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ARTICLE INFO ABSTRACT
Keywords: We present the hidden-layer concatenated physics informed neural network (HLConcPINN)
Physics informed neural network method, which combines hidden-layer concatenated feed-forward neural networks, a modified
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Block time-marching

Deep neural networks

Deep learning

Scientific machine learning

block time marching strategy, and a physics informed approach for approximating partial
differential equations (PDEs). We analyze the convergence properties and establish the error
bounds of this method for two types of PDEs: parabolic (exemplified by the heat and Burgers’
equations) and hyperbolic (exemplified by the wave and nonlinear Klein-Gordon equations). We
show that its approximation error of the solution can be effectively controlled by the training loss
for dynamic simulations with long time horizons. The HLConcPINN method in principle allows
an arbitrary number of hidden layers not smaller than two and any of the commonly-used smooth
activation functions for the hidden layers beyond the first two, with theoretical guarantees. This
generalizes several recent neural network techniques, which have theoretical guarantees but are
confined to two hidden layers in the network architecture and the tanh activation function. Our
theoretical analyses subsequently inform the formulation of appropriate training loss functions for
these PDEs, leading to physics informed neural network (PINN) type computational algorithms
that differ from the standard PINN formulation. Ample numerical experiments are presented based
on the proposed algorithm to validate the effectiveness of this method and confirm aspects of the
theoretical analyses.

1. Introduction

The rapid growth in data availability and computing resources has ushered in a transformative era in machine learning and data
analytics, fueling remarkable advancements across diverse scientific and engineering disciplines [33]. These breakthroughs have
a significant impact on fields such as natural language processing, robotics, computer vision, speech and image recognition, and
genomics. Of particular promise is the use of neural network (NN) based approaches to tackle challenges such as high-dimensional
problems, including high-dimensional partial differential equation (PDE). This is due to the intractable computational workload
caused by the curse of dimensionality associated with conventional numerical techniques, rendering such techniques practically
infeasible. Deep learning algorithms, on the other hand, can offer invaluable support. Pertaining to PDE problems specifically, neural
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network methods provide implicit regularization, exhibiting a great potential to alleviate or overcome challenges related to high
dimensionality [3,4].

This surge of progress has driven extensive research efforts in recent years, fostering the integration of deep learning tech-
niques into scientific computing [31,46,42,20,34]. Notably, the physics informed neural networks (PINNs) approach, introduced
in [42], has demonstrated remarkable success in addressing various forward and inverse PDE problems, establishing itself as a widely
adopted methodology in scientific machine learning [42,25,10,30,52,29,7,47,16,8,49,22,32,18,19,50,17,45,27,28,40]. Comprehen-
sive reviews of PINNs, including their benefits and limitations, can be found in [31,9].

Theoretical understanding of the physics informed neural network approach has attracted extensive research, and contributions
to the theoretical analysis of PDEs using PINNs have grown steadily and substantially in recent years. Shin et al. [43,44] conducted
an extensive investigation into PINNs, demonstrating their consistency when applied to linear elliptic and parabolic PDEs. Mishra and
Molinaro proposed an abstract framework to estimate the generalization error of PINNs in forward PDE problems [37] and extended
it to inverse PDE problems in [36]. Bai and Koley [1] focused on evaluating the approximation performance of PINNs in nonlinear
dispersive PDEs. Biswa et al. [6] supplied error estimates and stability analysis for the incompressible Navier-Stokes equations.
Zerbinati [53] treated PINNs as a point matching localization method and provided error estimates for elliptic problems. De Ryck
et al. [13] presented crucial theoretical findings on PINNs with tanh activation functions and analyzed their approximation errors.
These results underlie the theoretical studies on PINNs for the Navier-Stokes equations [12], high-dimensional radiative transfer
problem [35], and dynamic PDEs of second order in time [41]. Hu et al. [26] provided valuable insights into the accuracy and
convergence properties of PINNs for approximating the primitive equations. Berrone et al. [5] conducted a posteriori error analysis
of variational PINNSs for solving elliptic boundary-value problems. In [27] the generalized Barron space has been considered for the
neural network and a priori and posteriori generalization bound on the PDE residuals are provided. Pantidis et al. [39] concentrated
on two critical aspects: error convergence and engineering-guided hyperparameter search, aiming to optimize the performance of
the integrated finite element neural network. Gao and Zakharian [24] shed insight into the error estimation for solving nonlinear
equations using PINNs in the context of R-smooth Banach spaces.

The analyses of PINNs in the aforementioned contributions all involve feed-forward neural networks (FNNs). The network output
represents the PDE solution, and the neural network is trained by a “physics informed” approach, i.e. by minimizing a loss function
related to residuals of the PDE and the boundary/initial conditions. The PINN methods of [12,35,41] (among others) theoretically
guarantee for a class of PDEs that (i) the approximation error of the solution field will be bounded by the training loss, and (ii) there
indeed exist FNNs that can make the training loss arbitrarily small. While these methods [12,35,41] with theoretical guarantees are
attractive and important, they suffer from two limitations: (i) the neural network must have two hidden layers, and (ii) the activation
function is restricted to tanh (hyperbolic tangent) only. These restrictions stem from the theoretical result about tanh neural networks
of [12], which has been used to establish the findings in these studies.

We are interested in the following question:

« Isit possible to develop a PINN technique that retains these theoretical guarantees and additionally allows (i) an arbitrary number
of hidden layers larger than two, and (ii) activation functions other than tanh?

In this work we develop a PINN approach to address the above question in the context stemming from the theoretical result of [12].
Our method provides an answer in the affirmative. It relies on the theoretical result of [12], but alleviates and largely overcomes the
two aforementioned limitations. We would like to point out that activation functions other than tanh have long been used in practice,
which is obviously not new. What is new lies in that, with the approach stemming from the theoretical finding of [12], the method
presented herein removes those restrictions and allows the use of neural networks with more than two hidden layers and activation
functions other than tanh, while preserving the theoretical guarantees.

A key strategy in our approach is the adoption of a type of modified FNNs, known as hidden-layer concatenated feed-forward neural
networks (HLConcFNNs). HLConcFNN was proposed by [38] originally for extreme learning machines (ELMs), in order to overcome
the issue that achieving high accuracy often necessitates a wide last hidden layer in conventional ELMs [14,19,17,51]. Building upon
FNNs, HLConcFNNs establish direct connections between all hidden layer nodes and the output layer through a logical concatenation
of the hidden layers. HLConcFNNs have the interesting property that, by appending hidden layers or adding extra nodes to existing
hidden layers of a network structure, its representation capacity is guaranteed to be not decreasing (in practice strictly increasing
with nonlinear activation functions) [38]. By contrast, conventional FNNs lack such a property. The properties of HLConcFNNs
prove crucial to generalizing the theoretical analysis of PINN to network architectures with more than two hidden layers and with
other activation functions than tanh. We would like to point out that the hidden-layer concatenated extreme learning machines
(HLConcELMs) developed in [38] employ HLConcFNNs as the base architecture and have all the hidden-layer parameters randomly
assigned and fixed (non-trainable), leaving only those parameters associated with the direct connections between the hidden-layer
nodes and the output nodes trainable. On the other hand, the theoretical analyses presented in this work rely on HLConcFNNs in
which all the network parameters (including those in the hidden layers) are trainable.

Another strategy in our approach and theoretical analysis is the block time marching (BTM) scheme [14] for dynamic simulations
of time-dependent PDEs with long (or longer) time horizons. For long-time dynamic simulations, training the neural network on the
entire spatial-temporal domain with a large dimension in time proves to be especially difficult. In this case, dividing the domain into
“time blocks” with moderate sizes and training the neural network on the space-time domain of each time block individually and
successively, with the initial conditions informed by computation results from the preceding time block, can significantly improve
the accuracy and ease the training [14]. This is the essence of block time marching. We refer to e.g. [32,23,40] (among others)
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for analogous strategies. Block time marching, as formulated in its existing form [14], is not amenable to theoretical analysis. The
problem lies in the data regularity for the initial conditions, when multiple time blocks are present. To overcome this issue, we present
in this work a modified BTM scheme, denoted by “ExBTM” (standing for Extended BTM), which enables the analysis of the block
time marching strategy.

In this paper we present the hidden-layer concatenated PINN (or HLConcPINN) method, by combining hidden-layer concatenated
FNNs, the modified block time marching strategy, and the physics informed neural network approach, for approximating parabolic and
hyperbolic type PDEs. We analyze the convergence properties and error bounds of this method for parabolic equations, exemplified
by the heat and viscous Burgers’ equations, and hyperbolic equations, exemplified by the wave and nonlinear Klein-Gordon equations.
In addition, we also analyze this method, excluding the block time marching component, for the elliptic type equation, exemplified
by the nonlinear Helmholtz equation. Our analyses show that the approximation error of the HLConcPINN solution can be effectively
controlled by the training error for long-term dynamic simulations. The network architecture for HLConcPINNs can in principle
contain any number of hidden layers larger than two, and the activation function for all hidden layers beyond the first two can
essentially be any of the commonly-used activation functions with sufficient regularity, as long as the first two hidden layers adopt
the tanh activation function.

These theoretical analyses subsequently inform the formulation of appropriate training loss functions, giving rise to PINN-type
computational algorithms, which differ from the standard PINN and BTM formulations for these PDEs. We present ample numerical
experiments based on the proposed algorithm. The numerical results demonstrate the effectiveness of this method in accurately
capturing the solution field and affirm the relationship between the approximation error and the training loss from the theoretical
analyses. Extensive numerical comparisons between the current algorithm and that employing the original BTM scheme are also
presented.

The main contributions of this paper lie in two aspects: (i) the hidden-layer concatenated PINN methodology, and (ii) the analyses
of the convergence properties and error estimates for this technique. The HLConcPINN method has the salient property that it allows
an arbitrary number of hidden layers not smaller than two in the network structure, and allows essentially all of the commonly-used
smooth activation functions, with theoretical guarantees.

The remainder of this paper is structured as follows. Section 2 provides an overview of HLConcPINN and the BTM strategy. In
Sections 3-6, we analyze the convergence and errors of the HLConcPINN algorithm for approximating the heat equation, Burgers’
equation, wave equation and the nonlinear Klein-Gordon equation. Section 7 provides a set of numerical experiments with these
PDEs to show the effectiveness of the HLConcPINN method and to supplement our theoretical analyses. Section 8 concludes the
presentation with some further remarks. Finally, the appendix (Section 9) summarizes several auxiliary results and provides proofs
for the theorems discussed in Section 3. In addition, the appendix provides an analysis of the HLConcPINN method for approximating
the convection equation, as well as this method (without the block time marching component) for the nonlinear Helmholtz equation.

2. Hidden-layer concatenated physics informed neural networks and block time marching
2.1. Generic PDE

Consider a compact domain D C R? (d > 0 being an integer) and the following initial/boundary value problem on this domain,

%(x, )+ Llul(x,1)=0 (x,H)€ Dx[0,T], (1a)
Bu(x,t) = uy(x,1) (x,1) €D x[0,T], (1b)
u(x,0) = u;,(x) x €D, (1d)

Here, u : DX[0,T] Cc R 5 R™ (m> 1 being an integer) is the unknown field solution. u, is the boundary data, and y;, is the initial
distribution for u. £ and B denote the differential and boundary operators. T is the dimension in time.

2.2. Physics informed neural networks

Physics informed neural network (PINN) refers to the general approach for approximating a PDE problem using feedforward
neural networks (FNNs) by minimizing the residuals involved in the problem. We first define feedforward neural networks, and then
discuss the related machinery for the analysis of PINN.

Let 0 : R — R denote an activation function. For any n € N and z = (zy,2,, -, 2,) € R", we define ¢(z) := (6(zy), -, 0(2,)). A
feedforward neural network (with three hidden layers) is illustrated in Fig. 1(a) using a cartoon. It is formally defined as follows.

Definition 2.1. Let W and L be integers, and 1 </; < W (0 <i < L) denote (L + 1) positive integers. Let R € R represent a bounded
positive real number, z, € R’ denote the input variable, o : R — R be a twice differentiable activation function, and A}f (1<k<L)
be an affine mapping A? : R'k-1 — Rk given by

Zk_lHVszk_1+bk fOI'lSkSL,

where W, € [-R, R]'*-1 ¢ R'*k-1 and b, € [-R, R]'x C R'x are referred to as the weight/bias coefficients for 1 <k < L. Let ©
denote the collection of all weights/biases and 9 € ©.
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(b) Hidden-layer concatenated FNN

Fig. 1. Illustration of network structures (with 3 hidden layers) for conventional and hidden-layer concatenated neural networks. In hidden-layer concatenated FNN,
all the hidden nodes are exposed to the output nodes, while in conventional FNN only the last hidden-layer nodes are exposed to the output nodes.

A feedforward neural network is defined as the mapping uy : R0 — R/L given by

ug(zg) =A% 060 A} o-0c0Al(z))  z0E€RD, 2

where o denotes a function composition.

The feedforward neural network in the definition contains (L + 1) layers (L > 2) with widths (/y,/;, -+, /1), respectively. The input
layer and the output layer have /, and /; nodes, respectively. The (L — 1) layers between the input/output layers are the hidden
layers, with widths /;, (1 <k <L - 1). From layer to layer, the network logic represents an affine transform, followed by a function
composition with the activation function o. No activation function is applied to the output layer. Hereafter we refer to the vector of
positive integers, I = (Iy, /1, ...,/ ), as an architectural vector, which characterizes the architecture of an FNN.

The neural network uy, defined by (2), is a parameterized function of the input z, = (x, ), with the parameter § of weights and
biases. We represent the solution field u to problem (1) by the neural network uy, and wish to find the parameters 9 such that uy
approximates u well.

It is necessary to approximate function integrals during the analysis of physics informed neural networks. Given a subset A C R¢
and a function f € L'(A), a quadrature rule provides an approximation of the integral by / Wf(2)dzx ﬁ 2,1,\1 L @, f(z,), where z, € A
(1 <n < M) represents the quadrature points and @, (1 <n < M) denotes the appropriate quadrature weights. The approximation
accuracy is influenced by the regularity of f, the type of quadrature rule and the number of quadrature points (M). In the partial
differential equations considered in this work, we assume that the problem dimension is low, thus allowing the use of standard
deterministic values for the integrating points. Following [12,41], we employ the midpoint rule for numerical integrals. We partition
A into M ~ N? cubes with an edge length % The approximation accuracy is determined by

/ f(@dz= Q4 [fl|<C M4, 3)
A

where Q’}tll [f]:= ﬁ 2,11\11 f(z,), Cr SIfllc2ay (a S b denotes a < Cb for some constant C) and {zn}”l"i1 denote the midpoints of
these cubes [11].

2.3. Hidden-layer concatenated physics informed neural networks (HLConcPINNs)

We consider a type of modified FNN, termed hidden-layer concatenated feed-forward neural network (HLConcFNN) proposed
by [38], for the PDE approximation in this work. HLConcFNNs differ from traditional FNNs by a modification that establishes direct
connections between all hidden nodes and the output layer. The modified network, as illustrated in Fig. 1(b) with three hidden layers,
incorporates a logical concatenation layer between the last hidden layer and the output layer. This layer aggregates the output fields
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Fig. 2. Illustration of the block time marching (BTM) strategy. The large time domain is partitioned into multiple blocks, with each block computed individually and
successively. Solution in one block informs the initial condition for the subsequent time block.

of all hidden nodes across the network, spanning from the first to the last hidden layers. From the logical concatenation layer to
the output layer, a typical affine transformation is applied, possibly followed by an activation function, to obtain the output of the
overall neural network. Notably, the logical concatenation layer does not introduce any trainable parameters. Hereafter we refer to
the modified network as the hidden-layer concatenated FNN (HLConcFNN), as opposed to the original FNN, which serves as the base
neural network. The incorporation of logical concatenation ensures that all the hidden nodes in the base network architecture have
direct connections to the output nodes in HLConcFNN. This direct connectivity facilitates the flow of information from the hidden
layers to the output layer, enhancing the network’s capacity to capture intricate relations. We refer to the approach, combining physics
informed neural networks with hidden-layer concatenated FNNs, as hidden-layer concatenated physics informed neural networks
(HLConcPINNS).

Given architectural vector I = (l,/;, -,/ ), the logical concatenation layer contains a total of N (I) = Z‘L:_ll [; virtual nodes, with

the total number of hidden-layer coefficients in the neural network given by N, (I) = Z,.L:_ll(l i—1 + DI;. The total number of network
parameters in HLConcFNN is N, (I) = N,(I) + [N (I) + 1]{; . The HLConcFNN is formally defined as the mapping u, : R — R/t given
by
L-1
up(z) =Y Mul(z)+by,

i=1

ze R, )

where # € RN« denotes all the network parameters in HLConcFNN, and 8 € RY» denotes the hidden-layer parameters. u’?(z) =
co A;? oco .Af)_l 0000 A’I)(z) (1<i<L-1),with M; € R'tXli (1 <i< L~-1) denoting the connection coefficients between the
output layer and the i-th hidden layer. b, € R'L is the bias of the output layer.

Given an architectural vector I and an activation function o, let HLConcFNN(/, o) denote the hidden-layer concatenated neural
network associated with this architecture. For a given domain D C R?, we define

U(D,1,06) = { uy(z) | uy(2) is the output of HLConcFNN(l,0), z € D, 6 € RN } 5)

as the collection of all possible output fields of this HLConcFNN(/, o). U(D, 1, 0) denotes the set of functions that can be exactly rep-
resented by this HLConcFNN(/, o) on D. Following [38], we refer to U (D, I, c) as the representation capacity of the HLConcFNN(/, )
for the domain D.

