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ARTICLE INFO ABSTRACT
Keywords: We consider the approximation of a class of dynamic partial differential equations (PDEs) of
PINN second order in time by the physics-informed neural network (PINN) approach, and provide an

Neural network error analysis of PINN for the wave equation, the nonlinear Klein-Gordon equation and the linear

elastodynamic equation. Our analyses show that, with feed-forward neural networks having two
hidden layers and the tanh activation function, the PINN approximation errors for the solution
field, its time derivative and its gradient field can be effectively bounded by the training loss and
the number of training data points (quadrature points). Our analyses further suggest new forms for
the training loss function, which contain certain residuals that are crucial to the error estimate
but would be absent from the canonical PINN loss formulation. Adopting these new forms for
the loss function leads to a variant PINN algorithm. We present ample numerical experiments
with the new PINN algorithm for the wave equation, the Sine-Gordon equation and the linear
elastodynamic equation, which show that the method can capture the solution well.

Error estimate
PDE
Scientific machine learning

1. Introduction

Deep neural networks (DNN) have achieved a great success in a number of fields in science and engineering [36] such as natural
language processing, robotics, computer vision, speech and image recognition, to name but a few. This has inspired a great deal
of research efforts in the past few years to adapt such techniques to scientific computing. DNN-based techniques seem particularly
promising for problems in higher dimensions, e.g. high-dimensional partial differential equation (PDE), since traditional numerical
methods for high-dimensional problems can quickly become infeasible due to the exponential increase in the computational effort
(so-called curse of dimensionality). Under these circumstances deep-learning algorithms can be helpful. In particular, the neural
network-based approach for PDE problems provides implicit regularization and can alleviate and perhaps overcome the curse of high
dimensions [3,4].

As deep neural networks are universal function approximators, it is natural to employ them as ansatz spaces for solutions of
(ordinary or partial) differential equations. This paves the way for their use in physical modeling and scientific computing and
gives rise to the field of scientific machine learning [32,52,46,22,37]. The physics-informed neural network (PINN) approach was
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introduced in [46]. It has been successfully applied to a variety of forward and inverse PDE problems and has become one of the
most commonly-used methods in scientific machine learning (see e.g. [46,25,10,31,58,30,6,53,18,16,7,55,24,34,20,21,57,19,45,51,
28,44], among others). The references [32,9] provide a comprehensive review of the literature on PINN and about the benefits and
drawbacks of this approach.

The mathematical foundation for PINN aiming at the approximation of PDE solution is currently an active area of research. It is
important to account for different components of the neural-network error: optimization error, approximation error, and estimation
error [42,49]. Approximation error refers to the discrepancy between the exact functional map and the neural network mapping
function on a given network architecture [8,23]. Estimation error arises when the network is trained on a finite data set to get a
mapping on the target domain. The generalization error is the combination of approximation and estimation errors and defines the
accuracy of the neural-network predicted solution trained on the given set of data.

Theoretical understanding of PINN has been advanced by a number of recent works. In [49] Shin et al. rigorously justify why
PINN works and shows its consistency for linear elliptic and parabolic PDEs under certain assumptions. These results are extended in
[50] to a general abstract framework for analyzing PINN for linear problems with the loss function formulated in terms of the strong
or weak forms of the equations. In [40] Mishra and Molinaro provide an abstract framework on PINN for forward PDE problems, and
estimate the generalization error by means of the training error and the number of training data points. This framework is extended
in [39] to study several inverse PDE problems, including the Poisson, heat, wave and Stokes equations. Bai and Koley [2] investigate
the PINN approximation of nonlinear dispersive PDEs such as the KdV-Kawahara, Camassa-Holm and Benjamin-Ono equations. In [5]
Biswa et al. provide explicit error estimates (in suitable norms) and stability analyses for the incompressible Navier-Stokes equations.
Zerbinati [60] presents PINN as an under-determined point matching collocation method, reveals its connection with Galerkin Least
Squares (GALS) method, and establishes an a priori error estimate for elliptic problems.

