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Keywords: We develop a method for modeling and simulating a class of two-phase flows consisting of
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Dielectric flow electric fields in two and three dimensions. We first present a thermodynamically-consistent
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and reduction-consistent phase field model for two-phase dielectric fluids. The model honors the
conservation laws and thermodynamic principles, and has the property that, if only one fluid
component is present in the system, the two-phase formulation will exactly reduce to that of
the corresponding single-phase system. In particular, this model accommodates an equilibrium
solution that is compatible with the zero-velocity requirement based on physics. This property
leads to a simpler method for simulating the equilibrium state of two-phase dielectric systems.
We further present an efficient numerical algorithm, together with a spectral-element (for two
dimensions) or a hybrid Fourier-spectral/spectral-element (for three dimensions) discretization
in space, for simulating this class of problems. This algorithm computes different dynamic
variables successively in an un-coupled fashion, and involves only coefficient matrices that are
time-independent in the resultant linear algebraic systems upon discretization, even when the
physical properties (e.g. permittivity, density, viscosity) of the two dielectric fluids are different.
This property is crucial and enables us to employ fast Fourier transforms for three-dimensional
problems. Ample numerical simulations of two-phase dielectric flows under imposed voltage are
presented to demonstrate the performance of the method herein and to compare the simulation
results with theoretical models and experimental data.

1. Introduction

In the current work we focus on the modeling and simulation of a system of two immiscible incompressible dielectric fluids and
their interaction with external electric fields. Dielectric fluids refer to fluids that are electrically non-conductive and can withstand
high voltage without breakdown. They are traditionally used for cooling and insulating electrical equipment such as transformers and
high-voltage cables. In recent years dielectric fluids have found widespread applications in electric vehicles, for cooling the electric
motor, batteries, electric transmissions, and power electronics.

Using electric field is a widely-adopted technique for manipulating small amounts of liquids on surfaces. Electrowetting-on-
dielectric (EWOD) [57] is one of the most successful and versatile approaches. EWOD systems typically involve conducting fluids or
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droplets on a dielectric substrate under an imposed voltage. The applications of EWOD range from “lab-on-a-chip” devices [67,14],
to adjustable lenses [6], to new types of electronic displays [35]. While EWOD is effective in fluid manipulation, it requires the fluids
to be conductive and an AC (alternating-current) electric potential.

Using dielectrophoresis (DEP) underlies another class of techniques for manipulating fluids [5,28], and has an advantage over
EWOD in some situations [26]. Dielectrophoresis refers to the electromechanical force due to the polarization of a neutral material
in non-uniform electric fields [26]. One can use the Korteweg-Helmholtz force density [43] to explain the origination of liquid
dielectrophoresis. Applying an electric field E to the fluid results in the Korteweg-Helmholtz force density

1 1 de
fir =p/E~ 5(E-E)Ve+V [E(E'E)”a_p]’ )

where p is the free electric charge density, € is the permittivity, and p is the fluid density. Based on equation (1), in the absence of
free charge (p, = 0), as long as nonuniform polarization of dipoles exists within the liquid (Ve # 0), the fluid will be influenced by
the electric field; see [29,59] for more detailed discussions of the DEP force theory.

The use of DEP to move bulk fluids can be traced to Pellat’s work in 1895 [26]. A dielectric siphon is described in [41] to
pump fluids between two reservoirs. DEP is used to transport dielectric particles or droplets in [5] through a channel sandwiched
by electrodes. Transport of dielectric liquids at microscale and in microfluidic devices has been studied with miniaturized electrodes
in [40,39,12]. In [9] the authors use DEP to spread a droplet onto coplanar electrodes to form a thin liquid film, establishing the idea
of interface localized liquid dielectrophoresis. In [54] the effect of localized DEP on the wetting properties of solid-liquid interface has
been investigated and the term dielectrowetting is introduced. We refer to [74,29,53] for a review of this area and recent applications.

Two-phase systems of dielectric fluids involve fluid interfaces, the associated surface tension, the contrast in fluid properties
(permittivity, density, and viscosity), contact lines and contact angles when a solid-wall boundary is present, and the interaction with
the imposed electric field. The approach taken in the current work to handle the two phases belongs to the phase field framework.
Phase field (a.k.a. diffuse interface) [60,71,3,50,37,7,48,17] is one of the few techniques currently available for dealing with two-
phase systems and fluid interfaces. It is particularly attractive because of its physics-based nature. With phase field the fluid interface
is treated as a thin smooth transition layer (i.e. diffuse). Besides the hydrodynamic variables, the system is characterized by an
order parameter (or phase field function), which varies smoothly within the transition layer and is mostly uniform in the bulk
phases. The evolution of the fluid phases is driven by a free energy density function, which contains component terms that tend to
promote the mixing of the two fluids and also component terms that tend to separate the fluids. The interplay of these two tendencies
determines the dynamic profile of the fluid interface. With this approach, the governing equations can be derived rigorously based on
the conservation laws and thermodynamic principles. We refer to e.g. [50,42,1,66,2,19,49,30,23,61,78] (among others) for several
thermodynamically consistent phase field models for two-phase and multiphase flows with various degrees of sophistication.

While phase field is successful for a range of two-phase and multiphase problems, investigations into this approach for modeling
two-phase hydrodynamics coupled with the electric field effect are still quite limited. In [44,75,76] the authors employ the phase field
method coupled with the Navier-Stokes equations to study the electrohydrodynamic (EHD) phenomenon, in particular the Taylor’s
leaky dielectric model [63]. The authors of [70] investigate the electrohydrodynamic patterning based on the liquid dielectrophoresis.
In [72,73] the phase field method is used to study electrowetting and its applications.

The aforementioned studies on the coupled multiphase flow and electric field have a notable drawback. These are phenomenolog-
ical models, and do not admit an energy law (or energy balance relation). In other words, these models are not thermodynamically
consistent. To overcome this issue, a phase field model is proposed in [25] for electrowetting (conductive fluids with free charges)
based on variational principles and the thermodynamics of irreversible processes near equilibrium. The model combines multiphase
flows, the electric field and the free charge system, and admits an energy balance relation. However, it only applies to cases when
the two conductive fluids have the same density.

This model is extended in [10] to take into account the density contrast and the transport of free ions in the conductive fluids;
see [55,47,56,45] for numerical algorithms developed based on this extended model. Another diffuse interface model is proposed
in [58] for electrowetting on dielectric with different densities for the two fluids, which however appears not to be Galilean invariant.
In [46] a thermodynamically consistent continuum model for single-phase electrohydrodynamic flows has been described. The model
combines the Navier-Stokes equations and the Poisson-Nernst-Planck (PNP) equations, in which the fluid properties depend on the
ion concentration fields. We would also like to note the finite element method developed in [81] employing a sharp-interface model
for electrowetting on dielectric.

In this paper we look into the dynamics of an isothermal system of two immiscible incompressible dielectric fluids and their
interaction with external electric fields in two and three dimensions (2D/3D). The fluids considered here are non-conductive and the
system contains no free charges or ions. This setting is quite different from those studies reviewed in previous paragraphs related to
electrowetting or electrohydrodynamics, where the fluids are electrolytic solutions and conductive and the transport of free ions is cru-
cial to the system dynamics. Due to liquid dielectrophoresis and the Korteweg-Helmholtz force, when an external voltage is imposed,
the interface between the dielectric fluids can experience large deformations, leading to the dielectrowetting phenomenon [26].

We first present a thermodynamically-consistent and reduction-consistent phase field model for two-phase dielectric flows. Ther-
modynamic consistency refers to the property that the model honors the conservation laws and thermodynamic principles [50,1,69].
The current model is developed based on the conservations of mass and momentum and the second law of thermodynamics, in which
the physical properties of the two fluids (permittivity, density, and viscosity) can be different. The model derivation process follows
those of [1,19,23], with the quasi-static electromagnetic equations taken into account. Reduction consistency refers to the property
that, when only one fluid component is present in the two-phase system (while the other fluid is absent), the two-phase formulation
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will exactly reduce to that of the corresponding single-phase system. We refer to [23] for discussions of reduction consistency in
general multiphase systems. The reduction consistency of a two-phase dielectric system places restrictions on the functional form of
the mixture permittivity when expressed in terms of the phase field variable. As discussed in [23], reduction consistency reflects an
inherent reduction relation within multiphase systems, and violation of reduction consistency can lead to unphysical results (e.g. pro-
duction of a fluid phase where it is absent). The phase field model here for dielectric fluids appears to have some connection to that
of [10] for conductive fluids and electrolytic solutions. We note that the reduction consistency issue was not considered in [10] or
the related works of [55,47,56,45] for conductive fluids, and the model as given therein appears not reduction-consistent.

At equilibrium, the solution to the current model is compatible with the zero-velocity requirement based on physics. This property
leads to a method for computing the equilibrium state (or steady state) of two-phase dielectric systems, which is of great practical
interest and importance, by solving a smaller reduced system of equations. This method is simpler and faster than integrating the full
model in time until the steady state is reached.

We then present a semi-implicit splitting type algorithm, together with a spectral-element spatial discretization for 2D and a hybrid
Fourier-spectral/spectral-element discretization for 3D, for numerically solving the governing equations of this two-phase dielectric
flow model. The computations for different dynamic variables (electric potential, phase field function, velocity, and pressure) are
de-coupled with our method. For each dynamic variable, the resultant linear algebraic system upon discretization involves a constant
and time-independent coefficient matrix, which can be pre-computed and saved for later use, despite the variable physical properties
(permittivity, density, viscosity) of the two-phase mixture. This characteristic of the current algorithm is crucial, and it enables the
use of Fourier spectral discretization and fast Fourier transform (FFT) in 3D simulations of two-phase dielectric flows with variable
mixture properties. For 3D problems, with each dynamic variable, the computations of different Fourier modes are completely de-
coupled with the current method. Thanks to these characteristics, the presented method is computationally very efficient.

These attractive properties are attained based on several strategies. The most important strategy, for producing a semi-discretized
system having constant coefficients when variable material properties are present on the continuum level, is inspired by and built
upon the algorithm from [24] (with modifications). The main idea of [24] lies in a reformulation of the pressure/viscous terms in
the momentum equation as follows,

lez in+<l—i>Vp*, ﬁVzuzvszu—(E—vm>V><V><u*,
P Po P Po P p

where p and y are the variable density and variable viscosity of the mixture, p, and v,, are two appropriate constants, p and u are the
pressure and the divergence-free velocity, and p* and u* are explicit approximations of p and u with a prescribed order of accuracy.
Such and similar reformulations lead to a semi-discretized system of equations with constant coefficients, in spite of the variable
fluid properties on the continuum level. This semi-discretized system with constant coefficients is critical to the success of subsequent
Fourier spectral discretization in one or more directions in 3D space. This is because, if this system has variable coefficients, the FFT
will induce convolutions with the coefficient functions in the frequency space, which will couple together all the Fourier modes of
the unknown dynamic variables to be solved for.

The current algorithm is semi-implicit in nature, in which the nonlinear terms are treated explicitly and the linear terms are treated
implicitly. As such the algorithm is only conditionally stable, in the sense that the time step size employed in the simulations cannot
be large. On the other hand, this conditional stability in the algorithm enables very efficient computations within each time step,
with constant pre-computable coefficient matrices and de-coupled computations for all dynamic variables. As opposed to the semi-
implicit approach, one may also consider the development of energy-stable type schemes, which is not pursued here. Energy-stable
schemes are discretizations designed to satisfy a discrete version of the energy law, irrespective of the time step size. The strength
of energy-stable schemes lies in that they are unconditionally stable and can allow the use of relatively large time step sizes in the
simulations. We refer to e.g. [64,62,33,31,65,32,77,61] (among others) for several energy-stable schemes for two-phase problems.
The downside of the energy-stable algorithms lies in that their computational cost per time step can be very high. These schemes
typically involve the solution of coupled nonlinear algebraic equations or coupled linear algebraic equations, and the linear algebraic
systems resultant from these schemes involve time-dependent coefficient matrices, which require frequent re-computations (e.g. at
every time step).

We present a number of numerical examples of two-phase dielectric flows under an imposed voltage in 2D and 3D to test the
performance of the presented method. In particular, we compare the current simulation results with theoretical models and the
experimental data from the literature. The comparisons show that the phase field model and the numerical method developed herein
can capture the physics of this class of flow problems well.

The contributions of this paper lie in three aspects: (i) the reduction-consistent and thermodynamically-consistent phase field
model for two-phase dielectric fluids, (ii) the simpler method for computing the equilibrium state of two-phase dielectric systems,
and (iii) the efficient numerical algorithm for simulating two-phase dielectric flows.