HLConcFNNs exhibit a hierarchical structure in terms of their representation capacity, which is crucial to the current analyses.
Specifically, given a base network architecture /, if a new hidden layer is appended to this network or if extra nodes are added to an
existing hidden layer, the representation capacity of the HLConcFNN associated with the new architecture is guaranteed to be not
smaller than that of the original architecture. These points are made precise by Lemmas 9.6 and 9.7 in Section 9.1. As a result, starting
with an initial network architecture, one can attain a sequence of network architectures, by either appending one or more hidden
layers to or adding extra nodes to existing hidden layers of the preceding architecture. Then we can conclude that the HLConcFNNs
associated with this sequence of network architectures have non-decreasing representation capacities. By contrast, conventional FNNs
do not have such a property. It is also noted that the HLConcFNN associated with a network architecture has a representation capacity
at least as large as that of the conventional FNN associated with this architecture.

2.4. Block time marching (BTM)

Long-time dynamic simulation of time-dependent PDEs is a challenging issue to neural network-based methods. NN-based tech-
niques oftentimes adopt a space-time approach for solving dynamic PDEs, in which the space and time variables are treated on the
same footing. When the temporal dimension of the space-time domain becomes large, as necessitated by the interest in long-time
dynamics, network training can become immensely difficult, leading to grossly inaccurate NN predictions, especially toward later
time instants.

Block time marching (BTM) [14] is an effective strategy that can alleviate the challenge posed by long time horizons and facilitate
accurate long-term simulations with neural networks. BTM addresses the challenge by partitioning the large time domain into multiple
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windows (time blocks) and successively advancing the solution through these blocks. Fig. 2 provides a visual representation of the
block time marching strategy. The space-time domain, with a long time horizon, is divided into time blocks along the time axis. Each
time block should have a moderate size in time, facilitating effective capture of the dynamics. An adaptation of the time block sizes
based on local error control together with related strategies (e.g. continuation technique for improved initial guesses for nonlinear
solvers) can significantly enhance the BTM performance [23]. The initial-boundary value problem is then solved individually and
sequentially on the space-time domain of each time block using a suitable method, in particular with HLConcPINN in this work.
The solution obtained on one time block, evaluated at the last time instant, informs the initial conditions for the computation of the
subsequent time block. Starting with the first time block, we march in time block by block, until the last time block is traversed.

The basic BTM formulation as described above, unfortunately, is not amenable to theoretical analysis. Our analysis requires a
modification to the basic formulation, which will be discussed in subsequent sections.

2.5. Residuals and training sets

We combine block time marching and hidden-layer concatenated PINNs for solving the system (1). We provide a theoretical
analysis of the resultant method, and investigate the numerical algorithms as suggested by the theory.
For simplicity we consider uniform time blocks in BTM. We divide the temporal dimension 7' into uniform time blocks /, where
I > 1 is chosen such that the block size AT =T /I (At or AT, in Sections 3-6, time block At =1, ; —t;) is of a moderate value. Let
[t,_1,1;] (1 i <) denote the i-th block in time, where t; = iAT (or t; = iAt) and t, denotes the initial time. We march in time block
by block, and within each time block solve the system (1) using hidden-layer concatenated PINN.
To solve (1), it is necessary to specify the residuals and the set of training collocation points. Let S; C Dx [0,7,;] denote the set of
collocation points for training the HLConcPINN on the i-th time block (1 <i </). We define S; =S;,, U S, U S, with,
* Interior training points S;,, = {y,,1 <n <N, }, where y, = (x,,1,) € DX (t;_y,1)).
* Spatial boundary training points Sy, ={y,,1<n< Ny }, where y, = (x,,1,) €D X (t;_;,1)).
+ Temporal boundary training points Sy, ={y,,1<n< N, }, where y, =(x,,1,) € DX {to.t},....1;_1 }.

Here, (N, Ny, Nyp,) denote the number of interior points, spatial boundary points, and temporal boundary points for the i-th
block, respectively.

Define space-time domains ; = D X [t;_;,t;] and Q,; = 0D X [t;_;,t;] for the time block /. We employ a HLConcFNN u, : Q; - R"™
to approximate the solution u on €;, and define the residual functions by (1 <i <),

duy.
Ryl 1.1) = —(x.0)+ Llug (5.1 xneq, (62)
R g, [, 103, 1) = Buag (x,1) = 11y (x,1) x,nEQ,, (6b)
R,bi [ugi](x, ti_) = ug, (x,t;_1) — ug, (x,t;_1) xeD, (60)

where ug (x,19) = u;,(x). These residuals characterize the extent to which a given function u satisfies the initial/boundary value
problem (1) for the time block i. If u is the exact solution, then R,.ml [u] = Rsbi [u] = R,bl [u] = 0. The above settings on the time block
partitions and training sets will be employed throughout the subsequent sections.

In the forthcoming sections, we focus on four time-dependent partial differential equations: the heat equation, the viscous Burg-
ers’ equation, the wave equation and the nonlinear Klein-Gordon equation, representative of parabolic and hyperbolic type PDEs. We
provide an analysis of the HLConcPINN method for approximating the solutions to these equations for long-time dynamic simulations,
and investigate the PINN type computational algorithm stemming from these analyses. We implement these algorithms and numeri-
cally demonstrate the effectiveness of the HLConcPINN method using extensive experiments. The analyses herein of the HLConcPINN
method, excluding its BTM component, equally apply to stationary PDEs of the elliptical type. An analysis for the nonlinear Helmholtz
equation is provided in Appendix 9.3.

3. HLConcPINN for approximating the heat equation
3.1. Heat equation

Let D c R? denote an open connected bounded domain with a C¥ boundary dD. We consider the heat equation:
du(x,t)

Pt Au(x,t)= f(x,1)  (x,1)e Dx[0,T], (7a)
u(x,0) = u;,(x) x€D, (7b)
u(x, 1) =uy(x,1) (x,1)€0D x[0,T]. (70)

Here, u is the field solution, f is a source term, and u;, and u,; denote the initial distribution and the boundary data, respectively.

Remark 3.1. The existence and regularity of the solution to the heat equation can be found in [48,21]. Assuming homogeneous
Dirichlet boundary condition (i.e. u; = 0), the following results hold:
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+ [48, Theorem 3.1, Chapter II]: For u;, given in L%(D) and f given in L2(0,T; H~'(D)), there exists a unique solution u of (7)
such that

u€ L*(0,T; Hy(D)) N C(0,T; L*(D)), % € L*0,T; H'(D)).

+ [48, Theorem 3.3, Chapter II] and [21, Theorem 5, Chapter 7.1]: Assume that u;, € Hé(D) and f € L%(0,T; L3(D)), then

u€ L*(0,T; H*(D)n Hy (D)) N C(0,T; H (D)), % € L*(0,T; L*(D)).

+ [21, Theorem 6, Chapter 7.1]: The regularity result for higher-order regular initial data and source terms is available.

3.2. Hidden-layer concatenated physics informed neural networks

We divide the temporal domain into / blocks, and seek / deep neural networks ug, D x [0,t;] = R, parameterized by 6;, to
approximate the solution u of (7) for 1 <i <I. For any u, D x[0,7;] = R (1 <i <), we define the residuals:

dug,
Rip lttg 106, 1) = —= = Autg, = [ (8a)
R,hi[ugi](X,Ij,l)=u9i(X,lj,1)—ugj_l(X,lj,l) J=1,2, i, (8b)
Rsb,» [“gl 1(x,1) = Ug, (x, 1) —uy(x,1), (8c)

Here uy (x,19) = u;,(x), and Q; and Q,; are defined in Section 2.5. Note that for the exact solution R;,, [u] = R, [u] = Ry, [u] =0.
With HLConcPINN, we try to find a sequence of neural networks ug, (1 <i <), for which all the residuals are minimized.
Specifically, we minimize the quantity,

£6,0)7 =E5,(0)° + &G, (0,1)*, ©

sequentially for 1 <i </, where

i
SGi(Gi)Z:/|Rm,‘_[u6i](x,t)|2dxdt+2/|R,bl_[u9i](x,tj,1)|2dx
o ='p

1

2

+ /|Rsb,.[u9i](x71)|2ds(x)dt . o)

#i

In equation (9) we set £;_ (6;_;) =0 for i = 1. The quantity £ (6) is commonly known as the population risk or generalization error
of the neural networks u .

Remark 3.2. In the original block time marching scheme from [14], when computing a particular time block, the initial condition is
taken to be the solution data from the preceding time block evaluated at the last time instant. In light of [48,21] (see Remark 3.1),
the regularity of the initial data influences the regularity of the solution. By Lemma 9.8 (in the appendix), the regularity of this initial
value dg |-,  differs from the original initial data of the problem. This difference affects the regularity of the PDE solution in the
current time block, as well as the approximation accuracy of the neural network solution, causing difficulty in the analysis.

To address this issue, we make the following crucial modification to block time marching. We employ the true initial data for
the problem as the initial value for all time blocks within the interval [0,z;] for 1 <i <1, as specified by (8b). This ensures that the
regularity of the initial value is maintained throughout the time blocks, preserving the regularity of the solution. Essentially, we
enforce the PDE and the boundary conditions only on the interval [#;_;,¢;] in time. For the time periods [0, 7,_;], however, we enforce
the residuals solely at the discrete points #;_; (1 <j <i). By using the true initial data consistently and training the neural network
within individual time blocks successively, we can maintain the regularity of the solution across all time blocks. The initial condition
(8b) and the setting for training data points in subsequent discussions employ this modified BTM formulation.

The integrals in (9) can be approximated numerically, leading to a training loss function. Following the discussions of Section 2.5,
the full training set consists of S = ULI S; with §; =S, US,;, USy, and we employ the midpoint rule for the numerical quadrature.
This leads to the following approximation:

£ (0, S)* =E1.(0,S)* +&r,_ (0,_1.S,1)% (11
~ int: b, b,
Er (0,8 = &1 (0, S0 ) + E7 (0, S P+ E7 (0,2 Sy (12)

where
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NHII,
E O S = Y Oy IR, lttg 10, 10 NI, (13a)
n=1
N:b
E(6;.5y)* = Z @y | Ry, [ug, 16, 17, )12, (13b)
=
i Nrb
8 (gl’stb) _Zzwb |Rtb ut‘) biatj—l)lzs (13C)
j=1n=

mt,

with the term & (6;_,,S;_;) =0 for i = 1. Here, the quadrature points in space-time constitute the data sets S, = {(x,m , mt D) I

Ny . . A
Sb = {x" b, }n 1’ and S sb, = {(xsb N )}n=';’ , and o', are the quadrature weights with x denoting int, tb or sb.
3.3. Error analysis

Let o, = =ug —u denote the error of the HLConcPINN approximation (”9 ) against the true solution (u). By using equation (7) and
definitions of the residuals (8), we obtain

oil;
Rint,- E - Au (143)
Rrb,-'r:t‘,-_l =ﬁi|r:x1_| _ﬁj—llt:Ij_] J=1,2,-,i, (14b)
R, =8il4p- (14c)

where éy|,—;, = 0. We define the total error of the HLConcPINN approximation by
i
E(Gi)zz//lﬁi(x,t)lzdxdt 1<i<l (15)
ti_y D

The bounds on the HLConcPINN residuals and its approximation errors are provided by the following three theorems. The proofs
for these theorems are given in the appendix (Section 9.2).

Theorem 3.3. Let SNZI- =D x|[0,t;] and SNZ*I- =0D x[0,t;]. Suppose n, d, keNwithn>2and k>3, and u € H"(SNZi). For every integer
N > 5, there exists a HLConcPINN uy, such that

IR, SNTFINT Ry, Gt Dl IR N2, SN N 1<) <. (16)

lm‘ ||L2(Q )~

Theorem 3.3 implies that one can make the HLConcPINN residuals (8) arbitrarily small by choosing N to be sufficiently large. It
follows that the generalization error é'Gi (t9'l-)2 in (9) can be made arbitrarily small.

The next two theorems indicate that the approximation error &£ (0,.)2 is also small when the generalization error 86’_(91-)2 is small
with the HLConcPINN approximation u,, . Moreover, the approximation error £(6; )? can be arbitrarily small, provided that the training
error &r.(6;, S;)? is sufficiently small and the sample set is sufficiently large.

Theorem 3.4. Letd €N, and ue C 1(5,-) be the classical solution to (7). Let ug, be a HLConcPINN with parameter 6;, t;_y <t <t;, and
At =t; —t;_; (time block size). Then the following relation holds,

1

/ |ﬁ,-(x,‘r)|2dx§CG’_ exp(Ab), / / |ﬁ,-(x,t)|2dxdtsCG’_Atexp(At), 17)
D ti_1 D

where

Cg, =Cg, +2C;,_ exp(An),  Cg, =0,

t;

~ 1
C61=22/|R,b (.t dx+//|Rm, [*dxdr +2C,,, NE //leb 12 ds(x)dr) 2,
Jj=

fi-1 D ti_y 0D
1
and C,p, = |9D|? (||u||c1(9*l_) + [lug, ||C1(Q*I_)). The symbol Q,; = dD X [t;_,,;] is given in Section 2.5.

8
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As described in Section 2.2, we focus on training sets that adopt the midpoint rule QA [f] (see (3)) in our analysis. For f = RW

and A =Q; = D X [t,_;,t;], we have the quadrature Q ! [ ]. Similarly, we can obtain the quadrature Q i [ sb_] for f = be‘

int;
and A =Q,; =0D X [t;_;,t;], and the quadrature Q [R ] for f = R2‘ and A = D. We use M, , M, and M,;, to denote the

number of quadrature points for Q;, Q,; and D, respectlvely Then, the loss function (12) can be rewritten as
gTi 0,5 = gim' ©;, ‘S‘imv)z + 5rb[ ©;, Stb,-)z + g;b‘ (0;> Ssp,)
Q; Q. L
=0y, | R, 1+ ZQ [R], Gx.t;_p)] +(QMSbi[Rf,,i])2. (18)

Using the above notation, relation (3), and Theorem 3.4, we can prove below that the approximation error can be made arbitrarily
small, with a sufficiently small training error and a sufficiently large sample set.

Theorem 3.5. Let d €N and T > 0. Let u € C4(§[) be the classical solution to (7), and ug, (1 <i <) be a HLConcPINN with parameter
0,. Then the total error satisfies

1
/ / |ﬁ,-(x,t)|2dxdt§CTl_ Atexp(At)
ti_1 D
_1
=@<5T‘_(a,,5,.)2+Mmﬁ+‘ +M : +M d), 19)

where O denotes the same order of magnitude and the constant Cr, is defined by

Cr,=Cr +2Cp_ exp(AD),  Cp =0, (20)
2
Cr, —22 (R2 g M +Q [sz,-(x’tj—l)]>

1+2C,p, |A1|2 ( (Rz) +Q “ [R ])2.

ln[ [ lnf

+ C<R?n M, i + Q
Here Cr2 is a constant related to f 2 and determined by its boundedness, with f being Ry Rips o Ry,
4. HLConcPINN for approximating the Burgers’ equation
4.1. Viscous Burgers’ equation

We consider the 1D viscous Burgers’ equation on the domain D = [a,b] C R:

2
ux.,n) | Jux0 o n a“(" D_rn  (neDx[0.T], (21a)
ot 0x2
u(x,0) = u;,(x) x €D, (21b)
u(a,t) =g (@), u(b,1) = g,(0), te[0,T], (210)

where the constant v denotes the viscosity, f is a prescribed source term, g;(¢) and g, () denote the boundary data, and u;,,(x) is the
initial distribution.

4.2. Hidden-layer concatenated physics informed neural networks

We follow the settings from Section 2.5, and seek deep neural networks ug, D x[0,t;] > R for 1 <i <!/ (I denoting the number
of time blocks) to approximate the solution u of (21). Define the following residual functions, for 1 <i </,

Jduy. uy Jug,
Ry, [ug 1(x,1) = a—t' —v 6x2’ +u '0_x -f (22a)
Ry, [ua[](x,tj_l) =uy, |I:tj71 —ug,_ ||, - 1<j<i, (22b)
Ry, [Mg, l(a,n) = U, (a,1) — g (1), R, [Mg, 1(b,1) = u‘gi(b, 1) — gy (D). (22¢0)

In these equations ug, A u;,(x). Note that R;,, [u] = R, [u] = R, [u] =0 for the exact solution u. With HLConcPINN we seek
=1 1 1 1

0, (1 <i <) to minimize the following quantity,
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£, 0 =& (0 +&G,_ (0, 1<i<l, (23)
1 T
6,0, = / / Ry, g, 10, D> dxdlt + / (IR 1, lug, 1@, DI + | Ry, lug, 1(b, D)) dlt
ti-1 D iy

t; t; 2
+ /|R5b]i[u9i](a,t)|2dt + /lRSbQi[uai](b,t)th
i1 i1

i i

+Z/|R,b’_[u9i](x,tj_l)|2dx, 24
=y

where & (0,_))=0fori=1.
The training data set consists of S = Uf: 1 Si with §; = S, US;, U Sy, . The spatial boundary training points are Sy, = {y,} for

1 <n< Ny, , with y, = (x,1), € {a,b} X (#;_y,1;). We approximate the integrals in (23) by the mid-point rule, leading to the training
loss functions,

€T,-(9,',5,-)2 = gT,-(ei,Si)2 +ér, O;-1-S;-)* 1<i<l, -
~ int; bl; 552
Er,0;, 5,‘)2 = S'Irt (6; Sinti)z + 875" ©:. S, )+ 8;" ©: S, y

+g;;bli(ei’SSb[)+g;]ﬂ,'(ei’SSbi)+€;bi(0i’stb[)2, (26)

sbl; 2 Vs 2 osb2; 2 o Nsp;
where ST l(0i7SSb,) - 2,,:1[ w:‘lbleSbi [ug,-](a’tgbiﬂ > (E.T I(Giassbi) - 2,,:1‘

fined according to equation (13). Note that &, (6;_,S;_;)=0fori=1.