An important theoretical result on the approximation errors from the recent work [13] establishes that a feed-forward neural
network i, with a tanh activation function and two hidden layers may approximate a function u with a bound in a Sobolev space,
lldgn — ull oo < Cln(cNY*/NS=*. Here u € ws([0, 11%), d is the dimension of the problem, N is the number of training points, and
¢,C >0 are explicitly known constants independent of N. Based on this result, De Ryck et al. [12] have studied the PINN for the
Navier-Stokes equations and shown that a small training error implies a small generalization error. In particular, Hu et al. [26]
provide the higher-order (spatial Sobolev norm) error estimates for the primitive equations, which improve the existing results
in the PINN literature that only involve L? errors. In [14] it has been shown that, with a sufficient number of randomly chosen
training points, the total L? error can be bounded by the generalization error for Kolmogorov-type PDEs, which in turn is bounded
by the training error. It is proved that the size of the PINN and the number of training samples only increase polynomially with the
problem dimension, thus enabling PINN to overcome the curse of dimensionality in this case. In [38] the authors investigate the
high-dimensional radiative transfer equation and prove that the generalization error is bounded by the training error and the number
of training points, where the upper bound depends on the dimension only through a logarithmic factor. Hence PINN does not suffer
from the curse of dimensionality, provided that the training errors do not depend on the underlying dimension. Another interesting
study on PINN and extended PINN (XPINN) is [27], in which the authors employ the generalized Barron space to define the function
space of DNNs and have provided a prior and a posterior generalization bound on the PDE residual in terms of the complexity of the
PDE solution and the posterior weight matrix norm in the neural network, respectively. Their analyses indicate that XPINN induces
two opposing effects, with one tending to boost the network’s generalization ability and the other tending to cause the network to
be less generalizable.

Although PINN has been widely used for approximating PDEs, theoretical investigations on its convergence and errors are still
quite limited and are largely confined to elliptic and parabolic PDEs. There seems to be less (or little) theoretical analysis on the
convergence of PINN for hyperbolic type PDEs. In this paper, we consider a class of dynamic PDEs of second order in time, which
are hyperbolic in nature, and provide an analysis of the convergence and errors of the PINN algorithm applied to such problems.
We have focused on the wave equation, the nonlinear Klein-Gordon equation and the linear elastodynamic equation in our analyses.
Building upon the result of [13,12] on tanh neural networks with two hidden layers, we have shown that for these three kinds of
PDEs:

+ The PINN residuals can be made arbitrarily small with tanh neural networks having two hidden layers.

+ The total error of the PINN approximation is bounded by the generalization error of PINN.

« The PINN approximation errors for the solution field, its time derivative and its gradient are bounded by the training error
(training loss) and the number of quadrature points (training data points).

Furthermore, our theoretical analyses have suggested PINN training loss functions for these PDEs that are somewhat different in
form than from the canonical PINN formulation. These lie in two aspects: (i) Our analyses require certain residual terms (such as the
gradient of the initial condition, the time derivative of the boundary condition, or in the case of linear elastodynamic equation the
strain and divergence of the initial condition) in the training loss, which would be absent from the canonical PINN formulation of
the loss function. (ii) Our analyses may require, depending on the type of boundary conditions, the L? norm for certain boundary
residuals in the training loss, which is different from the commonly-used L? norm squared in the canonical PINN formulation of the
loss function.

These new forms for the training loss function suggested by the theoretical analyses lead to a variant PINN algorithm. We have
implemented the PINN algorithm based on these new forms of the training loss function for the wave equation, the nonlinear Klein-
Gordon equation and the linear elastodynamic equation. Ample numerical experiments based on this algorithm have been presented.
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The simulation results indicate that the method has captured the solution field reasonably well for these PDEs. The numerical results
also to some extent corroborate the theoretical relation between the approximation error and the PINN training loss obtained from
the error analysis.

It would be instructive to compare the current analyses with the recent work [27]. We note that the generalization bounds on the
PDE residual proved in [27] apply to a general class of second-order linear PDEs (see Assumption 3.1 of [27]). In order to attain an
L? error bound on the PINN solution, the following assumption (Assumption 3.2 of [27], page A3167) has been made on the PDE
Lu = f (with Dirichlet boundary condition) in [27],

