R ∗ as the Reynolds number
increases while the condition Rei = −Reo is maintained, we look into the distribution
of the mean angular velocity ω in more detail. Figure 13 shows that the term
Jνω = −r 3 ν(∂ω/∂r) has a very low value in the core of the ﬂow (with a slight shift
toward the inner cylinder), essentially negligible compared to the other term, r 3 ur ω.
Examination of the Jνω term at diﬀerent Reynolds numbers indicates that the higher
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term to the
the Reynolds number, the smaller the percentage contribution of the
total J ω in the core of the ﬂow. It is therefore reasonable to assume that at suﬃciently
high Reynolds numbers, Jνω ≈ 0, and hence ∂ω/∂r ≈ 0, in the core; It follows that
ω is a constant, and the mean azimuthal velocity becomes a linear function, i.e.
uθ  ∼ ar (where a is a constant). This indicates that at suﬃciently high Reynolds
numbers, the proﬁle of the mean azimuthal velocity approaches a straight line in
the core of ﬂow. This trend indeed has been demonstrated by the velocity proﬁles
in ﬁgure 15(a); see the straight reference line in the plot. The intersection of this
limiting straight line and the line uθ  = 0 determines the limiting location of the
zero-velocity surface. It is interesting to compare the above limiting situation with
that of the standard Taylor–Couette ﬂow. In the standard conﬁguration, the core
of the ﬂow has a constant mean angular momentum at suﬃciently high Reynolds
numbers (Smith & Townsend 1982; Lewis & Swinney 1999; Dong 2007); therefore,
the mean azimuthal velocity approaches a function ∼1/r in the core at suﬃciently
high Reynolds numbers.
The mean azimuthal velocity proﬁles (ﬁgure 15a) demonstrate regions of highvelocity-gradient values near both walls and a region of low-velocity gradient in the
middle of the gap, exhibiting a boundary-layer-like feature. We can deﬁne a length
scale to characterize the thickness of the near-wall high-velocity-gradient regions,
which can be regarded as an ‘eﬀective boundary-layer thickness’. Note that this length
scale diﬀers from the boundary-layer thickness in the usual sense, i.e. in the presence of
an inviscid ﬂow core or inviscid free stream (such as in ﬂat-plate turbulent boundary
layers) (Panton 2005). Since the Taylor–Couette system is conﬁned, the boundary
layers originating from both walls together ﬁll the entire gap with viscous ﬂow. We
can deﬁne the thickness of these near-wall regions of high-velocity gradients based
on the distribution of the quantity Jνω = −r 3 ν(∂ω/∂r), which is a component of
the angular velocity current J ω (see (4.1)). Figure 13 indicates that Jνω has the same
value as J ω at both cylinder walls and has a low and approximately constant value
in the middle portion of the gap corresponding to low-velocity-gradient values. We
will deﬁne the boundaries of the high-velocity-gradient layers as radial locations, rδ ,
corresponding to Jνω (rδ ) = Jνω |min + (J ω − Jνω |min ) × 10 %, where Jνω |min is the minimum
value of Jνω within the cylinder gap. We ﬁnd that the 10 % fraction in the deﬁnition,
although somewhat arbitrary, has provided a reasonable measure for the thickness at
all the Reynolds numbers considered here. We have computed the eﬀective boundarylayer thickness (i.e. distance of rδ to cylinder walls), and in ﬁgure 16 we plot it as
a function of the inner-/outer-cylinder Reynolds number. First of all, we observe
the asymmetry between the high-velocity-gradient layers of the two walls, with the
thickness at the outer cylinder two to three times as large as that at the inner
one. As the Reynolds number increases, the thickness decreases for both walls. For
Reynolds numbers Rei = −Reo > 1500, it appears to scale as a function ∼Reiξ (straight
line in the plot), ξ = −0.730 for the inner cylinder and ξ = −0.504 for the outer
cylinder; there is a deviation from this scaling if the data point at Rei = −Reo = 500
is included. In several theoretical analyses (see e.g. Eckhardt, Grossman & Lohse
2000; Grossmann & Lohse (2000); van den Berg et al. 2003) of Taylor–Couette
ﬂows, a Blasius-type laminar boundary layer was assumed (and the two layers at the
walls were assumed to be symmetric), which led to a scaling relation with ξ = −0.5.
Barcilon & Brindley (1984) assumed a linear velocity proﬁle within the boundary
layer.
In ﬁgure 17, we compare proﬁles of the r.m.s. azimuthal ﬂuctuation velocity, uθ ,
normalized by the rotation velocity of the inner wall Ui . The proﬁles exhibit a
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Figure 16. Eﬀective boundary-layer thickness at cylinder walls (normalized by the gap
width) versus Reynolds number. 䊊, inner walls; O, outer walls.
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Figure 17. Comparison of proﬁles of r.m.s. azimuthal ﬂuctuation velocity uθ at diﬀerent
Reynolds numbers.