The rest of this paper is organized as follows. In Section 2 we present the phase field model for two-phase dielectric flows and
discuss the equilibrium solution to the model. In Section 3 we present the numerical algorithm for solving this model, and discuss
the spectral-element implementation for 2D and the hybrid Fourier-spectral and spectral-element implementation for 3D. We employ
several 2D and 3D two-phase dielectric flows to test the presented method in Section 4. In particular we compare the simulation
results with theoretical models and the experimental data. Section 5 concludes the presentation with some closing remarks. In the
Appendix we outline the development of the current phase field model based on the conservation laws and thermodynamic principles
and discuss several further numerical tests.
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2. Phase field model for two-phase dielectric fluids

Consider a domain Q in two or three dimensions, and an isothermal system of two immiscible incompressible dielectric fluids
in Q. The two fluids are assumed to be Newtonian, with constant densities p, and p,, constant dynamic viscosities y; and y,, and
constant relative permittivity ¢; and e,, respectively. We introduce a phase field variable ¢, which assumes the constant values 1 and
—1 in the bulk of the two fluids and has a smooth distribution in a thin layer surrounding the interface.

The material properties of the mixture are functions of the above parameters and the phase field variable ¢, with the mixture den-
sity p = p(py, py. @), mixture viscosity u = u(p,, 4, ¢), and mixture permittivity e = e(e, €,, ¢). Specifically, we assume the following
relations,

prtpy  PL— P ﬂ1+ﬂ2+ﬂl—ﬂ2

()= — Td” u(d) = 3 Ttﬁ, o
() = € +6 La-@ ¢ —¢%)
2 2 2 ’

In the above relations, p and y are linear with respect to ¢, which has been commonly used (see e.g. [17,21]). However, for ¢ we
employ a relation based on the Hermite interpolation. The benefit of Hermite interpolation is that I; =0 in the bulk (¢p = £1), while

a linear relation would result in a non-zero derivative. The zero derivative of permittivity plays an important role in our model, which
will become clearer in later discussions.

2.1. Governing equations

The model describing the motion of this system of fluids can be derived based on the conservation laws and thermodynamic
principles. The development of this model has been discussed in detail in the appendix (Section A.1). Here we only summarize the
governing equations for this system.

Let u denote the velocity, P denote the pressure, ¢ denote the phase field variable, V' denote the electric potential, and E denote
the electric field. Then the dynamics of this two-phase system is described by the following set of equations (see Section A.1 for
derivation and specifically (118) for the general form),

%+u-V¢=V1A<Ul(¢)—1A¢—%IE'E>’ ©
p(G +u-Vu)+1-Vu=V (V4@ V)~ TE-E+ V- [u(Vu+ vuT)] - VP, @
V-u=0, 5)
V- (eVV)=0, (6)
E=VV, @

where the flux term J is given by
- !
J=n B2y <Ah<¢>—w2¢— %E-E). ®
In these equations y; is the mobility coefficient, and 4 is the mixing energy density coefficient. p, u and e denote the density, dynamic

viscosity, and permittivity of the mixture and are given in (2). h(¢) in equation (3) is defined by Ah(¢) = %, where F(¢) is the

interfacial mixing energy density function (with double well) given by,

F@.V$) = 2AIVP + #(# — 1. ©)

The constant # here is a length scale characterizing the interfacial thickness, and A is related to the surface tension ¢ by 1 = ian
2¢/2
[79]. So h(¢) is given by, h(¢p) = i2¢(¢2 —1.
~ n
With J given by (8) and p given in (2), equation (3) is equivalent to,

P B
a—’t’+u-vp=—v-J. (10)

Let u. denote a generalized chemical potential given by

e = AR(p) — AVE — %IEE an

Then, J can be written as, J = —y; %Vﬂc.
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2.2. Reduction consistency

We require that the system consisting of (3)—(7) should be reduction-consistent [23,22]. In other words, if only one fluid compo-
nent is present (while the other fluid is absent), the system of two-phase governing equations should exactly reduce to that of the
corresponding single-phase system. This means that the system given by (3)-(7) should admit the following two solutions:

* (u,P,V,E) and ¢ = 1: the first fluid is present, and the second fluid is absent.
* (u,P,V,E) and ¢ = —1: the second fluid is present, and the first fluid is absent.

It can be verified that these solutions are ensured if the following conditions on e(¢) are satisfied,

del _o  de —0. (12)

d|g=1 dd|p=—1
The choice for e(¢h) in (2) satisfies these conditions. Therefore the phase field model given by (3)-(7), with the mixture properties
given by (2), is reduction consistent. It is noted that if one chooses a linear form for e(¢) (similar to p(¢p) and u(¢) in (2)), then
the system (3)-(7) will not be reduction consistent (when €; # ¢,). We refer to [23] for more detailed discussions of the reduction
consistency for multiphase systems.

/
From the physics perspective, the electric field influences the generalized chemical potential through the term ¢ (2¢)E - E. Phys-

ically, the generalized chemical potential in the phase field equation should only have an effect on the interface (not in the bulk
region), i.e. u, should vanish in the bulk. This leads to the same conditions as given in (12). Therefore, the Hermite interpolation
relation for e(¢b) in equation (2) is crucial to the current model.

2.3. Energy law

The model given by equations (3)-(7) admits an energy law. Let E(¢) denote the total system energy,

E(t)=/<%pu~u+F(¢, V¢)+%D-E> dQ+/®(¢)a’S. (13)

Q 09
Here Q and 0Q denote the flow domain and the solid domain boundary, respectively. F(¢, V@) is the free energy density function
defined in (9). The term %D - E represents the quasi-static electric energy of the system [43]. ®(¢) is a wall energy density function,

whose form is given later, aiming to take into account the contact angle effect.
Taking the time derivative of (13) and using equations (3)-(9) and equation (107c) in the appendix lead to the following energy
balance equation,

2

dE _ _ Lo _ oF o O0F €. _ 2
2~ [n]30 ﬂz)v<a¢ vl - S E) [ wivui
Q Q
oF oF e Pr—pPy 1 -
—/[(%—V'm—iE'E> 5 —E(u~u)](J-n) a4
0Q
1 ¢ N
+/[qu-n—Fn—E(wu)n]~u—/1(n.v¢)g+/®(¢)§—/(E><H)~n,
pro} P 00, o0

where 0Q denotes the boundary of Q and d€2; C 0L is the solid portion of d€2. The model ensures the dissipativeness of the volume
integral terms on the right hand side (RHS). Whether the boundary integral terms are dissipative depends on the imposed boundary
conditions, which can guide the choice for the appropriate forms of boundary conditions. The term E X H is the Poynting vector,
representing the electromagnetic energy flux to the system [36].

2.4. Equilibrium solution

The incorporation of the electric field term into the chemical potential and the choice of the e(¢) form in (2) (see also Remark 2.2)
play an important role in our model. It allows us to derive the energy inequality, thus leading to a thermodynamically consistent
model. It also enables us to compute the equilibrium state (steady state) of the two-phase dielectric system by using essentially the
phase field equation only, instead of using the full system coupled with the Navier-Stokes equations. We note that in some other
studies (e.g. [44,75]), where the electric field term is absent from the chemical potential, this benefit does not exist and one needs to
solve the full set of governing equations in time in order to find the steady state of the problem.

Specifically, the simpler method for computing the equilibrium solution to the current model is as follows. At equilibrium (% =0),
the model represented by the equations (3)-(7) admits the following solution,

¢,(x), Py(x), V,(x), and uy(x) =0, (15)
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Table 1
Normalization constants for variables and parameters. Choose L, €, V., fg.
variable normalization constant | variable normalization constant
X, ¥, 2,1, d L, Vv Vy
€,€1,6 €0 H My Ho
p2
u uy = :,_u; P,P,p  pouy
" 2
P P15 P2 %;j A €V
14 L(ZJ/ Ho E Vi/Ly
Li gy
bw 1 t, At e:_v
where
€'(¢y)
1A |Ah(g,) = A, - ——E-E| =0, (16a)
Ve _
VP =V - (i, ® Vb) = - (E-E) =0, (16b)
V- (eVV,) =0, (160)
E=VV,. (16d)

It is important to note that the equilibrium state of the current model is compatible with the zero velocity (u = 0) requirement based
on physics. In the presence of an external electric field, the (E - E) term in (16a) will cause the equilibrium configuration of the fluid
interface to deviate from that of the case with no electric field (e.g. circular or spherical, due to the surface tension).

These characteristics of the current model suggest that we can employ an alternative system to compute the steady-state solution.
We replace equation (16a) by the following Cahn-Hilliard equation,

ZoR
ar

=7 A </m(¢s) — A, — %,E : E) , 17)

where 7 is a pseudo-time. We solve the system consisting of equations (17) and (16c)-(16d) by some time marching scheme until the
steady state is reached. This in principle will produce the equilibrium solution to the original model consisting of (3)-(7), with u; =0
and P, computed by using (16b). The alternative system consisting of (17) and (16¢)—(16d) is simpler and faster to compute than the
original full system consisting of equations (3)—(7). We will demonstrate the effectiveness of this simpler method for computing the
equilibrium solution in Section 4 using numerical simulations, and also compare the results obtained using the simpler method and
using the full model consisting of equations (3)-(7).

2.5. Normalization, computational domain, and boundary/initial conditions

In numerical simulations we employ the normalized non-dimensional form of the governing equations. The normalization dis-
cussed here is for the full model (3)-(7). We employ a somewhat different normalization for the simpler steady-state model consisting
of equations (16a)—(16d), which will be specified in a later section. Let L, denote a characteristic length scale, V; a characteristic
electric potential, y, a characteristic dynamic viscosity, and €, the vacuum permittivity with ¢, = 8.85418781x 10712 A% -s*/(kg-m?).
Table 1 lists the normalization constants for different variables and parameters. For example, the normalized A is given by 50% ac-

cording to this table. The normalized governing equations have the same form as the original dimensional ones, and they are also
given by the equations (3)—(7). Henceforth, the variables and parameters appearing in the equations (and boundary/initial condi-
tions) are understood to have been normalized appropriately, and we will not differentiate their dimensional and non-dimensional
forms.

We perform two-phase dielectric flow simulations in both 2D and 3D. The flow domain and the settings considered here largely
follow those of the experiments by McHale, Brown and collaborators [54,9,8]. Especially we assume that in 3D the domain has at
least one homogeneous direction, so that Fourier expansions can be performed along that direction. Fig. 1 shows typical flow domains
and configurations for 2D and 3D. We are interested in the deformation or motion of dielectric droplets on a solid wall. A regular
array of parallel electrodes (gray stripes in plot (a), or the dark regions in plot(b)) are embedded on the bottom wall, stretching along
the z direction for 3D. The electrodes are separated by wall surfaces (white stripes in plot (a), or white regions in plot (b)). The top
of the flow domain is open, while in the horizontal directions the flow is assumed to be periodic.

Let 0Q, denote the open boundary on the top, 0Q,, (“se” standing for solid-electrode) denote the region of electrodes on the
bottom wall, and 9Q, (“sg” standing for solid-gap) denote the gap region between the electrodes on the wall. The bottom wall
constitutes the solid domain boundary 0Q,, with 0Q = 0Q, U 0Q,.

We employ periodic conditions for all the field variables in the horizontal directions and the following boundary conditions for
the top and bottom sides of the domain:
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open boundary

open boundary 0%,

phase2

Arepunoq orpotrad

Arepunoq otporrad

frepunoq orpottad
J

solid gap charged electrode

\ o solid boundary
solid ‘gap electrode (a) 8(159 ONse 00, (b)

Fig. 1. Typical flow domain and settings for (a) 3D and (b) 2D. On the bottom wall, the gray stripes denote the electrodes and the white stripes denote the gap between
the electrodes.

Top open boundary 0Q,,:

n-V(/lh(d))—/lAq_’;—%’E-E):O, on 9Q

(phase field eq.) (18)
V¢-n=0, on 09Q,.
Ju
(momentum eq.) rrie 0, P=0, on 0Q,. 19
n
. ) 4
(electric potential) S 0, on 09Q,. (20)
n
Bottom wall (0Q,, U €, = 0€):
\% </1h(¢) AAP ¢ E> 0 oQ
n- - - —E- =0, on
(phase field eq.) 2 : 1
AV¢ -n+0'(p)=0, on 9Q,
(momentum eq.) u=0, on 0JQ,, (22)
. . v 0, on 0Q,
(electric potential) { oJn (23)
V=Y, on 0Q.
In equation (21) ®(¢) denotes the wall energy density function, which accounts for the contact angle effect, given by
(@*-3) 1
o) =reos@) =2+ Lo 41, 24)

where y,7,;,7,, are interfacial tension between phasel-phase2, phasel-solid and phase2-solid, and 6, is the static contact angle. This
functional form is essentially a Hermite interpolation of interfacial tensions; see [18] for more details. In equation (23) V, denotes the
imposed voltage on the electrodes. We will in general impose an alternate negative/positive voltage on adjacent electrodes as in the
experiments (see e.g. [54]). In the gap region between the electrodes, we have employed a simple condition 0—: = 0. This essentially
assumes that the electric field at the wall (gap region) has only a tangent component. Note that this condition is exact if the fluids
and the wall have matching permittivities or when the fluid is homogeneous [27]. In more general cases, this boundary condition
may not be exactly accurate. We adopt this boundary condition because of its simplicity, and that the simulation results indicate that
it can capture the flow physics reasonably well. We note that the set of boundary conditions (18)-(23) is reduction-consistent with
e(¢) given by (2) and ©(¢) given by (24).
Finally we employ the following initial conditions,

u(x,t =0) =ugy(x),

P(x,1=0) = ¢gp(x),

(25)

(26)

where u,, and ¢, denote the initial distributions for the velocity and the phase field function.



