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1. Introduction

Outflow/open-boundary problems are an important and challenging class of problems for incompressible flow simula-
tions. Several types of flows that are of practical engineering/biological significance belong to this class, such as wakes, jets,
shear layers, cardiovascular and respiratory flows. The predominant challenge in the numerical simulations of such problems
lies in the treatment of the outflow or open boundary [21,32]. At low Reynolds numbers a number of types of open/out-
flow boundary conditions (OBC) can work well and lead to reasonable simulation results. But when the Reynolds number
increases beyond some moderate value, typically close to 2000 (which can be as low as several hundred depending on the
flow geometry), the so-called backflow instability (see e.g. [10]) will become a severe issue, and many OBCs that work well
for low Reynolds numbers cease to work. Backflow instability refers to the numerical instability caused by the un-controlled
energy influx into the domain through the open/outflow boundary, often associated with strong vortices or backflows on
such boundaries. A telltale symptom of this instability is that an otherwise stable computation blows up instantly when a
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vortex reaches the open/outflow boundary [11,13,35,19]. It is observed that usual measures such as increasing the mesh
resolution or reducing the time step size do not help with this instability [12].

To tackle the backflow instability, the energy influx into the domain through the open boundary, if any, must be con-
trolled in some fashion. Employing a large enough computational domain such that vortices can be sufficiently dissipated
before reaching the outflow boundary, or artificially increasing the viscosity in a region near/at the outflow boundary (so-
called sponge) such that vortices can be smoothed out or sufficiently weakened, are some measures in actual simulations.
These measures may not be desirable in terms of e.g. the increased computational cost due to the larger domain or the
negative influence on the accuracy due to the artificially modified viscosity in regions of the flow, and additionally they
may not always be effective with the increase of Reynolds number.

How to algorithmically control the energy influx through the open boundary by devising effective open boundary condi-
tions seems a more attractive approach. A number of researchers have contributed to this area, and there appears to be a
surging interest in recent years. In the early works (see e.g. [6,7]) the traction on the open boundary is modified to include
a term %(n -u)"u, where u and n are respectively the velocity on and the directional unit vector of the boundary, and
(n-u)” is equal to n-u if n-u <0 and zero otherwise. This OBC has also appeared or is studied in some later works;
see e.g. [25,16,18,5] among others. A variant of this form, with a term (n-u)~u in the traction (without the 1/2 factor),
has been investigated in a number of works (see e.g. [1,26,30,20,23]). It is noted that in [26] a form B(n-u)~u, with a
constant 0 < 8 < 1, has also been considered. In [12] an OBC with a modified traction term [% |u|2n] ®p(n, w) is suggested,
where ©g(n, u) is a smoothed step function essentially taking the unit value if n-u < 0 and vanishing otherwise. So this
additional traction term only takes effect in regions of backflow on the open boundary, and has no effect in normal outflow
regions or if no backflow is present. Note that this is very different from the total pressure (p + %|u|2, where p denotes the

normalized static pressure) as discussed in e.g. [22], which can lead to a similar term %|u|2n on the boundary. This term
in the total pressure, unlike that of [12], precludes the energy from exiting the domain even in normal outflow situations,
resulting in poor and unphysical simulation results [22]. In contrast, the boundary condition of [12] can ensure the energy
stability on the open boundary and produce accurate simulation results for outflow problems. In [14] a general form of
OBCs that ensure the energy stability on the open boundary has been proposed. This form contains those of [6,1,20,23,12]
as particular cases. More importantly, the general form suggests other forms of energy-stable OBCs involving terms such as
3 [lu?n+ (- wu] Oo(n, w), I [|ul?n+ (n-wyu] Og(n, u), and [|u|>n] Og(n, u). Several of them have been studied in detail
in [14]. It is observed that the term (n-u)u (with or without the 1/2 factor) in the OBC tends to cause the vortices to move
laterally as they cross the open boundary, while the term |u|?n tends to squeeze the vortices along the direction normal to
the open boundary. In [10] a convective-like energy-stable OBC is proposed, which contains an inertia term (velocity time-
derivative) and represents a Newton’s second-law type relation on the open boundary. Under certain situations it can be
reduced to a form that is reminiscent of the usual convective boundary condition, hence the name “convective-like” condi-
tion. This OBC not only ensures the energy stability but also provides a control over the velocity on the outflow boundary. It
is observed in [10] that the inertia term in this OBC allows the vortices to discharge from the domain in a more smooth and
natural fashion, when compared with the previous energy-stable OBCs without the inertia term (see e.g. those of [14]). A
generalization of this condition to other forms of convective-like energy-stable OBCs has also been provided in [10]. Besides
the above methods, other OBCs that can work with the backflow instability also exist. We refer the reader to e.g. those
of [2,3] which are given based on a weak formulation of the Navier-Stokes equations, and also to [4] for a recent study of
several methods in the context of physiological flows. We also refer to [9,15,38] for methods dealing with two-phase and
multiphase outflow/open boundaries and related issues.

The principle for addressing the backflow instability lies in the management and control of the boundary contribution of
the open boundary to the energy balance of the system. A key strategy for achieving this is to devise boundary conditions
such that the boundary contribution to the energy balance is dissipative (i.e. negative semi-definite) on the open/outflow
boundary. This strategy has been employed in the developments of [12,14,10] and several other afore-mentioned methods.
Recently, a more systematic roadmap to formulating boundary conditions to ensure the definiteness of the boundary contri-
bution (in the context of compressible Navier-Stokes equations) is proposed in [28]. This roadmap involves three main steps:
(i) reformulate the boundary contribution into a quadratic form in terms of a symmetric matrix, (ii) rotate the variables to
diagonalize the matrix, and (iii) formulate the boundary condition in the form of the eigen-variables corresponding to the
negative eigenvalues expressed in terms of the eigen-variables corresponding to the positive eigenvalues. This procedure is
very recently applied in [29] to the incompressible Navier-Stokes equations in two dimensions to investigate the boundary
conditions on solid walls and far fields that can bound the energy of the system.

Inspired by [28,29], we develop in this paper a set of new open/outflow boundary conditions for tackling the backflow
instability for incompressible flows in two and three dimensions based on the procedure of [28]. By formulating the bound-
ary integral term in the energy balance equation into a quadratic form involving a symmetric matrix, we have derived a
general form of boundary conditions that ensure the energy dissipation on the open boundary. It should be pointed out
that, due to differences in the formulation of the quadratic form and the symmetric matrix involved therein, the energy-
stable boundary conditions obtained here are different from those of [29], even though the procedure used for deriving the
boundary conditions is similar.

We find that the energy-stable boundary conditions as devised above based on the quadratic form can be re-formulated
equivalently into a traction-type condition similar to those of [12,14], albeit involving a different traction term. More impor-
tantly, we observe that the boundary conditions as obtained above in general give rise to poor or even unphysical results
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in numerical simulations of outflow problems, even though the computations are indeed stable, unless the algorithmic pa-
rameters take certain values for the given flow problem under study. We further observe that the values for the algorithmic
parameters that can lead to “good” simulation results, unfortunately, are flow-problem dependent.

An investigation of this issue reveals that the resultant dissipation on the open boundary after imposing these conditions
is crucial to and strongly influences the accuracy of simulation results. By requiring that the scale of the boundary dissipa-
tion on the open boundary should match a reasonable physical scale, we attain a set of OBCs in two and three dimensions
that can effectively overcome the backflow instability and also provide accurate simulation results. This set of new OBCs
is different from and not equivalent to the family of conditions developed in [14,12]. For one thing, the new boundary
conditions are active (i.e. leading to generally non-zero traction) on the entire open boundary, in both backflow regions and
normal outflow regions. In contrast, the previous methods only take effect in the backflow regions of the open boundary,
and give rise to a zero traction in normal outflow regions due to the terms like ®g(n,u) or (n-u)~.

Therefore, the current energy-stable OBCs with physical accuracy are developed through two steps: (i) devise energy-
stable boundary conditions based on a quadratic form in terms of a symmetric matrix, using the procedure of [28]; (ii)
require that the boundary dissipation with these conditions should match a physical scale. The boundary conditions re-
sulting from the first step only can lead to poor or even unphysical simulation results, even though the computations are
stable.

The contribution of this paper lies in the set of energy-stable and physically-accurate open boundary conditions devel-
oped herein for incompressible flows. These OBCs can be implemented numerically with the commonly-used splitting-type
schemes for the incompressible Navier-Stokes equations. This is because the current conditions are formulated in a trac-
tion form, similar to those of [12,14]. This allows us to employ any of the algorithms developed in the previous works
(see [12,14,10]) for simulations with the new OBCs. For the numerical experiments reported in the current work, the algo-
rithm from [10] has been employed.

The current implementation of these OBCs is based on the C%-continuous spectral element method [33,24,39], similar
to previous works [12,14,10]. It should be pointed out that these boundary conditions are given on the continuum level,
irrespective of the numerical methods used for their implementation. They can also be used with other popular techniques
such as finite difference, finite element, or finite volume methods.

The rest of this paper is organized as follows. In Section 2 we first derive the general forms of energy-stable boundary
conditions, referred to as OBC-A, based on the method of quadratic forms in two/three dimensions. Then we require that
the scale of boundary dissipation should match a physical scale, and thus acquire another set of OBCs. Two boundary
conditions among this set, referred to as OBC-B and OBC-C, are studied in more detail. The numerical implementation of
these boundary conditions is also discussed. In Section 3 we present extensive numerical simulations using two canonical
flows, the flow past a circular cylinder and a jet impinging on a wall, to test the accuracy and performance of the boundary
conditions. Section 4 concludes the discussions with some closing remarks. Appendix A provides a proof of Theorem 2.1
used in Section 2. Appendix B is a summary of the boundary conditions OBC-A, OBC-B and OBC-C. Appendix C summarizes
the numerical algorithm from [10] and provides implementation details of OBCs.

2. Energy-stable boundary conditions for incompressible Navier-Stokes equations
2.1. Navier-Stokes equations and energy balance relation

Consider a flow domain 2 in two or three dimensions, whose boundary is denoted by 92, and an incompressible flow
on this domain. Let L denote a length scale, Up denote a velocity scale, and vy denote the kinematic viscosity of the fluid.
The flow is described by the normalized incompressible Navier-Stokes equations,

Ju

E-I-U-Vu-l-Vp—vVZu:f, (1a)

V-u=0, (1b)
where u(x, t) is the velocity, p(x,t) is the pressure, f(x,t) is an external body force, and x and t are the spatial coordinate
and time, respectively. v is the non-dimensional viscosity, given by v = Rle = Uv—& where Re is the Reynolds number. The

equations (1a)-(1b) are to be supplemented by appropriate boundary conditions on 92, which is the focus of this work,
together with the following initial condition

u(x, 0) = ujp (x), (2)

where the initial velocity u;, satisfies equation (1b) and is compatible with the boundary condition on 9<2.
Taking the L? inner product between (1a) and u and using integration by part, the divergence theorem and equation
(1b), we arrive at the following energy-balance equation

3 (1 5 5 1
3% §|u| _ff~u—vf||Vu|| +/[n-T-u—§(u-u)(n~u)], (3)
Q Q Q

Q

boundary term (BT)
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where n is the outward-pointing unit vector normal to a2, T= —pl+ vVu and I is the identity tensor. T can be roughly
considered as the fluid stress tensor. If the external body force is absent (f = 0), the volume integral term on the right
hand side (RHS) of the above equation is always dissipative and will not cause the system energy to increase over time.
The surface integral term, on the other hand, is indefinite. Its contribution to the system energy depends on the boundary
conditions imposed on the domain boundary.

2.2. Energy-stable boundary conditions based on a quadratic form

We are interested in the boundary conditions on 92 such that the boundary integral term on RHS of equation (3) is
always non-positive. As such, the contribution of the surface integral will not cause the system energy to increase over
time. Such boundary conditions are referred to as energy-stable boundary conditions.

Inspired by the strategy of [28] to enforce the definiteness of the boundary contribution, we will first reformulate the
boundary integral term in (3) into a quadratic form in terms of a symmetric matrix. Then by looking into the eigenvalues
and the associated eigenvectors of this matrix, we formulate the boundary condition in the form of a relation between
those eigenvariables corresponding to the eigenvalues of different signs. By imposing a proper condition on the coefficients
involved in this relation, the boundary condition can guarantee the negative semi-definiteness of the quadratic form.

The following property about a particular form of symmetric matrices will be extensively used subsequently:

Theorem 2.1. Let G denote an m x m (m > 1) real symmetric matrix, I, denote the m x m identity matrix, and A = [ (: _(l;m }
—Im

Then

(a) The eigenvalues of A are real and non-zero.

(b) A is an eigenvalue of A if and only if (A - %) is an eigenvalue of G.

(c) [_iz] is an eigenvector of A corresponding to the eigenvalue A if and only if Z is an eigenvector of G corresponding to the

eigenvalue (A — 1).

A proof of this property is provided in Appendix A. This theorem suggests that the eigenvalues and the eigenvectors of
the 2m x 2m matrix A can be constructed based on those of the m x m matrix G. Let £ denote an eigenvalue (real) of the

[/N2
symmetric matrix G. Then the corresponding eigenvalues of matrix A are given by A = % + (%) + 1. Therefore, half of
the eigenvalues of A are positive and half are negative.