double-peak feature typical of wall-bounded turbulent ﬂows. At Rei = −Reo = 500,
high ﬂuctuations are observed in the middle region of the gap, slightly shifted toward
the inner cylinder, while ﬂuctuations in regions near both walls are relatively weak.
This indicates that Taylor vortices are predominantly active in the middle region
(toward the inner cylinder) of the gap (ﬁgure 5a) at this Reynolds number. As the
Reynolds number increases, the two peaks in the proﬁles move toward the cylinder
walls, and the ﬂuctuations in the core of the ﬂow become weaker compared to the
near-wall regions. Near the inner cylinder, the r.m.s. velocity proﬁle is characterized by
a sharp narrow peak, with the strongest ﬂuctuation intensity; near the outer cylinder,
however, the peak is wide with a markedly lower ﬂuctuation intensity.
Figure 18 compares proﬁles of the normalized Reynolds stress ur uθ /Ui2 at diﬀerent
Reynolds numbers. Note that both the Taylor vortices (at low Reynolds numbers)
and the small-scale azimuthal vortices (with increasing Reynolds number) tend to
promote a positive correlation between the radial and azimuthal ﬂuctuation velocities.
For example, a positive ﬂuctuation radial velocity tends to transport ﬂuids of higher
azimuthal velocities (respectively, of less negative azimuthal velocities) away from
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Figure 18. Comparison of proﬁles of Reynolds stress ur uθ /Ui2
at diﬀerent Reynolds numbers.

the inner wall (respectively, toward the outer wall); a negative ﬂuctuation radial
velocity tends to transport ﬂuids of lower azimuthal velocities (respectively, with
more negative azimuthal velocities) toward the inner wall (respectively, away from
the outer wall). Therefore, we generally observe a positive Reynolds stress ur uθ 
in the cylinder gap (ﬁgure 18). The distribution exhibits a single prominent peak
toward the inner cylinder, which is diﬀerent from turbulent channels where two
near-wall peaks can be observed. At Rei = −Reo = 500, high Reynolds-stress values
are observed in the middle region (shifted toward inner cylinder), as expected from
the vortex distributions of the instantaneous ﬂow (ﬁgure 5a). The proﬁle exhibits
a relatively long tail with essentially zero Reynolds stress near the outer cylinder,
for the Taylor vortices are conﬁned to the middle and inner portions of the gap as
evidenced from the instantaneous ﬂow patterns (ﬁgure 5a). As the Reynolds number
increases, the locations of the peak Reynolds stress moves toward the inner cylinder,
and the tail of zero Reynolds stress in the proﬁles shrinks notably; furthermore, the
slope of the proﬁles increases in magnitude in a region near the outer cylinder, which
appears to suggest a trend that another peak may emerge near the outer cylinder
as the Reynolds number further increases. Note that at high Reynolds numbers, the
Reynolds-stress proﬁle scales essentially as a function ∼ 1/r 2 in the core of the gap
(with a shift toward the inner cylinder). This can be inferred from (4.1) by noting
the constant angular velocity current and that the derivative of the angular velocity
essentially vanishes in the core of ﬂow (see ﬁgure 13).