J. Yang, 1.C. Christov and S. Dong Journal of Computational Physics 514 (2024) 113228

3. Numerical algorithm
3.1. Algorithm formulation

The system consisting of the equations (3)—(7), the boundary conditions (18)-(23) and the periodic conditions along the horizontal
directions, and the initial conditions (25)-(26) constitute the initial/boundary value problem we need to solve for the velocity,
pressure, phase field, and the electric potential.

For the purpose of numerical testing, we modify some of the equations and boundary conditions slightly by adding certain pre-
scribed source terms. These source terms are useful for testing the convergence of the method using manufactured solutions, and they
will be set to zero in actual flow simulations. Specifically, we re-write equations (3), (4) and (6) into,

() !
a—(f)+u-V¢=y1A<Ah(¢)—AA¢—%E~E> + g(x,1), 27)
- !

du +Nu) + 1j.vu= —§V2¢V¢ ~ S E-EVe+Evius 1v;4 -D(u) — lyps lf(x,t) (28)

ot P P 2p P P p P

V- (eV) = frx,0), (29)
where g, f and f, are prescribed source terms, and

P=P+ %v(p-v(p, D) =Vu+Vu', Nu)=u-Vu (30)
The boundary conditions (18)-(19) are modified as,

n-v (/lh(¢) — V- %G’E2> =g(an, n-Vo=g(x.1). XE0Q; 31

Jdu

o fi(x,1), P=fr(x,1), XEOIQ,; (32)
where f|, f5, g/, g, are prescribed source terms. The boundary conditions (21)-(22) are modified as,

n-v (/m(d)) — AV — %G’E2> =g, (x.0), n-V+ %@'(qﬁ) =gk, x€0Q,; (33)

u=w(x,?), X€JQ; (34)

where g; and w are prescribed source terms.

We next present an algorithm for solving the system consisting of equations (27)-(29), (5), (7), (31)-(34), (20), (23), together
with the periodic conditions in the horizontal directions. Let n > 0 denote the time step index, At denote the time step size, and (-)"
denote the variable (-) at time step n. Given (u”, P",¢", V"), we compute these quantities at step (n + 1) successively by the following
procedure:

Electric potential ¥"*! and electric field E"+!:

V- (£0VV”+1) — f;“ _V. [(€(¢*,n+l) _ EO)VV*’"H] , (35a)
alg:rl =0, ondQ,uiQ,,, (35b)
v"™li=vy, onoQ,, (35¢)
E'tl =yl (35d)
Phase field ¢"t1:

704’"; - FV @ gy — gy 2 [V2¢n+l _ ’%(d)nﬂ _ e

—h(" ) + G/(q;’:“) En+l|2] +gm, (363)
n-v|v2em! - ’%(d’nH — ) = R + el(%lwl) ] |2] _ g;'+l, on 9Q, U IR, (36b)
n-v¢'tl = gg“, on 0Q,, (36¢)
—n- V¢! - M%m =gi*!, on 0Q,. (36d)
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Pressure P"t!:

1 ~
Y0 un+ —u + ivpn+] — _N(u*,n+l) + L _ 1 VP*”Z+1 _ Mn+1 VXV Xu*,n+1
At Po Py pHl Pl
+ 1 \v, n+1 D(u* n+1) V ¢n+1 V¢n+l fn+l
pn+1 H P pn+1
1
_ Lyt gyt €@ 1 12 Ve, (37a)
pn+1 2pn+1
V-t =0, (37b)
~n+l
01;_ =1, on 0Q,. (370
n
1 1
Prl= %1 on 0Q,, (37d)
@' n=w"".n, on9Q,. (37e)

Velocity u™*!:

+1 _ g
L S B v, ViUt = Nt + (l o > v

At Po o pt!
Mn+1 1
+ <Vm _ — ) V XV X u*,n+1 + — V”VH—I D(ux n+l) V2¢n+lv¢n+l
P p ot
fn+1 _ 1 ~n+1 .Vu* nt+l /(¢n+1) En+1 ‘2 V¢n+l (38a)
pn+] pn+] 2p"+'
n+l
S =t onog,, (38b)
n
l.ln+l =W"+1, on aQS. (38C)

In the horizontal directions (x in 2D, x and z in 3D) we impose periodic conditions for (V"+1, ¢"+1, pr+l u™*1) These periodic

conditions are not explicitly included in the above system of equations.

sn+l .

The symbols in the above equations have the following meanings. J* ' in (37a) and (38a) is given by,

s,n+1
Jn+1 —(P1 pz)/th V2¢"+l _ :_2(¢n+1 _ ¢*,n+l) _ h(¢*,n+l)+ € (¢ ) En+1‘ ] (39)

in which S is a stabilization parameter to be described later. @"*! is an auxiliary approximation of u at time step (n+ 1). Let & denote
. . . C 1 1 ; - e
a generic variable. Then in the above equations the expression " D&Ml = E(yof"“ — &) represents an approximation of 5 by

the J-th order backward differentiation formula (BDF), where J = 1 or 2, and £""*! represents a J-th order explicit approximation
of &"*1, They are explicitly given by,

n+1 n ; — .
n+1 _ é _é ’ if J= L, se,n+1 _ fn, if J=
e = { gt = ;

Jgrl —ogny el i =2 26— gl if (40)

1
=2.
Note that y, =1 for J =1, and % for J =2.

The g, in equation (35a), p, in (37a), and v,, in (38a) are constant algorithmic parameters. With those terms involving these
constants formulated as above, the algorithm leads to linear algebraic systems with constant and time-dependent coefficient matrices
upon discretization, which makes the current method computationally highly efficient. We choose &, = max(eq, €,), where €}, ¢,
are permittivities of the dielectric fluids. In (35a) we have treated the £, VIV term on the left hand side (LHS) implicitly and the

correction term (e — £5)VV in the RHS explicitly. The consistent approximation of these terms ensures the J-th order accuracy of

1 max(uy.4p)
- 2 min(py.,p) °
are the densities, and y; and u, are the dynamic viscosities of two dielectric fluids, respectively. We note the approach using the

Helmholtz-Hodge decomposition for dealing with the variable density in [13,4,15].

the overall scheme. We choose p, and v,, following [24,20], specifically with p, = min(p;, p,) and v,, , where p; and p,

The term n%(qﬁ"“ — ¢*"*1) in equation (36a) is a stabilization term, where .S is a chosen constant satisfying S > 5> %.
1

This allows us to reformulate the fourth order Cahn-Hilliard equation into two decoupled Helmholtz type equations (see [18] for
more details). Note that the convective term of the phase field equation is written into the conservative form in the discretized
equation (36a). This form ensures the conservation of the integral of the phase field function on the discrete level (see Remark 3.2
below).
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Remark 3.1. In the above algorithm we need to compute the initial distribution of the electric potential (and the electric field) to
start the computation, i.e. solving for V' (x,f = 0) = V{j(x). We use a fixed point iteration to compute the initial distribution,

V- (egVV*HD) = £l — v - [(e(ehy) — ) VV P, (41)

where ¢, is the initial phase field distribution given in (27), Iy ini — f,(x,t =0), and the superscript in V® refers to the iteration
index. The electric potential distribution is obtained upon convergence of this iteration.

3.2. Implementation and spatial discretization

We next discuss how to implement the algorithm represented by equations (35a)-(38¢) using high-order C° spectral elements in
2D and a hybrid Fourier spectral/spectral-element method in 3D. We first derive a weak form of the algorithm, which is suitable for
both 2D and 3D. Then we further transform the weak form in 3D to a form specifically for the hybrid Fourier spectral/spectral-element
discretization.

Given (u”, P",¢", V"), we wish to compute (u"*!, P+1 ¢m+1 y7+1) We will first derive the weak forms about these variables in
the continuous space by taking the L2 inner product between an arbitrary test function and the equations about these variables. Then
we restrict these variables and the test functions to appropriate function spaces to attain the final weak forms.

Let e(x) denote an arbitrary test function. Taking the L? inner product between e and (35a) and using the integration by parts,
we attain the weak form for V"1,

/ VYV . Ve=— / (e(@*"th) —g)VV ™1 . Ve - / fitle, Ve (42)
Q Q

Q

The weak form of the electric field E"!(x) = (E"!(x), E;’“(x), E™1(x)) is obtained by taking the L? inner product between e(x)
and equation (35d),

/E"“e:/vv"“e, Ve. (43)

Q Q

Equation (36a) can be written as (see [24] for details),

V2 <a+ %) v =0, + V20, (44a)

V2¢n+l + a¢n+l — Wn+17 (44b)

4 4 ntl s . .
where a = _ﬂ <1 +4/1-— M’gt %), v +1 js an auxiliary variable defined by (44b), and

_L n+l _ . #,n+1 p#n+1 é s,n+1
0= (g Vet ”m)’ = h@) =

#,n+1 € (¢* n+1)

En+12 45
o ET (45)

Let w(x) denote an arbitrary test function. The weak forms for (44a) and (44b) are attained by taking the L? inner product between
w(x) and these equations,

/Vy/”+1-Vw+<a+n£2>/ /[ < )g;H]
Q
*,n+1
/[M (H_) <_g;.+._@f 41 + >>]w_/Qlw+/VQ2.v@, Yo, (46)
Q
#,n+1

/V¢"+1~Vw—a/¢"+1w n+lw+/[ n+l _ @’(d) + )] —/y/"”(y, Vo. 47)
Q Q Q

Let g(x) denote an arbitrary test function that vanishes on dQ,. Taking the L? inner product between Vg4 and equation (372) leads
to the weak form about P"*!,

VPl .y, = v “n+1 wntl| oy
q=py T+ ] X ® q
Q Q

n+l1
- PO/ l;"‘i'] nXx a)*’n-H : Vq - pZ);O / n W"+1 49, Vq with ql()Qo = 0’ (48)

oQ 00,

where ® = V X u and

10
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1 n+l n+l1 n+1 n+1 €/(¢n+1) 2 n+1 n+1 #,n+1
= S oAy eV - ——— [E|* V"™ + Vu" - D™
_gn+l Vu*,n+1] + u N(u*,n+1) + (L _ 1 ) y pentl (49)
At Po pn+1

When deriving the above equation, the following identity has been used,

EVxw-vg=Vv- (ﬁwxvq> —V(ﬁ>xw-vq.
P p p

For the weak form of equation (38a), let v(x) be an arbitrary test function that vanishes on dQ,, and we take the L? inner product
between v(x) and equation(38a) to get

n+1
/Vu"+1~vU+ 70 /u”“u:i/<T—ivp"+1>u—i/<” 1 —v,,,)a)*”’“xVu
o VmAt Vi > Po Vin 2 pt

Q

1 #n+1 . 1 Mn+l )
+—/V -V Xa)"’"+lu+/f1"+lv——/ —v, | nxe™"y,
Vi pn+l Vi pn+1
Q ET)

0 0

Yo with v]yg =0, (50)

where the following identity has been used,

U H U U
vlv,—-— )| Vxe=Vx|vo(v,—=])|-vV|(v,—= )| Xeo-(Vv,— = ]| VvXae.
<'" p) [ ("’ p)] <'" p) <'" p)

Remark 3.2. The discretized scheme as given by (42)-(50) conserves the volume integral of the phase field function, i.e.
/d)"dQ = / ¢%dQ, Vn=0, (51)
Q Q

provided that there is no external force, only periodic or no-slip (or no penetration) boundary conditions are imposed, and the phase
field at the first time step, ¢! (x), is computed by the first-order scheme (J = 1). The relation (51) can be shown to be true by setting

o =1in (46)—(47), noting a (a + % =- Mm N using the divergence theorem and n - u = 0 for no-slip (or no penetration) boundaries,
1

and by induction.

3.2.1. Two dimensions

For two-dimensional (2D, Q c R?) problems we employ C” spectral elements for spatial discretizations. We partition the domain
Q using a spectral element mesh. Let Q,, denote the discretized domain, €, = Ui\/:el QZ, where Q; (1 <e< N,) denotes the element e
and N, is the number of elements in the mesh. Let 02, 0Q2,,, 0Q,,, denote the discretized versions of the domain boundary 02, open
boundary 02,, and solid boundary 0€. Then 0Q;, = 0Q,;, U0dQ,, = 90Q,, UdQ,, U0, Where 0Q,, and 0Q,,, are the discretized
versions of the solid-electrode boundary and the solid-gap boundary, respectively. Let [T (Q2;) denote the linear space of polynomials
defined on €2} with their degrees characterized by K (K will be referred to as the element order hereafter). Define

X,={veH'(Q) : vlge €M Q). 1<e<N, }.