2 ..
wgb,» |Rsb’_ [ugi](b, t:?b‘)| , and the remaining terms are de-

4.3. Error analysis

Let &; = ug, —u denote the error of the HLConcPINN approximation (z denoting the exact solution). Applying the Burgers’ equation
(21) and the definitions of the different residuals, we obtain for 1 <i </,

on;  d*q g, gy
= Ve T o T oy (@7a)
Rop Nty = Bilimr, = 8y i, J=12,-i (27b)
Ry, (@) =d;(a,t), Ry, (b,1)=;(b,1), (27¢)

where fy|,—;, = 0. Then, we define the total error of the HLConcPINN approximation as

I

0, = / / |2, (x, 1)|? dxdr. (28)
D

ti-1

Theorem 4.1. Let ﬁ,. =D x[0,t;]. Suppose n, d, k eN withn>2 and k>3, and u € Hk(ﬁi). For every integer N > 5, there exists a
HLConcPINN ug, such that
”R'nt, ”LZ(ﬁ_) S N_k+21n2Na (29a)

1

IR s, (%, 1Dl 200y IR 1, W 2 ayion, s 1 R s, 2 oo,y S N7 InN, - 1< < (29b)
Proof. By applying u € H¥ (.(.~2,-), Lemmas 9.2 and 9.8, we can conclude the proof. []

Theorem 4.2. Let u € C1(£~2,-) be the classical solution to (21). Let ug, (1 <i <) be a HLConcPINN with parameter 6,. Then the following
relation holds,

/ |, (x, 7)|* dx < Cg, exp((1+ Cp AN T € [1;y,1;], (30)
D

5
//|ﬁi(x,t)|2dxdtSCG[Atexp((l +Cp)AD), (€10)
tiiy D

where

10
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Cg, =2Cg_ exp(1+Cp_)AN+Cq.  Cg, =0,  Cp =0,

1

. t
1
~ 1
Co=2 % [ R ety 0Paxt [ [ 1Ry Paxars Cop, ([ 1Ry i}
=lp D 1

fiz1

t 1

C,p. ([ IR 2dz)% C (IR 1> + | Ry |*) dt
+Cop, ([ Ry, + Cop,, [Rgp1, |7+ | Rypo, |7) dt,

ti-1 iy
1 1 1 1 .
Cap,; = 2vAt2(llullcq,,) + llug, lic1(a,))» Cp, = 2412 (||u9i||C1(Ql_) + Ellullcl(gl_)), and Cyp, = A2 ||ullcoq,y with Q; = D X [t;_y,1;]
and Q,; = 0D X [t;_y,t;].
Proof. Equation (27a) can be re-written as

_on; oMy ob; _ou , O
inti—E—Vﬁ M[E uia‘f'ug.

Note the following relation,

on; L[ 00 1 b 1 [ 5 0u
/ua—x’u,dxzz/ua—):dx:zuuiL—z/|ui|a—xdx.
D D D

The rest of the proof follows the same approach in the proof of Theorem 3.4. []

(32)

Theorem 4.3. Letu € C4(S~).,-) be the classical solution of the Burgers’ equation (21), and let ug, (1 <i <) be a HLConcPINN with parameter
0,. Then the total approximation error satisfies

I

//|12i(x,t)|2dxdt§CTiAtexp((l+CDi)At)
ti.y D

2 2 1
- 2 a1 ~d “d
=0(&r,(0;,S)" + Ml.m‘j“ + M,bi" + Msb:’ ), (33)
where Cp, is defined in Theorem 4.2 and

Cr, =Cr, +2C;_ exp(1+Cp_)AD,  Cp =0, (34

int;

i 2 2
~ i D 2 Tat Q; 2
Cr,=2 z (C(be_(x,rj,l))M;b,. + QM,,,, (R, (x, ;D) + C(R,?m,)]\’[im,-+ +Qy (R, ]
= ; i

[SIES
[SIE

2 2
~d Qi [ p2 ) Qi p2
+ CaD]i (C(Ribli)bei + Qbe, [RsbI,]) +Cop,, (C(Rgbzi)Msb,. + QMsb,- [Rsbzl ])

2

a Qi
+Con,, (€ ot U, [R§b2,-])' (35)

2
—d Qi 2
(Rgbli)Msb, +Qu, R 1+ C(bezl_)M

S

Similar to (18), here the quadrature Q’xd [f] is defined for different functions (f = R, R’ ,R>2 and Rsb2[ ), different domains (A = Q;,

th;? “lint? TUsbl;

Q,; and D) and the corresponding numbers of quadrature points (M = M;,,, M, and M, ).
Proof. The proof follows from Lemma 9.3, Theorem 4.2, and the quadrature error formula (3). []
5. HLConcPINN for approximating the wave equation

5.1. Wave equation

Consider the wave equation on the torus D = [0, 1)¢ ¢ R with periodic boundary conditions:

w —u(x,1)=0 (x,1)e Dx[0,T], (36a)
005;;, D Auxn=feet) (€ DX[0.T], (36b)
u(x,0) =y (x) x €D, (36¢)
v(x,0) =y, (x) x€D, (36d)

11
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u(x,t)=u(x+1,1) (x,t)€0dD x[0,T1], (36e)
Vu(x,t) = Vu(x + 1,1) (x,t)€ oD x[0,T], (36f)

where (u, v) are the field functions to solve, f is a source term, and (y,,y,) denote the initial data for (u, v).

5.2. Hidden-layer concatenated physics informed neural networks

Following the settings from Section 2.5, we seek neural networks uy : D X [0,;] > R and vy, : DX [0,1;,] > R with 1 <i <1,
parameterized by ;, that approximate the solutions u and v of (36). We define the residuals (for 1 <i</and 1 <j <i),

Jug, duvy,
Rim]i[ugi, Ugi](xs H= o5 Vg, » R,’nzzi [ugi, Ugi](x»t) = o A”@, -/ (37a)
R!bl, [ugl_](x, ti_1)= u9i(x’tj—1) —ug, (xvtj—])9 Rtbzi[Ugi](ij_O = Uy, (x,1;_1) — Vg, (X,Tj_l), (37b)
Ry, [0, 1%, 1) = U (X,1) = U, (X + L,1), Ry [t 10x,1) = Vitg (x,1) = Vg (x + 1,1), (370)

where u(,o(x, ty) = w(x) and ugo(x,to) =y, (x). For the exact solution (u,v), we have R,-mli [u,v] = R,-mzi [u,v] = Rtbli [u] = R,bzi [v]=
Rgp1, [0] = Ry, [u] =0
With the HLConcPINN algorithm, we minimize the quantity (for 1 <i <1/),

6,0 = &G0, + &G, (0, (38)

6,0, = / (I Ry, [ttg, 06, 1%, DI + | Ry, g, g 16, 1)1 + [V Ry [t v 1(x, )] *)dxd
Q;

+) / (IR, L1916, 1)1 + [ Rypo, [09, 166, DI + IV Rypy [, 1(x, ;1)) dx

1 1

2

+ / |Rsb1’_[Ugi](x,t)|2ds(x)dt + / |Rsb2’_[ugi](x,t)|2ds(x)dt ) (39)
Here, €GU(00) =0.

Adopting the full training set S = U§:1 S; with §; = S, US;, USy,, as given in Section 2.5, we approximate the integrals in (38)
by the midpoint rule, resulting in the training loss,

Er0, S = &0, S +Er_ (0,_1,5,)% (40)
gT,-(H S )2 _ 8””1’(0 im )2 +€inr2,-(0 S‘m )2 +€mr%, (9 S‘m )2 + é.tbl,(‘9 Stb,-)z
+ E0, S P+ E (01 P+ €30, ) + € (611 Sy, (41)
where
NU’II‘
1;
”'” ‘(91,5”,” )2 2 C()mt |R1nt1 [llg UH ](‘x,m > lnl )|2 (423)
oy
Nimi
m 2
' ‘(0 Sint[)z = E CU;lnti |Rim2,- [ué’i’vﬂi]](x;lnt > Vint; )|2 (42b)
n=1
Nrm[
3.
E O Sy = Y @l IV Riyey, [t,,09 1660, 10, )1, (420)
n=1
i Nrb
bl;
AN REEDY Z @, | Ry, Lug 1l 1, I, (42d)
Jj=1n=1
i Nrb
b2;
& (0,5, = Z Z @y, [ Rypo, [0g 17y 15 DI (42e)
j=1 n=
i Nrb[
b3;
77O S = 2 2 @l IV Rupy g 1 1, DI, (426)
Jj=1 n=1

12
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Nsb,-
bl;
£ 0 Syp P = 3, 0y IRy [0g 15 13 I, (429)
n=1
Nxb,
b2,
E710, Sy =Y @, | Ropo, [ug, 1=, 1%, )17 (42h)
n=1

Nxb,

s . . Nin; Nip,;
p— n n i — n i _ n n
Here, the quadrature points in space-time constitute the data sets S, = {(xim’_ , tl.mi)}n:l > S, = {xtbi },o, and Sy, = {(xsb‘_ , txbl_)}n:1 s

and a)’j(i are suitable quadrature weights with * denoting int, tb or sb. Notice that &,  (0,_;,S;_;)=0fori=1.
5.3. Error analysis

Let &; =uy, —u, 0; = vy, — v denote the error of the HLConcPINN approximation of the solution (u, v). We define the total approx-
imation error by

1
£ = / / (e 0P + IV, Gea 0P + 18,0 P)dxds. 43)
D

In light of the wave equations (36) and the definitions of residuals (37), we have

oi;
Ripn, = a_z’ -0, (442)
20;
Rip, = 5 = Ay, (44b)
Rtbl,'t:r/,l :ﬁi|r=1/,1 _ﬁj—1|r=rj,1 J=12,00 (440)
Rrb2,»|r=tj_1 :ﬁi|t=!j_1 _ﬁj—1|t=tj_1 J=12 (44d)
Ry, = 0;(x,1) — 0;(x + 1,1), Ry, = Vi (x,t) = Vi (x + 1,1). (44e)

Theorem 5.1. Let @, = Dx [0,1,] and Q,, =D x[0,1,] (1 <i <1). Let n, d, k €N withn>2 and k > 3, u € H*(Q,) and v € H*"1(Q,).
For every integer N >5 and 1 < j <i </, there exist HLConcPINNs u, and vy, such that

I Riner, Nl 25,0 | R, G 1Dl p2gpy S NI, (452)
1R, ||L2(§i)» IVR; 1, ||L2(§i), IV Ry, (., Dll 2y 1 Rz, ||L2(§*l_) < N~F21p2 N, (45b)
”Rthi (x,tj,l)lle(D), | Rsb],. ”LZ(SNZ*,) < N*2InN. (45¢)

Proof. Similar to Theorem 3.3, the proof follows by noting u € H¥(Q,), v € H*~1(Q,), Lemmas 9.3 and 9.8. []

Theorem 5.1 implies that one can make the HLConcPINN residuals (37) arbitrarily small by choosing N to be sufficiently large.
It follows that the generalization error 56[(9:')2 in (38) can be made arbitrarily small. The next two theorems show that: (i) the total

approximation error £(6; )2 is small when the generalization error 8G,» (0; )2 is small with the HLConcPINN approximation (ugi » Vg, ), and

(ii) the total approximation error £(f;)> can be arbitrarily small if the training error Er,(0;, S;)? is sufficiently small and the sample
set is sufficiently large.

Theorem 5.2. Letd €N, u € C! (S~2,-) andv € Co(ﬁ,) be the classical solution to (36). Let u, and vy, denote the HLConcPINN approximation
with parameter 0;. For all 1 <i <1, the following relation holds,

/(lﬁi(x, D + |V, (x, )| +18,(x, 7)) dx < Cg, expA1) 7 € [1;_1,1;], (46)
D

]
/ /(m,.(x, DI + Vi, (x, 0> +10,(x,1)*)dxdi < C At exp(2A1), (47)
ti_1 D

where At =t; —1t;,_; and for 1 <i <,
Cg, =Cg, +2Cq,_ expAD),  Cg, =0,

&g, = / Ry, >+ [ Ry, + [V Ry, [Pyl

Q.

i

13
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i
2y / Ryt 6ty + Ry (6, )P + [V Ry ()

1

2 2

1 1
+2[At|2Cyp,. /lebl[lzds(x)dt +2|At|2Cyp,. /lebzilzds(x)dt ,

sl *i

1 1
Cop,, = 19D12(llullc1(q, + llug,llc1@,,)) and Cyp,, =10D12([vllc(q,,) + Vg, llc@,,)

Proof. The proof follows the same techniques as in the proof of Theorem 3.4 and in the proof of Theorem 3.4 of [41].

Using the midpoint rule Q’]}l[ f1 as described in Section 2.2, we can express the training loss function (41) as

intl int2; int3; sbl; sb2;

ET[(ei,s,.)’L’:e O Sim )+ Ep O Sipy )+ EL (01 Sip )+ Ey

tbl,(e b )2 + gth, (9 b )2 + gtb3, (0 5,;,‘)2,

(6,.S,) + €70, S

=0y IR 1+ QR 1+Q5 IV Ry, P14+ Q50 (RS, D7+ Q% IR, D

+Z(QM R, Gty ]+ Q0 (R, ety )]+ QB 1V Ry (eut; I

|

Then by applying Theorem 5.2, we obtain the following result, which bounds the total error of HLConcPINN in terms of the training

loss and the number of training points.

Theorem 5.3. Letd e Nand T > 0. Letu € C4(§,-) andv € C3(£~2,-) be the classical solution to (36), and let (Mgi, Ugl_) denote the HLConcPINN

approximation with parameter 6,. Then the total approximation error satisfies

/ /(|ﬁ[(x, DI + Vi (x, 0] + 8;(x,0)]*)dxdt < Cp Atexp(2At)
ti_y D
1
=07 (0, S)° + M, ~a +M, X +Myb”)

lnf

where

Cr, =Cr, +2C;_ expA1,  Cp, =0,

2
7 .00 2
CT _22 (R,2,,1 4o 1))M +QM [Rtbl (.1, 1)]+C o (% oM, +QM,,,i[Rtb2[(x’tj—l)])

2 2
7. op 2 NG
+2Z(C(WR,,,I,.<x,r,,1)|2>Mtb,d +Op, (VR (ot )P + Ce (M, 5T+ Q00 IR,
= '

2 2

+C(an Mm,d+1 +Q 'i[R,-mz_]+C(|VR,.,,,1‘.\2)M,md+l +Q M, [lVRintli| ]
1

+2IATIZ(CaDI,-(C<R2 M 7 +Q s [R 1])z +Cop,, (C(Rz ») +Q +i [R 2])z)

Proof. Using Lemma 9.3, Theorem 5.2 and the quadrature error formula (3) leads to this result. []

6. HLConcPINN for approximating the nonlinear Klein-Gordon equation

6.1. Nonlinear Klein-Gordon equation

Let D c R? be an open connected bounded set with boundary dD. We consider the nonlinear Klein-Gordon equation:

au(da:, 1) —(x) =0 (x,1) e Dx[0,T],
e’ a”f;: L @ Au(x,t)— € u(x N—gux,n)+ f(x,1) (x,H)€ DX[0,T],
u(x,0) =y (x) x€D,

14
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v(x,0) =y, (x) x €D, (50d)

u(x,1) = uy(x,1) (x,1)€dD X [0, T], (50e)

where u and v are the field functions to be solved for, f is a source term, and u,, v, and y, denote the boundary/initial conditions.
€>0, a>0 and g, >0 are constants. g(u) is a nonlinear term. We assume that g is globally Lipschitz, i.e. there exists a constant L
(independent of v and w) such that

lg(v) — g(w)| < Llv—w| Yo, w € R. (51)
6.2. Hidden-layer concatenated physics informed neural networks

Following the settings in Section 2.5, we define the following residuals for the HLConcPINN approximation uy, : D X [0,7;] - R
and Vg, Dx [0,t;] = R (for 1 < j <i <) of the equations in (50):

6149, avy.
R, lug,, vg 1(x,1) = a—t’ = Vg, Ry, lug, v91(x,1) = gza—t’ —a*Aug +ejup +g(ug) — f, (52a)
R,bl[[ua[](x,tj_l)=ua[(x,tj_l)—ugjil(x,tj_l), Rrbz[[Ugi](ijq):Uei(xstj_l)—Uajfl(ij_l), (52b)
Rsb,» [Ugl](x»t) = Uy, (¢, Dlop — g, (x,1), (52¢)

0 .
where u,, = %, ug, (x,19) = w1 (x) and vy (x,7y) = y,(x). Notice that Ry, [u, 0] = Ry, [u, 0] = Ry, [u] = Ry, [v] = Ry, [v] = 0 for
the exact solution (u, v). We minimize the following generalization error (for 1 <i </),

£6,0. = &G0, + &G, (0, (53)

&5 (60, = / (1R, Lt 05,166 O + Ry, U, 165D+ 9 Reye, Lt 0, 106,)1% )
&

]
+y / (R, g 1661, [ Ry, [0, 161, )PP + 1V Rop it 105, ) dx
i=lp

1
2

+| [ 1Ry, [0g 10, ) *ds(x)de | (54)

where £, (6p) =0.
Employing the training set S = Uﬁzl S with S; =S, US, USy, as given in Section 2.5 and the midpoint rule for approximating
the residuals, we arrive at the training loss as follows (for 1 <i <),

£ 0.8 =E1(0,.S)* +&r_ (0,_1.5,)) (55)
g intl; int2; int3; bl;
Er 0,8 = &0 S0 )+ E) 0 S )+ ES 0,2 S )+ EF (0,5,
b2; b3; sb:
HEL0. S ) (0,85 + E(0,.S ). (56)

, N,
where 8;[” 6:,Sp)* =% " o}, IRy, [vgi](xi'hi,t;’hiﬂz and the other terms are defined in (42). Notice that &, (6, Sy) = 0.

n=1

Remark 6.1. The parameter ¢ can influence the stiffness of the problem and the practical difficulty in solving the problem. When
€ is small, the wavelength decreases and the frequency increases. To improve accuracy, one can reduce the size of the time blocks,
effectively increasing the number of time blocks to account for the higher frequency.