C, ”“”LZ(Q) < ||£”||L2(Q) + ||“||L2(gg)’ (@D)]

where Q is the domain (with boundary 0Q), u is the PDE solution, C; > 0 is a constant independent of u, £ is the linear differential
operator in the PDE, and f denotes a prescribed function. By using this assumption and the generalization bounds on the PDE
residual, an L? approximation error on the PINN solution is given in [27] (Theorem 3.6 therein). We note that similar assumptions
(with somewhat different forms) have appeared in several other previous works (see e.g. [40,39,50]), and for a few PDEs the proofs
for a relation analogous to (1) are available. It is not clear whether the assumption (1) is generally applicable, especially to dynamic
PDEs of second-order in time, which are the focus of the current work. At the early stage of this project, we have attempted to develop
an L? error estimate on the PINN solution using the original form (see Equation (2a) below) of the class of PDEs considered in this
paper, which would presumably lead to a form analogous to (1), noting that £ in (1) is the very differential operator appearing in
the PDE. However, our attempt was not successful for certain PDEs of second-order in time. This unsuccessful attempt has led us to
the reformulation of the original dynamic PDE of second-order in time into a system of two PDEs of first-order in time, as employed
in all the current analyses. The L? error bounds we have obtained for the PINN solution have a generally different form than (1),
especially in two aspects. First, our error bound involves differential operators that are different from the one (or those) appearing
in the original PDE. Second, our error bound typically involves the square root of certain boundary norms, as mentioned previously.
It should be emphasized that the bounds on the PINN solution error in terms of the PDE residual error for the class of PDE problems
in the current paper are proven, not assumed.

The rest of this paper is organized as follows. Section 2 is an overview of PINN. In Sections 3, 4 and 5, we present an error
analysis of the PINN algorithm for approximating the wave equation, nonlinear Klein-Gordon equation, and the linear elastodynamic
equation. Section 6 summarizes a set of numerical experiments with these three PDEs to supplement and support our theoretical
analyses. Section 7 concludes the presentation with some closing remarks. Finally, Appendix A recalls some auxiliary results and
provides the proofs of the theorems from Sections 4 and 5.

2. Physics informed neural networks (PINN) for approximating PDEs
2.1. Generic PDE of second order in time
Consider a compact domain D c R? (d > 0 being an integer), and let D and B denote the differential and boundary operators. We

consider the following general form of an initial boundary value problem with a generic PDE of second order in time. For any x € D,
yeoDandr€[0,T],

2
du (x,1) + D[u](x,1) =0, (2a)
or?
Bu(y,n) =uy(y. 1), (2b)
u(x,0) = u;,(x), %(x,O) =0;,(x). (2¢)

Here, u(x,?) is the unknown field solution, u, denotes the boundary data, and u;, and v,, are the initial distributions for u and f}—‘; We
assume that in D the highest derivative with respect to the time variable 1, if any, is of first order.

2.2. Neural network representation of a function

Let o : R > R denote an activation function that is at least twice continuously differentiable. For any n € N and z € R", we define
6(z) :=(0(z}),-,0(z,)), where z; (1 <i <n) are the components of z. We adopt the following formal definition for a feedforward
neural network as given in [12].

Definition 2.1 ([12]). Let R€ (0,], L,W €N and [y, ---,/; €N. Let o : R — R be a twice differentiable function and define

0=0,wri= U U XE (=R Rt x [-R, RI"). 3)
LIENL/SL Iy €[ 1 W)
For 6 € ©, we define 6, := (W,,b,) and A? : R’ - R by z+— Wiz + b for 1 <k <L, and we define f? : R%1 — R'* by

)
k=L
ff = { éé.(i%)(z) <k < L Denote u, : R — R/L the function that satisfies for all z € R/ that
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up(2)=(fofy_jo-of)z)  zeRb. 4

We set z=(x,t) and /) = d + 1 for approximating the PDE problem (2).

uy as defined above is the neural-network representation of a parameterized function associated with the parameter 6. This neural
network contains (L + 1) layers (L > 2), with widths (/,,/,,---.1;) for each layer. The input layer has a width /,, and the output layer
has a width ;. The (L — 1) layers between the input/output layers are the hidden layers, with widths /;, (1 <k <L -1). W, and b,
are the weight/bias coefficients corresponding to layer k for 1 < k < L. From layer to layer the network logic represents an affine
transform, followed by a function composition with the activation function o. Note that no activation function is applied to the
output layer. We refer to u, with L =2 (i.e. single hidden layer) as a shallow neural network, and u, with L >3 (i.e. multiple hidden
layers) as a deeper or deep neural network.