Xi={veX, : vl , =0}, 52
Xp={veEX, & vlpg, =0},

Xp={veX, : vlsa,, =01}

In what follows we use (-),, to denote the discretized version of (-).
The 2D fully discretized equations consist of the following:

For Vh"“ : find V"' € X, such that

/gOVVh"H ~Veh:_/(g(¢;'"+l)—gO)VVh*’"H ~Veh—/fl’j;]eh, Ve, € X; (53a)
Qp Qp Qp

vl =y

e

on 0Q,;. (53b)

11
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For EZ“ : find EZH € [X,]? such that

/EZHeh:/VV:“eh, Ve, € X,.

Q Q

For 1//}'1“rl : find 1//2“ € X, such that

/VWZH Vo, + <a+n£2>/
Q

Q h

Ll

0Ly,
Vo, € X.

+1
i

n+l _
3h

For ¢*!: find ¢*! € X, such that

— n+1
wh—/ [glh
0Q,

‘oh

(g,
A “n

/qu"“ th—a/¢"+1a)h=/g;;]a)h+/

0Q,p

Q

For P/*!: find P! € X, such that

Q
n+l

Hp
= Po ana)

0Q, ' h

n+l _ rn+l
P =1, on0Qy,

For u : find u lelx h]2 such that
Y0

Vo, - V't 4
u/F L VN
Qp Qp

|
S=
E‘b\
7N
RS
=3 |=

n+l _

uy, h

Therefore, given (u”, P",¢", V"), one can compute V"1 E™1,

n+l1

7
/VPh”+1-th=pO/ [Th+V(:—
Qp p

+1

s, n+1
h

0Qgp

n+1

¥, @p,

Vg, —

—&p ~

PoYo

At
Qg

(%)

n+1

Vo, € X,

> X wz,n+]:| . th

&

A

n+1

n- Wh qn»

/u;‘l“vh:L/(Th—LVP"“)U
Vi Po
> *n+lxvvh+_/ (

- vm) nx a)Z’"Huh, Yo, € X3

n+l

n+1

>w

5,141
h

n+l
wp

Qp

@ (¢*n+1):|
— |,

P
Vg, € X,
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(54

—/Qmwh"'/Vth'th»
Qp

(55)

(56)

(57a)

(57b)

n+1
Uh+/f1h vy,

0Q,p

(58a)

(58b)

"+l @l prtloand ™! by solving equations (53a)-(58b)

successively in an uncoupled fashion. The solution procedure is summarized in Algorithm 1.

3.2.2. Three dimensions

For three dimensions (3D, Q C R?) we concentrate on problems with one homogeneous direction in this work, so that Fourier ex-
pansions can be employed along that direction, as stated previously. Let us assume that the homogeneous direction is along the z axis,
and we employ a hybrid spectral-element/Fourier spectral discretization to solve the problem, with spectral element discretization
in the xy plane and Fourier spectral discretization along the z direction.

We take the domain along the z direction as z € [0, L,], and assume that the domain and all the dynamic variables are periodic
at z=0and z= L, where L, is the dimension of the computational domain in z. Then the following relations hold,

12



J. Yang, 1.C. Christov and S. Dong Journal of Computational Physics 514 (2024) 113228

Algorithm 1: Solution Procedure within a Time Step for 2D Dielectric Flows.
input : V", ¢", P", u".
output: V”H, En+l’ WHH’ ¢n+l’ Pn+l’ un+l.

solve equations (53a)-(53b) for yntl
solve equation (54) for E"*!
solve equation (55) for y"*!
solve equation (56) for ¢"*!
solve equations (57a)-(57b) for P"+!
solve equations (58a)—(58b) for u"+!

AU A W=

{Q:QZD®[O,LZ], 0Q=0Q,, ®[0,L.], 0Q,=02°®[0,L.], 0Q,=00°QI0,L.],
(59)

0Q,, =02 ®[0,L;], 9Q, =0Q;° ®[0,L.].

In the above relations € is the 3D domain, and Q,, is the computational domain in the xy plane (i.e. projection of Q onto the xy
plane). Similarly, 0Q,, 0Q2P, 0Q2P, Q2P and 0Q2P are projections onto the xy plane of the 3D boundaries 0Q, 0Q, 0Q,, 0Q,,
and 0Q,,, respectively. In addition, we have the following relations,

n=(ny,,0), n,=m",0), n,=m?’,0). (60)

Here n, n, and n, denote the outward-pointing unit vectors normal to R, dQ, and 0L, respectively. n,, ngD and n?D are the
outward-pointing unit vectors normal to 0Q,p, 6Q§D and OQfD , respectively.
Let N, denote the number of Fourier grid points in z. We introduce the Fourier basis functions,
2 N N
ko T:cpezog (61)
L 2 2

z

@, (z)=eP?, g, =

Then, for a generic function f(x,y,z) we have the Fourier expansion relation,

N,/2-1 L;
feyD= Y A, [ 16y 08,@dz= L), (62)
k=2N, /2 )

where ®, is the complex conjugate of ®,, and f «(x, ) denotes the k-th Fourier mode of f(x,y, z).
We define the basis and test functions in 3D by, for —NT <k< % -1,

{Qk(x, y,2)=1(x,y)®,(z), (basis function),
(63)

0, (x,3,2) =1(x,y)®,(z), (test function),

where I(x, y) denotes an arbitrary function in the xy plane. Define V = <V2 D ;—Z> = (%, 0%, % ) Let f(x,y, z) denote a generic scalar

field and u(x, y, z) = (uyp(x,y, 2),u,(x,y,2)) = (U (x,y, z), uy(x,y,z),u,(x,y,2)) denote the velocity (or a generic vector) field. Then
the following relations hold,

/f(x,y,Z)Q_k(x,y,Z)dQ=Lz/fk(x,y)l(x,y)dﬂzp
Q

Qp

/ Vf(xp.2)- VO(X,y,2)dQ=L, / [Vap fi(x.3) - Vopl(x, ) + B £ (x. 0I(x, )] dQyp 64)
Q Qp

/u-Vdeﬂsz/ [Vapl(x, ) - fyp s — iBil(x, Yz ] dQyp
Q Qp

where @, , and &, are the Fourier modes of u,, and u,, respectively, and dQ = dQ,dz.

By using the above integral relations, we can reduce the 3D weak forms in (42)-(50) into 2D weak forms about the Fourier modes.
Let us assume in the following that w(x,y) denote an arbitrary 2D test function for the electric potential, the electric field and the
phase field functions, and v(x, y) denote an arbitrary 2D test function about the pressure and velocity fields. For simplicity, we will
assume that w(x, y) and v(x, y) vanish on the corresponding Dirichlet type boundaries. We use the 2D function O k OF (T)’k of (x,y) to
denote the k-th Fourier mode of the 3D function (-) of (x, y, z).

Let R = (e(¢p™"1) — g) V' *"*! = (R, ), R,). The weak form (42) is reduced to,

/sOVZDI?k"+1~v2Da)+ﬁ,§/eOVk"“w:_/fzk.vm—/f;fklw, Ya(x, y), (65)
Qp Qp Qp Qp

where Vao(x,y) = (V,pw, —if; ), and we have used the following equation,

13
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N,/2-1 L
/R-VQk: D /ﬁm-Vm /q>m(z)cink(z)
o m=—N_,/2 b 0 (66)
=L, / ﬁk -Vo=1L, / (IA{ZD,,C -Vopw — iﬂkﬁzyka)> .
Qp Qp
The 3D weak form (43) now becomes
/ (EQEN L EN o= / @V oV —ip VI e, Yo(x, ), 67)
where En+l — (En+1 En En+l)
The weak forms (46) (47) are reduced to,
N S N
/ Vop - Vaopo + <a+ 7 +13,f> / o /(ﬁszk 0, o+ / VapQy - Voo
2D Qp Qp
N S . N IN
+ / [gﬁ(l <a + ”—2> g;'“;]] o+ / [gi’;l ((x + —> Uk] o, Yo(x,y); (68)
Q2P
/v2D¢" Vo po+ (—a+ ) / Ptlw /¢"+1w+ / Grlo+ / U, o,
Qp Qp Qp 0Q2P Q2P
Yao(x,y), (69)
#,n+1 A
where U = —gg“ - %, and U, denotes the Fourier modes of U.
Let
/4"+1 1
G=(Gyp,G,)=T+V ( 1 ) x@*"  Y=G- =—vprtl,
pt Po 70)
/4”+l ”n+1 ﬂn+l
J=(,p,J,) = —nxeo"!, K= —v, o, L= —v, | nx o™
pn+l pn+] pn+|
The weak form (48) for the pressure is reduced to,
/ Vop PPt Vopu+ B} / Prtlv=p, / Gopi - Vap —ifipo / G, yv
Qp Qp Qp Qp
- Sops - Vapv+i J, - 2000 witl oy 1
Po Jopi - Vapv+iBrpg 20~ T Nyp - Wyp U Yox, y). (71)
Q2P Q2P Q2P
The weak form (50) for the velocity is reduced to,
/V v-V u”Jrl 2+ /ﬁ”“uzL/?u—L/f( x Vv
2D 2D k At k v, k v, k
2D Qp Qp Qp
+ / fl"zlv -1 / f.kv, Yo(x,y). (72)
. v,

Q2P Q2P

Note that the terms i p, /Q . 5, v and ify po /aszw J” !y in equation (71) and the term /Q K, x Vo in equation (72) mixes up

the imaginary and real parts, which calls for special attention in the implementation.

To formulate the fully discretized equations in 3D, we partition the domain Q, , in the xy plane by a mesh of C” spectral elements.
Let Q, ), denote the discretized Q,p, Q,p), = Qg py Where Q7 denotes the element e in the xy plane. Let 0Q,p,,, onh , and
095}? denote the discretized versions of 692 D> 09 , and BQED, respectively. Let an and ()92D denote the discretized solid-

electrode and solid-gap boundaries in Q, ), OQZD 69?31 U 09231. Let ITg (€3 ,),) denote the polynomlal space defined on Q7 ) with
their degrees characterized by K. We define

14
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Y,={ve H'(Qp,) : vlgs  E€Mg(Q5,,), 1<e<N, },
Yi={vey, : u|m§£1=0},
Yi={vey, : Dlgeep =0},
Y;:O:{ve\/h : U|6Q%;11)=0}.

In the following the subscript 4 denotes the discretized version of a variable.
Then the fully discretized system in 3D consists of the following equations:

For V"' find V"*! €V, such that (for —N,/2<k<N,/2-1)

fntl 2 Sl _ 5 Pl
/Eovquknh - Vopop + B / eV wp=— / Ry - Voo, — / IV en®@ns

Qph Qph Qph Qph
E.
Vo, € VhO’
ol _ | Voo k=0, 2D
v = { 0. k#0 on o€ ;.

For Ej*': find By = (B Evtl ElY)) € [V, P, such that (for =N, /2<k<N./2-1)

x,kh> “ykh’ "z, X"kh 7Y kh
Qph Qph

/(12""+1 Ert BT Y, = /(a VLo Vi —ig Vit Ywy, Vo, €Y.

For II/ZH : find 1/7,':;1 €Y, such that (for —-N,/2< k< N,/2-1)

. S .
/ Vap¥gr! - Vapwy, + <a+ 7 +ﬂ,§> / i o,

Qpn Qph
= / (B 024 = O1 ) op + / Vop Qo in - Voo
Qo Qpp
+ an+l + a+£ sn+1 W, + on+1 + a+£ f] m VYo, €Y,
81,kh P Exkn | Ph 81,kh P2 ) k| O h= The
2P 0Q?P

For ¢*!: find ¢+ €V, such that (for —N,/2<k<N./2-1)

/ Vot Vapw, + (—a + B7) / oy,

Qpn Qpp
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Algorithm 2: Solution Procedure within a Time Step for 3D Dielectric Flows.
input : V", ¢", P", u".
output: V”H, En+l’ WHH’ ¢n+l’ Pn+l’ un+l.

solve equations (74a)-(74b) for IA/k”“ (=N, /2 < k< N_/2), with Fourier transform to attain yntl
solve equation (75) for EZ“ (=N,/2< k< N,/2), with Fourier transform to attain E"+!

solve equation (76) for y?:” (=N./2 < k< N,/2), with Fourier transform to attain Vs

solve equation (77) for d;z*‘ (=N./2< k< N,/2), with Fourier transform to attain s

solve equations (78a)-(78b) for 13,:”'1 (=N./2 < k< N./2), with Fourier transform to attain pr!
solve equations (79a)-(79b) for &*' (=N, /2 < k < N, /2), with Fourier transform to attain u"+!

AU A W =

1 N A 1 ~
- K., X Vv, + frly, = /L v,, Vv, €Y. 79a
Vi / kh h / Lkn“h ™, khUh h € Yo (79a)
Qpp 0Q2D Q2P
=Wl onoQly. (79b)

Given (V",¢", P",u") in 3D, the field variables V"1, E™! y"+1 g+l pr+l and u"+! are computed by solving the equa-
tions (74)-(79) individually and successively in an un-coupled fashion. Algorithm 2 summarizes the solution procedure for 3D
problems.

Remark 3.3. The Algorithms 1 and 2, respectively for 2D and 3D two-phase dielectric flows, share a common characteristic. The
resultant linear algebraic systems for the dynamic variables ("1, E"+1, y7+1 ¢+l pr+l ym+1) all involve a constant and time-
independent coefficient matrix upon discretization, which only needs to be computed once and thus can be pre-computed and saved
for later use, despite the variable permittivity/density/viscosity field involved in the system on the continuum level. Because of this
property, the current method is computationally very efficient for simulating two-phase dielectric flow problems.