6.3. Error analysis

Let 4; = ug, —u and 0; = vy, — v denote the errors of HLConcPINN approximation, where (u,v) are the exact solutions. We define
the total approximation error of HLConcPINN as,
I
£0)* = / /(|ﬁ,-(x,t)|2 +a*|Viy(x,0)|* + £2[0;(x, 1) *) dxdt. (57)

ti_1 D

Subtracting the equations (50) from the residual equations (52) leads to,
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on;
Rintl,- = o Ui, (58a)
R —52%—(12&2 +&20, + gy ) — gw) (58b)
in2, =€ o i T el 8lug ) — &),
Rrbl,|t:zj_| =ﬁi|t:tj_| _f‘j—l |l:tj_] J=1,2,-,i, (58¢c)
Rtb2i|t=tj_1 :ﬁi|t=rj_1 _ﬁj—1|t=tj_1 J=1,2,i, (58d)
Ry, = 0ilop- (58e)

The following theorems summarize the results of the HLConcPINN approximation for the nonlinear Klein-Gordon equation.

Theorem 6.2. Let n > 2, d, k € N with k > 3. Suppose that g(u) is Lipschitz continuous, u € C¥(D x [0,t;]) and v € C¥"1(D x [0,1,])
(1 <i<1). Then for every integer N > 5, there exist HLConcPINNs uy, and vy, such that

Rt 2 oo,y 1 Reo1, L 20y S NN, (59a)

”Rintl ||L2 Dx[0,t;])° ”VRim. ||L2 Dx[0.t;])° ”Vszl. ||L2 D hS N‘k+21n2N, (59b)
i (DX[0,t;1) i (DX[0,;1) i (D)

1R 52, 1| L2y 11 R, | 200101,y S NN, (59¢)

Proof. Similar to that of Theorem 3.3, the proof follows by noting u € C*(D x [0, D), ve ck1(Dx]o, t;]1), Lemmas 9.3, 9.5 and 9.8,
and the globally Lipschitz condition (51). []

This theorem implies that the HLConcPINN residuals in (52) can be made arbitrarily small by choosing a sufficiently large N.
Therefore, the generalization error (E'Gi(a,)2 can be made arbitrarily small. We next show that the HLConcPINN total approxima-

tion error £ (6’,»)2 can be controlled by the generalization error SG,-(Q:')Z (Theorem 6.3 below), and by the training error ST’_ ;. 51')2
(Theorem 6.4 below).

Theorem 6.3. Let d €N, u € C1(D x [0, t;Dandv e cY(Dx][o, t;]) be the classical solution of (50). Let (ugi, Ulgi) denote the HLConcPINN
approximation with parameter 0;. For 1 <i <1, the following relation holds,

/(lﬁi(x, D> + @ | Vi (x, 0> + €°|0,(x,1)|*)dx < C exp (2 + €7 + L+ a>)Ar), (60)
D

]
/ /(m,.(x, DI + @ |V (x,0)|* +€°|0,(x, )| *)dxdt < Cg Atexp (2 + &7 + L+a)At), (61)
ti_1 D

where

Cg, =Cg, +2C;_ exp(2+€1+ L+a*)An,  Cg =0,

[SIEg

~ 1
Co, = / (Ript, P+ | Ry, > + @[V Ry [P dxdt +2C, p, | A1] 2 / IRy, | ds(x)dr
Q; .

i i

i
+2) /(|R,b1i(x, oD + € Ry, (6,1, )I* + @ |V Ry (x, 1)) dx,
j=1

1
and Cyp, = a*|oD|2 (lull et @pxi,_y )+ N, let@pxir,_y 4,
Proof. The proof is similar to that of Theorem 3.4, by noting (51). []

Theorem 6.4. Let d € N and T > 0, and let u € C*(D X [0, t;Dandve c3(Dx|[0, t;1) be the classical solution to (50). Let (ugl_, Ugi) denote
the HLConcPINN approximation with parameter 6;. Then the following relation holds (1 <i <1),

/(lﬁi(x, DI + | Viy(x,0|* + 2| 6;(x,)|*)dxdi < Cp Arexp (2 + €] + L+ a*)At)
Q.

i

-2 _2 1
=0 (0, S)* + M, + M, " + M), (62)

int; s,

where
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Table 1
Summary of neural network settings (network architecture, activation functions, train-

ing data points) used within each time block for the test problems in Section 7. Shown
in the second column are the nodes in the hidden layers only. This configuration is ap-

plied consistently across all time blocks.

N, Hidden layers Activation functions Figures/Tables
varied [90, 90] [tanh, tanh] Table 2
[90, 90, 10] [tanh, tanh, sine] Tables 5, 8, 10
2000 varied all tanh Table 3
[90, 90] [tanh, tanh] Fig. 6a
[90, 90, 10] [tanh, tanh, tanh] Figs. 3-5, 6b
[90, 90, 10, 10] [tanh, tanh, tanh, tanh] Table 4
[tanh, tanh, Gaussian, Gaussian] Fig. 6¢
[tanh, tanh, softplus, softplus] Fig. 6d

2500 [90, 90, 10] varied Tables 6, 9, 11
[90, 90, 10] [tanh, tanh, sine] Figs. 7-18
Cr. =Cr +2Cr_ exp(Q+e;+ L+a)At),  Cp =0,
_2 _2
d d 20D 2
Cr, _22 Cire, ety oM + O}, IR (61Dl + €2 Clre, iy oM’ T, [R},, (x.1;1)])

i 2

2
2 a D 2 TaH Q;
+2a Z (C(|VR,b1i(x,t/,1)IZ)Mtb, +QM,bi[|VRtbl,~(x”j—1)| ]) +C(R’_2m]v)Mint,» +QM,-m [ intl; ]
j=1 i
) 2 Q )
d 1 d+1 i
+ C(thm Mlm T+ QM [Rmr2 ] ta <C(|VRiml,- |2)Mint + QM[n1[|VRi"’1i| ]> ’
1
1 -2 ) )2
+2Cyp,|A1]2 (C(bei)Msb" *' [R b, ]>
Here, 911}4 [ f] represents the corresponding quadrature for different functions (f = Rtb1 , tb2 5 |VR,,,1 12, mt] 5 ,mz , |VR,m1 |? and

M;

H’l! 2

R?bi) and the numbers of quadrature points (M = My, and M, ) with respect to the relevant domain (A = €;, Q,; and D).

Proof. The proof follows from Lemma 9.3, Theorem 6.3 and the quadrature error formula (3).

O

It follows from Theorem 6.4 that the HLConcPINN approximation error £(;)? can be arbitrarily small, provided that the training
error &7 (6;, S;)? is sufficiently small and the sample set is sufficiently large.

7. Computational examples

We next present a set of numerical examples to test the performance of the HLConcPINN method developed herein. This method
has several distinctive features, distinguishing it from the standard PINN and recent neural networks with theoretical guarantees.
Specifically, these include:

+ The method is based on hidden-layer concatenated FNNs (HLConcFNN), in which the output nodes and all the hidden nodes
are logically connected. This architecture is critical to the theoretical analyses, and it endows the method with the subsequent
properties.

The current error analyses hold for network architectures with two or more hidden layers, and with essentially any activation
function having a sufficient regularity for all hidden layers beyond the first two. This generalized capability contrasts starkly with
the recent PINN methods that have a theoretical guarantee for solving PDEs but are confined to network architectures having two
hidden layers and the tanh activation function (see e.g. [12,41]).

The method espouses a modified block time marching (ExBTM) strategy for long-time dynamic simulations. In the modified
scheme, the “initial condition” for a particular time block is informed by the approximations from all previous time blocks
evaluated at a set of discrete time instants. The modified BTM scheme is crucial for the error analyses. In contrast, the original
BTM formulation as given in e.g. [14] is not amenable to theoretical analysis.

We consider the heat, Burgers’, wave and the nonlinear Klein-Gordon equations in one spatial dimension plus time. For each
problem, the algorithm involves the following procedure:

+ Divide the space-time domain of the problem in time into a number of blocks.

17
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+ Choose a set of random collocation points on the interior, the spatial boundaries, and the initial boundary of each time block for
network training.
+ Loop over the time blocks successively, and on each time block:

(a) Construct a HLConcFNN with a prescribed architecture and prescribed activation functions.

(b) Formulate the loss function based on the forms from theoretical analyses of Sections 3-6, and compute the loss over
appropriate collocation points.

(c) Train the HLConcPINN by minimizing the loss function using the combined Adam and L-BFGS optimizers.

The following are the common settings in the numerical tests. We partition the temporal dimension into five uniform time blocks.
Within each time block, we utilize N, collocation points sampled from a uniform random distribution within the spatial-temporal
domain. Additionally, N, uniform random points are selected along each spatial boundary and the initial boundary. Simulations were
performed by systematically varying N, between 1500 and 3000. After the neural networks are trained, we compare the HLConcPINN
solution with the exact solution on a set of N,, = 1000 x 1000 uniform grid points (test/evaluation points) within each time block
that encompasses the problem domain and its boundaries.

The HLConcPINN errors reported below have been calculated as follows. Suppose z, = (x,1), € DX [0,T] (n=1,---,N,,) denote
the set of test points. The errors are then defined by

-error =

VIR u(z,) — gz, max{u(z,) -y (z,)
, [®-error= R (63)

VI Uz, 2 (Zherutz,2) /Ney

where u, denotes the HLConcPINN solution and u denotes the exact solution.

Following the analyses in previous sections, we employ network architectures with two or more hidden layers in the numerical
tests, with the tanh activation function for the first two hidden layers. For the subsequent hidden layers, we have tested a range
of activation functions. Table 1 provides an overview of the neural network settings for the test results reported in the subsequent
subsections.

As discussed in Remark 3.2, we adopt a modified block time marching scheme in this work. This is different from the original
block time marching scheme of [14], which uses the solution data of the preceding time block at the last time instant as the initial
condition. Both the original and the modified block time marching schemes have been tested in the simulations, with their results
marked by “HLConcPINN-BTM” and “HLConcPINN-ExBTM” in the following discussions, respectively.

In the following simulations, the neural network has been trained by a combination of the Adam optimizer and the L-BFGS
optimizer. Within each time block, the network is trained first by Adam for 100 epochs. The training then continues with the L-BFGS
optimizer for another 30,000 iterations. Our application code is implemented in Python with the PyTorch library. All the numerical
examples are executed on a Ubuntu 22.04 system (3.6 GHz Intel Core i9 CPU, 32 GB memory).

7.1. Heat equation

We test the HLConcPINN scheme for solving the heat equation in one spatial dimension (plus time). Consider the spatial-temporal
domain Q = {(x,?)|x € [0, 1],7 € [0,10]}, and the following initial/boundary-value problem,

du Pu

™ ﬁ = f(x,1), (64a)
u0,0) =g (@), u(l,n)=2g®), (64b)
u(x,0) = h(x), (64c)

where u(x, 1) is the field function to be solved for, f(x,?) is a source term, and v = 0.1 is the diffusion coefficient. g, (x) and g,(x) are
the boundary conditions, and A(x) is the initial field distribution. In this test, we choose the source term f such that the following
field function satisfies (64),

u(x,1) = (ZCOS(ﬂx n %) n % cos(2ax — 3?”)) <2cos(m + %) n %cos(Zm - %’T)) (65)

and we choose the initial/boundary conditions by restricting (65) to the corresponding boundaries.

We consider two forms for the HLConcPINN loss function, corresponding to the original block time marching (BTM) scheme
from [14] and the modified BTM scheme (denoted by ExBTM) developed in this work. The loss function for the current ExBTM
scheme is given by, for time block i (1 <i <),

2
1
LOSS[. [ (th’ tnt) Au9 (xml’ mt) f(xmt’ tnt]

Cnl

i

N2 ZZ["9 O tjmt) = ”9, (X7 T l)]

¢ j=1n=1

18



Y. Qian, Y. Zhang and S. Dong Journal of Computational Physics 530 (2025) 113906

0.5
S X X X X

(a) u (b) ug (c) [u — el (d) ug (€) |u—uj

Fig. 3. Heat equation: Distributions of the true solution (a), the HLConcPINN-ExBTM solution (b) and its point-wise absolute error (c), the HLConcPINN-BTM solution
(d) (denoted by u;) and its point-wise absolute error (e), in the spacial-temporal domain. NN architecture: [2, 90, 90, 10, 1], with the tanh activation function;
N, =2000 for the collocation points. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

4 —©—True solution —©—True solution —O—True solution
—8—HLConcPINN-ExBTM 10 —8—HLConcPINN-ExBTM —8— HLConcPINN-ExBTM
3 —>—HLConcPINN-BTM —>—HLConcPINN-BTM —>—HLConcPINN-BTM

—O—HLConcPINN-ExBTM —O—HLConcPINN-ExBTM 10 —9—HLConcPINN-ExBTM
—*—HLConcPINN-BTM 10 —*—HLConcPINN-BTM —*—HLConcPINN-BTM

= oo

B
Absolute error
(=)}
Absolute error

Absolute error

8]
(S}
[N]

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8
X

(a) t =2.5 (b)t=>5 (c)t=9.5

Fig. 4. Heat equation: Top row, comparison of profiles of the true solution, HLConcPINN-ExBTM solution, and HLConcPINN-BTM solution at several time instants.
Bottom row, profiles of the absolute error of the HLConcPINN-EXBTM and HLConcPINN-BTM solutions. NN architecture: [2, 90, 90, 10, 1] with tanh activation

function; N, = 2000 for the training collocation points.

NC
+Ws ( NL Z [(ugi ©, tgb) - gl(t';b))z + (ugi(l , t;‘b) — gz(t?b))z] >1/2
¢ p=1

+ Lossi{1 , (66)

where Lossé =0, and we have added a set of penalty coefficients W} > 0 (k = 1,2,3) for different loss terms. Note also that in the
simulations we have approximated the integral by averaging over the collocation points in the domain, while in the analysis the
mid-point rule has been adopted. The loss form corresponding to the original BTM scheme is, for time block i (1 <i <),
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=Ty
—G—T#Q ]
—a—Ty3

R
—P—T#5

0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3

Iteration x10* Iteration x10*
(a) HLConcPINN-ExBTM (b) HLConcPINN-BTM

Fig. 5. Heat equation: Training loss versus the training iterations for different time blocks with the (a) HLConcPINN-ExBTM and (b) HLConcPINN-BTM methods. NN
architecture: [2, 90, 90, 10, 1], tanh activation function; N, = 2000 for the training collocation points. The legend shows the time block index, with e.g. T}, denoting
the second time block.

Table 2
Heat equation: /> and /* errors in different time blocks corresponding to a range of training collocation points N, for the
HLConcPINN-ExBTM and HLConcPINN-BTM methods. NN architecture: [2,90, 90, 1], with tanh activation function.

Error  Time block N, =1500 N, =2000 N, =2500 N, =3000
ExBTM BTM ExBTM BTM ExBTM BTM ExBTM BTM

? Ty 3.63e-04 3.63e-04 4.16e-04 4.16e-04 2.58e-04 2.58e-04 3.88e-04 3.88e-04
Ty, 1.00e-03 5.93e-04 5.73e-04 5.93e-04 9.14e-04 7.85e-04 4.42e-04 5.51e-04
Ty 7.29e-04 6.37e-04 7.75e-04 2.93e-04 9.89¢-04 1.00e-03 7.03e-04 4.86e-04
Ty 5.21e-04 7.84e-04 6.93e-04 5.52e-04 8.38e-04 6.03e-04 7.49e-04 9.14e-04
Tys 9.14e-04 1.03e-03 1.77e-03 1.40e-03 6.04e-04 6.01e-04 1.21e-03 1.21e-03

A Ty 1.64e-03 1.64e-03 2.49e-03 2.49e-03 1.31e-03 1.31e-03 2.34e-03 2.34e-03
Ty 5.74e-03 5.22e-03 3.02e-03 3.43e-03 6.72e-03 5.04e-03 2.09e-03 4.82e-03
Ty 4.77e-03 3.67e-03 4.16e-03 2.27e-03 4.39e-03 4.75e-03 8.61e-03 2.02e-03
Ty, 3.09e-03 1.45e-02 3.81e-03 5.86e-03 9.06e-03 3.84e-03 4.23e-03 5.23e-03
Tys 4.70e-03 1.08e-02 3.22e-02 2.29e-02 5.23e-03 1.90e-03 6.52e-03 1.86e-02

N, 2
Loss!! —K ZK %(x" )= Aug (x 1" )= f(x" 1)
i T N ot int’> " int 0;\Yint> int int’> "int
¢ n=1

N,
[ ZR 2
+ > [uei(x;’b,ti_]) - ugiil(x:’b,ti_l)]
n=1

c

c

N 12
W35 D [, 0.1 = 10202 + g (L2 - 2] ) ©67)

[

—_

where U, (x,1t9) = h(x). In subsequent simulations the penalty coefficients are fixed to (W}, W,, W3) =(0.8,0.9,0.9) in both Lossi’ and
Lossi’ ! and 5 uniform time blocks are employed in block time marching. The HLConcPINN schemes employing these two distinctive
loss functions will be designated as HLConcPINN-ExBTM (Lossi’ ) and HLConcPINN-BTM (Lossl.l 1, respectively.