2.2.1. Two dimensions (2D)

We first consider two dimensions in space. Let n and T denote the unit vectors normal (pointing outward) and tangential
to the boundary 9<2, respectively, and n x T = e;, where e, denotes the unit vector along the third (i.e. z) direction normal to
the two-dimensional plane. Define the normal and tangent components of the fluid stress and the velocity on the boundary
by

Ton=n-T-n, Tp;=n-T-T, U,=n-U, U;=T-U, O0NIN. (4)

Note that u=upn+ u;7, and n-T= Tyyn + Ty T on 0. The boundary term in equation (3) can then be written as a
quadratic form with a symmetric matrix A as follows,

Tm]1'TO 0 -1 0 T
1 - 1
P L 0 0 O Ty Tr | - _lyrax (5)
21 up -1 0 U, oug Up 2
Ur 0 -1 auy Buy Ur
matrix A X

where the superscript in (-)7 denotes transpose, « a chosen constant satisfying 0 < & < % and B =1 — 2«. This matrix
Up  olg

has the form as given by Theorem 2.1 with m =2, and in this case G = [
aur  Buy

:|. In what follows, we distinguish two

cases: (i) 0 <a < % and (ii) « =0, and treat them individually.
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Case0 <o < % The matrix A defined in (5) has four distinct eigenvalues,

2
m=5- (5‘) +1, ge=%-(%) +1,

. (6)
A3 51-1- ( )—i—l )»4:%24-@,

where &1 and &, are the eigenvalues of the matrix G given by,

g1=0—a)up+a/uz +u2=1-a)u, +alul )
& =0—-a)up—a/ud +u2 =1-a)u, —alu,

and |u| denotes the velocity magnitude. Note that A1,A2 <0, and A3, A4 > 0. The following relations will be useful for
subsequent discussions,

{1—k%=—sm, 1-03 = €123 )
1-23 =&k, 1-2;5=-8MAs.

If |u| =0, the contribution of the boundary term in (3) vanishes. So we assume that |u| # 0 in the following derivation of
the boundary conditions.
The eigenvectors of G corresponding to the eigenvalues & and & have two representations, given by

1 -n| . )
[77] [ 1 ] ifu, > 0;
n 1 .

[1], [_n], ifuy <0,

Ur
lu| + [un|”
If u; # 0, both representations of the eigenvectors are equivalent. But when u; =0 only one of these two representations is

suitable, depending on the sign of u, as given above. Based on Theorem 2.1, the four eigenvectors of the matrix A are given
by

(9)

where

1 -1 1 -1
n 1 n 1 .
, , , , ifup >0, 11
-\ niz —A3 ! " (m
| —1A1 | | —A2 | | —1A3 | | —Aa |
and by
F P ] P
1 —-n 1 —-n .
Lo | | s | oy | Hfun>0. (12)
| —21 | NA2 | | —A3 ] | NA4 |

We use the four eigenvectors of A to form an orthogonal matrix P. For u, >0,

1 -n 1 -n
o n 1 i 1 1
P= dla , =PN 13
—A1 MA2 —A3 NAg & /1 N AZ 1422 (13)
A1 —A2 —NA3 —Ag 4

and for u, <0,

n 1 n 1
N — — 1
P= 1 " 1 " dlag =PN. (14)

—NA1 —A2 —NA3 —Ag4 / 2 / 2
1 Ag 1+AX
—A1 NA2 —A3 Ay * T4
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Then the matrix A in (5) can be written as

A
A=PN *2 A3 NPT = pAPT (15)
Agq
where
A= O 1 . 1 1
A=[ ] At = diag , , AT =—A", (16)
0 A7 20470\ V@22 +1 V&@/22 +1
and we have used the relations A1A3 =—1 and Ayig = —1.
The quadratic form in (5) is then transformed into
1 1 1 - -
BT = —EXTPAPTX= —EWTAW =-3 [wHT whHT] [AO AO+] [W%
(17)
1 1
= —E(W_)TA_W_ — E(w+)TA+w+
where
T Ww-
W=p xz[w+]. (18)
Define the matrix formed by the eigenvectors of G as
|::] _‘177i| , ifuy, >0,
S= ) (19)
n .
|:1 _n], ifu, <0.
Then W~ and W are specifically given by
W =sT Ton | | M sT | Un ’
The A2 Ug (20)

T A3 T|U
W+:ST nn | S n

W~ and W™ are the eigenvariables corresponding to the negative and the positive eigenvalues of matrix A.
Following the strategy of [28], we consider boundary conditions of the form

_ . a a

W~ =RW', withR=| 'l "12 (21)
az1 a4

where R is a chosen constant matrix satisfying the conditions to be specified below. Substitute (21) into (17), and the

quadratic form becomes

1 1
BT = —5(WH' (RTA"R+AT) W = —-wh)Qw* (22)
—
Q

We require that the matrix R be chosen such that matrix Q as defined above is symmetric positive semi-definite (semi-
SPD). As such, the boundary term in (3) will always be non-positive, and the energy stability of the system is guaranteed.
Therefore, equation (21) represents a class of energy-stable boundary conditions.

Let us look into the semi-SPD requirement on Q in more detail. Let

1 1
HH=————, Zy=————, M=diag(z1, 22). (23)

5 , 22 5 )

Vi1/2)7 +1 Vi(62/2)*+1
In light of (16) and (22), we have Q = 2(%172) (—RTMR—I-M). Therefore we only need to find R such that the matrix
Q; =M — R"MR be symmetric positive semi-definite for all u, € (—o0, 00), U; € (—00, 00), and |u| > 0. Requiring that the
eigenvalues of Q; be non-negative is equivalent to the following conditions:
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z1(a}y + a2, — 1) + z2(a3, + a3, — 1) <0, (24a)
—z22a?, — Z2d%, +z — 241—(@ +add)|> b
107, — 2305 + 2122 | (@11022 — A12021)° + 1 — (af; +ap) [ >0, (24b)

for all up, ur € (00, 00) and |u| > 0. Noting that z; € (0, 1], z2 € (0, 1], and £ € (0, 00), we conclude that
a2 =0, az; =0, aﬂ <1, a%z < 1. (25)

This is one set of conditions the matrix R must satisfy.
Substituting the expressions of (20) into the boundary conditions (21) leads to

T, A A u
I —R ST m | _ [ _R 3 1 ST n , 26
*2 ) |:an Ay + A2 Ur (26)
where I, is the identity matrix of dimension two. We require that (I, — R) be non-singular, i.e.

ann#1, apn#1. (27)

This is another set of conditions for R. Equation (26) is then transformed into

H::]:s*(lz—k)*l (—R[h M]Jr[“ AZ])ST[SZ}:S’T[IG KZ]ST[SZ]. (28)

where
A —ani Ao — A
K= ﬁ’ Ky = A2 T Bnr4 (29)
1-— an 1-— azn
Substituting the expressions (19) for S into (28), we get the boundary conditions in the following form. For u, > 0,
K1 + Kan? n(Ky — K>)
= u Ur = Up, Ug), 30a
nn 1+772 n 1+772 T fl(n r) ( )
n(Ki—Ky)  Kin*+K;
= u Uz = fo(up, ug). 30b
nt 1+772 n l+’72 T f2( n r) ( )
For u, <0,
Kin? + K, (K1 — Kz)
= u U = Up, Ug), 31a
nn 1+772 n 1+772 T fl(n r) ( )
(K1 —K3) K1 + Kan?
nt = 7 n 7 ur = fo(up, ug). (31b)

1+n2 1+n?
In the above equations K; and K; are given by (29), n is given by (10), and A; (1 <1i < 4) are given by (6). aj1 and ay; are
constant parameters satisfying the following conditions, in light of equations (25) and (27),

—1<a;1 <1, —1<ap<l. (32)

These boundary conditions ensure the energy stability of the system.
Let us next look into the boundary term (22) associated with these boundary conditions. The matrix Q is reduced to

Q L~diag(z1(1 —a3)), z2(1 — a3,)) in light of equations (25) and (27). Let W+ = [w;] Then we have, in light of

= 20+
equations (20) and (28),
2
Wl =W+ = _21(1701]) ST Un . (33)
w - u
2 z3(1—az) T

Substituting the above expression and the expression (19) into (22), we get

1 |:l +a 2 1+ax 2
2 [1—annz1(1+1n?) 1—ax» 22(1+1n?)
1 |:] + a1 2 14+ ax 2
2 [1—an z1(1+n?) 1—axn z2(1+1?)
According to this expression, for the boundary conditions given by (30a)-(31b), the amount of dissipation on the boundary
is controlled by the parameters ay1; and ay;. The larger a;; and ap; are, the more dissipative these boundary conditions are.
If a;1 = ap; = —1, the boundary dissipation vanishes completely. In other words, no energy can be convected through the
boundary (into or out of domain) where these conditions are imposed. When aj; — 1 or ax; — 1, the dissipation on the
boundary will become infinitely large.

(un + nur)? + (—nup +uf>2], if u, >0,

BT = (34)

(Mun +ur)* + (un — nur)z] , ifup <0.
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Remark 1. When deriving the boundary conditions (30a)-(31b), we have assumed that locally |u] # 0 on the boundary.
These boundary conditions, however, can also accommodate the case when |u| = 0 locally on the boundary, if we modify

the definition of n in (10) as follows to make it well defined for |u| =0,
Ug

T+ €

(35)

where € is a small positive number on the order of magnitude of the machine zero or smaller (e.g. € = 10~18). With
this modified definition for 1, when u =0 locally at any point on the boundary, the boundary conditions are reduced to

Ton =Ty =0.

The boundary conditions (30a)-(31b) can be written into a vector form,

n-T=E(u,0Q), or
—pn+vn-Vu—E(u,0Q2)=0,

where in two dimensions

E(u, 0Q) = f1(up, ur)n+ fo(un, ug)T,
and f1, f> are given in (30a)-(31b).

Case o = 0. The matrix A has two double eigenvalues,

Up Up\2
Mm=io=at = (5) +1,
1 2= 5 > +
Up Up\2
A =Ag=— + (—) + 1.
3 4= \ )
Note that they satisfy the relation u, — A; = —Al'_ (1 <i<4). The corresponding eigenvectors are
1 0 1
0 1 0 1
_)\'1 ’ O ’ _A'E} )
L 0 —A1 0 —A3

Matrix A can then be expressed as

where
1 0 1 0
o 1 0 1 I I - + !
P= - A=At
-2 0 =3 O |:—7x112 —)»312i| 2/ (up/2)2 +1 2

Accordingly, the boundary term in (5) is transformed into

ooty laraw 1[W-TTA- 0 ][w-
BT =~ XPAPTX = W' AW=— | 1, A | e

- —% [(W_)TA_W_ + (w+)TA+w+] ,

wW-
wt

— Thn Up

W = —A )
T u

Wh=|_"1—2| "[.
|:Tnt 3 Uz

where W=PTX = |: :| W~ and W™ are vectors of dimension two given specifically by

(38)

(40)

(42)
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azr Az
to be determined. Therefore, the boundary term in (42) can be transformed into the same form as equation (22), in which
the matrix

. . . . . a;p a .
We again introduce boundary conditions in the form of equation (21), where the 2 x 2 constant matrix R= [ 1 12] is

Q=R'AR+AT= %(lz —R'R) (44)

2y/(un/2)2 +1

is required to be symmetric positive semi-definite. Requiring that the eigenvalues of Q be non-negative leads to the follow-
ing conditions:

aj; +af, +a3; +03, <2, and (45a)
a3 +af, + a3, + a5, <1+ (anaz —aa2)’. (45b)
A sufficient condition to guarantee both (45a) and (45b) is

iy +afy + a5, + a5, < 1. (46)

This indicates that when a;; (i, j = 1,2) are chosen to be sufficiently small the matrix R will guarantee the positive semi-
definiteness of the matrix Q and the non-positivity of the surface integral term in (3).
In light of equation (43), the boundary condition in the form of equation (21) is transformed into

(I1—R) [;::] = (I —A3R) [Z:] (47)

We impose the requirement that (I — R) be non-singular, i.e.

KX =detd —R) = (1—a11)(1 —ax) —agaz #0. (48)
This is another condition the matrix R must satisfy. Consequently, the boundary condition (47) becomes
Ton | — (=R Tl —a3R) | 17 . (49)
The Ur
In component forms they are
1 1
Tun = 52 [(1 —a) (A1 — A3ar1) — A3aiaday | up + 5 M1 —Aanr = fr(un, ug), (50a)
1 1
Thr = &(M — A3)dz1Un + % [(1 —a11) (M — A3a22) — A3a12a21 | ue = fo(up, ug), (50b)

where X is given by (48), A1 and A3 are given by (38), and the chosen constants a;; (i, j = 1, 2) satisfy the conditions (45a),
(45b) and (48). These are the energy-stable boundary conditions for the case o = 0.