4. Representative numerical simulations
4.1. Convergence test

We next employ a manufactured analytic solution to the governing equations to demonstrate the spatial and temporal convergence
rates of the numerical method presented in Section 3.

We first look into the convergence for 2D problems. Consider a domain Q = {(x,y) : 0 <x <2,0 <y <1} (see Fig. 2(a)), and the
two-phase dielectric governing equations and boundary/initial conditions on Q as given by equations (27)-(29), (5), (7), (31)—(34),
(20), (23). We employ the following manufactured solution to this problem:

{ u=cos(ry)sin(zx)sin(t), v=—sin(xy)cos(zx)sin(t), P =sin(xry)cos(zx)cos(t), 80)
80

¢ = cos(zx)cos(zy)sin(t), V =sin(xx)cos(ry),

where u = (4, v). All the source terms involved in the governing equations and boundary/initial conditions are chosen such that the
field distributions given in (80) satisfy the governing equations and boundary/initial conditions.

To simulate this problem, we discretize the domain using two spectral elements of the same size, as shown in Fig. 2(a). On the
left/right boundaries (x = 0,2) we impose the periodic condition for all the dynamic variables. The bottom boundary (y = 0) is
assumed to be a wall, and we impose the Dirichlet condition for the velocity and the electric potential (see equations (34) and (23)),
and the boundary condition (33) for the phase field function. The top boundary (y = 1) is assumed to be open, and we impose the
boundary conditions (20), (31) and (32) for the electric potential, the phase field function and the velocity/pressure, respectively.

Fig. 2(b) shows the L* and L? errors of the velocity, pressure, phase field function, and the electric potential versus the element
order. Here the time step size is fixed at A7 = 0.001, and the governing equations are integrated from 7 =0 to # =, = 0.2. Shown
in this figure are the errors of dynamic variables at r = ;. The errors decrease exponentially with increasing element order (when
below 10), and they stagnate when the element order increases beyond 10 due to the dominance of the temporal truncation error.

Fig. 2(c) illustrates the temporal convergence of the method. The L™ and L? errors of the dynamic variables at ¢ = ¢ r=04as
a function of At are shown. In this group of tests the element order is fixed at 14. We observe a second-order convergence rate for
these field variables.

To test the spatial/temporal convergence of the 3D algorithm, we consider the domain Q = {(x,y,z) : 0<x<2,-1<y<1,0<
z <2}, as sketched in Fig. 3(a). The plane H BEK (x = 1) partitions the domain into two equal sub-domains. The domain Q and all
the flow variables are assumed to be homogeneous along z. The top boundary (y = 1) is open. The boundaries along the x direction
(x =0 and 2) are periodic. On the bottom face ACIG, we impose the Dirichlet boundary condition for the velocity u, and the wall
boundary conditions (33) for the phase field function ¢. For the electric potential V', we impose the Dirichlet condition (second
equation in (23)) on the region ABH G and the Neumann condition (first equation in (23)) on the region BCIH.
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Fig. 2. 2D convergence test: (a) Sketch of the computational domain and configuration. (b) L* and L? errors of the dynamic variables versus the element order (fixed
At =0.001), showing spatial exponential convergence. (¢) L* and L? errors versus At (fixed element order = 14), showing temporal second-order convergence rate.
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Fig. 3. 3D convergence test: (a) Domain and configuration. (b) L™ errors of the dynamic variables versus the element order (fixed Ar =0.001 and N = 8), showing
spatial exponential convergence. (b) L*® errors versus At (fixed element order 14 and N, = 8), showing temporal second-order convergence rate.

We employ the following manufactured analytic solution on Q for the 3D convergence tests,

u = cos(rwx)cos(zy)cos(xz)sin(t), v=0, w=sin(xx)cos(xy)sin(xz)sin(t),

(81)

P =sin(zx)sin(xy)sin(zz)cos(t), ¢ =cos(xx)cos(xy)cos(zz)sin(t), V =sin(xx)cos(ry)cos(rz),

where u = (u, v, w). The source terms in the governing equations and the non-homogeneous boundary conditions are set according to
these analytic expressions. We employ N, = 8 Fourier grid points along the z direction, and two spectral elements in the xy planes,
as shown in Fig. 3(a).

The spatial convergence of the 3D algorithm is illustrated by Fig. 3(b), in which the L* errors of the dynamic variables are
shown as a function of the element order. Here the problem is simulated from # =0 to =7, = 0.1, and the time step size is fixed at
Ar=0.001. The exponential convergence in space is evident from the results.
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Fig. 4. Dielectric liquid drop on a wall: (a) Sketch of domain and flow configuration. (b) Cartoon of the drop deformation when the electrodes are switched on. (c) The
spectral element mesh in the xy plane used in the simulations. On bottom wall, the shaded regions are the electrodes and the white regions denote the gaps between
the electrodes. In (c), at the bottom wall, the voltage is V;, in element 1, element 2 is a gap, the voltage is —V; in element 3, element 4 is a gap, etc.

The temporal convergence of the 3D algorithm is illustrated by Fig. 3(c). Here the L® errors of the dynamic variables are shown
as a function of Ar. The element order has been fixed at 14, and the final integration time is 7 =7, = 0.1. One can observe the
second-order convergence rate with respect to Az.

4.2. Equilibrium dielectric drop on a wall

We study the 3D equilibrium shape of a dielectric liquid drop on a horizontal wall under an imposed electric field in this test.
The problem setting is in accordance with the experiment from [54]; see Fig. 4(a). When the electrodes on the wall are turned on,
the dielectric drop (an initial hemisphere) deforms due to the imposed electric field, and eventually reaches an equilibrium state, as
sketched in Fig. 4(b). We are interested in simulating the equilibrium shape of the dielectric drop.

As discussed in Section 2.4, the current phase field model allows us to compute the equilibrium state of the system by solving
an alternative simpler system consisting of equations (17), (16¢) and (16d), with the corresponding boundary and initial conditions.
After that, if needed, the pressure field can be computed by solving (16b), and the velocity is given by u = 0. We will simulate the
equilibrium shape of the dielectric liquid drop by this method.

We consider a computational domain (x,y,z) € Q = [0, gLO] X [0, %LO] x [0, %LO], where Ly = 1.2 mm, as shown in Fig. 4(a).
The electrodes embedded on the bottom wall each has a width d = 0.1 mm. Adjacent electrodes are 0.1 mm apart on the wall, and
the constant voltage imposed on adjacent electrodes have the same magnitude but with opposite signs (¥, and —V,)), as sketched
in Fig. 4(b). The dielectric liquid drop (in ambient air) is initially shaped like a hemisphere, with a radius R, = %LO and its center

located at (X, Y, Z;) = (%LO, 0, %LO).
We employ the following physical parameter values:

surface tension: y = 3.857 x 1072 kg/s;
(82)

permittivity: (air) e; = ¢, (dielectric liquid) e, = 32¢;

where ¢, = 8.854 x 1012 F /m is the vacuum permittivity. Note that the fluid density and viscosity play no role when we simulate the
equilibrium state using the system consisting of (17), (16¢) and (16d).

All the dynamic variables and simulation parameters are normalized consistently. The normalization constants used for non-
dimensionalizing the alternative system of equations from Section 2.4 for the equilibrium solution are provided in Table 2. Note that
they are a little different from those shown in Table 1 for normalizing the full system of governing equations. In particular, all the
length variables are normalized by L. For brevity and convenience of presentation, in what follows we employ the same symbols to
denote the dimensional and the normalized variables or parameters. We employ a Cahn number n = 0.02, and the mobility is set by
Ay; =0.1, where A= %11. The pseudo-time-step size is At =2 x 107 in the simulations.

2V2

We solve the system consisting of equations (17), (16¢) and (16d) by the hybrid spectral element/Fourier spectral method in 3D.
We employ N, = 120 Fourier grid points along the z direction and a mesh of 120 quadrilateral spectral elements (with element order
12) in the xy plane, with 20 uniform elements along x and 6 non-uniform elements along y (see Fig. 4(c)). We impose the periodic
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Table 2

Normalization constants for variables and parameters with the simpler system
from Section 2.4 for computing the equilibrium solution. Choose L, V,, and y
(surface tension).

variable normalization constant | variable normalization constant
X, y,z,d,n Ly t 1

V.,V Va E Va/Lo

€,€1,6 Loy /V} " Ly

A Lyy bw 1

(b) Vo=150 volt (c) Vo=200 volt
Jes S fos o e
35 3 L 35 3 25 2z 15 1 05 bX 35 3 25 2 z 15 1 05 o
(d) Vo=100 volt (e) Vo=150 volt (f) Vo=200 volt

) Vo=100 volt ) Vo=150 volt (i) Vo=200 volt

Fig. 5. Dielectric drop on the wall: equilibrium drop shapes under imposed electrode voltage V;, = 100 volt (left column), ¥, = 150 volt (middle column), and V;, = 200
volt (right column). Top row: plan view (toward —y direction); Middle row: side view (toward —x direction); Bottom tow: perspective view.

boundary condition in x (at x =0 and x = %LO), and the boundary conditions (18) and (20) at the top boundary y = %LO. On the
bottom wall (y = 0) we impose the boundary conditions (21) and (23), where the imposed voltage on adjacent electrodes alternates
between V;, and -V, (see Fig. 4(c)). All the dynamic variables are homogeneous along the z direction. The initial distribution of the
V=X =¥ P +(z- 20~ Ry

Vr

Fig. 5 shows the deformed shape of the dielectric drop under three imposed electrode voltages (V; = 100 volt, 150 volt, and
200 volt) obtained from the 3D simulations. The plots in the three rows show the plan view, the side view, and the perspective view
of the drop, respectively. The drop deformation becomes increasingly pronounced with increasing electrode voltage. At ¥, = 200 volt,
the dielectric drop becomes highly elongated along the z direction (see Figs. 5(c,f,i)).

Fig. 5 illustrates the asymmetric deformation of dielectric drops, an important feature observed in experiments (see [26]). The
dielectric droplet tends to stretch along the direction parallel to the electrodes, while in the direction perpendicular to the electrodes
the droplet remains approximately the same in dimension. In other words, the width of the drop (w in Fig. 4(a)) remains approximately
unchanged, while the length and height of the drop (/ and 4 in Fig. 4(a)) can vary significantly with the electrode voltage.

phase field function is given by ¢(x, y, z) = tanh
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Fig. 6. Dielectric drop on a wall: (a) the drop height/width/length as a function of the electrode voltage. (b) Comparison between the theoretical model [8] and the
current simulation on the drop height as a function of the electrode voltage.

The asymmetric deformation is further demonstrated by Fig. 6(a), in which we plot the length, width, and height of the deformed
dielectric drop as a function of the electrode voltage from our simulations. It is evident that, while the length and height exhibit a
significant change, the width of the deformed drop remains nearly constant as the electrode voltage increases. This is because the
electrodes serve as some potential walls, and so crossing those walls will increase the energy of the system. We refer to [26] for more
details on the experimental observation and the explanation of the asymmetric deformation.

In [8] a theoretical model was proposed on the dielectric drop deformation, and it leads to the following formula relating the drop
height to the electrode voltage,

W =hp- ﬂg
0 46y

In this equation, 4 is the deformed drop height, V) is the electrode voltage, and Q = hl,,, with h( and /;, denoting the initial height
(in y direction) and initial length (in x direction) of the drop. y is the surface tension. ¢, is the vacuum permittivity, and Ae is the
difference in the relative permittivity of the two fluids. 6§ = % is a geometry parameter. In Fig. 6(b) we show a comparison of the
deformed drop height as a function of the electrode voltage between our simulation results and the theoretical model (83). While
there exist some discrepancies in the quantitative values, the simulation results and the model are generally in reasonable agreement
in the range 100 < V) < 180 for the electrode voltage. It should be noted that the theoretical model (83) is only valid for a range
of electrode voltage values (when 4 > 6, see [8]). For the electrode voltage beyond about 180, the simulation result and the model
prediction are qualitatively different. This discrepancy is due to the breakdown of the model equation (83). The trend exhibited by
the simulation result in this region is similar to what has been observed in the experimental measurement [8].

(83)

4.3. Equilibrium dielectric film on a surface

In this subsection we study the equilibrium state of a thin dielectric liquid film on a solid wall in two dimensions. The dielectric
film exhibits a wave-like profile under an imposed electric field, as observed in the experiment [9], in which this is referred to as an
optical interface.

The problem configuration and settings are illustrated in Fig. 7(a). We consider a rectangular domain, (x, y) € Q =[0,4d] %[0, %d 1,
where d is the width of the electrode (see below). The domain and all the variables are assumed to be periodic in the horizontal
(x) direction. The top of the domain is open, and the bottom of the domain is a solid wall. Two electrodes, each with a width d,
are embedded on the bottom wall. The gap between the electrodes is d’ = d. The two electrodes specifically occupy the regions
x€[d/2,3/2] and x € [5d/2,7d /2] on the wall. The voltage imposed on the right electrode is V;), and on the left electrode is 0. A
thin layer of dielectric fluid, with a thickness A, is at rest on the bottom wall in an ambient fluid. When the electrodes are turned on,
the fluid interface deforms under the imposed electric field and exhibits a wave-like profile at equilibrium. Our goal is to simulate
the equilibrium dielectric fluid interface.