An overview of the solution field and the training histories is provided by Figs. 3, 4, and 5 for the HLConcPINN-ExBTM and
the HLConcPINN-BTM methods. Fig. 3 shows distributions in the space-time domain of the true solution, the HLConcPINN-ExBTM
solution, and the HLConcPINN-BTM solution, as well as the point-wise absolute errors of the HLConcPINN-ExBTM and HLConcPINN-
BTM solutions. Fig. 4 compares profiles of the true solution, the HLConcPINN-ExBTM and HLConcPINN-BTM solutions at three time
instants (r = 2.5, 5 and 9.5), and also show the error profiles of the HLConcPINN-ExBTM and HLConcPINN-BTM methods. Fig. 5
depicts the training loss histories for each of the 5 time blocks with the HLConcPINN-ExBTM and HLConcPINN-BTM methods. In this
set of simulations, three hidden layers and the tanh activation function are employed in the neural network. The specific parameter
values are provided in the captions of these figures; see also Table 1. The HLConcPINN-ExBTM and the HLConcPINN-BTM methods
are able to capture the solution quite accurately, with the HLConcPINN-BTM solution appearing slightly better.

Table 2 shows a study of the effect of training collocation points on the results of the HLConcPINN-ExBTM and HLConcPINN-BTM
methods. The /2 and [® errors of these methods in different time blocks obtained with collocation points ranging from N, . =1500 to
N, =3000 are listed in the table. Here the neural network has an architecture [2, 90,90, 1], with the tanh activation function for all
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Table 3

Heat equation: /> and /® errors in different time blocks corresponding to a series of network architectures with varying number of
hidden layers for the HLConcPINN-ExBTM and HLConcPINN-BTM methods. tanh activation function; N, = 2000 for the collocation
points. NN architectural vectors are specified in row one of the table.

Error  Time block [2,90,90,1] [2,90,90,10,1] [2,90,90,10,10,1] [2,90,90,10,10,10,1]
ExBTM BTM ExBTM BTM ExBTM BTM ExBTM BTM

? T, 4.16e-04 4.16e-04 1.79e-04 1.79e-04 1.99e-04 1.99e-04 2.44e-04 2.44e-04
Ty, 5.73e-04  5.93e-04  2.40e-04  3.46e-04  3.13e-04  2.03e-04  3.95e-04  3.02e-04
Ty 7.75e-04  2.93e-04  5.33e-04  7.24e-04  8.17e-04  7.28¢-04  8.91e-04  9.68e-04
Ty 6.93e-04  5.52e-04  5.92e-04  6.30e-04  1.70e-03  7.86e-04  1.01e-03  1.44e-03
Tys 1.77e-03 1.40e-03 9.06e-04 8.46e-04 1.49e-03 9.15e-04 1.59e-03 2.29e-03

A Ty 2.49e-03  2.49e-03  2.97e-03  2.97e-03  9.11e-04  9.11e-04  1.47e-03  1.47e-03
Ty, 3.02e-03  3.43e-03  2.62e-03  3.05e-03 1.43e-03  1.82e-03  1.89e-03  1.92e-03
Ty 4.16e-03 2.27e-03 3.90e-03 3.94e-03 4.05e-03 4.08e-03 4.79e-03 4.92e-03
Ty 3.81e-03  5.86e-03  4.24e-03  4.45e-03 1.29e-02  8.33e-03  1.04e-02  2.49e-02
Tys 3.22e-02  2.29e-02 1.62e-02  4.70e-03  8.92e-03  7.20e-03  1.29e-02  1.62e-02

Table 4

Heat equation: /> and [ errors in different time blocks of the HLConcPINN-EXxBTM and HLConcPINN-BTM methods obtained
with several activation functions. NN architecture: [2,90,90,10, 10,1]; N, = 2000 for training collocation points. The activation
function is fixed to tanh in the first two hidden layers, and is varied among sine, Gaussian, swish, and softplus in the subsequent

hidden layers.
Error  Time block  Sine Gaussian Swish Softplus
ExBTM BTM ExBTM BTM ExBTM BTM ExBTM BTM

? Ty 1.34e-04 1.34e-04 1.03e-04 1.03e-04 2.61e-04 2.61e-04 2.96e-04 2.96e-04
Ty, 1.53e-04  1.91e-04  1.86e-04  2.28e-04  2.56e-04  2.38e-04  3.68e-04  3.48e-04
Ty 3.06e-04  2.96e-04  4.41e-04  4.11e-04  5.27e-04  4.09e-04  3.28e-04  3.90e-04
Ty 6.03e-04  4.98¢-04  5.80e-04  8.05e-04  7.75e-04  6.49e-04  8.40e-04  1.02e-03
Tys 6.94e-04 6.30e-04 7.35e-04 8.98e-04 7.45e-04 3.22e-03 1.50e-03 1.13e-03

® Ty 8.18e-04  8.18e-04  1.02e-03  1.02e-03  1.44e-03  1.44e-03  1.73e-03  1.73e-03
Ty, 8.95e-04  1.29e-03  1.53e-03  1.52e-03  1.73e-03  1.17e-03  2.08e-03  1.33e-03
Ty 8.82e-04 2.39e-03 4.22e-03 2.65e-03 3.41e-03 1.97e-03 2.86e-03 3.96e-03
Ty 3.97e-03  3.06e-03  4.68¢-03  3.86e-03  4.47e-03  3.35e-03  3.87e-03  4.19e-03
Tys 4.03e-03  4.53e-03  2.73e-03  5.57e-03  7.40e-03  1.90e-02  6.22e-03  5.66e-03

hidden layers. The data indicate that the errors of these methods are not sensitive to the number of training collocation points. In
most of subsequent tests we employ a fixed N, = 2000 for the training collocation points.

A salient feature of the current method lies in that the theoretical analyses are applicable to neural network architectures with
more than two hidden layers. Table 3 shows a test of the network depth (number of hidden layers) on the HLConcPINN-ExBTM
and HLConcPINN-BTM results for the heat equation. It lists the /> and /™ errors in different time blocks obtained by these methods
using network architectures with 2 to 5 hidden layers. The network architectural vectors are given in the table. We employ the tanh
activation function for all hidden layers, and a fixed N, = 2000 for the training collocation points in these tests. We can make several
observations. First, the errors grow over time with both methods. For example, the 12 errors increase from around 10~* in time block
#1 to around 1073 in time block #5. Second, increasing the number of hidden layers only slightly influences the accuracy of results.
The errors in general appear to decrease from two to three hidden layers. As the number of hidden layers further increases to three
to five, the errors tend to increase slightly compared with those of two hidden layers. Third, the errors obtained with HLConcPINN-
ExBTM and HLConcPINN-BTM are generally comparable, with one slightly better than the other in different cases.

The current HLConcPINN-ExBTM method admits theoretical analyses in cases where more general activation functions are em-
ployed. Table 4 provides a study of the effect of the activation functions on the simulation results of the HLConcPINN-ExBTM and
HLConcPINN-BTM methods. We employ a neural network architecture [2, 90,90, 10, 10, 1], and N, = 2000 for the training collocation
points. The activation function in the first two hidden layers is fixed to tanh. For the subsequent hidden layers we vary the activation
function among the sine, Gaussian, swish, or softplus functions. The 12 and I errors of HLConcPINN-ExBTM and HLConcPINN-BTM
in different time blocks corresponding to these activation functions are provided in the table. These results can be compared with
those in Table 3 for the same network architecture, where the tanh activation function has been used for all hidden layers. Overall,
the sine activation function appears to produce the best results for HLConcPINN-ExBTM and HLConcPINN-BTM. The results obtained
with the Gaussian, tanh, swish and softplus functions seem comparable to one another in terms of the accuracy.

Theorem 3.5 indicates that the approximation error of the solution to the heat equation obtained with the HLConcPINN-ExBTM
method scales as the square root of the training loss for all time blocks. Fig. 6 provides numerical evidence corroborating this
statement. Here we plot the /2 errors of the solution as a function of the training loss value (in logarithmic scale) for HLConcPINN-
ExBTM from our simulations. The number of hidden layers varies from two to four in these tests, with tanh as the activation functions
for the first two hidden layers and Gaussian or softplus for the subsequent hidden layers. We have used N, = 2000 for the collocation
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Fig. 6. Heat equation: /> errors of HLConcPINN-EXBTM as a function of the training loss values, obtained with different network architectures and activation functions.

N, =2000 for the training collocation points.
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points.

points. The data generally signify a square root scaling consistent with the theoretical analysis, with some deviation (faster than
square root) toward larger training loss values.
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7.2. Burgers’ equation

We next consider the viscous Burgers’ equation on the spatial-temporal domain (x,7) € Q= D x [0,T] =[0,2] x [0, 10],

Ju u ou
E—Vﬁ +u£—f(x,t), (683)
u@0,0=¢ (1, u@,0)=¢y(0), ulx,0)=w(x). (68b)

Here u(x, 1) is the field to be solved for, v denotes the viscosity, f(x,?) is a source term, ¢, (¢) and ¢, () denote the boundary data, and
w(x) is the initial distribution. We take v =1 and choose the source term and the boundary/initial condition such that the function
u(x,t) = (l + i) (l + L) [2§in (ﬂx+ 2—”) + lcos (ﬂx— 3—”)] [2§in (m+ 2—”) + lcoq (m— 3—”)]
’ 5 10/\5 10 ) 5 27 5 ) 5 27 5 /17

solves the problem (68).
The loss function for the HLConcPINN-ExBTM method is given by,

1 VVI .\ au‘gi n.n azu‘gi n n non augi noon nn ’
LOSSi =_c ,; ot (xim’ tim‘) -V axz (xim’ tim‘) + ue,' (Xint’ tim) ox (xint’ tim‘) - f(xint’ tint)
i N,
W) o O 2
A [“9,- G tj1) — g, (X fj—l)]
¢ j=1n=1
N,
W; G
‘ 2 2
+ 2D [ 0.1 &1 )P + (g 2.1 — 2642,
¢ n=1
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Table 5
Burgers’ equation: The /%> and /* errors corresponding to different training collocation points N,.NN: [2,90,90,10,1], with tanh,
tanh and sine activation functions for the three hidden layers.

Error  Time block N, = 1500 N, =2000 N, =2500 N, =3000
ExBTM BTM ExBTM BTM ExBTM BTM ExBTM BTM

2 Ty 2.26e-03  2.41e-03  1.19e-03  1.29e-03  1.14e-03  1.08e-03  1.75e-03  1.62e-03
Ty 6.31e-04 1.72e-03 6.92e-04 6.40e-04 8.35e-04 1.80e-03 6.50e-04 4.54e-04
Ty 7.05e-04  7.63e-04  7.72e-04  7.59e-04  8.32e-04  6.74e-04  8.69e-04  9.56e-04
Ty 1.60e-03  8.04e-04  6.76e-04  6.78e-04  5.61e-04  1.48¢-03  7.45e-04  8.76e-04
Tys 1.74e-03  1.81e-03  4.77e-04  1.32e-03  8.50e-04  4.81e-04  8.23e-04  1.17e-03

A Ty 2.01e-02  1.97e-02  1.03e-02  1.17e-02  8.77e-03  7.49e-03  1.23e-02  4.28e-03
Ty 4.43e-03  9.01e-03  3.68e-03  2.84e-03  571e-03  1.46e-02  4.61e-03  3.63e-03
Ty 4.58e-03  6.60e-03  7.41e-03  4.13e-03  6.32e-03  3.58e-03  5.27e-03  7.47e-03
Ty 5.06e-03 3.36e-03 6.37e-03 4.61e-03 4.52e-03 1.05e-02 4.13e-03 6.44e-03
Tys 1.28¢-02  1.09e-02  2.36e-03  3.40e-03  7.24e-03  1.52e-03  3.64e-03  3.31e-03

Table 6

Burgers’ equation: The /> and /* errors obtained with several different activation functions. NN: [2,90,90,10,11, with tanh activa-
tion function for the first two hidden layers, while the activation function for the last hidden layer is varied as given in the table.
N, =2500 training collocation points.

Error  Time block tanh Gaussian Swish Softplus
ExBTM BTM ExBTM BTM ExBTM BTM ExBTM BTM

? Ty 1.44e-03  1.04e-03 1.59e-03  2.23e-03 1.60e-03  2.23e-03  2.10e-03  1.80e-03
Ty, 9.66e-04  1.19e-03 1.01e-03  2.15e-03  2.35e-03  3.96e-03  8.69e-04  7.42e-04
Ty 1.69e-03 8.65e-04 1.39e-03 5.70e-04 1.87e-03 1.12e-03 1.77e-03 1.37e-03
Ty 1.05e-03  1.26e-03 1.05e-03  1.07e-03 1.42e-03  1.22e-03  2.31e-03  1.04e-03
Tys 1.66e-03  2.13e-03 1.32e-03  2.89e-03  2.55e-03  1.53e-03  2.41e-03  1.39e-03

[ Ty 9.19e-03 6.56e-03 1.69e-02 2.26e-02 1.02e-02 2.00e-02 1.87e-02 1.31e-02
Ty, 8.05e-03  1.19e-02  4.97e-03  1.83e-02  3.22e-02  4.87e-02  4.43e-03  2.78e-03
Ty 2.23e-02  7.64e-03 1.68e-02  5.14e-03  2.20e-02  1.11e-02  9.10e-03  1.34e-02
Ty, 5.90e-03 1.11e-02 9.88e-03 6.82e-03 1.58e-02 6.79e-03 2.00e-02 6.14e-03
Tys 1.33e-02  1.82e-02 1.14e-02  9.61e-03 1.47e-02  5.31e-03  9.31e-03  4.58e-03

W5 3 1 0.1 - a?) s 3 2.0 w?)”

C n=1 c n=1
+ Loss!_|, (69
where Loss(’) =0, and we have added a set of penalty coefficients W >0 (k =1, ---,5) for different loss terms. The loss function for
HLConcPINN-BTM is,
2 2

Loss!! = " Z 2% " )—va ‘o ! )+ uy (x" )aL(x Y= fxT L)
i mt’ int 6x2 int’ lm‘ 0;\int> mt int’ mt int’ lm‘
C n=1

2
2
F [ugi(x:’b» fio1)— g, | (x:lb, tiq )]

”2

[(ung) GIEP + (g, 2.1 = 82(4%,)]

N, N,
1 .\ n n 172 1 5 n n 172
+W, ( o DO = W))W Ll @) - ) (70)
¢ n=1 ¢ n=1

For both methods, we employ (W, ---, W5) = (0.6,0.4,0.4,0.4,0.4) in the following simulations. Five uniform time blocks are employed
in block time marching.

Fig. 7 shows distributions of the true solution, the HLConcPINN-ExBTM and HLConcPINN-BTM solutions and their absolute errors.
The neural network structure and other parameters are provided in the figure caption. The histories of the training loss functions for
HLConcPINN-ExBTM and HLConcPINN-BTM are shown in Fig. 8. Both methods have captured the solution well.

Tables 5 and 6 illustrate the effects of the training collocation points and the activation function on the simulation points. In
these simulations the neural network structure is characterized by [2, 90,90, 10, 1], with the activation function tanh for the first two
hidden layers. In Table 5, the activation function for the last hidden layer is set to sine, and the number of training collocation points
is varied systematically. In Table 6 the activation function for the last hidden layer is varied (tanh, Gaussian, swish, or softplus), with
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Table 7

Burgers’ equation: The /> and [® errors and the running time with HLConcPINN and FEM. NN architecture in HLConcPINN:
[2,90,90,10,1]; N, =2000 for training collocation points; the activation function is fixed to tanh in the first two hidden layers
and sine in the third hidden layer. Temporal and spatial settings in FEM: both the temporal and spatial directions are uniformly
divided into 90 segments in each time block. “ExBTM”: HLConcPINN-ExBTM; “BTM”: HLConcPINN-BTM.

? [® Wall time (seconds)

ExBTM BTM FEM ExBTM BTM FEM ExBTM BTM FEM
Ty 1.19e-03 1.29e-03 7.05e-04 1.03e-02 1.17e-02 1.34e-03 2069.0055 2043.5774 0.1673
Ty, 6.92e-04 6.40e-04 6.65e-04 3.68e-03 2.84e-03 1.33e-03 2178.0739 2070.9914 0.1688
Ty 7.72e-04 7.59%e-04 6.64e-04 7.41e-03 4.13e-03 1.39e-03 2702.4028 2032.0701 0.1604
Ty 6.76e-04 6.78e-04 6.72e-04 6.37e-03 4.61e-03 1.46e-03 2792.7288 2036.1165 0.1651
Tys 4.77e-04 1.32e-03 6.85e-04 2.36e-03 3.40e-03 1.53e-03 3007.0272 2029.8013 0.1603

fixed training collocation points N, = 2500. The simulation results appear not sensitive to the training collocation points, similar to
observations with the previous test problem. Among the activation functions tested, the sine function appears to produce the best
result.

Fig. 9 illustrates the relation between the /> error of u and the training loss value for different time blocks obtained with the
HLConcPINN-ExBTM method in our simulations. The scaling manifested in the data is consistent with Theorem 4.3 from our analyses.

The network training in the current HLConcPINN methods, similar to other PINN type methods, requires a large number of
iterations using the Adam or L-BFGS optimizer. As a result, the training cost would be significantly higher than that using traditional
numerical methods such as the finite element method (FEM). In Table 7 we show a comparison of the 12 and I® errors between the
current HLConcPINN-ExBTM and HLConcPINN-BTM methods and the classical FEM (2nd-order), as well as the computational cost
(network training time of current algorithms, and FEM computation time), for solving the Burgers’ equation. For the current methods,
we employ five uniform time blocks in block time marching. Within each time block N, = 2000 random collocation points are used in
the interior of the space-time domain and on each of the domain boundaries (2 spatial boundaries and 1 boundary in time), leading
to a total of 8000 collocation points. We employ a neural network architecture [2,90,90, 10, 1], with the tanh activation function for
the first two hidden layers and the sine activation function for the last hidden layer. Our FEM solver is implemented in FEniCSx [2].
For FEM, we divide the temporal dimension into five uniform blocks and the computation is carried out block by block, in a way
analogous to block time marching. On each time block, the Burgers’ equation is discretized using [?; Lagrange elements in space
and the second-order backward differentiation formula (BDF2) in time with a semi-implicit strategy, in which the nonlinear term is
treated explicitly and the viscous term is treated implicitly. We employ 90 elements in space and 90 time steps within each time block.
This amounts to approximately 90 X 91 = 8190 nodal points in FEM, which is comparable to the total number of collocation points
employed in the current HLConcPINN methods for each time block. The /2 and /* errors and the wall time for different time blocks
are listed in the table. The error levels produced by the current methods and the FEM are largely comparable, with the FEM a little
better for a number of cases (especially with the /*® error). On the other hand, the network training cost of the current HLConcPINN
methods is much larger than the computation time of FEM.