5. Comparison between standard and counter-rotating Taylor–Couette
turbulence – eﬀect of the Coriolis force
Turbulent Taylor–Couette ﬂows in a standard conﬁguration and in a counterrotating conﬁguration share some common characteristics. For example, as the
Reynolds number increases, both ﬂows are dominated by azimuthal vortices with
scales much smaller than the cylinder gap, whereas Taylor vortices cease to exist in
the instantaneous sense. At high Reynolds numbers, Taylor vortices exist only in the
mean sense as manifested by the time-averaged ﬂow ﬁeld. Near-wall streaks form
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herringbone-like patterns not only in the standard Taylor-Couette conﬁguration, but
also in the counter-rotating conﬁguration (ﬁgure 7).
Despite these commonalities, there are notable diﬀerences between the two conﬁgurations. First, based on the Rayleigh criterion, the ﬂow is linearly unstable everywhere
in the standard conﬁguration, whereas in the counter-rotating conﬁguration, it is
linearly stable in the outer portion of the gap (beyond the zero azimuthal velocity
surface) and unstable only in the inner portion. This appears to have a great eﬀect
on the distributions of Taylor vortices. In the standard conﬁguration, Taylor vortices
are observed to occupy the entire gap, in the instantaneous sense at low Reynolds
numbers and in the time-averaged sense as the Reynolds number increases (Dong
2007). In contrast, in the counter-rotating conﬁguration, Taylor vortices are conﬁned
to the inner portion of the gap, and there exists a layer of ﬂuid near the outer cylinder
that the Taylor vortex motions are unable to penetrate in the time-averaged sense
(ﬁgure 14). Secondly, compared to those in the standard conﬁguration, herringbone
streaks in the counter-rotating conﬁguration tend to be less populous and more
coherent and have notably lower tilting angles (Dong 2008). Thirdly, in the standard
conﬁguration, the core of the ﬂow has an essentially constant angular momentum
0.5Ri Ui (Smith & Townsend 1982; Lewis & Swinney 1999; Dong 2007); In contrast,
in the counter-rotating conﬁguration, although both its value and the slope of its
proﬁle are low in the core of the ﬂow, the angular momentum decreases monotonically
with respect to the radial coordinate.
In order to provide a sense of quantitative diﬀerences between the standard
and counter-rotating Taylor–Couette turbulence, we transform the counter-rotating
conﬁguration into the standard conﬁguration by using a rotating frame of reference.
We compare these two conﬁgurations and demonstrate the eﬀects of the Coriolis
force on the mean and ﬂuctuation velocities. Consider a frame of reference rotating
at an angular velocity Ω, Ω = Ωo ez (where Ωo is the angular velocity of the outer
cylinder and ez is the unit vector in the z-direction), around the z-axis of the ﬁxed
frame of reference. In this rotating reference frame, the Navier–Stokes equation can
be expressed as (Tritton 1988; Dubrulle et al. 2005)
∂u
1
+ u · ∇u = − ∇Π − 2Ω × u + ν∇2 u,
∂t
ρ

(5.1)

where t is time, and ρ is the density of the ﬂuid. In (5.1), u is the velocity in the
rotating frame of reference and is related to the velocity in the ﬁxed reference frame,
uF , by u = uF − Ω × r, where r is the position vector. The generalized pressure Π,
Π = p − ρ|Ω|2 r 2 /2 (where p is the pressure and r  is the distance to the axis of
rotation, r  = |r − ((r · Ω)Ω/Ω · Ω|), has included the eﬀect of the centrifugal force,
−Ω × (Ω × r). The term −2Ω × u represents the Coriolis force.
In this rotating frame of reference, the outer cylinder becomes stationary, and the
inner cylinder rotates at an angular velocity (Ωi − Ωo ). For the cases considered here,
Rei = −Reo , the inner wall rotates at a velocity (Ωi − Ωo )Ri = (1 + η)Ωi Ri in the
rotating frame of reference. Comparison between the counter-rotating conﬁguration
at Rei = −Reo in the rotating frame of reference and the standard conﬁguration in
the ﬁxed frame of reference at Reynolds number (1 + η)Rei suggests that the only
diﬀerence between them is the Coriolis force in (5.1). Of course, the pressure will also
be diﬀerent owing to the centrifugal force. The two ﬂows are dynamically similar
except for the Coriolis force.
In the following, we compare the counter-rotating ﬂow of Rei = −Reo = 4000 (in
the rotating reference frame) and the standard Taylor–Couette ﬂow at Reynolds
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Figure 19. Comparison of mean azimuthal velocity proﬁles between —, CRTC ﬂow at Rei =
−Reo = 4000 (in a frame rotating with the outer cylinder) and . . ., the TC ﬂow at Re = 6000
(ﬁxed frame of reference). The velocity has been normalized by the inner cylinder rotation
velocity in their respective reference frames.