2.3. Physics informed neural network for initial/boundary value problem

Let Q=D x[0,T] and Q, = dD x [0,T] be the spatial-temporal domain. We approximate the solution u to the problem (2) by a
neural network u, : Q — R”. With PINN we consider the residual function of the initial/boundary value problem (2), defined for any
sufficiently smooth function u : Q - R” as, for any x € D, y€ oD and t €[0,T],

2
R [ul(x, 1) = %(x, 0+ Dlul(x, 1),  Ryplul(y,t) = Bu(y, 1) —uy(y,0), (5a)
R p1 [1](x,0) = u(x,0) = u;(x),  Rypolul(x,0)= %(x,O) = V(). (5b)

These residuals characterize how well a given function u satisfies the initial/boundary value problem (2). If u is the exact solution,
Rinu] = Rgplu] = Rypy[u] = Rypo[u] = 0.

To facilitate the subsequent analyses, we introduce an auxiliary function v = %

> and rewrite R, as

R 52 [01(x,0) = v(x,0) — v, (). (6)
We reformulate (2a) into two equations, thus separating the interior residual into the following two components:
du Jdv
Rini [, 0)Ce, 1) = =2 (x6.0) = 0(x.1), - Rippplu, 0)(x, 1) = —-(x. 1) + Dlu](x. 1). @

With PINN, we seek a neural network (uy, vy) to minimize the following quantity,

86(9)2=/|R,~m1[u9,v9](x,t)|2dxdt+/|R,-,,,2[u9,v9](x,t)|2dxdt+/|R,,,1[u9](x)|2dx
Q Q D

(8)
+/|R,b2[vg](x)|2dx+/|R5b[u9](x,t)|2ds(x)dt.
D Q,

The different terms of (8) may be rescaled by different weights (penalty coefficients). For simplicity, we set all these weights to one
in the analysis. &; as defined above is often referred to as the generalization error. Because of the integrals involved therein, &; can
be hard to minimize. In practice, one will approximate (8) by an appropriate numerical quadrature rule, as follows

Er(0,8)7 =EMN(0,S,,)7 + EM20,S,,)7 + E10, S + EXP20, S, + £32(0, ), )
where
Nim
EMNO, S = @ty | Ryt g, 0g )X 11 )2, (10a)
n=1
) Nim Nlb
EF0, S = 2, @l Rialitg 0010 5, )P E110.5 = 3 0y | R lig 1)1 (105
n=1 n=1
Ny Nsp
EPO, Sy = Y 0l I Rip[0gl(XIIP,  E300, Sp)* = D ool | Ry lutg)(x" 17 )| (100)
n=1 n=1

Nint
n=1’

Ssb =
{(x;'b,t?b)}nNz*"l’ and S, = {(x]},1), = O)}nNz”’, constitute the input data sets to the neural network. In the above equations £7(6,S)? is
referred to as the training error (or training loss), and ’, are suitable quadrature weights for * =int, sb and tb. Therefore, PINN
attempts to minimize the training error £7(9, S)? over the network parameters 6, and upon convergence of optimization the trained

u, contains the approximation of the solution « to the problem (2).

The quadrature points in the spatial-temporal domain and on the spatial and temporal boundaries, S, = {(x}, .7 )}

Remark 2.2. The generalization error (8) (with the corresponding training error (9)) is the standard (canonical) PINN form if one
introduces v = ‘;—'; and reformulates (2a) into two equations. We would like to emphasize that our analyses below suggest alternative
forms for the generalization error, e.g.
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£G(9)2=/|Rm,1[ug,ug](x,z)|2dxdt+/|R,.m2[u9,u9](x,z)|2dxdz+/|VRM,1[ug,u(,](x,z)|2dxdt
Q Q Q

+/|R,,,1[u9](x)|2dx+/|R,,,2[u6.](x)|2dx+/|VR,,,1[u9](x)|2dx
D D D

an
1
2
+ / [RpluplCx, 0]* ds(x)de |
Q.
which differs from (8) in the terms VR, ,,;, VR,;; and the last term. The corresponding training error is,
Er (0,92 =EMN(0,S,,)* + EMO, S, + EM0,S,,)7 + EL0.S,)*
+ EP2(0,S,)7 + EP(0, 5, + E2(0, Syp). 12)
where
. Nint Ny
E00. i) = Y @IV Rintltg. 0g)x[n 11,017 E72(0.5)° = 3 |V Ripy g}, a3
n=1 n=1

The error analyses also suggest additional terms in the generalization error for different equations.
2.4. Numerical quadrature rules

As discussed above, we need to approximate the integrals of functions. The analysis in the subsequent sections requires well-
known results on numerical quadrature rules as reviewed below.