7.3. Wave equation
We next simulate the wave equation in one spatial dimension (plus time) using the current method, following a configuration

from [15]. Consider the spatial-temporal domain, (x,7) € D X[0,T] = [0,5] %[0, 10], and the following initial-boundary value problem
on this domain,

Pu .0
o=l (71a)
du du 3( 3 du
= — =— =2sech’ [ —(x— — = 1b
u(0,1) = u(s,1), o ©,1) I (5,1), u(x,0)=2sec <50 (x xo)> C oy (x,00=0, (71b)

where u(x, ) is the wave field to be solved for, c is the wave speed, x|, is the initial peak location of the wave, §; is a constant that
controls the width of the wave profile, and periodic boundary conditions are imposed on x =0 and 5. We employ ¢ =2, §, =2, and
Xy = 3 for this problem. This problem has the following solution

u(x, ) = sech?® <i =25+ g)) +sech® <i (—2.5+ n)) ,
Sy o
§=mod(x—x0+ct+2.5,5), 11=rnod(x—x0—ct+2.5,5),

where mod refers to the modulo operation. In the simulations we introduce the auxiliary field v(x,t) and rewrite (71) into

2
o, W _20u_y (72a)
ot ot 0x?2
du du 3( 3
u(0,t) =u(5,1), —(O0,0)=—(5,1), u(x,0)=2sech’ | —(x—xp) ), v(x,0)=0, (72b)
ox 0x S

where v(x, 1) is defined by the first equation in (72a).
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To simulate the system (72), the training error in (40)— (41) leads to the following loss function with the HLConcPINN-ExBTM
method for the i-th time block (1 <i <),

2 2
W, 07 ;
LOSS (xmt’ lm — Vg, (xmt’ mt + Z (xmt’ int mt’tmt)
‘ n= 1

L,,_

N, 2
Wi 5 | 94, 9vy, w,
N, 4 [_atax Xt Tint) E(X?m”fm ZZ [“9 (i tj1) = g, (X1 1)]
-1 Cj 1 n=1
VVS i ¢ 2 W6 aug;l
N [Uei("fb”f—l)—”9,-71@717”]—1)] 22 (xtb’ =)= 5 (e tjt)
¢ j=1n=1 ‘ Jj=1n=1
N,
1 O 2 '/2 1
Wi 2 loa 01t - 0. ) T+ FZ[_(OM)‘ 6, sb)]
¢ n=1 =1
+ LossiI_l, (73)

where Lassé =0, and W, >0 (1 < k < 8) are the penalty coefficients added for different loss terms. The loss function with the
HLConcPINN-BTM method is,

2 2
VI/] VI/Z 1 a ugi
LOSS Z [ (xzm" mt UH (xmt’ lnt] Z |: mt’ Innt)_4 0x2 (x?nt’z;lnr)

N, n=1 N, n=1
2 N,
W% i vy, :
2 |:0t0x 7nl’t?nt - W Xing> 1 mt :| 2 [ugi(x;lb’ti—|) _uai—l(x:’b’ti_l):l
=1
(314‘ . 2
+ = Z [Ue (X timg) = g, (Xpy i 1)] +—= Z[ - (X, 1) = (xpys ,—1)]
N, =1 =
S
W3 Y [ea0.0) o))+ W (o Z [—(0 AR t",)] 74
¢ n=1 n=1

In the simulations, we employ neural network architectures with two output nodes, representing the wave field v and the wave
speed v = a " respectively. The penalty coefficients in the loss functions are taken to be w1,..., W) =(0.9,09,0.9,0.1,0.1,0.1,0.1,0.1).
We employ 5 uniform time blocks in block time marching. The neural network parameters (network depth/width, and activation
functions) and the training collocation points are varied in the tests. The adopted neural network structures are listed in Table 1.

An overview of the HLConcPINN-ExBTM and HLConcPINN-BTM solutions to the wave equation and their accuracy is provided in
Figs. 10 to 14. Figs. 10 and 11 show distributions of the wave field u and the wave speed v, corresponding to the true solution, the
HLConcPINN-ExBTM and HLConcPINN-BTM solutions, as well as their point-wise absolute errors, in the spatial-temporal domain. The
neural network architecture is specified in the caption of Fig. 10, consisting of three hidden layers, with the tanh activation function for
the first two hidden layers and the sine function for the last hidden layer. N, = 2500 has been employed for the training collocation
points. The HLConcPINN-ExBTM method is observed to produce more accurate results than HLConcPINN-BTM, especially toward
later time instants. The errors of both methods are observed to grow over time. In particular, the accuracy of HLConcPINN-BTM in
the last time block becomes quite poor, with pronounced deviations from the true solution in the wave speed distribution.
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Fig. 12. Wave equation: Top row, comparison of wave profiles between the true solution and the HLConcPINN-ExBTM/-BTM solutions at several time instants. Bottom
row, absolute-error profiles of HLConcPINN-ExBTM/-BTM. Simulation parameters follow those of Fig. 10.

Figs. 12 and 13 illustrate the solution profiles of the wave field u and the wave speed v obtained using HLConcPINN-ExBTM and
HLConcPINN-BTM at three time instants (f = 2.5,5,9.5), accompanied by their corresponding absolute errors. The simulation parame-
ters here follow those of Fig. 10. The error of HLConcPINN-ExBTM is generally observed to be smaller than that of HLConcPINN-BTM.
The training loss histories with this group of tests for HLConcPINN-ExBTM and HLConcPINN-BTM are shown in Fig. 14. It can be
generally observed that the training process results in higher loss values in later time blocks, implying a growth in the errors over
time consistent with what is observed in Figs. 10 and 11.

Table 8 shows a study of the effect of the training data points on the simulation accuracy of the HLConcPINN-ExBTM and
HLConcPINN-BTM methods. Here we list the /2 and [ errors of HLConcPINN-ExBTM and HLConcPINN-BTM in different time blocks
obtained with training collocation points ranging from N, = 1500 to N, = 3000 in the simulations. The neural network architecture
is given by [2,90,90, 10, 2], with the tanh activation function for the first two hidden layers and sine function for the last hidden layer.
The data suggest little sensitivity with respect to number of training data points in the range tested here.

Table 9 illustrates a test of the effect of different activation functions on the simulation results. The network architecture is
characterized by [2,90,90, 10, 2], with tanh as the activation function for the first two hidden layers, while the activation function
for the last hidden layer is varied among tanh, Gaussian, swish, and softplus functions. The training collocation points are set to
N, =2500. The table provides the /%> and I errors of the wave field in different time blocks computed using HLConcPINN-ExBTM
and HLConcPINN-BTM corresponding to different activation functions for the last hidden layer. These data can be compared with
that of Table 8 corresponding to N, =2500, where the sine activation function has been used. Overall the sine function appears to
yield the best results among the activation functions tested here.
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Fig. 10.

Table 8

Wave equation: /> and [ errors of wave field u in different time blocks obtained with HLConcPINN-ExBTM and HLConcPINN-BTM
for a range of training data points N,. NN: [2,90,90,10,2], tanh activation in first two hidden layers and sine activation in the last

hidden layer.

Error  Time block N, =1500 N, =2000 N, =2500 N, =3000
ExBTM BTM ExBTM BTM ExBTM BTM ExBTM BTM

2 Ty 9.86e-03  1.05e-02 9.76e-03  1.01e-02  1.09e-02  1.19e-02  9.87e-03  9.31e-03
Ty 1.21e-02  1.30e-02 1.14e-02  1.15e-02  1.17e-02  9.53e-03  1.01e-02  9.49e-03
Ty 1.21e-02 3.73e-02 1.39e-02 1.27e-02 1.71e-02 1.52e-02 1.38e-02 1.39e-02
Ty 1.75e-02 2.85e-01 5.91e-02 2.44e-02 1.74e-02 2.17e-02 5.26e-02 3.23e-01
Tys 3.34e-02  3.85e-01 1.25e-01  2.15e-01  1.88e-02  1.76e-01  5.70e-02  7.36e-01

A Ty 3.13e-02 2.73e-02 2.86e-02 2.76e-02 2.85e-02 3.13e-02 2.75e-02 2.52e-02
Ty, 3.13e-02 3.57e-02 3.22e-02 3.43e-02 3.46e-02 2.64e-02 2.85e-02 2.72e-02
Ty 3.43e-02  1.00e-01 6.94e-02  3.98e-02  5.47e-02  4.59e-02  4.28e-02  4.90e-02
Ty 5.31e-02  8.33e-01 1.40e-01  7.40e-02  5.85e-02  6.56e-02  1.44e-01  1.13e+00
Tys 8.55e-02 1.14e+00 2.28e-01 6.42e-01 6.09e-02 5.04e-01 1.65e-01 2.35e+00
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Table 9

Wave equation: /> and [/® errors of the wave field u in different time blocks obtained using HLConcPINN-ExBTM and HLConcPINN-BTM
with different activation functions in the last hidden layer. NN: [2,90,90,10,2], with tanh activation in the first two hidden layers. The
activation function in the last hidden layer is varied, as listed in the first row of the table. N, = 2500 for the training collocation points.

Error Time block tanh Gaussian Swish Softplus
ExBTM BTM ExBTM BTM ExBTM BTM ExBTM BTM

? m 1.94e-02 2.08e-02 1.34e-02 8.44e-03 2.03e-02 1.88e-02 1.22e-02 1.51e-02
Ty, 2.24e-02 2.12e-02 6.07e-02 3.18e-02 2.65e-02  3.20e-02 1.66e-02  2.21e-02
Ty 1.22e+00 7.27e-01 9.41e-01 4.80e-02 5.47e-02  1.65e+00 3.64e-02  3.73e-02
Ty, 2.84e+00 1.52e+00 2.21e+00 4.06e-01 8.17e-02 4.18e+00 9.31e-02 3.95e-01
Tys 4.91e+00 2.34e+00 3.74e+00 5.42e-01 1.42e-01 7.25e+00 2.82e-01 5.83e-01

A Ty 5.46e-02 5.68e-02 3.74e-02 2.40e-02 5.57e-02  5.12e-02 3.54e-02  4.17e-02
Ty, 6.13e-02 6.77e-02 2.38e-01 8.23e-02 7.70e-02  8.74e-02 4.92e-02  6.82e-02
Ty 2.66e+00 1.83e+00 2.34e+00 1.35e-01 1.27e-01 3.91e+00 1.09e-01 1.06e-01
Ty 4.65e+00 2.63e+00 3.23e+00 1.41e+00 2.35e-01 6.33e+00 2.44e-01 1.43e+00
Tys 7.40e+00 3.70e+00 5.16e+00 1.80e+00 4.23e-01 1.04e+01 7.86e-01 1.98e+00

» o Ty, |lur — uptl| 20
] o Ty, |lur — uptl| 20

o Ty, |lu— ugl 12 (
(

o Tys, lur — ugel 2
(
(

)
100 o Ty, |lu — ugl| 20
o Ty, [|lu— uol 2
)
)

* Ty, lue — ugel 2
> Tys, lur — uptl| 20

* Ty, [Ju—ugll 220
> Tys, [|lu — woll 20

A
*(

Error

103 102 107! 103 102 107!
Loss Loss
(a) u (b) v

Fig. 15. Wave equation: /” errors of (a) the wave field u, and (b) the wave speed v = du/dt, as a function of the training loss for HLConcPINN-ExBTM. NN: [2,90,90,10,2],
with tanh activation for the first two hidden layers and sine activation for the last hidden layer; N, = 2500 for the training data points.

Fig. 15 illustrates the relation (in logarithmic scale) between the /2 errors of the wave field u and the wave speed v = ‘;—: as a
function of the training loss value for the HLConcPINN-ExBTM method. The neural network architecture, the activation functions,
and the training data points are provided in the figure caption. The simulation data approximately exhibit a scaling power of 1/2,

roughly consistent with the conclusion of Theorem 5.3.
7.4. Nonlinear Klein-Gordon equation

We consider the spatial-temporal domain (x,7) € Q = Dx[0,7] = [0, 1]X[0, 10], and the following initial/boundary value problem
on this domain,

Pu  Fu . _
P - 2 +u+sin(u) = f(x,1), (75a)
u0,0=¢(0, u(l,=¢,®, ux,0)=y;(x), %(x,O) =y,(x). (75b)

In these equations, u(x, 1) is the field function to be solved for, f(x,?) is a source term, y; and y, are the initial conditions, and ¢,
and ¢, are the boundary conditions. Note that a nonlinear term, g(u) = sinu, has been used, leading to the Sine-Gordon equation
in (75a). The source term, initial and boundary conditions are appropriately chosen such that the problem has the following exact
solution,

u(x,t) = [Zcos (ﬂx+ %) + % cos (27rx + %)] [2cos (rct + %) + %cos (271:1 + ;—g)] . (76)
To simulate this problem, we reformulate it as follows,

ou o d%u .

5 -v=0, i ﬁ+u+sm(u)=f(x,t), (77a)

u0,0=¢ (1), ul,n)=¢,®), ux0)=y(x), v(x,0)=y,x), (77b)
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Fig. 16. Nonlinear Klein-Gordon equation: Distributions of the exact solution (a,f), the HLConcPINN-ExBTM solution and its point-wise error (b,g and c,h), and the
HLConcPINN-BTM solution and its point-wise error (d,i and e,j), for u (top row) and v (bottom row). NN: [2,90,90,10,2], with tanh activation function for the first
two hidden layers and sine activation function in the last hidden layer; N, = 2500 for the training collocation points.
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Fig. 17. Nonlinear Klein-Gordon equation: Histories of training loss for (a) HLConcPINN-ExBTM and (b) HLConcPINN-BTM in different time blocks. NN architecture
and simulation parameters follow those of Fig. 16.

where v is defined by equation (77a). In light of (55)— (56), we set the loss function for HLConcPINN-ExBTM as follows,

N, 2
W, < [Ouy.
7_"1 i,o.on n no.n
Lossi N Z ot (xim’tint) - U9i(xim’tim)
¢ n=1
2
W & ()Ugi non azugi non n o n : non n o n
+ N ot (xint’ tim) - axz (xinl’ tint) + ug,' (xim’ Iint) + SIn(uGi (xinl’ Iint)) - f(xim’ Iint)
¢ n=1
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architecture and simulation parameters follow those of Fig. 16.
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VI/S i c . . W6 1 c 0149'71 ; .
+~ Vg, (Xt 1j-1) = Vg, (s 1-1) + _(xtb’ =) = 5 ()
¢ j=1n=1 c Jj=ln=1
il op ¢
+ W7 2 [(09(0 ") - 1(z"b))2 +(0p(1, 1) = —2(t"b))2] ) +Loss!_|, (78)
C n=1
where W; (i =1, ---,7) are the penalty coefficients for different loss terms. The loss function for HLConcPINN-BTM is set to,
N. 2
W, < [duy
I7 1
LOSS[ =N 2 _(xmr’ mt) U9 (xmt’ lm)
NC n=1
W, dvy, ” 02u9i :
+ F Z _(xmt’ int axz (xlnt’ lm) +u9 (xmt’ mt) + Sln(ug (xlnt’ lnt f(xlnt’ mt
¢ p=1
N, 2 2
W3 Q& 0 o,
+ V Z |:atax xl"lm’t?nt - ( mt’ mt :| Z [”9 (x,b’ i— l) u9 l(xtb’ i— 1)]
¢ p=1 " n=1
N, N, 2
Ws 3 2 W 55 [
+ Vc ’; [Uo[(xfb,ti_l) - Ualfl(x:'bgfi_ﬂ] + Vc ; [g(x,b, i—1) — (xlbs i-1)
¢ o 1/2
+ I/I/7 I:(UQ(O tsb) _l(tsb))2 + (UH(I tsb) 2 (tnb))2 ) . (79)
C n=1

We employ the following values for the penalty coefficients, (W}, -+, W5) =(0.4,0.4,0.4,0.6,0.6,0.6,0.6), for this problem. Five uni-
form time blocks are used in block time marching.

Figs. 16 and 17 provide an overview of the simulation results obtained by HLConcPINN-ExBTM and HLConcPINN-BTM for the
nonlinear Klein-Gordon equation. Here the distributions of the HLConcPINN-ExBTM and HLConcPINN-BTM solutions for u and v = a_’
their point-wise absolute errors, as well as the exact solution field, have been shown. The loss histories for different time blocks
obtained using these methods are shown in Fig. 17. The network architecture (consisting of three hidden layers), the activation
functions, and the training collocation points are given in the caption of Fig. 16. The simulation results obtained with HLConcPINN-
ExBTM are markedly more accurate than those of HLConcPINN-BTM for this problem, especially at later time (the last time block).
It is also noted that the solution accuracy for % is notably lower than that of u.

Table 10 summarizes a study of the training collocation points on the PINN solutions. We list the /> and [® errors of both
HLConcPINN-ExBTM and HLConcPINN-BTM in different time blocks obtained with a range of training collocation points between
N, =1500 and N = 3000. The neural network architecture and activation functions follow those of Fig. 16. The results are in general
not sensitive to the number of collocation points, similar to what has been obtained with other test problems in previous subsections.