Let us now consider a simplified case: R is assumed to be a diagonal matrix. The conditions (45a), (45b) and (48) are
then reduced to

aip=a1 =0, —-1<a;1<1, —-1<axpy<l. (51)

These are the same as those conditions for R in the case 0 < a < 1

5 see equation (32). The boundary conditions (50a)-(50b)
are reduced to

A1 — A3an
Tnn = W ns
52
A — A3axn (52)
The =————u
1—ax
With the above condition, the boundary term becomes
1 14+an , 1+axn ,
BT =——\/u?+4 u uz ). 53
2 nt (1—(1]1 ”+1—a22 T ( )
For this simplified case, the amount of boundary dissipation is controlled by the constants aj; and ayy, and it is more
dissipative with increasing aj; and ay;. It is noted that when ay; =az; = —1, BT =0, and the boundary condition (52) is

reduced ton-T — %(n -wu=0.
The boundary conditions (50a)-(50b) can be cast into the same vectorial form as given by (36), in which E(u, 92) is
given by
E(u, dQ2) = fi(un, ur)n+ fo(un, ur)7, (54)
where f1(un, uy) and fa(up, u;) are defined by (50a) and (50b).
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2.2.2. Three dimensions (3D)

We next consider three dimensions in space. Let n denote the outward-pointing unit vector normal to the boundary 92,
and 7 and s denote the unit vectors along the two independent directions tangent to 92, such that (n, T, s) are mutually
orthogonal and form a right-handed system. Define the three components along the (n, T, s) directions for the stress vector
n-T and the velocity u,

Ton=n-T-n, Tp;=n-T-7, Tps=n-T-s, uUup,=n-u, U;=T-U, Us=S- U (55)

In three dimensions the boundary term in the energy balance equation can be written as

Tw]'TO O 0 -1 0 0 Tn
The 0 0 0 0 -1 0 The
1 — 1
BT— 1 Ths 0O 0 O 0 0 1 Tns | _ —-XTAX, (56)
2| up -1 0 0 Up QqUp ol Up 2
Ur 0 -1 0 owoiur piug 0 Ur
Us 0 0 -1 oug 0 Baup Us
——
matrix A X
where o1 and oy are chosen constants satisfying 0 < o1 < % and 0 <oz < 5, and 1 =1—2w; and By =1 — 2ay. The

Up Qqlg O(ZUS
matrix A has the form as discussed in Theorem 2.1, and G= | aqu; Biuy 0
aus 0 Bouy
Let &1, & and &3 denote the three (real) eigenvalues of G, and Z1, Z; and Z3 denote the corresponding orthonormal
eigenvectors, and S = [21 Z, Z3] denote the orthogonal matrix formed by these eigenvectors. According to Theorem 2.1, the
eigenvalues of A are

=5 % 11 n =2 % 11 s =8 % “i1
(57)
A4—5‘+,/ 51 i, =%2+,/ 2 i, =%3+ ey

The corresponding eigenvectors are given by

Z Z, Z3 Z Z, Z3 (58)
—MZ | —MZy |’ —A3Z3 |’ —MgZq |’ —As5Zy |’ —AgZ3 |~

=
I\.i
w

ﬂ*
N|ﬁ“

Let C; =diag(Aq, A2, A3), Co = diag(ig, A5, Ag), and P = [—SSQ —SSCZ]' Then matrix A can be represented as
M
1422 3
A=P - P —pAP’ —p| A °+ P, (59)
: 0 A
A6
1422
At — i 1 1 1
where A diag <2\/(§1/2)2+1 T 2V(62/224+17 2V/(63/2)2 41 ) Let
sT —¢ST][T ST, — ¢;STU
W= PT nf_ n
[ } [ST —CSsT || U ST, — CSTU | (60)
Up
where T, = Tm and U= | u; |. Analogous to 2D, we consider boundary conditions of the form W~ = RW*, where R
Ths Us

is a chosen 3 x 3 constant matrix. The boundary term (56) is then transformed into
1 —TA—W— +\T A +W+ T w7 [RT A - +|wt
BT:—E[(W TA"W + WHTATW ]:-E(w ) [R AR+A ]w
— e’
Q (61)
1
=—SWHTQw",

We then require that R be chosen such that the symmetric matrix Q= RTA~R+ A7 is positive semi-definite to ensure the
non-positivity of the boundary term.
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Since the closed form for &; (i =1, 2, 3) is unknown, it is difficult to determine the general form for the matrix R that
ensures the positive semi-definiteness of Q. In the current work we consider only the following special case for three
dimensions: We assume that R is a diagonal matrix, i.e. R = diag(ai1, azz, az3). With this assumption, the requirement that
Q be symmetric positive semi-definite leads to the conditions

a}; <1, <1, d; <1 (62)
Substitution of the expressions for W~ and W in (60) into the boundary condition leads to

(I3 —R)S'T, = (C; — RCy)S'U. (63)
We further require that (Is — R) be non-singular. With this and the condition (62), we get

R =diag(aq1, azz, ass), where —1 < aqq,a;,as3 < 1. (64)

With this R matrix the boundary condition (63) becomes

Kll—Man
—ai
T, =S(I3 —R)~1(C; —RC»)STU=S dp—dstn s'u. (65)
A3—A6033
1—ass
Equivalently, it can be written as
[ Ton Up Lyqup + Lgur + Li3us g1(un, ug, us)
Tone | =L | ur | = | La1un + Logur + Losus | = | g2(up, ug, Us) (66)
| Tns Us L31up + L3our + L33us g3(un, U, Us)
where
— A1—Aqa
L1 Ly L33 T
Lyy Ly L3 |=L=S Raratn s’ (67)
L3 L3z L33 A3—Agl33
- 1-as3

In vector form, this boundary condition is the same as given by (36), but here in 3D E(u, 92) is given by

E(u, 0Q2) = g1 (up, U, us)n+ g2(un, g, us)T + g3(Un, Ug, Us)S, (68)

where g1, g2 and g3 are defined by (66). The boundary term (61) is accordingly transformed into

2(14a11)y/ (¢1/2)%+1

1—an
BT = _1(STU)T 2(1+ax2)y/ (2/2)%+1 sTu). (69)
2 1—ay;
2(1+a33)y/ (53/2)°+1
1—ass3

This expression indicates that the dissipativeness of the boundary condition (66) is controlled by the coefficients a;; (i =
1,2, 3). The larger the qj;, the more dissipative the boundary condition. If aj; = apy = asz3 = —1, the boundary dissipation
vanishes. When a;; — 1 (i =1, 2, 3), the boundary dissipation approaches infinity. It is further noted that if «; =y =0 and
ai] = azy = asz = —1 the 3D boundary condition (66) will be reduced to n-T — %(n -wu=0.

In summary, E(u, 32) in the 3D boundary condition is computed as follows. Given domain boundary 92 (with normal
and tangent vectors n, T, s), the velocity u on 9<2, the chosen constants a;; (i =1, 2, 3), o1 and a3, we take the following
steps:

e Compute uy, ur, us based on equation (55).

e Form matrix G. Compute its eigenvalues &; (i =1, 2, 3) and eigenvectors. Use the eigenvectors to form the orthogonal
matrix S.

e Compute A; (i=1,---,6) by equation (57). Compute matrix L by equation (67).

e Compute g1, g2, g3 according to equation (66),

81 (up, Uz, us) = L11up + Lipur + L13us,
82(Uun, U, us) = Loquy + Lygur + Lozus, (70)
g3(Un, U, Ug) = L31un + L3tz + L33Us.

e Form E(u, 9Q2) based on equation (68).
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2.3. Openjoutflow boundary conditions for incompressible flows

The class of boundary conditions obtained in the previous section ensures that the boundary contribution in the energy
balance equation will not cause the system energy to increase over time. We next apply these boundary conditions to
specifically deal with outflow or open boundaries.

We assume that two types of boundaries (which are non-overlapping) are present: dQ2 = 94 U 0. 04 is the Dirichlet
type boundary, on which the velocity is given,

u=w(x,t), ondQy, (71)

where w is the boundary velocity. On the open/outflow boundary 92, none of the flow variables is known.
On the outflow/open boundary 92, we impose the family of boundary conditions from Section 2.2,

—pn+vn-Vu—E(u,39Q,) =0, onadQy, (72)
where
Up, Uz)N Up, U)T, in 2D,
E(u,aQo)={f]( n r) +f2( n r) . (73)
&1 (Uup, Uz, us)N+ go(Up, Ug, Us)T + g3(Un, Uz, Us)S, in3D.

In the above expressions fi and f, are given by (30a)-(31b) or (50a)-(50b), and g; (i = 1,2,3) are given by (70). In
2D, (n, T) are the local unit vectors normal and tangent to 9$2,, and (uy, u;) are the local velocity components in these
directions. In 3D, (n, T,s) are the local unit vectors normal to 92, and along the two tangent directions of 9€2,, and
(up, ur, ug) are the local velocity components in these directions.

The dissipation on the boundary, upon imposing the condition (72), is determined by the coefficients }fg:i (i=1,2,3).
When a;; — —1 the boundary dissipation vanishes, and when a;; — 1 the boundary dissipation becomes infinite. Both
cases are obviously unphysical, even though they may be energy stable. So we expect the physical accuracy of simulation
results will be poor for these cases. Indeed, numerical experiments suggest that the best results correspond to a;; somewhat
negative and not too far from zero.

If no backflow occurs on the open boundary 92,, an often-used boundary condition is the traction free condition, i.e.
n-T=—pn+ vn-Vu=0, which produces reasonable simulation results but is unstable if backflow occurs at moderate
and high Reynolds numbers. With the traction-free condition, the boundary term in (3) becomes BT = —%(n -u)|u)?, which
physically means that the kinetic energy is convected out of the domain by the normal velocity (when u, > 0). This suggests
that a reasonable scale for the magnitude of dissipation on the open boundary 92, is comparable to

1
|BT| = 5|un||u|2. (74)

For further development it is important to realize another point. The conditions for the R matrix that ensure the energy
dissipation on the boundary derived in the previous section are based on the local point-wise values of the flow fields on
each individual point of the boundary. Energy stability is guaranteed as long as the coefficient a;; satisfies the conditions
given in Section 2.2 for an « coefficient (or the coefficients o7 and ay in 3D) on each individual point of the boundary
09,. On different points of the boundary and over time, however, a;; and o do not have to assume the same value. In other
words, the coefficients can be e.g. prescribed field distributions a;; (X, t) and a (X, t) (or a1(X,t) and oz (X, t) in 3D), as long
as they satisfy the conditions from Section 2.2 on each point of 9€2, at all time.

In light of the above observations, with the boundary conditions (72) and (73) we will consider two configurations for
ajj (i=1,2,3 for 3D and i =1, 2 for 2D) and «:

e a;; and « (or in 3D, o1 and «y) are uniform constants on the entire boundary 02, and over time, which satisfy the
conditions from Section 2.2.

e a;; and « (or in 3D, &7 and a») may be field distributions, which (i) satisfy the conditions from Section 2.2 for energy
stability and further (ii) are such that the magnitude of boundary dissipation on 9€2, satisfies equation (74).

These two configurations lead to two different sets of open boundary conditions.

Let us look into the second set of boundary conditions in more detail. There are many means to choose a;; and o to
satisfy (74). We specifically consider two ways below. In the first, we note that in the 3D equation (69) S is an orthogonal
matrix and (STU)T(STU) = UTU = |u|?. Therefore the boundary term (69) reduces to (74) if

1 i 2\ 2 \/5'2+4_|un|
+ i, (s’> +1=|up|, or gi=—Yr— (75)

1 di £ +4+ Juy|

2

for i =1,2,3, where & (i =1, 2,3) are the eigenvalues of the matrix G and depends on «; and «;. Similarly, for 2D the
boundary terms in equations (34) and (53) will reduce to the form given by equation (74) if a;; are given by the same



N. Ni et al. / Journal of Computational Physics 391 (2019) 179-215 191

expression as in (75) for i = 1,2, noting that & (i = 1,2) are now the eigenvalues of the matrix G in 2D and depend
on «. Substitution of the a;; expression (75) into equations (30a)-(31b) and also equations (70) results in greatly simplified
expressions for f; (i=1,2) and g; (i=1, 2, 3) in equation (73), as given below,

1
fi(un,ug) = 5 [(Un — lupup +0€U%i| ,
(2D) 1 (76)
fZ(Unaur)ziur[(l_a)un_|un|]§
g1 (Un, u u):l[(u — Jupu +a1u2+a2u2]
n, Uz, Us ) n nl)Un T s |
1
(3D) g2(un7uraus)=§ur[(1_al)un_|un|]v (77)
1
g3(un,ur,us)=5us[(1—az)un—lunll-

We fix the « coefficient in 2D (or oy, oy in 3D) as follows. In 2D we will determine « to try to make a;; as large as
possible. This requirement is based on the following observation: Numerical simulations with a;; and « as uniform constants
suggest that larger a;; values (—1 < ajj < 1) appear to be able to reduce the lateral meandering or distortion of the vortex
street as the vortices cross the open boundary. In light of the expression (75), we will find o such that the min(|&1], |£2])
is minimized and that o is well defined for all |u| > 0. Substituting the & and &, expressions in (7) into this condition, we
get

[tn]