Given A c R? and a function f € L'(A), we would like to approximate / '\ f(2)dz. A quadrature rule provides an approximation
by [, f(2)dz» % Z,,M: | @, f(z,), where z, € A (1 <n< M) are the quadrature points and , (1 <n < M) denote the appropriate
quadrature weights. The approximation accuracy is influenced by the type of quadrature rule, the number of quadrature points (M),
and the regularity of f. For the mid-point rule, which is assumed in the current work, A is partitioned into M ~ N¢ cubes with an
edge length % and the approximation accuracy is given by

/ f(2dz—= Q4 [fl| <C M4, (14)
A

where letﬂf] 1= % Zﬁl @, f(z,), Cr SN fllczpy (@S h denotes a < Cbh) and {zn}']l‘i] denote the midpoints of these cubes [11]. In this
paper, we use C to denote a universal constant, which may depend on k,d,T,u and v but not on N. And we use the subscript to
emphasize its dependence when necessary, e.g. C, is a constant depending only on d.

We focus on PDE problems in relatively low dimensions (d < 3) in this paper and employ the standard quadrature rules. We
note that in higher dimensions the standard quadrature rules may not be favorable. In this case the random training points or
low-discrepancy training points [41] may be preferred.

In subsequent sections we focus on three representative dynamic equations of second order in time (the wave equation, the
nonlinear Klein-Gordon equation, and the linear elastodynamic equation), and provide the error estimate for approximating these
equations by PINN. We note that these analyses suggest alternative forms for the training loss function that are somewhat different
from the standard PINN forms [46]. The PINN numerical results based on the standard form for the loss function, and based on
the alternative forms as suggested by the error estimate, will be provided after the presentation of the theoretical analysis. In what

oF *F

follows, for brevity we adopt the notation of Fz = 55 Fay = ooy

(E,Y € {t,x}), for any sufficiently smooth function ¥ : Q — R".
3. Physics informed neural networks for approximating the wave equation
3.1. Wave equation

Consider the wave equations on the torus D = [0, 1)? c R¢ with periodic boundary conditions:

u—-v=0, v,—Au=f, in D x[0,T], (15a)
u(x,0) =y (x), v(x,0)=y,(x), in D, (15b)
u(x,t)=u(x+1,7), Vu(x,t)=Vu(x+1,7), inadDx[0,T]. (15c¢)

The regularity results for linear evolution equations of the second order in time have been studied in [54]. When the self-adjoint
operator A takes A, the linear evolution equations of second order in time from [54] become the classical wave equations, and then
we can obtain the following regularity results.
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Lemma 3.1. Let r> 1, y,; € H"(D), w, € H"~'(D) and f € L*([0,T]; H"~'(D)). Then there exists a unique solution u to the classical wave
equations such that u € C([0,T]; H'(D)) and u, € C([0,T]; H'~1(D)).

Lemma 3.2. Let k €N, w, € H' (D), w, € H~'(D) and f € C*~1([0,T]; H"~*(D)) n L*([0,T]; H™~'(D)) with r > g + k. Then there exists
T > 0 and a classical solution u to the wave equations such that u(x,0) = y, u,(x,0) =y, u € H*(D x [0,T]) and v € H*~'(D x [0, T1).

Proof. By Lemma 3.1, there exists 7 > 0 and the solution (u,v) to the wave equations such that u(x,0) = v, v(x,0) =y,, u €
C([0,T]; H"(D)) and v € C([0,T]; H"~'(D)). As r > %’ +k, H'~*(D) is a Banach algebra.

For k = 1, since u € C([0,T]; H'(D)), v € C([0,T]; H'~'(D)) and f € C([0,T]; H"~'(D)), we have u, = v € C([0,T]; H'~1(D)) and
v, = Au+ f € C([0,T]; H~2(D)). Then, it implies that u € C'([0,T); H'~(D)) and v € C'([0,T]; H~2(D)).

For k=2, by f € C'([0,T]; H2(D)), we have u,, =v, € C([0,T]; H~2(D)) and v,, = Au, + f, € C([0,T]; H'-3(D)). Then, it implies
that u € C2([0,T]; H™~2(D)) and v € C%([0,T]; H™~3(D)).