In what follows we provide two sets of simulations. The first set is obtained using the method from Section 2.4, based on the
simpler system consisting of equations (17), (16c) and (16d). The second set, for comparison, is based on the full model consisting of
equations (3)—(7), together with appropriate boundary/initial conditions.

4.3.1. Equilibrium simulation using the simpler system

We first simulate the equilibrium profile of the dielectric fluid interface using the method from Section 2.4, by solving the simpler
system of (17), (16c) and (16d), with the boundary conditions as outlined in the above paragraphs.

We employ a surface tension y = 2.84 x 10~2 kg/s2, and a permittivity for the ambient fluid the same as the vacuum permittivity,
€] = ¢y. The permittivity for the dielectric film (e,) is varied and will be specified below. All the variables and parameters are
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Fig. 8. Dielectric thin film: Distributions of (a) the phase field function showing the fluid interface, and (b) the electric potential in the domain. (For interpretation of
the colors in the figure(s), the reader is referred to the web version of this article.)

normalized based on the normalization constants in Table 2. Here we choose the length scale as L, = %, and the voltage scale as
V,; =100 volt. We use h(x) to denote the thickness of the equilibrium film at x.

Fig. 7(b) shows a spectral element mesh employed in the current simulations. The elements are uniform in the x direction, and are
generally non-uniform in y. Along the y direction we divide the domain into three regions: (i) near-wall region (0 < y < hy — A/2), (ii)
wave region (hy — A/2 <y < hy+ A/2), and (iii) upper region (y > h, + A/2), where A is the peak-to-valley amplitude of the wave
profile (see Fig. 7(a)). For setting up the simulations, the amplitude A in the above is estimated based on the following theoretical
model formula from [9],

16¢, 2mhy 2
= 3ty (€7 — &) exp - vy 84)

where p=d +d’ =2d. We employ N > N,, and N, spectral elements in these three regions respectively along the y direction. The
mesh is uniform in the near-wall and wave regions, and is non-uniform in the upper region (Fig. 7(b)). The specific values for N, ,
N,, and N, will be provided below when discussing different simulation cases.

In all the simulations we employ a pseudo-time step size At = 2.0 x 1076, Cahn number 5 = 0.01, and a mobility y, by Ay, = 0.1,
where A= 2%;1. The initial phase field distribution is

$(x,y) = tanh < y=ho > . (85)
25

It should be noted that, while the physical length scale may be different for different simulation cases, the normalized computational
domain is fixed due to the choice Ly =d /2 and is always (x, y) € Q =[0,8] X [0,5].

Fig. 8 provides an overview of the equilibrium distributions of the phase field function ¢ (plot (a)) and the electric potential field
V (plot (b)). The wavy fluid interface is unmistakable from Fig. 8(a). This figure also illustrates that the domain dimension in y is
much larger than the dielectric film thickness in our simulations. This is necessary because in the upper open boundary we have used
the boundary condition (20), which is accurate only when the height of the computational domain is sufficiently large compared
with the size of the electrode.

Fig. 9 is a comparison of the equilibrium interfacial amplitudes obtained from the current simulations, the theoretical model
formula (84), and the experimental measurement of [9]. Here the initial film thickness (4) and the electrode width (d) are fixed, while
the voltage on the right electrode (V})) is varied systematically. The permittivity ratio is % =8. We employ (N, ,N, ,N,)=(5,4,4)
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Fig. 10. Dielectric thin film: Comparison of log(A) (interfacial wave amplitude) versus h,/p (initial film thickness) from the current simulations and the theoretical

model equation (84).

elements along the y direction in this set of simulations, with an element order 12 for all the elements. The two plots in this figure
show the equilibrium interfacial amplitude as a function of Vo2 for two cases, corresponding to iy = 14 pm and p = 160 um (Fig. 9(a))
and hy = 18 um and p = 240 um (Fig. 9(b)), respectively. The insets of these plots depict two typical interfacial profiles at equilibrium

corresponding to ¥, = 150 and 300 volts. It can be observed that the simulation results agree with the theoretical model and with the

experimental data reasonably well.
Fig. 10 shows another comparison between the current simulation and the theoretical model (84). In this set of simulations we

have a fixed V;, =200 volt, p = 160 pm and e, /e; = 8, while the initial thickness of the film is varied systematically. We again employ
(Ny,Ny,,N,.)=(5,4,4) elements along the y direction. This figure plots the log(A) as a function of h, /p from these tests. While
there are some discrepancies, the simulation results overall are close to the predictions of the theoretical model equation (84).

As observed in the experiments of [9] and in the boundary integral model of [11], the interfacial profiles that are sinusoidal-like
or non-sinusoidal-like can occur under the imposed electric field. We have observed both types of profiles in our simulations. Fig. 11
shows examples of these two types of interfacial profiles attained from our simulations, corresponding to several electrode voltage
values. Fig. 11(a) corresponds to the case in Fig. 9(a) (with hy = 14 um, p = 160 um and ¢, /¢; = 8), exhibiting a sinusoidal wave-like
profile. Fig. 11(b) corresponds to the parameter values sy = 6 pm, p =240 pm and ¢, /e; =2, exhibiting an apparently non-sinusoidal

wave-like profile.

4.3.2. Comparison with full-model simulation
We now simulate the equilibrium profile of the dielectric fluid interface using the full model as given by the Equations (3)-(7),

together with the boundary and initial conditions. The flow configuration and the problem setting follow those of Section 4.3.1, as
given in Fig. 7.

We consider the same group of tests as in Fig. 9(a). The values for the physical and geometric parameters, such as the surface tension
v, the permittivities (¢; and ¢,), h, and p, are taken to be the same as in Section 4.3.1 (specifically Fig. 9(a)). The only difference
lies in the fluid densities and the dynamic viscosities, which are needed in the full model but do not appear in the simpler model
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of Section 4.3.1. Here in the full model we employ p; = p, = 830 kg/m? for the two densities, and y; = 1.2048 x 107> kg/(m - s)
and p, =2u; for the two dynamic viscosities. Employing the same density for the two fluids apparently does not correspond to
realistic situations. Since we are seeking the equilibrium solution, employing the same density in principle will not alter the solution
at equilibrium, but will make the computation considerably easier. All the physical variables and parameters have been normalized
consistently.

In the full-model simulations, we employ the following simulation parameter values (non-dimensional): Cahn number # = 0.01,
mobility y; =0.05, Ar=2X 1079, the number of elements in the three regions along y (N v N, > N Y3) = (5,4,4), and an element
order 12. The initial phase field profile is given by (85). The electrode voltage V, is varied in the tests. The simulations have been
performed for a sufficiently long time until the velocity becomes very small.

Fig. 12 shows a comparison of the equilibrium interfacial profiles obtained by the simpler model of Section 4.3.1 and by the full
model here. These profiles correspond to several electrode voltages ranging from ¥, = 150 volt to V[, = 275 volt. The results from the
simpler model and the full model in general agree very well, with their profiles essentially overlapping with each other. At larger
electrode voltages (e.g. V) = 275 volt), some discrepancy in the valley (or peak) of the interfacial profile can be noticed between these
two models.

Fig. 13 is another comparison between the simpler model and the full model. It shows the interfacial amplitude A (see Fig. 7(a))
as a function of the electrode voltage squared (VOZ) obtained from the simpler model, the full model, and the theoretical model (84).
It can be observed that the results from the simpler model and the full model agree well with each other, and that both are in good
agreement with the theoretical model (84).

4.4. Dynamic simulations

The simulations in Sections 4.2 and 4.3 are for steady-state problems. In this section we further test the proposed method using
dynamic problems with two-phase dielectric flows.

4.4.1. Transport of a dielectric drop on a wall

We study the transport of a dielectric fluid drop on a horizontal wall in two dimensions in this subsection. The problem setting
is illustrated by Fig. 14(a). Consider a rectangular domain, which is periodic in the horizontal direction, open on the top, and has a
solid wall at the bottom. An array of electrodes is embedded on the left half of the bottom wall, while the right half of the wall is free
of electrodes. A dielectric liquid drop is initially at rest in the electrode-free region of the wall. When the electrodes are switched on,
the drop will be pulled leftwards to the electrode-embedded region of the wall, due to its interaction with the nonuniform electric
field. The goal of this problem is to simulate the motion of the liquid drop.

We employ the model given by equations (3)—(7) to simulate this problem, with the boundary and initial conditions as described
below. We consider a computational domain, (x,y) € Q = [0, gLO] X [0, %LO], where Ly =1 mm. Fig. 14(b) shows the mesh of 9216
non-uniform quadrilateral spectral elements employed in the simulations, with 192 and 48 elements along the x and y directions,
respectively. Four electrodes are embedded on the bottom wall, with a voltage V;, or —V,, where V;, = 300 volt. The electrode-
embedded regions on the wall are: x/L, € [0.1,0.2] (voltage —V;)), x/L, € [0.3,0.4] (voltage V;)), x/L, € [0.5,0.6] (voltage —V,),
and x/L, € [0.7,0.8] (voltage V;). We impose the boundary conditions (21)—(23) on the bottom wall (y/ L, = 0), with a static contact
angle 6; = 90°. The boundary conditions (18)-(20) are imposed on the top domain boundary (y/L, = 0.5). We impose periodic
boundary conditions for all the dynamic variables on the horizontal boundaries (x/L, =0, 1.6). The drop is assumed to be semi-
circular initially, with a radius Ry = 0.28L, and its center located at (xg, y9) = (1.2L,,0). We employ an initial phase field profile,
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Fig. 12. Dielectric thin film: Comparison of equilibrium interfacial profiles at several electrode voltages obtained from equilibrium simulations based on the simpler
model of Section 2.4 and based on the full model.
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Fig. 14. Drop transport: (a) Flow configuration and settings. (b) Mesh of 9216 non-uniform spectral elements.
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Fig. 15. Drop transport: Distribution of the electric potential (# = 0.0).
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Fig. 16. Drop transport: A temporal sequence of snapshots of the dielectric drop showing its motion on the wall. Shown are the distributions of the phase field function
¢ at different time instants.
The following physical parameters are employed for this problem:
surface tension: y = 2.84 x 1072 kg/s%;
densities: p; = p, =429.7 kg/m3; (ambient fluid p;, drop p,)
dynamic viscosities: (ambient fluid) y; = 12.048 X 107 kg/(m-s), (drop) u, =2pu;;

(87)
permittivities: (ambient fluid) e, = €, = 8.854 x 10712 F /m, (drop) e, = 8.1¢y;
L? 2y
model parameters: n =0.01L,, A= iyn, y1=1x 10_4—0, At=1X 10_60—2.
2¢/2 Hy NG

All the physical variables and parameters are normalized consistently based on the normalization constants listed in Table 1, with
Ly and ¢, as given above and the y and ¥V therein given by y =y and V; =V, for this problem. We employ an element order 6
in the simulations.

Figs. 15 and 16 provide an overview of the electric potential distribution in the domain and the motion of the dielectric drop on
the bottom wall. Shown in Fig. 16 are a temporal sequence of snapshots of the phase field function ¢(x, y,?) in the domain. One can
observe that the dielectric drop moves leftward along the wall due to the interaction with the imposed electric field, and approaches
an equilibrium state resting on top of the electrodes.

4.4.2. Coalescence of two dielectric liquid drops

We study the motion and coalescence of two dielectric fluid drops in this subsection. Fig. 17(a) sketches the flow configuration
and problem setting. We again consider a rectangular domain, periodic in the horizontal direction, open at the top, and with a solid
wall at the bottom. Two electrodes are embedded in the middle of the bottom wall, whose imposed voltages have the same magnitude
but with opposite signs. Two liquid drops of the same dielectric fluid, initially at rest in the electrode-free regions of the wall, are
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Fig. 18. Drop coalescence: distribution of the electric potential field (z = 0.0).

pulled toward each other when the electrodes are turned on, and merge into a single drop. Our goal is to simulate this process with
the proposed method.