_ Ml (forap 78
w e Ger2b) (78)

where € is a small positive number on the order of machine zero or smaller (e.g. € ~ 10~18) to make the above expression
well-defined even if |u| = 0. Note that this expression satisfies 0 < o < % For three dimensions, the closed form for &;
(i=1,2,3) as a function of o7 and « is unknown, and the coefficients ®; and «y cannot be determined as such. Inspired
by the 2D result of (78), we will employ this same expression for oy and ¢ in 3D in this work, that is,

[un|
[u] + |ug| + €’

The boundary condition (72), with E(n, d%2,) given by (73) and f; and g; given by (76) and (77), in which « is given by
(78) and o1 and «y are given by (79), is energy stable and the magnitude of boundary dissipation on 92, satisfies equation
(74).

o =0y = (for 3D). (79)

Vi
As a second way to satisfy equation (74), we assume that all a;; (i =1,2,3) are identical. In 3D, let | Vo | =STU=
Vs
Up
ST | u; | and Y; =2/(&/2)2 +1 (i=1,2, 3). Substitution of the boundary term (69) into equation (74) results in
Us
-1 e
a1]:a22:a33:h—, where .]t: | n|| | (80)

Je+1

In the above equation € is a small positive number on the order of machine zero or smaller to make the J; expression well
V1 1 T|U . . . .

defined when |u| = 0. In 2D, let [Vz] = WS u: and Y; =2+/(&;/2)> +1 (i =1, 2), where the matrix S is given by

(19). Then the coefficients a;; are given by

(Y1VZ+YaV2+Y3V2) +e

¢ —1 |un|ul?
——, where J; = 5 5 .
Je+1 (Y1VE+Ya2V3) +e

In 2D we again determine o to try to make a;; (or equivalently J;) as large as possible. Note that |u|? = V12 + sz in 2D, and

(omitting the €) J; = i lun] 7 S minl(Lﬁl(r;le)' We minimize min(Yq, Y2), or equivalently min(|&1], |£2]), and obtain
Mot ’
1 2 1 2
again the expression (78) for «. For 3D we will again employ the expressions in (79) for &y and «. The boundary condition
(72) with E(u, 92,) given by (73), in which a;; is given by (81) or (80) and « (or 1 and «y) are given by (78) or (79), is
another energy-stable open boundary condition whose boundary dissipation satisfies equation (74).

ajp =dax = (81)
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Remark 2. One can multiply the E(n, 9%,) expression in (73) by the smoothed step function introduced in [12,14] to
approximately enforce the requirement that the magnitude of boundary dissipation should be comparable to that given by
(74). The modified E(n, 0€2,) is given by

[f1(un, ur)n+ fo(up, ur)T]O(M, W), in 2D,

E(u, Q) = . 82
( o) {[g1(un,uf,us)n+gz(un,ur,us)r+g3(un,ur,us)S]®(n,u), in 3D, (82)

where G(n, u) is a smoothed step function given by (see [14])

1, ifn-u <0,

0, otherwise. (83)

O(nu)—1 1 tanhmu and lim ®(n,u) = Op(n, u) =

’ a 2 U08 ’ §—0 ’ - -
In the above expression, Ug is the velocity scale, and § > 0 is a small positive constant that controls the sharpness of the
smoothed step function. As § — 0, ®(n, u) approaches the unit step function ®g(n, u). This modified E(u, 92,) enforces
the following requirement: (i) if locally no backflow occurs on 92, (i.e. u, > 0), then the boundary condition (72) should
reduce to the traction-free condition; (ii) if backflow occurs locally on 92, (i.e. u, < 0), then the condition (72) shall reduce
to the form with E(u, 9€2,) given by equation (73).

In the current work, we will concentrate on three open boundary conditions (referred to as OBC-A, OBC-B and OBC-C,
respectively) corresponding to the two configurations for a;; as discussed above. More specifically, we concentrate on the
OBC (72) with E(u, 9€2,) given by (73), in which f; (i=1,2) and g; (i =1, 2, 3) take three different forms (see Appendix B
for a summary of them):

(OBC-A) fi (i=1,2) are given by (30a)-(31b) or (50a)-(50b) and g; (i =1, 2, 3) are given by (70), in which a;; and « (or
o1 and o) are uniform constants on the entire 9£2,.

(OBC-B) f; (i=1,2) are given by equation (76), in which « is given by (78), and g; (i =1, 2, 3) are given by equation (77),
in which a7 and «y are given by (79).

(OBC-C) f; (i=1,2) are given by (30a)-(31b) and g; (i =1, 2, 3) are given by (70), in which a;; are given by (81) for 2D
and (80) for 3D, and « is given by (78) and «1 and «; are given by (79).

With OBC-A the dissipation on the open boundary depends on the constants a;; and the flow field at 9$2,. It is anticipated
that the parameters a;; will influence the accuracy of simulation results, and that certain a;; values may lead to poor results
(e.g. aji close to 1 and —1). It is also likely that the best values for a;; with OBC-A will be flow-problem dependent. These
points will indeed be observed and confirmed from the numerical experiments in Section 3. With OBC-B and OBC-C, on the
other hand, the dissipation on €2, matches the scale given by equation (74). We anticipate that OBC-B and OBC-C will lead
to more accurate simulation results. This will indeed be demonstrated by the numerical simulations in Section 3.

Let us finally discuss how to implement the class of open boundary conditions represented by (72). The equations
(1a)-(1b), supplemented by the boundary conditions (71)-(72) and the initial condition (2), constitute the system to be
solved for in numerical simulations. This system of equations and boundary conditions are similar in form to those con-
sidered in our previous works [14,10]. Therefore one can employ the algorithms developed in [14] or [10] to numerically
solve the current system. In this work, we employ the scheme from [10] (presented in Section 2.4 of [10]) to simulate the
system consisting of (1a)-(1b), (71)—(72) and (2). This is a velocity-correction type splitting scheme, in which the compu-
tations for the pressure and the velocity are de-coupled. For the sake of completeness, we have provided a summary of
this algorithm in Appendix C, in which some details on the implementation of these boundary conditions are given. In the
2D implementation, the spatial discretization is performed using a high-order spectral element method [33,24,39]. In the
3D implementation, we restrict our attention to flow domains with at least one homogeneous direction (designated as z
direction), while in the other two directions the domain can be arbitrarily complex. Therefore for spatial discretizations
we employ a Fourier spectral expansion of the field variables along the homogeneous z direction, and a spectral element
expansion within the non-homogeneous x-y planes. We refer to e.g. [11,13,8] for more detailed discussions of the hybrid
discretization of Navier-Stokes equations with Fourier spectral and spectral-element methods. All three boundary conditions,
OBC-A, OBC-B and OBC-C, have been implemented in 2D, and in 3D only OBC-B and OBC-C are implemented.

3. Representative numerical examples

We next present numerical simulations for several representative flow problems in two and three dimensions to test the
performance of the energy-stable OBCs developed in Section 2. All these problems involve open/outflow boundaries, and
the OBCs are critical to the stability at moderate and high Reynolds numbers.
3.1. Convergence rates

We first use a manufactured analytic solution to the incompressible Navier-Stokes equations on a domain with open

boundaries to test the spatial and temporal convergence rates of our method together with the energy-stable OBCs from
Section 2.
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Fig. 1. Convergence tests (2D): (a) Mesh and configuration. L and L? errors of the flow variables as a function of the element order with fixed ty =0.1
and At =0.001 (b), and of the time step size At with fixed element order 16 and ty = 0.5 (c). OBC-C has been used on the open boundaries.

Two dimensions (2D) We consider the 2D rectangular domain ABCD shown in Fig. 1(a), 0 <x<2 and —1<y <1, and
the following analytic solution to the incompressible Navier-Stokes equations,

u=2cos(rry)sin(rx)sint
v = —2sin(w y) cos(mx) sint (84)
p =2sin(rwr y) sin(;rx) cost

where u = (u, v). The external force f in (1a) is chosen such that the expressions in (84) satisfy (1a).

The domain is discretized using two uniform quadrilateral spectral elements (AFED and FBCE) as shown in Fig. 1(a). On
the boundaries AB, AD and DE Dirichlet boundary condition (71) is imposed, in which the boundary velocity w(x, t) is set
according to the analytic expressions from (84). On the boundaries BC and CE the OBC (113) (in Appendix C) is imposed,
in which f}, is chosen such that the analytic expressions from (84) satisfy the equation (113) on 9$,. The initial condition
is given by (2), in which the initial velocity u;, is obtained according to the analytic solution in (84) by setting t = 0.

The Navier-Stokes equations together with the OBCs from Section 2.3 are solved using the numerical algorithm given in
Appendix C. The velocity/pressure fields are computed from t =0 to t =ty (t; specified below). Then the flow variables
at t =ty from numerical simulations are compared with the analytic solutions in (84), and the errors in various norms
are computed. The element order and the time step size At are varied systematically to study their effects on the errors
in spatial and temporal convergence tests, respectively. The non-dimensional viscosity in (1a) is fixed at v =0.01 in the
following tests.

Fig. 1(b) demonstrates the results for the 2D spatial convergence tests. Here we have employed a fixed ty = 0.1 and
At =0.001 (i.e. 100 time steps). The element order is varied systematically between 2 and 20, and for each element order
we compute the errors of the numerical solution at t =ty against the analytic solution. Fig. 1(b) shows the numerical errors
of the velocity and pressure in L and L% norms as a function of the element order from these tests, in which OBC-C is
used on the open boundaries. The errors decrease exponentially with increasing element order as the order is below 12. For
orders 12 and beyond, a saturation of the errors is observed at a level 10~7 ~ 10~ due to the temporal truncation errors.

Fig. 1(c) demonstrates the results for the 2D temporal convergence tests. Here we have employed a fixed ty = 0.5 and
element order 16. The time step size At is varied systematically between At =0.1 and At =1.953125e — 4. Fig. 1(c) shows
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Fig. 2. Convergence tests (3D): (a) mesh of four hexahedral elements. L> and L? errors of the flow variables as a function of element order with fixed
ty =0.1 and At =0.001 (b), and of At with fixed element order 12 and t; = 0.2 (c). OBC-B is used on the open boundaries DCFG and BEFC.

the L> and L2 errors of the flow variables at t = ty as a function of At in this group of tests. The open boundary condition
is again OBC-C in these tests. The rate of convergence with respect to At is observed to be second order when At is
sufficiently small.

Three dimensions (3D) We consider the 3D domain as sketched in Fig. 2(a), 0.25 <x<1.25, —1<y<1,and 0<z<2,
and the following analytic solutions to the Navier-Stokes equations,
u=2cos(2mwx) cos(mwy)cos(mwrz)sint, v =2sin(2mwx)sin(mry)cos(wrz)sint, (85)
w = 2sin(2x) cos(rr y) sin(mwz) sint, p = 2sin(2wx) sin(;w y) sin(;wz) cost,

where u= (u, v, w) in 3D. The external force f is chosen such that the analytic expressions in (85) satisfy the equation (1a).
We assume that the domain and the flow variables are periodic in z direction (on faces z=0 and z = 2). The faces BEFC
and DCFG are open boundaries and the rest are Dirichlet boundaries.

As discussed in Section 2.3, we employ a hybrid Fourier spectral method and spectral element method to discretize the
3D domain. Fourier spectral expansions are employed along the homogeneous z direction, and spectral element expansions
are employed in the x-y planes. In the numerical tests that follow four Fourier planes are employed in z direction, and four
quadrilateral elements are employed to discretize each plane. The boundary conditions (71) and (113) are imposed on the
Dirichlet and open boundaries, in which the boundary velocity w is set in accordance with the analytic expressions (85)
and the function f}, is chosen such that the analytic solutions in (85) satisfy (113) on the open boundaries. The algorithm
from the Appendix C is employed in the simulations. The flow fields are obtained from t =0 to t =ty, and the errors of
the numerical solution at t =ty are computed against the analytic solution given in (85). The non-dimensional viscosity is
v =0.01 in the following tests.

In the spatial convergence tests, we use a fixed ty = 0.1 and At =0.001, and vary the element order systematically
between 2 and 16. Fig. 2(b) shows the numerical errors of the velocity and pressure at t =ty as a function of the element
order, obtained using OBC-B for the open boundaries. An exponential decrease in the numerical errors can be observed
when the element order is below 10, and a saturation in the numerical errors is observed for element orders beyond 10
due to the temporal truncation error.
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(b)

Fig. 3. Flow past a circular cylinder: spectral element meshes in (a) 2D, and (b) 3D. The 2D mesh and each x-y plane of the 3D mesh contains 1228
quadrilateral elements.

In the temporal convergence tests we use a fixed tf = 0.2 and element order 12, and vary At systematically between
At =0.1 and At =1.953125e — 4. We have computed the numerical errors at t =ty corresponding to each At with OBC-B
as the open boundary condition, and in Fig. 2(c) these errors are plotted as a function of At (in logarithmic scales). The
results signify a second-order convergence rate in time.

To summarize, the 2D and 3D results of this section demonstrate that, with the OBCs herein, our method exhibits
a spatial exponential convergence rate and a temporal second-order accuracy for incompressible flows on domains with
open/outflow boundaries.

3.2. Flow past a circular cylinder

We focus on a canonical wake flow, the flow past a circular cylinder, in 2D and 3D in this section. At moderate/high
Reynolds numbers, how to handle the outflow boundary in this flow is critical to the stability of simulations. We employ
this canonical problem to test the OBCs developed in the current work.