number Re = 6000 (in the ﬁxed reference frame) to demonstrate the eﬀects of the
Coriolis force on the ﬂow characteristics. In ﬁgure 19, we compare the mean azimuthal
velocity proﬁles (averaged in time and in the axial and azimuthal directions) of the
two ﬂows, which have been normalized by the inner-cylinder rotation velocities in
their respective frames of reference. The mean Coriolis force, averaged over time
and also along the axial and azimuthal directions, is in the negative radial direction;
its azimuthal component is essentially zero. The presence of the Coriolis force in
the rotating frame of reference has only marginally aﬀected the mean ﬂow in the
near-wall regions (slightly reducing the magnitudes of the velocity gradient at the
walls). However, it has dramatically modiﬁed the mean velocity proﬁle in the core;
the mean azimuthal velocity has been substantially increased, especially toward the
outer cylinder, resulting in a positive velocity gradient in the middle region of the
gap.
In ﬁgure 20, we compare proﬁles of the second-order statistical quantities between
the counter-rotating conﬁguration (Rei = −Reo = 4000) in the rotating reference frame
and the standard conﬁguration (Re = 6000) in the ﬁxed reference frame. Figure 20(a)
is a comparison of the r.m.s. azimuthal ﬂuctuation velocity (uθ ), normalized by the
inner wall rotating velocity in the respective frames of reference. Both conﬁgurations
result in proﬁles with similar shapes. However, some prominent diﬀerences can be
noted. In the standard conﬁguration, the proﬁle is characterized by two distinct sharp
peaks near the walls; in contrast, the distribution in the counter-rotating conﬁguration
exhibits a blunt wide peak near the outer cylinder, whereas the peak near the inner
cylinder is sharp. Compared to the counter-rotating system, peak velocity ﬂuctuations
in the standard conﬁguration occur at locations closer to both cylinder walls. The
presence of the Coriolis force, which substantially increases the mean azimuthal
velocity in the bulk of the ﬂow, has also notably enhanced the azimuthal r.m.s.
velocity ﬂuctuations, except in regions very close to the walls. Figure 20(b) shows a
comparison of proﬁles of the Reynolds stress ur uθ , normalized by the inner wall
velocity squared in the respective frames of reference of the two conﬁgurations. The
proﬁles of the two conﬁgurations have similar shapes and exhibit some common

396

(b)

0.12

0.003

0.10

Normalized Reynolds stress

Normalized rms azimuthal velocity

(a)

S. Dong

0.08
0.06
0.04
0.02
0

0.2

0.4
0.6
(r – Ri)/(Ro – Ri)

0.8

1.0

0.002

0.001

0
0

0.2

0.4
0.6
(r – Ri)/(Ro – Ri)

0.8

1.0

Figure 20. Comparison of statistics between —, CRTC ﬂow at Rei = −Reo = 4000 (rotating
frame of reference) and . . ., TC ﬂow at Re = 6000 (ﬁxed frame of reference): (a) r.m.s.
azimuthal velocity uθ /U0 , and (b) Reynolds stress ur uθ /U02 . U0 is the inner wall rotation
velocity in their respective reference frames.

characteristics. However, the values are notably larger in the standard conﬁguration
than in the counter-rotating one, indicating a decrease in the correlation between the
azimuthal and axial ﬂuctuation velocities owing to the Coriolis force. We can also
note a longer tail with essentially zero Reynolds stress near the outer cylinder in the
proﬁle of the counter-rotating conﬁguration.
6. Concluding remarks
We have investigated the dynamical and statistical features of the turbulent ﬂow
between counter-rotating concentric cylinders employing detailed three-dimensional
direct numerical simulations. The study is for a radius ratio η = 0.5 at inner-/outercylinder Reynolds numbers ranging from 500 to 4000 while the condition Rei = −Reo
is maintained.
As the Reynolds number increases, the prevailing structures in Taylor–Couette
turbulence are the azimuthal vortices with scales much smaller than the cylinder
gap. This is true for both the counter-rotating system studied here and the
standard conﬁguration in previous work (Dong 2007). Taylor vortices (with scales
commensurate with the cylinder gap) can be observed instantaneously only at low
Reynolds numbers. At high Reynolds numbers, they cease to exist in the instantaneous
sense, and can be observed only in the time-averaged sense. The collective eﬀect of
the instantaneous small-scale vortices manifests as organized Taylor vortex motions
in the cylinder gap.
For the shear ﬂow over a curvature, Rayleigh (1916) shows that the ﬂow is subject
to an inviscid centrifugal instability if the magnitude of the angular momentum
decreases along the radius of curvature anywhere in the ﬂow (necessary and suﬃcient
condition). This is referred to as the Rayleigh criterion. When applied to the circular
Couette ﬂow between counter-rotating cylinders, this means that the inner portion of
the ﬂow (inside the zero-velocity surface) suﬀers from an inviscid instability while the
outer portion of the ﬂow is stable. In the presence of viscosity the Rayleigh criterion is
not directly applicable (Saric 1994; Esser & Grossman 1996). Results from the present