The simulation settings and the boundary conditions are similar to those employed in Section 4.4.1. We employ a computational
domain (x,y) € Q =[0,2L] X [0, %LO], where L, =1 mm, and the phase field model given by the equations (3)—(7). Fig. 17(b) shows
the mesh of 2000 quadrilateral spectral elements (with an element order 8) employed in the simulations. The two electrodes occupy
the following regions on the wall: x/L; € [0.8,0.9] (with voltage V;)), and x/L, € [1,1.1] (with voltage —V},), where V{, = 300 volt.
The boundary conditions (21)-(23) are imposed on the bottom wall, with a static contact angle 6, = 759 (measured on the side of
the fluid drop). The boundary conditions (18)-(20) are imposed on the top boundary (y/L, = 0.4). Periodic conditions are imposed
on the horizontal boundaries (x/L = 0,2.0) for all the dynamic variables. Both drops are assumed to be shaped like a circular cap
initially, with radius R, and their centers located at (X,Y;) and (X,,Y,), respectively, as given by

0.3

RO/L():Si_

o X,/Ly=0.6, Y =-Rycosb,, Y,/Ly=14, Y,=—Rcosb,. (88)
n )

The initial phase field distribution is

Vax—X)2+G-Y)?2-R, canh Vi -X)2+(-Y,)2 - R,

@(x,y,t =0) =tanh + -1, (89)
Vi Van
where 7 is the characteristic interfacial thickness. The initial velocity is set to zero.
We employ the following physical and simulation parameters for this problem:
surface tension: y = 1.136 x 107! kg/sz;
densities: p; = p, =129.7 kg/m>; (ambient fluid p 1> drop p,)
dynamic viscosities: (ambient fluid) y; = 12.048 x 1074 kg/(m-s), (drop) u, =2u;;
permittivities: (ambient fluid) €, = €, = 8.854 x 10712 F/m, (drop) e, = 8.1¢y; (90)
static contact angle: 6, = 759 (measured on the drop side);
2 2
3 Lo _¢ Lo
model parameters: n =0.007Ly,, A=——=yn, y;=5%x107"—, Ar=1x10 —
2v2 Hy eV

The physical variables and parameters in the system are normalized based on those constants given in Table 1, in which L, and ¢,
are as given above and we set yy = y; and V; =V,

Fig. 18 shows the distribution of the electric potential in the domain, signifying a non-uniform potential and thus a non-uniform
electric field. The electric field is stronger near the electrodes, and is weaker in the region farther away from the electrodes. As a
result, the net Korteweg-Helmholtz force (— % (E- E)Ve) acting on the dielectric drops has a direction pointing toward the electrodes,
which causes the drops to move inward toward each other.

Fig. 19 shows a temporal sequence of snapshots of the phase field distribution in the domain. It can be observed that the two
drops move along the wall and merge with each other to form a single drop, which approaches an equilibrium state resting on top of
the electrodes.
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Fig. 19. Drop coalescence: a temporal sequence of snapshots of the phase field distribution, showing the motion and coalescence of the two dielectric fluid drops.

5. Concluding remarks

We have developed a method for modeling and simulating multiphase flows consisting of two immiscible incompressible dielectric
fluids, and their interactions with external electric fields in two and three dimensions. We first presented a thermodynamically-
consistent and reduction-consistent formulation based on the phase-field framework for modeling two-phase dielectric fluids. The
model respects the mass and momentum conservations, and the second law of thermodynamics. When only one fluid component is
present, the two-phase formulation reduces exactly to that for the single-phase system. In particular, the presented model accom-
modates an equilibrium solution that is compatible with the requirement of zero velocity based on physics. This property leads to
a simpler method for simulating two-phase dielectric systems at equilibrium, by solving a much simplified system consisting of the
phase field equation and the electric potential equation only.

We have further presented an efficient semi-implicit type algorithm, together with a spectral-element discretization for 2D and a
hybrid Fourier-spectral/spectral-element discretization for 3D in space, for simulating this class of problems. This algorithm allows
the computation of different dynamic variables successively in an uncoupled fashion. Upon discretization the algorithm involves
only coefficient matrices that are constant and time-independent in the resultant linear algebraic systems, even when the physical
properties of the two dielectric fluids (e.g. the permittivities, densities, viscosities) are different. This property is crucial and enables
us to employ the combined Fourier spectral and spectral-element discretization and fast Fourier transforms (FFT) for 3D simulations.

We have tested the performance of the presented method using several two-phase dielectric problems at equilibrium or in dy-
namic evolution. The simulation results obtained using the current method have been compared with theoretical models and with
experimental measurements. The numerical results signify that the method developed herein can capture the physics well, and that
it provides an effective technique for simulating this class of problems.
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Appendix A. Model development and further numerical tests
A.1. Development of phase field model for two-phase dielectric flows

We outline below the derivation of the phase field model for two-phase dielectric fluids based on the conservation laws and
thermodynamic principles. Much of this development builds upon the works of [1,19].

Mass conservation We consider a system of two immiscible incompressible dielectric fluids, and let p,, p, denote the constant densities
of these two pure fluids (without mixing). Consider an arbitrary control volume V, of the mixture, with mass M. Let M, and M,
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denote the mass of these two fluids within V. Then p; = % and p, = % denote the densities of the two phases within the mixture.
Naturally, we can introduce the mixture density p,
M M +M,
P % % P1L TP (C2Y)

c c
Let V; and V, denote the volume occupied by each pure fluid component with mass M; and M,. We assume that when forming the

mixture there is no volume loss or volume addition, i.e.

V.=V 4V, (92)

We introduce the volume fraction of each fluid by, ¢; = % = % = % (i=1,2). Note that 0 < ¢; < 1. Then equation (92) becomes

Pr+¢y=1 93
We define the phase field variable by, ¢ = ¢| — ¢».
The mass conservation for each phase in the mixture is given by,
0p;

E+V~j,.=0, i=1,2, 94

where J, is the mass flux of phase i. We introduce the velocity u; of each phase in the mixture by J, = p,u; (i = 1,2). Then equation (94)
is transformed into,

9p; N ‘

E+V-(p,-u,-)=0, i=1,2. (95)
We define the bulk mixture velocity u by the volume average of the velocities of the two phases,

u=¢u; +pou,. (96)
Then it follows that
~ ~ j j ~ ~
V.ou=V- <”—1u1 +Qu2> =V. (—‘+—2> _— <ﬂ+ﬁ> =9 +dy=-U -0, ©7)
4 1) L P2 ot \p m ot ot

where equation (93) has been used.

Equation (97) indicates the bulk mixture velocity as defined above is divergence free (see also [17,1]). One can also use the mass
fraction to define the bulk velocity (see e.g. [50]). However, in that case the bulk velocity will not be divergence free. In the current
work we employ the volume-averaged velocity as the bulk mixture velocity, as given by (96).

Finally, the mass conservation in terms of the bulk density p is, by adding equation (94) for i = 1,2,

0 -

P ou-Vp=-v.7, (98)

ot
where J = (J | —Aw+ (32 — pou). J denotes the total difference of the mass flux of different phases with respect to the bulk. It will
be determined by an constitutive relation based on the energy inequality. Note that equation (91) implies p = % + %qﬁ. So
equation (98) can be transformed into,

lé}

% +u-Vop=— 2

ot L= P2

hald

V-

(99)

Momentum conservation Following [34,1,19], we assume that the inertia and the kinetic energy due to the relative motion of each
fluid phase with respect to the bulk motion are negligible. The conservation of momentum for each fluid phase is represented by,
a(p;u;)
ot

where T; is the stress tensor of the phase i, and x; (i = 1,2) represents the interaction body force, with x| + x, =0.
We rewrite the above equation into,

a(p;u) . 9(p;(u; —))
o + V.- (pyuu) + —

+V-(p;(q; —wu)+V-(puu-u,))=V- T, +x,.

+V-(puu)=V-T,+x, i=12, (100)

+ V- (p;(u; —u)(y; —u)) (101)

We omit the third and the fourth terms on the left hand side (LHS) based on the assumption that the inertia and the kinetic energy
of the differential motion relative to the bulk are negligible. We move the term V - (p;u(u — u;)) to the right hand side (RHS) and
incorporate it into the V - T; term to get,
Apu)
ot

where J; = J; — j;u and T, = T, — p;u(u — u;). Then we sum up equation (102) for all the phases,

+V-pu)+V-Ju=V- -T,+x,, i=1.2, (102)
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0 -
(gtu) +V-(puu)+V-{Ju)=V-T, (103)
where T is a stress tensor with T=T L+ Tz, and we have used &; + m, = 0. In light of (98), this equation can be transformed into,
Ju -
p<E+u-Vu>+J~Vu=V-T. (104)

We assume that the stress tensor T is symmetric, and re-write it into
T= %(trT)I+S:—pI+S, (105)

where I denotes the identity tensor, S is a trace-free symmetric tensor, and p = —%trT will be called the pressure. Then equation (104)
becomes, )

p(‘;—‘:+u-Vu>+j-Vu=—Vp+v-s. (106)

The tensor S will be determined from a constitutive relation based on the energy inequality.

Quasi-static Maxwell equations We focus on a system of dielectric fluids, which are non-conductive and contain no free electric charge.
The characteristic velocity in the system is negligible compared with the speed of light. On the other hand, we would like to take into
account the fluid motion and the momentum transport. So this is an electro quasi-static system [16].

The quasi-static Maxwell equations are given by,

V-D=0, (107a)
VXE=0, (107b)
oD

— =V)(H, 107
ot (107¢)

where E is the electric field, D is electric displacement field (D = €E, with ¢ denoting the material permittivity), and H is the
magnetizing field. Equation (107a) indicates that there is no free charge in the system. Equation (107b) allows us to introduce the
electric potential V' (x) by

E=VV. (108)

Note that the equations (107a) and (107b) alone are sufficient to determine the electric field. Equation (107c) will not be solved in
numerical simulations. But this equation plays an important role in deriving the energy balance relation. The magnetic field H is
weak based on the quasi-static assumption.

Energy inequality and constitutive relations Let us now determine the forms of J and S involved in the mass/momentum balance
equations based on the second law of thermodynamics. We define the total energy of the system by,

E(t)=/[%pu'u+F(¢,V¢)+%D-E] dV+/®(¢)dS, (109)
Q

09,

where Q is an arbitrary domain, 02, denotes the wall boundary, %D - E is the electric energy density, F(¢, V¢) is the phase-field
free energy density function (see e.g. (9)), and ©(¢) denotes a wall energy density to account for the contact angle effect. We assume
that mixture permittivity is a function of the phase field function, ¢ = ¢(¢). By using equations (98), (104) and (107), we can derive

dE _ [P=Pg|oF o OF o ol 5 9F :
7=/ V[a¢ Viovg 2" E] J /<T+0V¢®V¢ 6M>'Vu
Q Q
p1—py (OF oOF ¢ j 1 j
[ (o s o
/[(T aM+ﬂ®V¢>~n—Fn—%(u'u)n]'u

oF op N
0Q 0Q

0Q

S

where ¢’ = Z—;, and o, is the Maxwell stress tensor [43], given by
GM=D®E—§(E~E)I. 111)
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The second law of thermodynamics dictates that in the absence of external forces (including surface forces acting on the boundary)
the system should be dissipative. This means that the contributions of the volume integral terms involved in the above equation to
d E /dt should always be non-positive, while the contributions of the surface integral terms can be controlled if appropriate boundary
conditions are imposed. We would like to choose the constitutive relations about J and T such that the requirements of the second
law of thermodynamics are satisfied.

To ensure the non-positivity of the first volume integral on the RHS of (110), we choose the following constitutive relation,

_ ’
j=_y1p1 P2y (3_F_V._6F ~SE.E), (112)
2 op ovg 2

where y; > 0 is a non-negative constant or function.
Noting the symmetry of the tensors T and ¢, the second volume integral on the RHS of (110) can be transformed into,

oF
_/<T—6M+m®v¢>:Vu
Q

=—/ [T—(;M+l <£®V¢+V¢®£>] : %(Vu+VuT)
Q

2 \oVep oV
1 oF oF 1
‘/5<m®v¢‘v"’®%> 3 (Vu-vul) 113)
Q
~ - 1
:—/[S—GM+T'¢] : E(Vu+VuT)

Q

1( oF oF \ .1 T
Q

where we have used equations (97), (105) and (107), and

Gy=0y— % [tro-M] I

(114)
= 1 1( oF oF
Fyo=F,— = |tuFy |, Fy==|-—-—-QVep+V — ).
¢="9 3[f¢] ¢ 2<av¢® ¢ ¢®av¢>
We choose the following constitutive relation to ensure its non-positivity,

S—6y+Fy=u(Vu+vu'), (115)
oF oF
— Q®Vp-Vp® — =0, 116
Ve ®Vp-Vp® Vo (116)

where y > 0 is a non-negative constant or function. Equation (116) is a condition that the free energy density function F(¢, V¢) must
satisfy. Equation (115) provides the tensor S,

S=u(Vu+Vul)+ (o - %[th]l) ~(Fu- %[trf’d,]I) : 117)

In light of equations (112), (117), (99), (106), (97), (107a) and (108), we can write down the system of governing equations as
follows,

o ~ OF oOF ¢

E+UV¢—V|:}’]V(£—VM—EEE):|, (1183)
ou_ .. i.va=_v.[(9F _Yeg. . T _

p<E+u Vu>+J Vu=-V <av¢®v¢> (E-E)+V - [u(Vut vu')] - VP, (118b)

V-u=0, (118c)

V- (eVV)=0. (118d)

In the above equations,

1 1
P=p+ gtrO'M—gtrT"ﬁ, (119)

and we have used
Vooy=V- D®E—§(E-E)I]=—%(E-E). (120)
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Table 3

Summary of computational cost (wall-time in seconds per time step or per pseudo-time step) and associated
parameters for the test problems in the main text. In the problem of Section 4.2 the number and order
of spectral elements given in the table are for the xy-plane, and 144 (Fourier) grid points are used in z

direction.
problem dimension  wall-time/step (secs) CPUs  number-elements  element-order
section 4.2 3D 4.21 6 120 12
section 4.3.1 2D 0.15 2 336 12
section 4.3.2 2D 0.38 2 336 12
section 4.4.1 2D 0.15 80 9216
section 4.4.2 2D 0.05 64 2000

This set of equations constitutes the phase field model that describes the motion of a system of two immiscible incompressible
dielectric fluids. This model is thermodynamically consistent.