3.2.1. Two-dimensional simulations

Let us first investigate the cylinder flow numerically in 2D. Consider the domain in Fig. 3(a), —5 < x/d <10 and —10 <
y/d <10, where d is the cylinder diameter. The center of the cylinder coincides with the origin of the coordinate system.
The top and bottom of the domain (y = +10d) are assumed to be periodic. A uniform flow (free-stream velocity Uy, along
the x direction) enters the domain from the left side, and the wake exits the domain through the right boundary at x = 10d.
We assume no external force is present, and thus f=0 in equation (1a). All the length variables are normalized based
on the cylinder diameter d, and all the velocity variables are normalized by the free stream velocity Up. So the Reynolds
number is defined based on Ug and d. All the other variables are normalized accordingly in a consistent way.

We discretize the domain using the spectral element mesh shown in Fig. 3(a), which contains 1228 quadrilateral ele-
ments. The algorithm from the Appendix C is used for the simulations. On the cylinder surface no-slip condition is imposed,
i.e. the Dirichlet boundary condition (71) with w = 0. At the inlet (x/d = —5) we impose the Dirichlet condition (71) where
the boundary velocity w is set based on the free-stream velocity. Periodic conditions are imposed at the top and bottom of
the domain. At the outflow boundary (x/d = 10) the boundary condition (72) from Section 2.3 is imposed, where OBC-A,
OBC-B and OBC-C are all employed and the various algorithmic parameters have been tested.

Fig. 4 illustrates a long-time 2D simulation at Reynolds number Re = 100 with a window of time histories of the forces
(drag fx, and lift fy) acting on the cylinder. The results are obtained using an element order 8 and OBC-B as the outflow
boundary condition. Periodic vortex shedding into the wake induces a fluctuating drag and lift force exerting on the cylinder.
Based on these histories we can compute the statistical quantities such as the time-averaged mean and root-mean-square
(rms) forces. Table 1 lists the mean and rms forces on the cylinder at Reynolds numbers Re =30 and 100 obtained using
several element orders ranging from 4 to 10. The mean lift is not shown in the table because they are all zeros at Re = 30
and all essentially zeros at Re = 100. The flow is in a steady state at Re = 30, and so no averaging is performed at this
Reynolds number. When the element order is sufficiently large (6 or above), the forces obtained from the simulations are
essentially the same, suggesting convergence with respect to the grid resolution. The majority of subsequent simulations are
performed using an element order 8 and At =2.5e — 4, and at lower Reynolds numbers (below Re = 60) an element order
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Fig. 4. Time histories of drag (x component of force, fy) and lift (y component of force, fy) on the cylinder at Re =100, computed using an element order

8 and OBC-B as the outflow boundary condition in 2D.

Table 1

Flow past a cylinder (2D): forces on the cylinder computed using several element
orders. OBC-B is used for the outflow boundary condition.

Re Element order Mean- fy rms- fy rms- fy
30 4 0.968 0 0
6 0.968 0 0
8 0.968 0 0
10 0.968 0 0
100 4 0.729 0.00374 0.126
6 0.730 0.00377 0.127
8 0.730 0.00377 0.127
10 0.730 0.00377 0.127

Experiment (Roshko, Tritton, etc)

Dong & Karniadakis (2005), 3D, Re=10,000
Dong (2015), 2D

Current simulations (OBC-B),
Current simulations (OBC-C|
Current simulations (OBC-B;
Current simulations (OBC-C),

>Cmo@JIvO

), 3D
), 3D
), 2D
), 2D

v Vv v Y

Re for 3D flow onset

L L
10 10° 10° 10
Re

(a)

0.5

>0 ed

Empirical relations, Norberg (2003)
Dong (2015), 2D

Current simulations (OBC-B), 3D
Current simulations (OBC-C), 3D
Current simulations (OBC-B), 2D
Current simulations (OBC-C), 2D | 7

v
v

Re for 3D flow onset

L
10°

L
10°
Re

(b)

Fig. 5. Flow past a cylinder: Comparison of the drag coefficient (a) and the rms lift coefficient (b) as a function of the Reynolds number between current
simulations (2D/3D) and the experimental measurements. OBC-B and OBC-C are used as the outflow boundary condition with current simulations.

6 and At =1e — 3 have also been employed. A range of Reynolds numbers (to be specified below) has been simulated and

studied for this problem.

We first study this flow for a range of low Reynolds numbers (Re = 200 and below). The physical flow is two-dimensional
and is either at a steady state (for Re < 45) or unsteady with periodic vortex shedding (for Re < 185) [37]. We have con-
ducted simulations at several Reynolds numbers in this range, and computed the corresponding forces on the cylinder.
Figs. 5(a) and (b) are comparisons of the drag coefficients (Cy4) and rms lift coefficients (C;) obtained from current simu-
lations with those from the experimental measurements and simulations from the literature [36,17,34,31,27,13,10]. These
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Table 2

2D cylinder flow: comparison of the mean and rms forces on the cylinder obtained using OBC-A (with o =1/2
and various parameters aj; = az,), OBC-B, and OBC-C for several Reynolds numbers. Results from the traction-free
open boundary condition are included as a reference.

Re Method Parameters Mean- fy rms- fx rms- fy
10 OBC-A ajn =ax = 0.95 1.652 0 0
0.9 1.652 0 0
0.5 1.648 0 0
0.2 1.644 0 0
0.1 1.641 0 0
0.0 1.639 0 0
—0.1 1.635 0 0
-0.2 1.630 0 0
-0.5 1.593 0 0
-0.9 1.445 0 0
—0.95 1.427 0 0
OBC-B 1.631 0 0
OBC-C 1.631 0 0
Traction-free OBC 1.631 0 0
20 OBC-A a1 =axp = 095 1173 0 0
0.9 1173 0 0
0.5 1171 0 0
0.2 1168 0 0
0.1 1.166 0 0
0.0 1164 0 0
-0.1 1.162 0 0
—-0.2 1158 0 0
—-0.5 1121 0 0
-09 0.967 0 0
—0.95 0.952 0 0
OBC-B 1159 0 0
OBC-C 1159 0 0
Traction-free OBC 1159 0 0
100 OBC-A ayjr =axp = 095 0.734 0.00412 0.128
0.9 0.734 0.00412 0.127
0.5 0.732 0.00392 0.125
0.2 0.731 0.00378 0.126
0.1 0.731 0.00377 0.126
0.0 0.731 0.00377 0.126
-01 0.730 0.00378 0.127
—-0.2 0.730 0.00382 0.127
-0.5 0.723 0.00425 0.131
—-0.9 (unstable)
—0.95 (unstable)
OBC-B 0.730 0.00377 0.127
OBC-C 0.730 0.00378 0.127
Traction-free OBC 0.729 0.00381 0.127

!

coefficients are defined by Cy = pfxuz and C; = ﬁ, where f, denotes the time-averaged (mean) drag, f)/, denotes the

rms-lift on the cylinder, and pf 2is tftl)e fluid denszity. ﬁlote that the plots also include results from the three-dimensional
simulations, which will be discussed subsequently in Section 3.2.2. The current 2D results are obtained using the OBC-B
and OBC-C as the outflow boundary conditions. We observe that in this range of Reynolds numbers the current 2D re-
sults are in good agreement with the experimental data, and they also agree well with the results from [10]. When the
Reynolds number is beyond this range (above Re ~ 185 ~ 260), the physical flow will undergo a transition and become
three-dimensional [37]. So there will be a large discrepancy between the drag/lift coefficients from 2D simulations and the
experimentally observed values [11,14,10].

At these low Reynolds numbers it is relatively easy to carry out a study of how the algorithmic parameters affect the
simulation results. OBC-A, OBC-B and OBC-C have all been employed and tested with the open boundary condition (72) in
current simulations.

Let us first focus on OBC-A. In Table 2 we list the (time-averaged) mean and rms forces on the cylinder at three Reynolds
numbers (Re = 10, 20 and 100), obtained using OBC-A as the outflow boundary condition under a range of values for aq;
(and ayy, with ay = aq1) and with a fixed o = % Since the flow is steady at Re = 10 and 20, no time-averaging is performed
for these two Reynolds numbers. As a reference, we have also included results computed using the traction-free condition
on the outflow boundary, namely,

—pn+vn-Vu=0, onay. (86)
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Fig. 6. Cylinder flow (Re = 20): comparison of streamwise velocity (i.e. x velocity component) profiles at several downstream locations and along the
centerline computed using OBC-A with o = 1/2 and different ay; (and ayy, with azp; = ay1) values. Results from traction-free condition are included for
comparison. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

A trend can be discerned from the data obtained using OBC-A. The mean drag computed using OBC-A tends to decrease
with decreasing a1 (and ayy) values. When compared with the results based on the traction-free condition, the best results
with OBC-A seem to correspond to a value around a;; = az; ~ —0.2 for the cylinder flow. In an interval around this best
value, the computed forces seem to be not sensitive to a1 (azy) and they are very close to the forces corresponding to
the traction-free condition. Even when a1 = az; = 0.95, the discrepancy in the mean drag seems to be around 1%. But
as ay1 = ayy — —1, the discrepancy in the mean drag seems to grow rapidly and becomes very substantial. For example,
with a;1 = apy = —0.95 the difference in the mean drag values produced by OBC-A and the traction-free condition is
approximately 18% at Re = 20. In addition, we observe that at Re = 100, with ay; = az» = —0.9 and smaller, the computation
with OBC-A is unstable. We recall that as a;; =azy — 1 the amount of dissipation on 92, with OBC-A becomes infinite,
and as ay1 = azy — —1 the amount of dissipation approaches zero. The above results with the computed forces suggest that,
while the best aj1 (azz) values seem to be around —0.2, larger values appear not harmful, but it can be detrimental to the
accuracy if aq1 (azz) is too small.

The velocity distribution in the cylinder wake demonstrates the effects of a;; (and azy) on the simulation results even
more clearly. Fig. 6 is a comparison of the steady-state streamwise velocity (x velocity) profiles along the vertical direction
at downstream locations x/d = 1.0, 5.0 and 10.0 (plots (a), (b) and (c)), and along the centerline (plot (d)). The different
curves correspond to OBC-A with o = % and a set of aiq (and ayy, with azy = aq1) values ranging from —0.95 to 0.95. For
comparison, the velocity profiles computed using the traction-free condition (86) are also included. We have the following
observations:

e The velocity profiles corresponding to OBC-A with aj; = az; = —0.5 and below exhibit a large discrepancy when com-
pared with the rest of the profiles in essentially the entire wake region.
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Fig. 7. 2D Cylinder flow (Re = 20): velocity fields computed using OBC-A (@ = 0, a1 = azz = a; = 0) with different ay; values: (a) a1 = —0.4, (b) ay; =0.4,
and (c) ap1 = 0. Un-physical velocity distributions can be observed at the outflow boundary if ay; # 0 with OBC-A. Velocity vectors are plotted on every
eighth quadrature points in each direction within each element.

e The profiles corresponding to OBC-A with ay; = a; = —0.2 and above are quite close to those resulting from the
traction-free boundary condition (86) in the near wake (x/d < 5). Further downstream (x/d 2 6) the discrepancy in all
the profiles (except the one with ay; = az; = —0.2), when compared with the traction-free condition, becomes very
pronounced.

e Among the set of ajq (azy) values tested for OBC-A, the best profile corresponds to aj; = az; = —0.2, in terms of the
comparison with results based on the traction-free condition.

In the above the effects of aj; and ay; in OBC-A on the simulation results are investigated with a fixed o = % Studies
of the ayq (axz) effect with other o values are also performed, but not as systematically. The above observed behaviors of
OBC-A with respect to aj; and ay; appear to also apply to other « values.

With OBC-A, when « =0, the R matrix may not be diagonal in 2D, as long as its elements a;; (i, j = 1,2) satisfy
the conditions (45a), (45b) and (48). We observe however that non-zero off-diagonal elements (az; and aiy), especially
when ay; # 0, can result in poor or unphysical simulation results with OBC-A. This point is demonstrated by the velocity
distributions (steady-state) in Fig. 7 for Reynolds number Re = 20, which are computed using OBC-A with o =0 and several
a1 values (a1 = —0.4, 0.0 and 0.4), while a;; = ay; = ajp =0 in the R matrix. At this Reynolds number the velocity
is expected to be approximately in the horizontal direction at the outflow boundary. To one’s surprise, when ay; # 0,
the computed velocity at the outflow boundary points to an oblique direction, even though all the velocity vectors are
approximately along the horizontal direction inside the domain; see Figs. 7(a)-(b). The angle of the velocity vectors on
the boundary depends on the sign and the magnitude of ayi. If ap; = 0, on the other hand, the computed velocity is
approximately along the horizontal direction as expected (Fig. 7(c)). The above unphysical results can be understood by

considering equation (50b) for OBC-A, which in this case is reduced to the following on the boundary, VS_Z = M;C“ aju +

%v, where u and v are the x and y components of the velocity. This equation indicates that the horizontal velocity u will
contribute to the vertical velocity v at the outflow boundary when ay; # 0. Therefore, even if v =0 inside the domain, a
non-zero v will be generated on the outflow boundary due to the boundary condition, leading to poor velocity distributions.
By considering equation (50a), one can infer that the parameter ai; has an analogous effect. It induces a contribution of the
tangent velocity u; to the normal velocity u, on the open boundary. In practical simulations, a;> seems not as detrimental
to the results as ap; does, which is probably because of the pressure term involved in Ty, in equation (50a).