Repeating the same argument, we have u € n;‘zOC’([O, T;H -/ (D)) and v e n;‘zOC’([O, T1; H™~'-1(D)). For all 0 < I < k, using [ +r —
1>k with r> & +k, it holds u € H*(Dx [0,T]) and v € H*"'(Dx [0,T]). [J

3.2. Physics informed neural networks

We would like to approximate the solutions to the problem (15) with PINN. We seek deep neural networks u, : D x[0,7] —» R
and vy : Dx[0,T] — R, parameterized by 6 € ©, that approximate the solution « and v of (15). Define residuals,

Rinn[ug, vp1(x, 1) = ug; — vg,  Ryyalug, vgl(x,1) = vg, — Aug — f, (16a)
Ry [ugl(x) = ug(x,0) — w1 (x), Ryplvgl(x) =vy(x,0) —yrp(x), (16b)
Ry [vgl(x,1) = vg(x,1) — vg(x + 1,1),  Rgplupl(x,t) = Vuy(x,1) — Vuy(x + 1,1). (16¢)

Note that for the exact solution R;,;; [u, v] = R, [u, 0] = Ry [u]l = Rypp[v] = Ry [v]1 = Rgp[u] =0. Let Q= D % [0,T] and Q, =9D x [0,T]
be the space-time domain. With PINN, we minimize the following generalization error,

86(9)2:/|R,.m1[ue,ve](x,t)lzdxdt+/|R,~m2[u9,Ue](x,t)lzdxdt+/|VRM,1[ue,ve](x,t)lzdxdt
Q Q Q

+/|R,bl[u9](x)|2dx+/|R,b2[vg](x)|2dx+/|VR,b1[u9](x)|2dx
D D D
1/2 1/2
+ / IRy [0p](x, )2 ds(x)dr |+ / [Rypolugl(x,0)|* ds(x)de | . a7)
Q, Q,
The form of different terms in this expression will become clearer below.

To complete the PINN formulation, we will choose the training set S c D x [0,T] based on suitable quadrature points. We divide
the full training set S =S, U S, U S,, into the following three components:

int N

« Interior training points S;,, = {z,} for 1 <n < N,,,, with each z, = (x,1), € Dx(0,T).
+ Spatial boundary training points S, = {z,} for 1 <n < N, with each z, = (x,1), € 9D x (0,T).
+ Temporal boundary training points S,, = {x,} for 1 <n < N, with each x, € D.

We define the PINN training loss, 6 = £1(0, S)?, as follows,

Er(0,8)* =E11(0, S, + ELO, S + EF (0, S,)* + E1(0,S) + E72(0,S,)”

+E0, 8, + E210, S,) + £372(0, S ), 18)
where
. Nint Nip
E"1 0 S = 2l Rinaltg, 0163 11,0, EP10,Sp)” = D 0y | Repi g 1061, (192)
n=1 n=1
Nips Nip
EF2 0. = X, @ Rialtg: 0o 1o 1), E2(0. Sp) = B [ Ryalw) ey P (19b)
n=1 n=1
. Nint Nip
EF 0. Sl = X IV R [, 00153 1)1, €70, S = 3 0l IV Rip 161, )P (199)
n=1 n=1
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N:b Nsb
EP10.54,)7 = Y, o Ry [0 )2, E5720.5,) = . ol [ Rypolugl(aly 17,2 (19d)
n=1 n=1

s . . N, N, N,
Here the quadrature points in space-time constitute the data sets S, = {(x],,15,)}, ‘1, Spp = {x},)} 1) and S, = {(x7,, 77 )} 1, and o}

sb’
are suitable quadrature weights with * denoting int, tb or sb.
Let 4 =uy —u, 0=vy — v denote the difference between the solution to the wave equations and the PINN approximation of the
solution. We define the total error of the PINN approximation by

£0)* = /(|a(x,t)|2 + |Vi(x, 0|2 + |0(x,1)|?) dx dr. (20)
Q

3.3. Error analysis

In light of the wave equations (15) and the definitions for different residuals (16), we have

Ry =8, — 0, (21a)
Ripp =0, = Ad, (21b)
Ry = 0(x,0), Ry =0(x,0), Ry =0(x,0) = 0(x+1,8), Ry, =Vilx,t)— Vax+ 1,1). (21¢)