In this model the form for the mixing energy density function F(¢, V¢) is still to be chosen, and it must satisfy the condition (116).
If we choose F(¢, V¢) based on equation (9), which satisfies the condition (116), then the system (118) will be reduced to the system
consisting of equations (3)-(6).

A.2. Computational cost

Table 3 summarizes the computational cost of our method for simulating the problems from Sections 4.2 to 4.4. We list the wall
time in seconds per time step (for dynamic problems) or per pseudo-time step (for equilibrium problems), the number of CPUs used,
the number and order of spectral elements for 2D or in the xy planes for 3D. Additional parameters for the test problems, if any, are
provided in the table caption.

It should be noted that the numerical tests in Sections 4.3.1 and 4.3.2 are for the same dielectric film problem, but computed
using different methods, with the simpler method in Section 4.3.1 and with the full model in Section 4.3.2. The data in Table 3 show
that the simpler method is much faster than the full model. We further note that the simpler method generally takes markedly fewer
(pseudo) time steps to reach the equilibrium state than the full model simulation.

A.3. Convergence test on the h-refinement of method

Section 4.1 illustrates the convergence of the current method as the spatial resolution or the time step size is varied. In those
spatial convergence tests the element order is varied systematically, while the spectral element mesh is fixed. This approach to refine
the resolution is often known as p-refinement. We next discuss the convergence of our method as the resolution is refined in another
way, known as h-refinement, in which the element order is fixed while the mesh size is varied systematically.

We employ the 2D analytic solution (Equation (80)) from Section 4.1 for the h-refinement tests. We fix the element order at 2
(polynomial degree 1) or 4 (polynomial degree 3), the time step size at At = 10~* (for element order 2) and Af =2 x 10° (for element
order 4), and integrate in time from#=0tof =17, =2x 1073, We vary the number of uniform elements between 16 16 and 128 x 128,
doubling the elements in both directions during each refinement. Table 4 summarizes the L® and L? errors of different variables and
the convergence order based on these errors. The convergence order is computed by %,
and after the refinement and N| and N, denote the corresponding number of elements along each direction. The data show that the
convergence order for h-refinement approximately follows the element order, generally around 2.0 (resp. 4.0) for a fixed element
order 2 (resp. 4). However, the convergence is not always regular, and some deviation from these expected convergence orders can
be observed.

where ¢, and €, are the errors before

A.4. Numerical tests on the Cahn number and mobility parameter

This section tests the effects of the interfacial thickness (Cahn number) # and the mobility parameter y; on the simulation results.
We consider the equilibrium state and the oscillation of a dielectric drop in a uniform electric field in two dimensions.

A.4.1. Equilibrium dielectric drop in a uniform electric field: effect of Cahn number

The current phase field equation contains an electric field term, unlike the standard Cahn-Hilliard equation. In the presence of
external electric field, the equilibrium state differs from that of the Cahn-Hilliard system. For the standard Cahn-Hilliard equation,
the equilibrium interfacial profile theoretically follows the tanh distribution [79]. For the current model, on the other hand, the
equilibrium interfacial profile can no longer be attained theoretically due to the electric field. We next simulate the equilibrium
interfacial profile of a dielectric drop in an electric field, and study the effect of the Cahn number. We compare the attained interfacial
parameters with those of the tanh profile to show their similarities.

Fig. 20(a) illustrates the problem setting. We consider a 2D square domain Q = [0,0.5L] X [0,0.5L], where L, = 107> m. The
bottom and top of the domain are solid walls, with an voltage V' =0 and V' = V[ = 50 volt imposed respectively. A dielectric fluid
drop, initially circular with a radius 0.1L,, is at rest in the center. The permittivities of the ambient fluid and the drop are ¢; = 17.6¢
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Table 4

h-refinement (2D): L* and L? errors and the convergence order corresponding to a series of

spectral element meshes and two element orders. The analytic solution used in the test is given

by equation (80).

mesh 16x16 32x32 64x64 128x128
Element Order 2 L*-u error 6.68E-5 1.66E-5  4.03E-6 9.21E-7
convergence order 2.01 2.04 213
L?-u error 1.09E-5  2.40E-6  5.55E-7 1.33E-7
convergence order 2.19 211 2.06
L*®-p error 2.62E-2  6.56E-3 1.61E-3 4.01E-4
convergence order 2.00 2.03 2.00
L?-p error 4.21E-3 1.03E-3  2.55E-4 6.36E-5
convergence order 2.03 2.02 2.00
L>®-V error 3.46E-2  8.99E-3  2.28E-3 5.73E-4
convergence order 1.95 1.98 1.99
L2-V error 1.01E-2  2.55E-3  6.42E-4 1.61E-4
convergence order 1.98 1.99 2.00
L>-¢ error 7.32E-4  3.62E-4 1.20E-4 3.04E-5
convergence order 1.02 1.59 1.98
L?-¢ error 1.66E-4  6.38E-5 5.77E-6 1.12E-6
convergence order 1.38 3.47 2.37
Element Order 4 L®-u error 7.27E-7  7.30E-8  2.17E-9 4.29E-11
convergence order 3.31 5.07 5.66
L?-u error 2.41E-8 1.65E-9  4.64E-11 2.76E-12
convergence order 3.87 5.15 4.07
L*®-p error 3.69E-5 1.81E-6 1.11E-7 6.98E-9
convergence order 4.35 4.03 3.99
L?-p error 6.47E-6  3.24E-7 1.51E-8 1.07E-9
convergence order 4.32 4.42 3.82
L>®-V error 2.25E-5 1.44E-6  9.07E-8 5.69E-9
convergence order 3.96 3.99 4.00
L2V error 5.67E-6  3.56E-7  2.23E-8 1.39E-9
convergence order 3.99 4.00 4.00
L*®-¢ error 1.33E-5  5.62E-7 1.79E-8 1.87E-9
convergence order 4.56 4.97 3.26
L?-¢ error 4.28E-6 1.89E-7  5.83E-9 8.57E-10
convergence order 4.50 5.02 2.77
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Fig. 20. Equilibrium dielectric drop in a uniform electric field: (a) problem setting, (b) spectral element mesh with 900 quadrilateral elements.
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Fig. 21. Dielectric drop in uniform electric field: Equilibrium phase field distribution (top row), and equilibrium profile of phase field along the vertical centerline
(x =0.25) of domain (bottom row), computed using three Cahn numbers #=0.01, 0.005 and 0.0025.

Table 5

Dielectric drop in uniform electric field: Comparison of interfa-
cial thickness 6, /# from the simulation and from the theoretical
tanh profile, corresponding to several Cahn numbers. p denotes
the threshold value used for defining the interfacial thickness

3,. For the tanh profile 6,/ = Zﬁtanh’l(p).

n p=095 p=097 p=0.99
simulation 0.0025 54 6.2 8.0

0.005 52 6.0 7.6

0.01 5.4 6.2 79
tanh profile - 52 59 7.5

and e, = 3.53¢), respectively, where ¢, denotes the vacuum permittivity. The surface tension between the two fluids is y = 0.01 N/m.
The dielectric drop deforms due to the electric field, and forms an oval at equilibrium. The goal is to simulate the equilibrium state
of the drop and investigate the effect of the Cahn number.

We employ the simpler system (16) to simulate the dielectric drop, with a non-dimensional mobility y; = 0.01 and a pseudo-time
step size At = 107, The initial phase field distribution is given by

= x” + 0= 30" — Ry

¢(x,y,t=0) =tanh , (121)
V2n
where (xg, yg) = (0.25,0.25), Ry =0.1, and 7 is the Cahn number. A mesh of 900 quadrilateral elements (Fig. 20(b)) with an element
order 6 is employed in the simulations.

Fig. 21 shows the equilibrium distributions of the phase field ¢, and the ¢ profiles along the vertical centerline (x = 0.25),
obtained using three Cahn numbers # = 0.01, 0.005 and 0.0025. At equilibrium the dielectric drop is deformed, and as the Cahn
number decreases the drop becomes more sharply defined. The interfacial profiles appear to resemble a tanh profile qualita-
tively. We can notice a shift from the expected +1 in the bulk value of ¢, with the shift being smaller as # decreases, a phe-
nomenon well-known with the phase field method [80]. Table 5 provides a quantitative comparison of the interfacial thickness
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Fig. 22. Transient dielectric drop in a uniform electric field: (a) Problem setting and configuration. (b) Spectral element mesh with 3600 elements. L and B denote
the major and minor axes, respectively.
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Fig. 23. Transient dielectric drop in a uniform electric field: time histories of the deformation ratio d/d_, computed with a range of values for the mobility y,. Fixed
Cahn number 7 = 0.0025. The reference curve is from [68].

between the simulation and the theoretical tanh profile. Here the interfacial thickness 6, is defined as the thickness of the region
1 . .

{ x=(x,y) | x=0.25, |¢(X) — 5 (Dmax + Pmin)| € §(¢max = i) } along the centerline, where ¢ ,, and ¢,;, are the maximum and

minimum values of ¢(x) in the bulk, respectively, and p < 1 is a prescribed threshold value close to 1. For the tanh proﬁle, the phase

field distribution (in 1D) is given by ¢(x) = tanh —= [79], leading to an interfacial thickness 6,/n = 2\/5 tanh™ (p) based on the

above definition. Table 5 lists the 5,/ correspondlng to three Cahn numbers and three threshold values p = 0.95, 0.97 and 0.99, from
our simulation and the tanh proﬁle The data suggest that the equilibrium profile of the dielectric drop obtained from our method is
largely consistent with the tanh profile.

A.4.2. Transient dielectric drop in a uniform electric field: effect of mobility parameter

We next illustrate the effect of the mobility y, in the model on the transient process of a dielectric drop approaching the equilibrium
state in an external electric field. The mobility is known to influence the computed dynamics with the phase field method [37,38,
51,52]. An inappropriate mobility may cause the fluid interface to deviate from the equilibrium profile significantly, leading to a
convective distortion and instability [52]. The analyses in [51] suggest that the mobility should scale as y; ~ #? in order for the phase
field model to be consistent with the sharp interface limit. Our simulation is indicative of a relation consistent with this scaling.

We consider a problem setup similar to that of Section A.4.1. But here we focus on the transient process as the drop deforms and
approaches the equilibrium configuration, in a way similar to [68]. We simulate this dynamic process by the full phase field model
(equations (3)-(7)) and investigate the effect of the mobility y,. Fig. 22(a) provides the problem configuration and the important
parameters of the transient dielectric drop to be monitored. In particular, we record the time histories of the major and minor
axes (L and B) of the drop and compute the deformation ratio d = (L — B)/(L + B). Following [68], this ratio is normalized by

. 2
dy = % %. The variables involved in this expression are explained below.
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We choose the physical parameters in accordance with [68], and normalize them according to Table 1. The relevant parameters
are Ly =107 m, ¢; = 8.854 x 10712 C/V - m, yy =0.001 Pa-s, ¥, = 100 V, p, = 1000 kg/m?, and the surface tension & = 0.03 N/m.
The non-dimensionalized simulation parameters include the densities p; = p, = 1, viscosities y; = u, = 1, the upper-wall voltage
V, =0.5, relative permittivities ¢; = 3 and ¢, = 80, and the mixing energy density coefficient A = %011. The drop is initially circular

and at rest, with a radius Ry = 0.1 and its center located at (x, y;) = (0.25,0.25). The initial phase field distribution is given by (121),
and we employ a zero initial velocity. Fig. 22(b) shows the mesh, with 3600 quadrilateral elements and an element order 6.

Fig. 23 depicts time histories of the deformation ratio corresponding to several mobility values ranging from y, = 0.0542 to
71 = 50n. Here the Cahn number is fixed at # = 0.0025. This figure also shows the result from [68] as a reference. With a mobility
around y; ~ 17, the deformation ratio oscillates around an equilibrium value (see the curve y; = 25?), similar to [68]. With a mobility
much larger than #2, the deformation ratio reaches its equilibrium value almost instantly and no oscillation is observed. The results
indicate that the mobility values on the order 5? or larger yield essentially the same equilibrium value for the deformation ratio.
On the other hand, if y, is significantly lower than #2, the deformation ratio exhibits an oscillation, but over time it can approach
an equilibrium value that deviates significantly from that obtained with mobility about 7> or larger. Overall these tests suggest that
a mobility around #? appears to yield more reasonable dynamics. This is consistent with the theoretical analyses of [51]. In the
simulations of this paper we have employed mobility values generally on the order of 7.
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