Table 11 compares the simulation results of HLConcPINN-ExBTM and HLConcPINN-BTM obtained with different activation func-
tions (tanh, Gaussian, swish, softplus) for the last hidden layer. Three hidden layers are employed in the neural network, with tanh
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Table 10
Nonlinear Klein-Gordon equation: /> and [® errors of u for HLConcPINN-ExBTM and HLConcPINN-BTM obtained with different
training collocation points N,. The NN architecture and activation functions follow those of Fig. 16.

Error  Time block N, = 1500 N, =2000 N, =2500 N, =3000
ExBTM BTM ExBTM BTM ExBTM BTM ExBTM BTM

12 Ty 1.14e-03  1.52e-03  1.37e-03  1.64e-03  1.21e-03  1.52e-03 1.88e-03  1.56e-03
Ty 3.08e-03 3.99-03 3.28e-03 2.97e-03 3.94e-03 3.53e-03 6.14e-03 2.55e-03
Ty 5.44e-03  9.56e-03  7.79e-03  6.89e-03  4.89e-03  6.96e-03 6.61e-03  7.75e-03
Ty 9.69e-03  1.67e-02  1.90e-02  7.19e-03  8.31e-03  1.44e-02 1.01e-02  1.36e-02
Tys 7.03e-02 9.11e-02 3.23e-02 1.95e-02 1.33e-02 6.4%-01 2.93e-02 7.43e-02

A Ty 3.33e-03  3.24e-03  5.01e-03  4.75e-03  3.62e-03  4.21e-03 4.40e-03  4.54e-03
Ty 8.52e-03  8.47e-03  9.59e-03  1.07e-02  1.06e-02  9.18e-03 1.27e-02  7.50e-03
Ty 1.93e-02 2.74e-02 1.77e-02 1.78e-02 1.44e-02 2.25e-02 1.89e-02 2.10e-02
Ty 2.34e-02 4.90e-02 5.88e-02 1.57e-02 2.38e-02 4.62e-02 2.76e-02 3.37e-02
Tys 1.89¢-01  2.40e-01  9.73e-02  4.58e-02  4.25e-02  1.41e+00 8.66e-02  2.03e-01

Table 11

Nonlinear Klein-Gordon equation: /> and /*® errors of u for HLConcPINN-ExBTM and HLConcPINN-BTM obtained with different
activation functions for the last hidden layer. NN: [2,90,90,10,2], with tanh activation function for the first two hidden layers and
the activation function in the last hidden layer varied; N, = 2500 for the training collocation points.

Error  Time block tanh Gaussian Swish Softplus
ExBTM BTM ExBTM BTM ExBTM BTM ExBTM BTM

? Ty 2.28e-03 2.86e-03 2.52e-03 3.41e-03 9.61e-04 1.98e-03 1.81e-03 1.40e-03
Ty 5.24e-03  5.83e-03  1.82e-03 6.29¢-03 4.54e-03  3.62e-03  6.21e-03  7.67e-03
Ty 8.22e-03  1.68e-02  1.11e-02 1.97e-02 7.75e-03  5.16e-03  8.18e-03  1.01e-02
Ty 1.73e-02 2.52e-02 3.25e-01 2.86e-01 1.13e-02 1.17e-02 1.72e-02 8.91e-03
Tys 1.33e-01 8.68e-02  5.56e-01 7.53e-01 1.11e-01 1.82e-02  2.98e-02  1.43e-02

A Ty 5.73e-03  8.85e-03  5.89e-03 8.22e-03 3.30e-03  5.00e-03  5.54e-03  4.63e-03
Ty, 1.64e-02 1.74e-02 5.34e-03 1.94e-02 1.15e-02 1.61e-02 1.99e-02 2.67e-02
Ty 2.24e-02  4.67e-02  2.87e-02 4.05e-02 1.49e-02  1.60e-02  2.20e-02  2.91e-02
Ty 4.27e-02  7.18e-02  1.05e+00 7.84e-01 2.53e-02  3.32e-02  4.77e-02  2.33e-02
Tys 3.65e-01 2.47e-01 1.43e+00 1.80e+00 3.42e-01 6.28e-02 8.76e-02 4.46e-02

activation for the first two hidden layers and the activation function of the last hidden layer varied. The network architecture and
other simulation parameters are specified in the table caption. These results can be compared with that of Table 10 corresponding
to N, =2500, where the sine activation function has been used for the last hidden layer. Among the activation functions tested, the
sine function appears to yield the best simulation results.

Finally Fig. 18 illustrates the relation between the errors for u and v and the training loss for the HLConcPINN-ExBTM method
from our simulations. The simulation data signify a scaling with a power of approximately 1/2, which is roughly consistent with the
conclusion of Theorem 6.4.

8. Concluding remarks

We have presented a hidden-layer concatenated physics informed neural network (HLConcPINN) method for approximating PDEs,
by combining hidden-layer concatenated feed-forward neural networks (HLConcFNN), an extended block time marching strategy, and
the physics informed approach. We analyze the convergence properties and the errors of this method for parabolic and hyperbolic
type PDEs. Our analyses show that with this method the approximation error of the solution field can be effectively controlled by the
training loss for dynamic simulations with long time horizons. HLConcPINN allows network architectures with an arbitrary number of
hidden layers of two or larger, and any of the commonly-used smooth activation functions for all hidden layers beyond the first two.
Our method generalizes several existing PINN techniques, which have theoretical guarantees but are confined to network architectures
with two hidden layers and the tanh activation function. We implement the HLConcPINN algorithm, and have presented a number of
computational examples based on this method. The numerical results demonstrate the effectiveness of our method and corroborate
the relationship between the approximation error and the training loss function from theoretical analyses.

For long-term dynamic simulations, the current work adopts the block time marching (BTM) strategy. The original block time
marching scheme, however, is not amenable to theoretical analysis, due to the difficulty caused by the regularity of the initial con-
ditions on time blocks beyond the first one. The extended block time marching (ExBTM) strategy presented in this work circumvents
this issue, by using the true initial data of the problem as the initial value for all time blocks and enforcing the residuals at a set of
discrete temporal points from the preceding time blocks. This modified BTM strategy is crucial to the theoretical analysis of HLCon-
cPINN for long-time dynamic simulations. A practical question when using BTM is how to choose the number of time blocks for a
given problem and a given temporal dimension one would like to cover in the simulation. Our past experiences with the original
BTM and the current modified BTM methods suggest that with smaller time blocks the network training tends to be easier and it
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would generally produce more accurate results. On the other hand, with a fixed overall temporal dimension of the problem domain,
increasing the number of time blocks (i.e. reducing the time block size) would increase the overall computation burden. We find that
a moderate time block size is usually preferable and would typically suffice for many problems.

Finally we would like to comment that the analysis of the HLConcPINN technique, excluding the block time marching component,
can be extended to elliptic type equations. An analysis of the nonlinear Helmholtz equation as an example of this type of equation is
provided in the Appendix (Section 9.3).
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9. Appendix: auxiliary results and proofs of main theorems

9.1. Some auxiliary results
Let a d-tuple of non-negative integers a« € Ng be multi-index with d € N. For given two multi-indices a, § € N?, we say that a < 3,
if and only if, a; < ; for all i =1, ---,d. Let [] denote the product operator, representing the multiplication of a sequence of terms.

. A -1
Denote |a| = X7, o, a! =[], a;!, Z) = ﬁlp)v with f < a.Let P, , = {a €N}, |a| = m}, for which itholds | P,, ,| = (m +Z >

Lemma 9.1. Let d € N,k €Ny, f € HX(Q) and g € W= (Q) with Q C R, then || £ g|l sy () < 2K/ Il iy | €l o -

Lemma 9.2 (Multiplicative trace inequality, e.g. [12]). Letd >2, Q C R? be a Lipschitz domain and let o  H 1Q) > L2(0Q) : ur ulyn
be the trace operator. Denote by hg the diameter of Q and by pq, the radius of the largest d-dimensional ball that can be inscribed into Q.
Then it holds that

lvoull 1200) < Chg.a,po Ul 1) Where Gy 4o, = V2max{2hq,d}/pg. (80)

Lemma 9.3 ([12]). Let d,n, L,W €N and let uy : R4 - R!L be a neural network with 9 € ® ford,L>2,R,W > 1, cf. Definition 2.1.
Assume that ||o||cn > 1. Then it holds for 1 < j <1, that

) lleniy < 162d*" (e*n* W3 R |6l cn i)™ (81)

Remark 9.4. Let u, : R? — R/L denote a neural network with smooth activation functions, in accordance with Definition 2.1. Suppose
the first two hidden layers of the network are endowed with the tanh activation function, whereas (if L > 3) the subsequent hidden
layers utilize a variety of smooth activation functions, including (but not restricted to) e.g. the tanh, sine, sigmoid, Gaussian, and
softplus functions. Let 6 denote a collection of these smooth activation functions. Under the conditions specified in Lemma 9.3, by
defining ||o|| o« = maxsz¢4{[I6]lck }, it can be shown that Lemma 9.3 remains valid. Furthermore, thanks to the inherent properties of
hidden-layer concatenated feedforward neural networks, the output fields of the i-th (i = 1,---, L — 1) hidden layer and the output
layer exhibit analogous behavior based on Lemma 9.3. For the sake of conciseness, we omit the proof here and refer to the results

presented in Lemma 9.3.

Lemma 9.5 ([12]). Letd >2,n>2,m>3, 6 >0, a;,b; € Z with a; <b; for 1 <i<d, Q= Hf.lzl[a,-,b,-] and f € H™(Q). Then for every

N eN with N > 5, there exists a tanh neural network f™ with two hidden layers, one of widths at most 3 ["H; 72] [Pp—tg+1l + ij:l (b; —

a;)(N — 1) and another of width at most 3 [%] |Pyi1gs1IN? H;j=1(bi — a;), such that for k =0, 1,2 it holds that

I = TN gy < 2539C) pa (14 S)NE (B 54 p NOH™2) 7K, (82)
where
m—I
C e (4T 2 (3T (83)
k.md,f 0<l<k 1 (I,m__l]')d/z T H™(Q)>
d

5 - 2% max ([T, (b; — a;).d} max{|[| ||y ko 1}
346min{1,Cp g /)

Brsar= ) (84)

and [-] denotes the ceiling function, which maps a real number to the smallest integer greater than or equal to it. Moreover, the weights of
fN scale as O(N” + NInN) with y = max{m?/n,d(2 + m+d)/n}.
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Lemma 9.6 ([38]). Given an architectural vector l; = (ly, 1y, ,1;_y,1p) with I} =1, define a new vector I, = (Iy, 1,1y _1,n,1;), where
n> 1 is an integer. For a given domain D C R and an activation function o, the following relation holds

U(D,1,,0) CU(D,1,,0), (85)
where U is defined by (5).

Lemma 9.7 ([38]). Given an architectural vector 1, = (ly,1y,-+-,1;_;,1;) with I; =1, define a new vector 1, = (Io, 11, ,1,_;,1; +
1,141, ,1;) for some s (1 <5 < L —1). For a given domain D C R/ and an activation function o, the following relation holds

U(D,l,0) CU(D,1,,0), (86)
where U is defined by (5).

Lemma 9.8. Under the conditions specified in Lemma 9.5, for every N € N where N > 5, there exists a hidden-layer concatenated feedfor-
ward neural network denoted as £V, defined by

-1
fN=ZMifiN+bL L>3, (87)
=

where fiN , M; e R>i (1<i<L-1)andb . € R! represent the output of the i-th hidden layer, the connection coefficients between the
output layer and the i-th hidden layer, and the bias of the output layer, respectively. Note that the first two hidden layers of the network
employ the tanh activation function, while the other hidden layers can use any other smooth activation function. For k=0, 1,2, this neural
network satisfies

If = FN gy S Ik (NFFmH2) N=mek, (88)

Proof. Lemmas 9.6 and 9.7 imply that N possesses a greater representational capacity compared to f N,

It should be noted that smooth functions are both continuous and bounded on a closed interval. For neural networks, activation
function o such as the sigmoid and hyperbolic tangent (tanh) are examples of smooth functions. These functions can be bounded by
a constant C in the H¥(Q) norm, i.e., lloll grgy < C.

Weset M, =01 e R, My =W, b, = by, and M, = Cl»(i_& 11X e RIXi (j =3, ..., L—1), while assigning 0/*/i-1 € R/*!i-1 to
the weight coefficients W; of the i-th hidden layer for all i = 3,‘--- , L — 1. By retaining the initial two hidden layers in Lemma 9.5 and
setting & = In* (N4+m+2) N="+k we obtain VV3f2N +by=fN (defined in Lemma 9.5) and /N = fN + Zf;; M,o(b;). Consequently,
the approximation can be bounded as follows

L-1

”f - fN”Hk(Q) < ”f - fN”Hk(Q) + 2 ”M,'G(b,')”[-[k(g) s ll'lk (Nd+m+2) N_m+k,
i=3

where /; denotes the number of nodes in the i-th hidden layer. []

9.2. Proof of main theorems from Section 3: heat equation

Proof of Theorem 3.3 :

Proof. Based on Lemma 9.8, there exists a HLConcPINN ug, such that for every 0 <m <2,
llug, = ull ymcss,, S NI (N). 9

According to Lemma 9.2, we can bound the HLConcPINN residual terms,

U N N A
” E ”Lz(ﬁi) < ”ui”HI(EZ,-)’ ”Aui ||L2(g~2i) < ”ui”Hz(ﬁi)’
”ﬁi”LZ(ﬁ*i) < ||ﬁi||L2(()§i) < Chﬁi’d-'-l’pﬁi ”ﬁillgl(fli)'
For j=1, Rtbi |t=t0 = ﬁilx:zo’ we obtain
”Rtb,» (x, O)IILZ(D) < “ﬁ[”LZ(aﬁ[) < Chﬁi ’d+1’pﬁi ”ﬁi”Hl(ﬁ[)'
For j > 1, it holds
||R,bi(x,tj_1)||L2(D) < ”ui|f=fj—1 ||L2(D) + ||“j—1 |t=tj_1 ”LZ(D) < ||”;||L2(a§j7]) + ”uj—l ||L2(a§j7])

Q. ~ i ; = < i; 5 il ; 3
< Chﬁj;l ’d+l’ﬂ§j,1 (||u, ”Hl(gj—l) + ”llj_l ||H1(Qj—l)) = thﬁ/71 'd+1'p§j71 (”u, ”HI(QI_) + ”uj—] ”Hl(gj—l))'
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By combining these relations with (89), we can obtain

Uu;
—k+2
”le ”Lz(ﬂ) ” ot — Ay ”LZ(Q)S ”u ”Hl(g)+ ||M ”HZ(Q )y~ <N * 111 N
A N —k+1 . .
”Rthi(xstj71)||L2(D)s ”Rsb,- ”LZ(ﬁ*’_) S ”ui”Hl(fl,v) + ”uj—l ”Hl(ﬁj,]) s N + lnN 1 S./ S L.

Then, we finish our proof. []

Proof of Theorem 3.4 :

Proof. Take the inner product of (14a) and #; over D to obtain,

2dt/|u| dx_—/|Vﬁ-|2dx+/Rstﬁ-~nds(x)+/R~ 1,0y dx
/|Vu| dx + /lul dx+ = /lRm,| dx +Cyp ( /lRSbl ds(x) (90)

1
where Cyp, =[0D12(lullc1opxis;_y 4y F 4o, lcr@pxir,y.a,0)-
Integrating (90) over [t;_;, 7] for any ¢;_; < r <t;, using the initial condition (14b), and applying Cauchy-Schwarz inequality, we

obtain
/lu (x, T)|2dx+2//|w |2 dxds

ti-1

1
1
/|u (x,t;_DI dx+//|u| dxdt+//|Rm,| dxdt+2CaD |At| //|Rsb’_|2ds(x)dl‘)§
D

fi-1 ti1 ti-1 0D

t; t;
i—1 : .
§/|ﬁ,-(x,t,-_1)|2dx+2/|R,bl_(x,tj_1)|2dx+//|ﬁ,—|2dxdt+//|R,-mi|2dxdt
=lp ) 4ty D

D

i
! , 1
+2C&Di|A1|2(//|Rsbi| ds(x)dr)2

ti_1 0D

]
<2/|ul NERANI dx+2/|R,b (x, ;1) dx+2/|R,bl_(x,tj71)|2dx+//|ai|2dxdt
ti.y D

g

1
+//lRimllzdxdt+2CaD‘|At| //leb [*ds(x)dt) 2.

ti.1 D i1 0D

Then, applying the integral form of the Gronwall inequality to the above inequality, it holds

1
/|ﬁi(X,T)|2dx+2//|Vﬁ[|2dxd1
D ti_y D
t

/lu, NERAN dx+22/|R,,, (.t dx+//|R,,,,| daxdr) exp(Ar)

ti-1

1 : 1
+2C,p, A1) ( / / |Rsbi|2ds(x)dt) 2 exp(Ab). (o1)
ti_1 0D

Firstly, by (91) and integrating (91) over [t,,?,], Theorem 3.4 holds for i = 1 according to the fact that EGF . (0)=0and @;_, |,=,l_7 =
Ofori=1.
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Secondly, we assume that Theorem 3.4 holds for all i </ —1, i.e.,
1
/ |, (x, 7)|* dx < Cg, exp(Ab), / / |, (x,7)|* dxdi < Cg; Atexp(Ar).
D 41 D
For i =/ — 1, as it should be,

/ l&)_y(x, D) dx < Cg,_ exp(An) 5 <T <1, (92)
D

Finally, we begin to verify that Theorem 3.4 is true at i = /.
Let i =/ in (91), under the established conditions (92) and the Gronwall inequality, we derive