3.3.1. Bound on the residuals

Theorem 3.3.Let n>2, d, r, k €N with k > 3. Suppose that y, € H'(D), y, € H~Y(D) and f € C*1([0,T]; H"~*(D)) n
L%([0,T1; H~Y(D)) with r > % + k. For every integer N > 5, there exist tanh neural networks u, and vy, each with two hidden layers,

of widths at most 3 ["*T”‘ﬁ |Picigsal + [NT1+d(N = 1) and 3[ 25| Py, 10| [NTINY, such that

IR 1 20)> 1Rl 20y S InNN~FH, (22a)
IRl 2205 11V Riet 2405 1V Regi I 2ys 1R sl 20 pcporpy S In* NN T2, (22b)
IRl 12> 1R 1 220 Doy S 1NN N TFF2, (22¢)

Proof. Based on Lemma 3.2, it holds that u € H*(Q) and v € H*1(Q). In light of Lemma A.3, there exist neural networks u, and
vy, with the same two hidden layers and widths 3[k+;_2] |Py_igs2l + [NT]+d(N — 1) and 3[d+;+l 1IPys2.442| [NT1N?, such that for
every 0</<2and0<s<2,

Nlug — ull 1@y < Craaswra NN g = 0l sy < Cynt gt wAs o NN TFFS, (23)

where A, =234 (1 + &)In’ (B 5 441, NTH3), 6= ﬁ, Agp =293 (1 + 8)In® (B, 5,441, N9T*+?), and the definition for the other con-
stants can be found in Lemma A.3.
In light of Lemma A.1, we can bound the PINN residual terms,

”ﬁt”LZ(Q) < ”ﬁ“Hl(Q)’ ”ﬁt”Lz(Q) < ||ﬁ||1-11(9),
1Al 20y < Nall g2 ) IVl 20y < il g2(q)s IVl 2y < N0l g1 ()
”ﬁ”LZ(D) < ”ﬁ”LZ(()Q) < Chg,d+1,ps2 ”ﬁ”HI(Q)’ ”ﬁ”LZ(D) < ||13||L2(,)g) < Chg,a'+1,ps2 ”13”[-11(9),

IVall 2py < IVall 200 < Chg.atipo 1@l m2@) 101 2@Dx0,71) S N0N 2200) < Chg dr1.00 101l 51 Q)
”Vﬁ”LZ(()DX[O,TJ) < ||Vﬁ||L2(oQ) < ChQ,d+1,pQ”ﬁ”H2(.Q)'
By combining these relations with (23), we can obtain
1 Rini1 ||L2(S2) =|la, - ﬁllLZ(Q) < “ﬁ“Hl(Q) + ||ﬁ||L2(g)
< Cl,k,d+1.Ml,u(N)N_k+1 + Co,k—l,d+1,u/10,u(N)N_k+l SInNNTH,
”RimZ“LZ(Q) = ||ﬁz - Aﬁ”LZ(Q) < “ﬁ“Hl(Q) + ”ﬁ”Hz(Q)
< Copartatra NN C iy i1 pAr (NN SIPN N2,
IV Ripat | 20 = 19, = D) 120 < Nl 20y + 100 1@
< Copartatra NIN 24 C iy i1 A1 (NN SIP NN T2,

S —k+1
1R 1l L2(py < Chg,d-f-],pﬂ 2l g1 (@) S InNN >
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" —k4+2

IR 2l 2y 1R o1 1 200 S Chgdt 1,00 101 1 (@) S INN N T2,
. 2 N k42
IV R 11l 120y IRss2 200,71y S Cgya1.p0 N1l 2@y S ITNNTH,

which completes the proof of Theorem 3.3. []

Theorem 3.3 implies that one can make the PINN residuals (16) arbitrarily small by choosing N to be sufficiently large. It follows
that the generalization error £;(9)? in (17) can be made arbitrarily small.

3.3.2. Bounds on the total approximation error

We next show that the total error £(6)? is also small when the generalization error £;(§)? is small with the PINN approximation
(ug,vp). Then we prove that the total error £(9)* can be arbitrarily small, provided that the training error £.(9,S)” is sufficiently
small and the sample set is sufficiently large.

Theorem 3.4. Let d €N, u € C'(Q) and v € CO(Q) be the classical solution to the wave equations (15). Let u, and v, denote the PINN
approximation with parameter 0. Then the following relation holds,

£0)* = / (la(x, )% + | Vi(x, )% + |6(x, )|?) dx dt < CGT exp(2T), 24)
Q
where Cg; is given by (27) in the following proof.