Turbulent ﬂow between counter-rotating concentric cylinders

397

study nonetheless show that it has a profound eﬀect on the dynamics and statistics
of the counter-rotating Taylor–Couette turbulence. For example, at high Reynolds
numbers, although the instantaneous small-scale azimuthal vortices dominate the
entire cylinder gap, the Taylor vortex motions manifested from the time-averaged
mean ﬁeld, are unable to penetrate a thin layer of ﬂuid near the outer cylinder wall.
The eﬀect is also manifested in the blunt wide peak near the outer cylinder in the
r.m.s. ﬂuctuation velocity proﬁles.
The presence of streaks in near-wall regions is a signature of wall-bounded
turbulence. Near-wall streaks have been observed in several types of ﬂow, e.g. turbulent
channels, ﬂat-plate boundary layers, and plane Couette ﬂows (Kline et al. 1967; Smith
& Metzler 1983). The unique eﬀect in Taylor–Couette turbulence is that the nearwall streaks form intricate herringbone-like patterns. Herringbone streaks were ﬁrst
observed by Barcilon et al. (1979) in a visualization study for a standard Taylor–
Couette system. These structures have been reproduced by numerical simulations and
investigated in detail (Dong 2007, 2008). Results of the present study, together with
the evidence from previous investigations, suggest that herringbone streaks appear to
be an intrinsic feature of turbulent Taylor–Couette systems. We are conﬁdent that
this is true for the standard and counter-rotating conﬁgurations, based on the present
and previous studies; however, it is still unknown for the co-rotating conﬁguration
(both cylinders rotating in the same direction).
By using a rotating frame of reference, the counter-rotating conﬁguration of the
Taylor–Couette system can be transformed into the standard conﬁguration, and vice
versa. In terms of Navier–Stokes equations, the main diﬀerence between them would
be the additional Coriolis force in the rotating frame of reference. Comparison
between the counter-rotating ﬂow in a rotating reference frame and standard ﬂow
in the ﬁxed reference frame has revealed the eﬀects of the Coriolis force on the
ﬂow characteristics. The Coriolis force has signiﬁcantly modiﬁed the distributions of
statistical quantities such as the mean ﬂow, the r.m.s. velocity ﬂuctuation, and the
Reynolds stress.
It is also interesting to compare features of the counter-rotating turbulent Taylor–
Couette ﬂow studied here with those of the turbulent plane Couette ﬂow (see e.g.
Bech et al. 1995). The most prominent diﬀerence is the asymmetry of ﬂow quantities,
both instantaneous and statistical, between the two walls in the counter-rotating
Taylor–Couette situation, unlike in the plane Couette ﬂow. These include the nearwall velocity spectra (ﬁgure 9), proﬁles of the mean velocity (ﬁgure 15a), r.m.s.
ﬂuctuation velocity (ﬁgure 17), and the Reynolds stress (ﬁgure 18). In Taylor–Couette
ﬂow, the region near the inner cylinder accommodates notably stronger turbulent
ﬂuctuations, a larger mean velocity gradient, and much higher Reynolds-stress values
than that near the outer cylinder. In contrast, in plane Couette turbulence, the physical
quantities (such as proﬁles of the mean velocity, r.m.s. ﬂuctuation velocity and the
Reynolds stress) are symmetric (or anti-symmetric) at the two walls (Bech et al. 1995).
This symmetry in plane Couette turbulence persists even in the presence of strong
system rotation (Bech & Andersson 1997). The diﬀerence between the two ﬂows is
a manifestation of the curvature eﬀect of the Taylor–Couette geometry, which has a
smaller radius of curvature at the inner cylinder than at the outer one.
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