Let us next consider OBC-B and OBC-C. Table 2 also lists the mean and rms forces on the cylinder at the Reynolds
numbers Re =10, 20 and 100 that are computed using OBC-B and OBC-C as the outflow boundary condition. It is observed
that the forces based on OBC-B and OBC-C are identical to those based on the traction-free condition for Re = 10 and 20.
For Re =100, the forces obtained using OBC-B and OBC-C are essentially the same as that from the traction-free condition,
with only a negligible difference.

Fig. 8 shows a comparison of the streamwise velocity profiles along the vertical direction at three downstream locations
(x/d=1.0, 5.0 and 10.0) and along the centerline (y/d = 0) among results computed using OBC-B, OBC-C, and the traction-
free condition at Reynolds number Re = 20. Note that x/d = 10 is the outflow boundary. We observe that all the velocity
profiles computed using OBC-B and OBC-C and the traction-free condition exactly overlap with one another. These results
suggest that both OBC-B and OBC-C result in the same flow distributions as the traction-free condition.

Fig. 9 compares the streamwise velocity profiles at Re = 20 obtained using the outflow boundary conditions OBC-B and
the best case of OBC-A (a11 =ax =—-02, a = %). In the near wake (g < 5) the velocity profiles corresponding to these two
boundary conditions essentially overlap with each other. Further downstream (g 2> 6), some difference can be noticed in
the profiles resulting from these two boundary conditions (Figs. 9(c,d)). But the differences seem quite small. These results
suggest that the boundary conditions OBC-A with ay; = az; = —0.2 and OBC-B produce close velocity distributions for this
problem.

Let us next consider the cylinder flow at higher Reynolds numbers (Re > 2000). At these Reynolds numbers the vortices
shed from the cylinder can persist far downstream into the wake, and thus may cross the outflow boundary and exit the




200 N. Ni et al. / Journal of Computational Physics 391 (2019) 179-215

3 sr
2t 2r
1t Tr
—e—OBC-B
+OEC'B - ol —+-OBC-C
> 0 -0 CTC & Traction-free
4 Traction-free
RS b
ol oL
3l . . 4 3 , , . . P
0 0.5 1 1 0.4 0.6 0.8 1 1.2
u u
(a) at z =1.0 (b) at x = 5.0
3-
0.6 -
ol
0.5+
1r 04}
OBC-B
——OBC-B e
0.3+ —*-0BC-C
ol Cw R
> *-OBC .C = o Traction-free
o-- Traction-free
0.2+
RES
0.1+
oL
ol
3 L L L L L Y 1 -0.1 L L L L ,
0.6 0.7 0.8 0.9 1 11 1.2 0 2 4 6 8 10
u X
(c) at z = 10.0 (outlet) (d) along centerline y = 0

Fig. 8. 2D Cylinder flow (Re = 20): Streamwise velocity profiles at several downstream locations in the wake and along the centerline of domain, computed
using OBC-B and OBC-C as the outflow boundary condition. Velocity profiles obtained with the traction-free condition are included for comparison.

domain. This can cause severe difficulties and instabilities (backflow instability [12]) to conventional methods. Energy-stable
boundary conditions are critical to overcoming the backflow instability for successful simulations at these Reynolds num-
bers. We have conducted long-time simulations at several Reynolds numbers ranging from Re = 2000 to Re = 10000 using
the methods developed herein to test their performance. Note that the traction-free boundary condition is unstable for
simulations in this range of Reynolds numbers.

Fig. 10 shows a temporal sequence of snapshots of the instantaneous velocity fields at Re = 5000, illustrating the dy-
namics of the cylinder wake based on 2D simulations. These results are obtained using OBC-B as the outflow boundary
condition, and the element order is 8 and At =2.5e — 4. One can observe pairs of vortices shed from the cylinder. These
vortices are convected downstream and persist in the entire wake region. The vortices successively approach and pass
through the outflow boundary, and discharge from the domain. It is observed that our method is able to allow the vortices
to cross the outflow/open boundary and exit the domain in a fairly natural way (see Figs. 10(a)-(e) and 10(f)-(i)). But some
distortion to the vortices can also be observed as they pass through the outflow boundary.

Long-time simulations have been performed and our methods are stable for these high Reynolds numbers. The long-term
stability of the method is demonstrated by Fig. 11, which plots the time histories of the lift on the cylinder at Reynolds
numbers Re = 5000 (Fig. 11(a)-(b)) and Re = 10000 (Fig. 11(c)-(d)). These simulations are conducted using OBC-B (Fig. 11(a)
and (c)) and OBC-C (Fig. 11(b) and (d)) as the outflow boundary condition. The long-term stability of the simulations and
the chaotic nature of flow are evident from the time signals.

3.2.2. Three-dimensional simulations

We next look into the simulation of the cylinder flow in three dimensions. Consider the 3D domain sketched in Fig. 3(b),
—5d < x<10d, —10d < y £ 10d, and 0 < z < L, where d again denotes the cylinder diameter and L, is the domain
dimension along the z direction. The cylinder axis is assumed to coincide with the z axis of the coordinate system. The top
and bottom of domain (y = +10d) are assumed to be periodic. We also assume that all the flow variables and the domain



N. Ni et al. / Journal of Computational Physics 391 (2019) 179-215 201

3 3r
2t 2r
1t T
> OBC-A a = 0.2 >~ OBC-A ay = —0.2
>0 e OBCH > 0r —s— OBC-B
AL AL
2l oL
3 B ) -3 F S
0 0.5 1 1.5 0.4 0.6 0.8 1 1.2
u u
(b) at x =5.0
3 -
0.6 -
2+
0.5+
tr 041
O > OBC-A aj; = —0.2 5 037
—o— OBC-B
0.2+
AL
0.1+
2L
0Ff
_3 | _01 1 1 1 1 |
1.2 0 2 4 6 8 10
u X
(c) at x = 10.0 (outlet) (d) along centerline y =0

Fig. 9. 2D Cylinder flow (Re = 20): Comparison of streamwise velocity profiles at several downstream locations and along the centerline, computed using
OBC-A (a1 =ap =—0.2, « =1/2) and OBC-B.

are homogeneous in z direction and are periodic at z=0 and z = L,, and therefore a Fourier expansion of the field variables
in z can be carried out. A uniform inflow with a free stream velocity Uy enters the domain at x = —5d along the x direction,
and the wake discharges from the domain through the boundary at x = 10d. As in 2D simulations, all length variables are
normalized by the cylinder diameter d and all velocity variables are normalized by the free stream velocity Ug. Therefore,
the Reynolds number is defined based on Uy and d.

We consider two Reynolds numbers Re = 500 and 5000 for 3D simulations. We employ a domain dimension L,/d =1.0
along the z direction for Re =500 and a dimension L,/d = 2.0 for Re = 5000. The domain is discretized using 32 uniform
points (i.e. 32 Fourier planes) along the z direction, and each of the plane (x-y plane) is discretized using a mesh of 1228
quadrilateral spectral elements with an element order 6. Fig. 3(b) is a sketch of the 3D domain and the spectral element
mesh within the x-y planes. In the current work the mesh used in each x-y plane for the 3D simulations is exactly the
same as that of Fig. 3(a) for the 2D simulations in Section 3.2.1. We impose the no-slip condition (i.e. zero velocity) on
the cylinder surface, and the Dirichlet condition (71) on the left boundary (x = —5d), in which the boundary velocity is set
according to the free stream velocity. On the top/bottom boundaries (y = +10d) periodic boundary conditions are imposed.
Along the z direction a periodic condition is enforced because of the Fourier expansions of the field variables. On the outflow
boundary x = 10d the open boundary condition (72) from Section 2 is imposed. Both OBC-B and OBC-C are employed for
3D simulations. Long-time simulations are performed and the flow has reached a statistically stationary state. So the initial
conditions will have no effect on the state of the flow. The normalized time step size is At =2.5e — 4.

Fig. 12 shows a visualization of the vortices in the cylinder wake by plotting the iso-surfaces of the pressure fields at
Re =500 (plot (a)) and Re = 5000 (plot (b)). These results are obtained using OBC-C as the outflow boundary condition. In
addition to the spanwise vortices (“rollers”) in the wake, 3D flow structures along the streamwise direction can be clearly
observed. With the larger Reynolds number, the flow structures exhibit notably finer length scales, and the flow field is
much noisier.
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Fig. 10. Temporal sequence of snapshots of velocity fields (Re = 5000): (a) t =443.2, (b) t =444.2, (c) t =445.2, (d) t =446.2, (e) t =447.2, (f) t =448.2,
(g) t =449.2, (h) t =450.2, (i) t =451.2, (j) t =452.2, (k) t =453.2, (1) t =454.2. Velocity vectors are plotted on every eighth quadrature points in each
direction within each element. Results are obtained using OBC-B as the outflow boundary condition.

Fig. 13 shows the time histories of the drag and lift on the cylinder at the two Reynolds numbers Re = 500 (plot (a))
and Re = 5000 (plot (b)) from the 3D simulations, which are obtained using OBC-B as the outflow boundary condition. The
history signals show that the flow has reached a statistically stationary state. They also demonstrate the long-term stability
of the methods developed herein. The energy-stable boundary conditions are critical to the stability of 3D simulations at
moderate and high Reynolds numbers. It is observed that with the traction-free OBC the 3D simulation is unstable at the
higher Reynolds number Re = 5000. One can also compare the lift history in Fig. 13(b) from 3D simulations with that in
Fig. 11(a) from 2D simulations, both at Reynolds number Re = 5000 and corresponding to OBC-B as the outflow boundary
condition. The 2D simulation leads to much larger lift amplitudes (and correspondingly larger rms lift coefficient) than the
3D simulation for the same Reynolds number, which is well-known in the literature [11,13].

We have computed the drag coefficient and the rms lift coefficient based on the force histories at Re = 500 and Re =
5000. These data from 3D simulations are included in Fig. 5 for comparison with the experimentally determined coefficient
values. It is observed that the current 3D results are in reasonably good agreement with the experimental data. In contrast,
2D simulations grossly over-predict both the drag and the rms-lift coefficients in the regime where the flow is physically
three-dimensional.
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Fig. 11. Time histories of the lift on the cylinder at Reynolds numbers Re = 5000 ((a) and (b)) and Re = 10000 ((c) and (d)). Results in (a) and (c) are
computed using OBC-B, and those in (b) and (d) are computed using OBC-C, as the outflow boundary condition.
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Fig. 12. (color online) Visualization of vortices in 3D cylinder flow: Pressure isosurfaces (five uniform levels between p = —0.6 and p = —0.2) at Reynolds
numbers (a) Re =500 and (b) Re = 5000. Results are obtained with OBC-C as the outflow boundary condition.

3.3. Jet impinging on a wall

In this section we test further the current methods with another problem, a jet impinging on a solid wall, using two-
dimensional simulations. Due to the open boundaries and the physical instability of the jet, the open boundary condition is

critical to the successful simulation of this flow.
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Fig. 14. Problem configuration of the impinging jet on a wall.

Specifically, we study a fluid jet of diameter d impinging on a wall in 2D. Fig. 14 illustrates the configuration of this
problem. Consider a rectangular domain, —%d <x< %d and 0 < y < 5d, where x and y axes are along the horizontal and
vertical directions, respectively. The bottom side of the domain is a solid wall. The inlet of the jet (with diameter d) is
located in the middle of the top side of the domain, namely, —Rop < x < Rp and y = 5d, where Ry is the radius of the inlet
(Ro= %). The jet velocity is assumed to have the following profile at the inlet,

u=0
{ v = ~Uo|tanh 2% (H (x,0) — H(x, Ro)) + tanh "2 (H(x, —Ro) — H(x,0)] (87)
where Uj is the velocity scale (Ug=1), € = 41—0d, and H(x,a) is the unit step function, taking the unit value if x > a and
vanishing otherwise. The rest of the domain boundaries, on the top and on the left and right sides, are all open, where
the fluid can freely enter or leave the domain. The jet enters the domain through the inlet on the top, impinges on the
bottom wall and splits into two streams, which then flow sideways out of the domain. The goal is to simulate and study
this process.

We discretize the domain using a spectral element mesh of 400 quadrilateral elements, with 20 uniform elements along
the x and y directions. No-slip condition is imposed on the bottom wall. At the jet inlet we impose the Dirichlet condition
(71), in which w is given by (87). On the rest of the domain boundary the OBC (72) is imposed, and the three conditions
(OBC-A, OBC-B and OBC-C) are employed and tested. Long-time simulations have been performed, and the flow has reached
a statistically stationary state. So the initial condition is immaterial and will have no effect on the long-term flow behavior.
The physical variables are normalized based on the jet diameter d and the velocity scale Uy. So the Reynolds number is
defined based on these scales accordingly. In accordance with the previous simulations of a variant of this problem [14], we
employ an element order 12 and a time step size At = 2.5e — 4 for the current simulations.