/lu,(x 7)| dx+2//|Vu,| dxdr
1

1-1

1

5(2/|a,,1(x,r,,1)|2dx+22/|R,,,,(x t_ 1)|2dx+//|Rm,,| dxdt) exp(Ar)
Jj=

D ti_1 D

1
1 1
+2C6D1|At|5(//lebllzds(x)dt)Zexp(At)

t_1 0D

S(ZCGH exp(At)+22/|R,bl(x ;DI dx+//|Rm,| dxdt)exp(At)
Jj=

-1 D

1
1 1
+2C0D,|Az|5(//|Rsb,|2ds(x)dz)2exp(m)

t;_1 0D
<(Cg, +2Cg,_, exp(An)exp(Ar),
where

1 7]

1
CGI:ZZ/lR,,,[(x 1 ])|2dx+//lR,,,,llzdxdt+2CaD |At|2 //|RS,,,| ds(x)dt) 2.
J= D

tj_1 0D

By using the mathematical induction and deduction methods, we finish the proof. []

-1

Proof of Theorem 3.5 :

Proof. By combining Theorem 3.4 with the quadrature error formula (3), we have

2
2 2 2 2
L/umjdx=/ﬂ&m<u—9&mmﬁi+9& [RG1< Clae )M, + Qi TR )
D D

Q; Q;
/lRintilzdde=/|Rim,-|2dxdt_QMiml[ mt]+Q [Rmt]<C(R12,l )M d+| +Q [R2 ],

int; Mim,- int;

/mmanmf/mmﬁmmmﬁﬁ;m@HgﬁJﬁms e, M e IR,

Q,; Q

&1

Combining the fact that C(R2 ) S ||R ||C2 and ||be_ [len < 2"||R,bi ||2,, with Lemma 9.3, it holds

2 - 2 - 2
C(R,zbl(xv’j—l)) S ”Rtbi(xa [j—l)llcz < 2(””[|t=tj_l ”C2 + ”uj—l |’=’j—1 ||C2)
Slull?, + (@2*W° Rloll c2)*F. (93)
In a similar way, we can estimate the terms /9,- [ R, |?dxd¢ and /9*,- IRy, |2ds(x)dt.
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Then, combining the above inequalities with (17), it holds that

]
/ / |a;(x,1)|*dxdr < Cr, At exp(At),

iy D

where the constant CT,- is defined in (20). [
9.3. HLConcPINN for approximating the nonlinear Helmholtz equation

9.3.1. Nonlinear Helmholtz equation
Let D C RY (d > 2) be an open connected bounded domain with a C* boundary dD. We consider the following nonlinear Helmholtz
equation:

— Au(x) + Au(x) + agu(x)) = f(x) x€D, (94a)
u(x) = uy(x) x €D, (94b)

where f is a source term, u,; denotes the boundary data, and the nonlinear term g(u) is globally Lipschitz, i.e. there exists a constant
L (independent of v and w) such that

lg)—gw)| < Llv—w| Vv,weR. (95)

Here, @ > 0 and A > 0 are constants that satisfy 1 >2La.

9.3.2. Hidden-layer concatenated physics informed neural networks
We seek a HLConcPINN u, to approximate the solution u of (94) and define the following residuals:

R;,:[ugl(x) = —Aug + Aug + ag(uy) — f x €D, (96a)
Ry lugl(x) =uy —uy, x€aD. (96b)

Note that R;,;[u] = R;,[u] =0 for the exact solution u.
With HLConcPINN we minimize the quantity,

Eq(0) = / [ Ryt 1) dx + / [R 1)) > ds(x) | 97)
D D

For the nonlinear Helmholtz equation (94), we choose the training set S C D with S = S, U S, 5> based on suitable quadrature points:

* Interior training points S, = {x],, € D,1 <n< N;,}.
- Spatial boundary training points Sy, = {x{, €0D,1 <n< Ng}.

With the training set S, the integrals in (97) are approximated by a numerical quadrature, resulting in the training loss function,

Er(0.S)* = M0, S,,)" + E30(0,S,p), (98)
where
Nint Ngp
EMO.S;,)" = Y ol IRy gl )2 E2(0. 5,7 =Y, 0, | Ryylug)(x"))%, (99)
n=1 n=1
with the data sets S, = {x],, L“i’ and S, = {xgb},l:g’; and the corresponding quadrature weights o}, and f,.

9.3.3. Error analysis
Let it = uy — u denote the error of the HLConcPINN solution u, against the true solution u. Combining equation (94) and the
definitions of different residuals (96), we have

Ry = —Ad+ A+ a(g(ug) — g(u)), (100a)

Ry, =1ilyp- (100Db)

Theorem 9.9. Suppose n, d, k € N with n,d > 2 and k >3, and u € H*(D). For every integer N > 5, there exists a HLConcPINN uy, such
that

IRl 20y SNTIPN, IRyl 129y S N ¥ 'InN. (101)
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Proof. The conclusion follows from u € H¥(D), and the Lemmas 9.2 and 9.8. []

Theorem 9.10. Let d € N with d > 2, and u € C'(D) be the classical solution to the nonlinear Helmholtz equation (94). Let ug denote a
HLConcPINN with parameter 0. Then the following relation holds

1

2
/|Vﬁ|2dx+<%—La)/lﬁlzdxsi/lRimlzdx+Cl,D /leblzds(x) , (102)
D D D D

1
where Cyp = |0D|2(||ullc1gpy + lugllcropy)-

Proof. By following a similar approach to the proof of Theorem 3.4 and using the conditions (95) and A > 2La, one can arrive at
the relation (102). []

Theorem 9.11. Let d € N with d > 2, and u € C*(D) be the classical solution of the nonlinear Helmholtz equation (94). Let uy be a
HLConcPINN with parameter 6. Then the following relation holds,

1

2 2
L2 A a2 1 7,00 [R2 T, 0 (R21)°
/qul dx+ (5 - La) / il dx < = <C(R?,1,)Mintd +QMW[RI.M]> +Cop <C<R§b>Msbd 1 +QM.\-b[RSb]>
D D

-2 L
=0 <£T(9,5)2 +M, 0+ M, > .
where Qﬁ‘_m [R,.Zm] and Q‘?\Z,’ [R?b] represent the midpoint rule applied to the respective functions R,.zm and R?b.

Proof. The result follows directly from Theorem 9.10, Lemma 9.3 and the quadrature error formula (3). []

Remark 9.12. For a = 0, the nonlinear Helmholtz equation (94) reduces to a linear equation. The above analyses, including Theo-
rems 9.9 to 9.11, all carry over to the linear case.

9.4. HLConcPINN for approximating the convection equation

9.4.1. Convection equation
Consider the following convection equation on the domain D = [a,b] C R':

du(x,t) + ou(x,t) _

0 (x,t) € DX[0,T], (103a)

at ax
u(x,0) = u;,(x) x€D, (103b)
u(a,1) = g(1) t€[0,T1, (103¢)

where g() denotes the boundary data and u;,(x) is the initial distribution.

9.4.2. Hidden-layer concatenated physics informed neural networks
Based on the settings from Section 2.5, we seek HLConcPINN ug, D x[0,t;] > R for 1 <i </ (I denoting the number of time
blocks) to approximate the solution u of (103). Define the following residual functions, for 1 <i </,

Oug,  Ouy,
Ring, [up J0e. ) = — =+ ——, (104a)
Rip lug 100) =ug 1=, =g, li=,,  1=5J<i, (104b)
Ry [ug,1(t) = ug,(a,1) — g(2). (104¢)

In these equations ug, o u;,(x). Note that R;,; [u] = R,; [u] = Ry, [u] = 0 for the exact solution u. With HLConcPINN we
= i i i

determine ¢; (1 <i </) by minimizing the following quantities,
£, (0)* = EGi(e,.)2 +E&,_ (0, 1<i<l, (105)
i

t; ;
8~Gi(0i)2=//|Rim’_[u9i](x,t)|2dxdt+/|Rsb‘_[u9‘_](a,t)|2dt+ Z/|Rtbi[u91](x,tj_l)|2dx, (106)
D fio1 =p

ti-1

where &, (0,_))=0fori=1.
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The training set consists of S = UL] S; with §; =S, U S, U S, The spatial boundary training points are Sy, = {y,} for
1<n< Ng,, with y, =(x,1), € {a} X (t,_;,1;). We approximate the integrals in (105) by the mid-point rule, leading to the training
loss functions,

Er(0,8) = .ENT‘,(O,-,S,)Z +&r (01,8 1<i<l, (107)
&1 (01,5 = &0, Sy )+ 36,53 P + E71(6,.S,y (108)

b; Nsp;
where €] (6’,-,5's,]‘_)2 =X,

Er (01, Si_p=0fori=1.

w?y | Ry, lug, 1, t’zb‘)|2, and the remaining terms are defined according to equation (13). Note that
1 bt}

9.4.3. Error analysis
Let &l; = ug, —u denote the error between the HLConcPINN approximation ug, and the exact solution u. By applying the convection
equation (103) and the definition of the different residuals, we obtain for 1 <i </,

R = oi;  di; (1092)

i or T ox” 2
Rtbilt:tj,l =ﬁi|z:xj,] _”A‘j—llt:zj,] J=12,i, (109Db)
Rsbl_(a,t) =i;(a,1), (109¢)

where ﬁ0|,:,0 = 0. We define the total error of the HLConcPINN approximation as (1 <i </)
1
£(0,)% = / / |2, (x, 1)]? dxdr. (110)
ti_, D

Theorem 9.13. Let §~2,- =D x[0,t;]. Suppose n, d, keN withn>2and k>3, andu € H"(S~2,-). For every integer N > 5, there exists a
HLConcPINN uy, such that

1R, ||Lz(§i), 1 Rss, Il L2 ayxio s IR, Gesti—Dll 2y S NN 1<j<i (111)
Proof. The proof follows from u € H k(ﬁi), Lemmas 9.2 and 9.8. [

Theorem 9.14. Let u € C! (S~2i) be the classical solution to (103). Let u, (1 <i <) be a HLConcPINN with parameter 6;. Then the following
relation holds,

b t; b
/ |;(x, 7)|*dx < Cg, exp(Al) T € [t;_,1,], / / |i;(x,)|* dxdr < Cg, At exp(AD), (112)
a

i a

where

Cg, =2Cg,_ exp(A)+Cq . Cg, =0,

b ti b 1
éGi=2Z/|R,b’_(x,tj_1)|2dx+//|R,—,,,i|2dxdt+/|Rsb’_|2dt. (113)
j=lvy .

ti-1 a I
Proof. The result (112) can be attained by following the same strategy as in the proofs of Theorems 3.4 and 4.2. []

Theorem 9.15. Let u € C3(£~2i) be the classical solution of the convection equation (103), and let ug, (1 £i <) be a HLConcPINN with
parameter 0;. Then the total approximation error satisfies

i b

//|ﬁ,»(x,t)|2dxdtsantexp(At)

ti_1 a
2 _2 _2
=O0(&,0,, S + M, + M, "+ M, 114
where
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(a) Initial distribution: Case I (b) Initial distribution: Case II

Fig. 19. Convection equation: Distributions of the HLConcPINN solution u with (a) the continuous initial distribution, and (b) the discontinuous (square-wave) initial
distribution. NN: [2,90,90,10,1], with tanh activation function for all hidden layers.
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Fig. 20. Convection equation (case I): Top row, comparison of profiles between the true solution and the HLConcPINN solution at (a) t =0, (b) =0.5, and (c) = 1.
Bottom row, absolute-error profiles of the HLConcPINN solution for «. Simulation parameters follow those of Fig. 19.

Cr,=2C;_ exp(A+Cp,  Cp =0, (115)
~ [ -7 D 2 -7 Q 2
— d+1 i
Cr=2) (C(be_(x,rj_l))Mm,.d + Qi IRy, 05 D)+ Ce (M + QRG]
j=1 i i i
2 g
a (116)

i 2
+ C(sz‘_)Msb,- + QMSL,‘_ [Rsb[]'

IR

The symbols Qﬁm‘ [szbi 1, Q@ Mo, mr,] and Qz*jbi [be‘_] denote the midpoint rule, as described in (3).

Proof. The proof follows from Lemma 9.3, Theorem 9.14, and the quadrature error formula (3). []

9.4.4. Numerical examples
We apply the HLConcPINN-ExBTM method to simulate the convection problem (103a)— (103c) with a continuous and a dis-

continuous initial distribution. Consider a space-time domain D X [0,7] = [0, 1] X [0, 1], and we first employ one time block in the
simulations. An architecture [2,90,90, 10, 1] has been used for HLConcPINN-ExBTM with the tanh activation function for all hidden
layers. In the numerical experiments, we distribute 3000 uniform random collocation points in the interior of domain and on the
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boundary x = 0. The collocation points on the initial boundary (¢ = 0) are distributed differently depending on the initial distribution,
as follows:

+ Case I: The continuous initial distribution ;,(x) given by,

cos(%x—n), 0<x<04,
uin(x): 1, 04<x<0.6,
cos(%nx—%), 06<x<1,
with the boundary condition g(¢) :=u(0,7) = 0. The top plot of Fig. 20(a) visualizes this distribution. For this case, we employ

600 uniform grid points on each sub-interval (i.e. 0 < x < 0.4, 0.4 < x < 0.6 and 0.6 < x < 1) of the initial boundary.
+ Case II: The discontinuous (square wave) initial distribution u;,(x) given by

1, 0<x<0.3,
u,(x) = 0, 0.3<x<0.6,
COS(%R’X—%), 0.6<x<1,

with the boundary condition g(¢) := u(0,¢) = 1. The top plot of Fig. 21(a) illustrates this initial distribution. We similarly employ
600 uniform grid points on each sub-interval (i.e. 0 <x<0.3,0.3<x<0.6 and 0.6 <x < 1).

With the above settings, the training loss function in (105)— (106) reduces to the following form:

N,
L Wi au("nn “enn2W2°2n 72 11
08§ = 2 mt’ Inl ox (xint’tinr) + N N z [ue(xtb’o) _ui"(xlb)] ( 7)
€z p=1
W,
—Z up(0,1) — g(1")], (118)

where the penalty coefficients are set as (W}, W,, W;) =(0.1,0.9,0.9) and (N,;, N, N.3) = (3000, 3000, 1800). We train the neural
network with the Adam optimizer for 1000 epochs, followed by the L-BFGS optimizer for 4000 iterations.

Fig. 19 depicts the distributions of the solution field in the space-time domain corresponding to the continuous (case I) and
discontinuous (case II) initial distributions, showing the transport of the initial bump (case I) or the square well (case II) rightward
over time and the eventual exit from the domain. Figs. 20 and 21 illustrate profiles of the HLConcPINN-ExBTM solution u at several
time instants (f =0,0.5, 1 in Fig. 20, and r =0,0.1,0.2,0.3,0.5, 1 in Fig. 21), along with their absolute errors, corresponding to these
two cases. The profiles of the true solution for both cases are included for comparison. The numerical results indicate that, for
the continuous initial distribution (Case I) the HLConcPINN solution is quite accurate. For case II with the discontinuous initial
distribution, the HLConcPINN solution is less accurate compared with the first case. Large errors are induced near the points of
physical discontinuity. However, away from the physical discontinuities, the HLConcPINN solution is in good agreement with the
physical solution. Overall, the current method has captured the characteristics of the discontinuous physical solution of this problem
reasonably well. On the other hand, the large errors at the discontinuity also highlight the challenges facing the method for this type
of problems.

We next focus on the discontinuous initial distribution (case II) and consider the use of multiple time blocks in HLConcPINN-
ExBTM for simulating this problem. The training loss function in (105)— (106) for HLConcPINN-ExBTM on time block i (1 <i <1,/
denoting the number of time blocks) then becomes,

Ny a 2

N,
W, Oug W, & ; L
LOSS,- :N . Z [ (xmt’ mr) + (xtnt’ Inf)] + N 5 Z [ut‘),-(xrb’o) - ui"(xrb)]
cl p=1 €2 p=1

s Z [“9 0,75,) — g%, ] ZZ[”B O 1j—1) = g, Oy l)]

Cn— len

+ Loss;_q,

where Loss, =0, and ugo(x,to) =u,;,(x). Here we employ the same W}, N (k=1,2,3) values as in (117) (for the case of one time
block), together with W, =0.9 and N, =3000. In each time block, the training process is similar to that with a single time block,
with the same parameters (e.g. number of epochs, optimizers) as described above.

Fig. 22 shows distributions of the HLConcPINN-ExBTM solutions obtained using two uniform time blocks and four uniform time
blocks in the space-time domain, respectively. Fig. 23 compares the u profiles between the true solution and the HLConcPINN-ExBTM
solution at time instants = 0,0.2,0.45, and 0.8, and shows the corresponding absolute-error profiles of the HLConcPINN solution.
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Fig. 21. Convection equation (case II): In each sub-figure, top row: comparison of profiles between the true solution and the HLConcPINN solution at (a) ¢ =0, (b)
t=0.1,(c) t=0.2, (d) 1=0.3, (e) t=0.5, and (f) 7 = I; bottom row: absolute-error profiles of the HLConcPINN solution for u. Simulation parameters follow those of

Fig. 19 (a single time block in domain).

It is evident that the solutions obtained using multiple time blocks are very close to that obtained with a single time block in the

domain.
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Fig. 22. Convection equation (case II): Distributions of the HLConcPINN solution for u obtained with (a) two and (b) four uniform time blocks in the space-time
domain. NN: [2,90,90,10,1], with tanh activation function for all hidden layers.
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Fig. 23. Convection equation (case II): In each sub-figure, top plot: comparison of profiles between the true solution and the HLConcPINN solution for u at (a,e) t =0,
(b,f) t=0.2, (c,g) t =0.45, (d,h) t = 0.8; bottom plot: absolute-error profiles of the HLConcPINN solution for u. Plots (a)-(d) are obtained with two time blocks and
(e)-(h) are obtained with four time blocks in HLConcPINN.
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