An overview of the flow characteristics is provided by Fig. 15. It shows the instantaneous velocity fields at three Reynolds
numbers: Re =300, 2000 and 10000, which are computed using OBC-C as the open boundary condition. At a sufficiently
low Reynolds number (e.g. Re = 300) this flow is at a steady state. After impinging on the wall, the vertical jet splits into
two horizontal streams, and flow in opposite directions parallel to the wall until they exit the domain (Fig. 15(a)). In regions
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Fig. 15. Characteristics of the impinging jet: instantaneous velocity distribution at Reynolds numbers (a) Re =300, (b) Re = 2000, and (c) Re = 10000.
Velocity vectors are plotted on every eighth quadrature point in each direction within each element. Results are computed using OBC-C as the open
boundary condition.

outside the jet stream the velocity appears negligibly small. As the Reynolds number increases the flow becomes unsteady.
The vertical jet stream appears stable within some distance downstream of the inlet, and then the Kelvin-Helmholtz insta-
bility develops and the jet becomes physically unstable. Successive pairs of vortices form along the profile of the jet, and
they are convected downstream and eventually out of the domain along with the jet (Fig. 15(b)). For even higher Reynolds
numbers, the region with a stable jet profile shrinks, and the onset of instability moves markedly upstream toward the
inlet. The vortices forming along the jet profile appear more irregular and numerous, and their interactions lead to more
complicated dynamics (Fig. 15(c)).

Let us first focus on a low Reynolds number Re =300 and study the effects of different OBCs on the simulation results.
Fig. 16 compares the velocity field distributions at Re = 300 computed using OBC-A with o = % and a range of values for
ai1 (and apy, with azy = aq1). The result obtained using the traction-free open boundary condition (86) and OBC-B are also
included for comparison. These results can be compared with that of Fig. 15(a), which is also for Re =300 but computed

using OBC-C as the open boundary condition. We can make the following observations from these results:

e OBC-B and OBC-C result in velocity field distributions similar to the traction-free condition.

e The aq1 (and apy) values strongly influence the velocity fields computed with OBC-A. The velocity distributions obtained
using OBC-A with different a1 (and ay) values are qualitatively different.

e The velocity fields obtained using OBC-A with a;; =a; =0.5, 0.2, 0, and —0.2 exhibit a pair (or more) of large vortices
filling up the domain, which is unphysical. With larger a;; (and ay;), the results even indicate that the flow and the
vortices go out of the domain through the upper boundary.

e The flows obtained using OBC-A with a1 = ay; = 0.5, 0.2 and O are unsteady for Re = 300. The forces on the wall
obtained with these methods fluctuate over time, albeit in a narrow range.

e The velocity distributions computed using OBC-A with ay; =az; = —0.5 and —0.75 exhibit an overall similarity to that
obtained with the traction-free condition. However, in the horizontal jet streams obtained with these methods, the
directions of the velocity vectors seem un-natural at the open boundary (Fig. 16(e)-(f)). In addition, although it is quite
weak, a pair of large vortices can be discerned from the velocity field obtained using OBC-A with a1 =az; = —0.5
(Fig. 16(e)).

e Using the velocity field resulting from the traction-free condition as a reference, the best result for OBC-A seems to
correspond to a parameter value around a1 = az; = —0.5 for this problem.

Table 3 lists the forces (y-component) on the wall obtained using different methods at Re = 300. Since the flow
computed using OBC-A with aj1 = az; = 0.5, 0.2 and 0.0 is unsteady, listed in the table are the mean and rms forces
corresponding to these methods. With increasing a7 (and ay;), the force computed using OBC-A increases substantially
in magnitude. The discrepancy in the forces between OBC-A and the traction-free condition is significant. Compared with
the traction-free condition, the best result obtained using OBC-A appears to correspond to around ai; = ay; = —0.5. On
the other hand, the forces obtained using OBC-B and OBC-C are the same, and they are very close to the that from the
traction-free condition.

Let us next look into the impinging jet at higher Reynolds numbers. Fig. 17 shows a temporal sequence of snapshots
of the velocity fields at Re = 5000 computed using OBC-B as the open boundary condition. These results illustrate the
vortex-pair formation and the transport of the train of vortices downstream along the jet profile. They also signify that
our method can allow the vortices to pass through the open boundary in a smooth and fairly natural fashion; see the left
boundary in Figs. 17(c)-(f). On the other hand, a certain degree of distortion to the vortices as they cross the open boundary
can also be observed (Fig. 17(f)). The physical instability of the jet and the presence of vortices on the open boundaries make
these simulations very challenging. The current OBCs are very effective for such problems. It is noted that the traction-free
condition is unstable in these simulations.
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Fig. 16. Impinging jet (Re = 300): velocity distributions computed using OBC-A with o = % ((a)-(f)), the traction-free condition (g), and OBC-B (h). Different
parameter values for ay; (and ayy, with ay; = aq1) have been tested with OBC-A. They are a;; = ay; = 0.5 (a), 0.2 (b), 0.0 (c), —0.2 (d), —0.5 (e), and
—0.75 (f). Velocity vectors are plotted on every eighth quadrature points in each direction within each element.

Table 3
Impinging jet (Re = 300): vertical force on the wall computed using OBC-A (with
o =1/2 and various a; = ay; values), OBC-B, OBC-C, and the traction-free condition.

Method Parameters fy (or mean- fy) rms- fy
OBC-A aj =axp =-0.75 —0.912 0
-0.5 —0.986 0
—0.2 —1.189 0

0 —1.384 0.0408

0.2 —1.653 0.102

0.5 —2.343 0.0922
OBC-B —0.994 0
OBC-C —0.994 0
Traction-free OBC —1.026 0

Let us next take a closer view of the distortion to the vortices as they exit the domain through the open boundary. Fig. 18
illustrates the typical scenario when a vortex crosses the open boundary, obtained with OBC-C. This figure shows a temporal
sequence of velocity fields near the right open boundary and the bottom wall. The insets of Figs. 18(b)-(e) are magnified
views of a section of the open boundary near the vortex core. As the vortex approaches the open boundary, the velocity
patterns show that it maintains an almost perfect circular shape, with essentially no or very little distortion (Fig. 18(a)-(d)).
Then as the vortex core moves very close to the boundary a notable deformation becomes evident (Fig. 18(e)). The vortex
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Fig. 17. Impinging jet (Re = 5000): temporal sequence of snapshots of the instantaneous velocity fields at (a) t =619.05, (b) t =619.65, (c) t = 620.25,
(d) t =620.85, (e) t =621.45, (f) t =622.05, (g) t =622.65, (h) t =623.25, (i) t = 623.85. Velocity vectors are plotted on every eighth quadrature point in
each direction within each element. Results are computed using OBC-B as the open boundary condition.

deforms into an oval and is elongated in an oblique direction to the boundary. The vortex retains an oval shape until it
discharges completely from the domain. For comparison, Fig. 19 shows a comparable and typical scenario of the vortex
exiting the domain obtained using the OBC from [10], but without the inertia (i.e. time derivative) term therein so that
the boundary condition is also a traction-type condition. We observe a similar process, with the initial circular vortex
distorted into an oval shape as it moves out of the domain (Fig. 19(e)). But the velocity patterns of Figs. 18 and 19 also
reveal a notable difference. The vortex in Fig. 19 experiences another type of distortion, even before the distortion into an
oval becomes evident. More specifically, we observe that, as the vortex approaches the open boundary, on the section of
the boundary influenced by the vortex rotation and in its vicinity, the velocity vectors tend to point along the tangential
direction to the boundary. This is evident from the insets of Figs. 19(b)-(d). This makes the velocity pattern in that region
less congruent or incongruent with those outside the region, thus causing an apparent distortion to the vortex. This is
especially evident from Figs. 19(c) and (d). As the vortex further evolves in time, this distortion seems to disappear and
gives way to the distortion into an oval vortex (Figs. 19(d)-(e)). By contrast, from the velocity patterns obtained using the
current OBC we observe that the vortex retains an essentially perfect shape (see Figs. 18(b)-(d)) and does not experience
such a distortion as evidenced from Fig. 19, before the oval deformation kicks in. These results suggest that the current
OBCs can be more favorable compared with that of [10] in the sense that they can produce more congruent and more
natural velocity distributions near/at the open boundary and cause less distortion to the vortices as they pass through the
boundary and exit the domain.

Long-time simulations have been performed using the current methods for the impinging jet flow. Fig. 20 illustrates
the time histories of the vertical force on the wall at Re = 10000, obtained using OBC-B and OBC-C. The long history
signals demonstrate the long-term stability of the methods developed in the current work, and that the flow has reached a
statistically stationary state.
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Fig. 18. Impinging jet (Re = 5000): temporal sequence of velocity snapshots near the right open boundary showing the discharge of a vortex from the
domain, computed using OBC-C as the open boundary condition. (a) t =593.4, (b) t =593.7, (c) t =594, (d) t =594.3, (e) t =594.6, (f) t = 595.5. Velocity
vectors are plotted on every fourth quadrature points in each direction within each element. The insets of (b)-(e) are velocity blow-up views (shown on
every quadrature point) near the boundary.

4. Concluding remarks

We have developed a set of new energy-stable OBCs for simulating outflow/open-boundary problems of incompressible
flows. These boundary conditions can effectively overcome the backflow instability, and produce stable and accurate results
when strong vortices or backflows occur at the open/outflow boundary.

The development of these boundary conditions involves two steps. First, we devise a general form of boundary conditions
that ensure the energy stability on the open boundary by reformulating the boundary contribution into a quadratic form
with a symmetric matrix. Second, we require that the scale of boundary dissipation, upon imposing the boundary conditions
from the previous step, should match a physical scale and thus attain the final boundary conditions.

Both of these two steps are crucial. The first step ensures energy stability, and the second step ensures physical correct-
ness and accuracy. Those boundary conditions resulting from the first step only are referred to as “OBC-A” in the current
paper, and the boundary conditions “OBC-B” and “OBC-C” studied herein involve both steps in the development. Extensive
numerical experiments are conducted to test the accuracy and performance of these boundary conditions. These tests show
that, as expected, all three conditions (OBC-A, OBC-B and OBC-C) produce stable simulations, even when strong vortices or
backflows occur at the open/outflow boundary. However, it is observed that OBC-A in general gives rise to poor or even un-
physical simulation results, unless the algorithmic parameters take some “optimal” value for the flow problem under study.
It is further observed that the “optimal” parameter values for OBC-A are unfortunately flow-problem dependent. For exam-



N. Ni et al. / Journal of Computational Physics 391 (2019) 179-215 209

parallel to boundary
parallel to boundary

MY N S - o o

N
T

1

|

>
SRR AL N
— -\ 1////j\\{“
o 2\ A
=\
EESETN =
0 15 2 25 0 15 2 25 0 15 2 25
X X X
(a) (b) (c)
| o8ty 7 g . s
| E |
L $ o
0.95 [ 0958 Y 1Y LR
| NN e N Aadiinmn
RN s R NS
/| 085k g L ossBddNNN
‘1 osf Q ’ 3
ol
> = >
e = = A
N g T T ~— L0 o
Wy NS PTAN RN LWL AART WL em T
AN (& T2 s EE =
AN - -
= = —_———
5 -
IS
0 ; ; ok : : pysmeess ;
15 2 2’5 15 2 2’5 15 2 25
X X X
(d) (e) ®)

Fig. 19. Impinging jet (Re = 5000): temporal sequence of velocity snapshots near the right boundary showing the discharge of a vortex from the domain,
computed using the OBC from [10] (without the inertia term). (a) t = 1137.75, (b) t = 1138.05, (c) t = 1138.35, (d) t = 1138.65, (e) t =1138.95, (f) t =
1139.85. Velocity vectors are plotted on every fourth quadrature point in each direction within each element. The insets of (b)-(e) show velocity blow-up

views (shown on every quadrature point) near the boundary.

ple, for the cylinder flow the “optimal” values for aj; (azz) are around ayq = azy = —0.2, while for the impinging jet they
are around a1 = ayy = —0.5 with OBC-A. It is further noted that OBC-A produces poor results with aj; = a; = —0.5 for
the cylinder flow and with a;; =az; = —0.2 for the impinging jet problem. These observations suggest that OBC-A, i.e. the
energy-stable boundary conditions resulting from the first step only, may only be of limited use in practice. While OBC-A
leads to stable computations, the simulation results in general can deviate from the physical results considerably. In contrast,
the open boundary conditions OBC-B and OBC-C lead to favorable results in terms of both stability and accuracy. Numerical
experiments show that they produce stable and accurate results, compared with both experimental measurements and the
results produced by other methods.

The OBCs devised based on the quadratic form can be formulated into a traction-type condition; see equation (72). These
boundary conditions in general give rise to a non-zero traction on the entire open boundary, in both the backflow regions
(if any) and the normal outflow regions. This is in contrast to the energy-stable boundary conditions from previous works
(see e.g. [14]), which result in a non-zero traction in the backflow regions only and a zero traction in the normal outflow
regions of the open boundary.

While their formulations are different, numerical experiments indicate that OBC-B and OBC-C tend to produce very
similar or the same simulation results. The various numerical experiments appear to give a sense that the fluctuations in
the physical quantities (e.g. forces) produced by OBC-B can at times be somewhat larger than that by OBC-C, resulting in
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Fig. 20. Impinging jet: time histories of the vertical force on the bottom wall at Re = 10000 computed using OBC-B (a) and OBC-C (b) as the open boundary
condition.

e.g. higher values in the largest amplitude in the time-history signals. In such a sense, OBC-C may be somewhat more
favorable when compared with OBC-B. But the difference in their simulation results, if any, is minor.

While the current OBCs can allow the vortices to cross the open/outflow boundary in a smooth and fairly natural fashion,
even at quite high Reynolds numbers, a certain level of distortion to the vortices is also evident during the process. For
example, an otherwise circular vortex can deform into an oval while exiting the domain through the open boundary. This
type of distortion is also observed with previous methods (see e.g. [10]). However, as shown by the results in Section 3.3,
the current OBC seems more favorable compared with that of [10] (without the inertia term) in terms of the distortions,
because the current condition leads to velocity distributions more congruent on the open boundary and in its vicinity. In
contrast, the boundary condition of [10] can lead to less congruent or incongruent velocity distributions on sections of the
open boundary where the vortices cross, causing additional distortions.

It should be pointed out that, since the current OBCs are formulated in a traction form, it is not difficult to extend these
conditions to arrive at a set of corresponding “convective-like” energy-stable OBCs, by e.g. incorporating an appropriate
inertia term in a similar way to [10]. This may be desirable in term of the control over the velocity field on the open/outflow
boundaries.

Backflow instability is one of the primary issues encountered when scaling up the Reynolds number in simulations
of a large class of incompressible flows, such as wakes, jets, shear layers, and cardiovascular and respiratory flows. The
method developed here provides a new effective technique to algorithmically eliminate the backflow instability. Algorithmic
elimination of backflow instability can be critical to and will be instrumental in flow simulations at high (and moderate)
Reynolds numbers. For example, it enables one to employ a significantly smaller computational domain (permitted by
accuracy), thus leading to a much higher spatial resolution than otherwise, even with the same mesh size. The current work
contributes a useful and effective tool toward the numerical simulations of such challenging problems.
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Appendix A. Proof of Theorem 2.1

Since A and G are symmetric and real matrices, all their eigenvalues are real. None of the eigenvalues of A is zero
because det(A) # 0. Suppose A (A #0) is an eigenvalue of A. Then
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where we have used the Schur complement. Therefore (A - %) is an eigenvalue of G. Suppose & is an eigenvalue of G, and

0 = det [ } = det(—ADdet [(G — Al — (=D(=AD "' (-D)]

2
A— % =¢&.Then A= % =+ <§) + 1 #£0. So the steps in equation (88) can be reversed. We conclude that A is an eigenvalue
of the matrix A.

\Z is an eigenvector of A corresponding to the eigenvalue A. Then Z # 0 and
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We conclude that Z is an eigenvector of G corresponding to the eigenvalue (A — %). Now suppose (A — %) is an eigenvalue

Suppose [ _Z

(89)

of G and Z is the corresponding eigenvector. Then A # 0, and the steps in (89) can be reversed. So we conclude that |:—§2:|

is an eigenvector of A corresponding to the eigenvalue A.
Appendix B. Summary of open boundary conditions

In order to facilitate the implementation for the readers, this appendix summarizes the energy-stable OBCs from the
main text.

Two dimensions

OBC-A:
Input:

e Boundary information: normal vector n, tangent vector T.
e Constant parameters: a1, dz, o, where —1 <ajq,a32 <1 and 0 <o < %

Boundary condition:

—pn+vn-Vu—[fi(up, ur)n+ fo(up, )] =0, onaiQ (90)
where
K1+Kan? K1—K
_ 111:122'7 n n(llthZ)ur’ Un = 0; 91
frlun,ue) =1 ¢ o L T2 (91)
]+7’] Tl «l+n T» n
2
(11<1—§<2)u + Kl]’? +K2Ur7 up >0
f2(un7 ur) = r/(KTnKz) ’(1':_1?277 . (92)
T2 Up + T+72 Uz, up <0
Up=n-u; Uu;=t-u [u=vu-u=,/u+u; (93)
n=————— > 0isaconstant of machine zero or smaller, e.g. 10~ '8; (94)
[ul + Iunl +€’
A —ani Ay —axnA
K= 17“3’ Ky = 27224; (95)
1—ap 1—axn

M=68/2— E1/22+1; rm=8/2— V (£2/2)? +1; (96)
A =E/24E/2P T ha=E/24,/(E2/2)% +1;

Si=(0-up+alul; §H=~1-a)u, —aful. (97)
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OBC-B:
Input:
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e Boundary information: normal vector n, tangent vector t.

Boundary condition: same as equation (90),

—pn+vn-Vu—|[fi(up, ur)n+ fo(uy, ur)T]=0, onadQ

where

fi

1
[(un — |un))uy +au3] i faun,ug) = T [(1—a)up — |unl];

N =

(up, ug) =

[tn]

|ul+Jup| + €’

u, and u; are defined by (93), and € is defined by (94).

OBC-C:
Input:

e Boundary information: normal vector n, tangent vector t.

Boundary condition: same as equation (90),

—pn+vn-Vu—|[fi(up, ur)n+ fr(uy, ur)T]=0, onaQ

where f1(uy,u;) and fa(uy, uy) are given by equations (91)-(92), with the variables involved therein given by equations
(93)-(97), and

_ [Un] .
| + [un| + €
a a Je—1
11 = U422 = s
Je+1
lutn | [u]* .
, Up =05
JER+4 JE2+4
1+1772 (Un+77ur)2+1+27(—77un+ut)2+€
Je= Jun|fu? Uy <0
N JE3+4 ’ ’
1:']2 (up+ue)?+ 15172 (Un—nuc)?+e

Three dimensions

OBC-A:
Input:

e Boundary information: normal vector n, tangent vectors T and s.

e Constant parameters: a1, a2, ass, &1 and oy, where —1 <aj1,a22,a33 <1 and 0 < oy, 03 < %

Boundary condition:

—pn+vn-Vu — [g1(Up, Ur, Us)D+ g2 (Un, Ug, Us)T + g3(Up, U, Us)S] =0, onaQ

where

A1—a11rq

g1 1—(11] 5 5 T ui’l
—a

2| =5 b tets S| ur |

| &3 A3—033k6 Ug

1—as3

Up=n-U, U;=T W us=s-uw; [u=vu u=,/u2+u2+u

M=E/2—E/22 41 =86/2—/(E/2*+1; A3=E/2—/(E/2)? +1;
M=E1/24E/22 1 As=86/2+/(E/2%+1; Ae=E/2+/(E3/2)° +1;

(100)

(101)

(102)

(103)

(104)

(105)

(106)
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S3x3=[Z1Z2Z3] (107)
Up Qg U
&, Zi (i=1,2,3) are eigen-values, eigen-vectors of | aquz (1 —2a1)u, 0 . (108)
ol 0 (1 = 2a3)uy
OBC-B:
Input:

e Boundary information: normal vector n, tangent vectors T and s.

Boundary condition: same as equation (103),

—pn+vn-Vu—[g1(Up, U, Us)N+ g2 (Up, Ur, Us)T + g3(Up, Ur, Us)S] =0, ondQ

where
1 _ 2 27.
g1(n, Ug, Uus) = 5 [(Un — |untn + @1u? + auf|;
82 (Un, g, Us) = 2uc [(1 — a1)up — [unl]: (109)
g3(un, g, Us) = %Us[(] — a2)un — |unl];
[tn]
ap=ap=—— " 110
1 ul + [un| + € (110)
OBC-C:
Input:

e Boundary information: normal vector n, tangent vectors T and s.

Boundary condition: same as equation (103),

—pn+vn-Vu —[g1(Up, g, ug)N+ g2 (U, U, Us)T + g3(Up, Uz, Us)S] =0, onaQ

where gi, g2 and g3 are given by equation (104) with the variables involved therein given by equations (105)-(108), o
and «; are given by equation (110), and

Je—1 |t u]?
a1 =0y =033 = ; = ; 111
11=022 =033 =7 = Je VIV VoVE 4 vaVEde (111)
V4 Un
Vo =S| uc |3 Yi=J&2+4, i=123. (112)
V3 Us

Appendix C. Numerical algorithm

This appendix summarizes our algorithm for solving the equations (1a)-(1b), together with the boundary conditions (71)
and (72). This is based on the scheme originally developed in [10] (in Section 2.4 of [10]).
We modify the outflow/open boundary condition (72) slightly by adding a source term as follows,

—pn+vn-Vu—E(u,09Q,) =f,(x,t), ond, (113)

where f}, is a prescribed source term on 9€2, for the purpose of numerical testing only, and it will be set to f, =0 in actual
simulations. E(u, 9$2,) is given by (73); see also the summary in Appendix B.

The following algorithm is for equations (1a)-(1b), together with the boundary conditions (71) on 924 and (113) on
0. Let n > 0 denote the time step index, and (-)" denote the variable (-) at time step n. Let J (J =1 or 2) denote the
temporal order of accuracy of the scheme. Given u”, we compute (p™*!, u"*1) successively in a de-coupled manner in two
steps:

For p"t1:
VoﬁnH —1 *,n+1 *,n+1 n+1 #,n+1 +1
T-ﬁ-u’ VT VP L0V X V xu =f" (114a)
vV.atl=0 (114b)
n-"'=n-wtl, onaQy (114c)

P =vn.- Vo™ n—n-EWw"™1,9Q,) — 1. n, onaQ,. (114d)
b
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For u*t1:
un—H _ ﬁn-H
% — vVt =V x V x ] (115a)
" =w'"l onaQy (115b)
1
n-vut = [p"“n HE@™99,) — v (V- u ) n 4 fg*l] . ona%. (115¢)

In the above equations, At is the time step size, n is the outward-pointing unit vector normal to the boundary, and a"**! is
an auxiliary variable approximating u"*!, u*™*1 is a J-th order explicit approximation of u"*1,

u", J=1,

g { R (116)
u and the constant Yy are such that ﬁ(you”‘H — 1) approximates %—‘[' " with a J-th order backward differentiation
formula, and they are given by

L [u", J=1, _Jn =1

u_{Zu”—%u"q, J=2. J/o—{%’ J=2. (117)

By taking the L? inner products between a test function and equation (114a), one can obtain the weak form about p"t1,
By taking the L% between a test function and the equation obtained by summing up equations (114a) and (115a), one
can get the weak form about u™*!, Let H;O(Q) ={veH Q) : vljg, =0} and Hly(2)={ ve HU(Q) : v|jg, =0 }. Let
qe H}JO(Q) and ¢ € H;O(Q) denote the test functions for the pressure and velocity. Then the weak form for p™*! is

/Vp’”rl Vg =/G”+1 Vg—v / nx " vg— r n-w'tlq, g e Hyy(Q),

At (118)
Q Q 94U a9
where @* "1 =V x u*"t1 and G"t1 =1 % — uo 1 gttt The weak form for u™*! is
1
p)/AOt/un+l(p+/V(p'vun+l ZE/(GHH —Vp”“)go
¢ ? ¢ (119)
+- f [p"+1n+ B, 0Q0) + £ — v (V- u**"“)n] 0. VpeHl Q).
Q0

The weak forms (118) and (119) can be discretized in space using a high-order spectral element method [10] or a combined
spectral-element and Fourier-spectral method [11,8].

Given u", the following operations are involved in the final algorithm for computing p"*! and u™*': (i) Solve equation
(118), together with the Dirichlet condition (114d) on 9, for p"*!; (ii) Solve equation (119), together with the Dirichlet
condition (115b) on 9, for u"*!.

The above discussion on the implementation of the numerical scheme applies to C° spectral-element and finite-element
type spatial discretizations. The scheme can also be implemented using other spatial discretization techniques; see [12,10]
for comments and suggestions in this regard. The following are the equations that a possible finite-difference implementa-
tion can use, which follow the suggestions from [10] (see page 308, last paragraph of section 2.3 in [10]):

v2pn+l —-V. (fn-H 4 % _ u*,n-ﬁ-l . Vu*,n-ﬁ-l) : (1203)
ap"t! 1, @ 1 1 1Yo 1
S =1 (f”+ + —uttt oyt > —vn-V x " — Emw"+ , onafy; (120Db)
P =vn. vur™t . n—n- B, 9Q,) — £ - n,  on <. (120¢)
Yo nt1 2101 _ 1 (ens1 U *,n+1 0,041 n+1Y .
—u"" -V =" — —u®"T Vet —Vp ; (121a)
VAt v At
" =w"1 onaQy; (121b)
aun+1 1
= [fl:”rl +EW™ 1 0Q) + p In—v(V - u*'"“)n] , onag,. (121¢)
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In the above equations, (120a) is obtained by taking the divergence of equation (114a) and using equation (114b), (120b) is
obtained by taking the inner product between equation (114a) and the unit normal vector n of 34, and (121a) is obtained
by summing up equations (114a) and (115a). Equations (120c), (121b) and (121c) are the same as equations (114d), (115b)
and (115c). One can solve equations (120a)-(120c) for p"*!, and then solve equations (121a)-(121c) for u™t1,
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