Proof. Taking the L? inner product of (21a) and (21b) with & and & over D, respectively, we have

2%”/|ﬁ|2dx:/ﬁﬁdx+/R,-,,,1ﬁdxs/|ﬁ|2dx+%/|Rm,1|2dx+%/|ﬁ|2dx, (25)
D D D D D D

Zidl/|ﬁ|2dx=—/Vﬁ~V0dx+/ﬁVﬁ~nds(x)+/Rimzﬁdx
D

D oD D

S /|va|2dx+/va-VR,.n,l dx+/ﬁVﬁ~nds(x)+/R,-m2ﬁdx
D

" 24t
D oD D
1/2

d . 1 N 1
s—z—m/|Vu|2dx+§/|Vu|2dx+§/|VR,-,,,1|2dx+C(,D1 /lRSbllzds(x)
D D D D

1/2
1 o 1
+Cyp, /lebzlzds(x) +5/|u|2dx+§/|R,~m2|2dx. (26)
oD D D

1 1
Here, we have used 0 =4, — R;;, C,,Dl =10DIZ(lullcr o pxio.ry + g llcropxio.ry) and C(,D2 = [0D|2(l1vllcpxio.ry + 1o llcapxiory)-
Adding (25) to (26), integrating it over [0, 7] for any r <T and applying the Cauchy-Schwarz inequality, we obtain

/|ﬁ(x,'r)|2dx+/|Vﬁ(x,'r)|2dx+/|f)(x,7:)|2dx
D D D

T
s/|R,bl|2dx+/|R,,,2|2dx+/|VR,,,1|2dx+2//(|a|2+|v12|2+|ﬁ|2) dx dt
D D D 0 D

T 1/2
+/(|R,~m1|2+|Ri,,,2|2+|VRm,1|2) dxdt +2C,p |T|'/? //'Rsb1|2ds(x)dt
Q 0 oD
T 1/2
+2C;p, IT|'? //|Rsb2|2ds(x)dt
0 oD

We apply the integral form of the Grénwall inequality to the above inequality to get

/ (laGe, )|? + | Va(x, )] + |6(x, 7)]?) dx < Cg exp(2T),
D

where
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Co= [ URu P+ Rl + VR 1P dx + [ (IRypy1 1> + | Rypa | + [V Ry [*) dx dt
G bl b2 thl intl int2 intl
D

T 172 T 172

+2Cyp, IT|'? //IRS,,]Ist(x)dt +2C,p T2 //lebzlzds(x)dt ) 27)
0 oD 0 oD

Then, we integrate the above inequality over [0,7] to yield (24). [

Theorem 3.5. Let d €N and T > 0. Let u € C*(Q) and v € C3(Q) be the classical solution of the wave equations (15), and let (uy, v,) denote
the PINN approximation with parameter 0 € ©. Then the total error satisfies

/(m(x, 0% + |Va(x, 0% + |6(x, )|?) dx df < CT exp(2T)

= 00,8 + M, “gi +M, i +M f’) (28)

int

The constant Cy- is defined by (30) below.

Proof. By combining Theorem 3.4 with the quadrature error formula (14), we have

/ [Ryy |* dx = / [Ryy |* dx — oy ( RL)+Qy (Rtbl) <Cr M, (Rtbl)
D D
/ Ryl dx = / IRipal” dx = Qpy (Rl,p)+Q (Rjp) < Crz )M, d +Q, (Riip):
D D
2
/ VR, |2 dx = / [VR |2 dx — Q]?/I,b(lvR’bl |2) + Qil\)/lzb(IVR’bl |2) < C(|VR;/>1 |2)Mtbd + QIL\)/IrquRtbl lz)’
D D
/ |Rim| |2dxdt = / |Rim| |2dxdt - Q (R,ntl) + Q (Rtntl) = C(R2 )M d+l + Q ( tntl)
/ |Rim2|2dx dt = / |Rim2|2dx dr — Qsj;z/! (Rmt2) + Qs!\zfl (Rtnt2) < C(R2 )M ! + Q ( tntZ)
[V R P axdi= [ 19R P axat=OF, (VR + 0%, (VR
Q

< Cy9 Ry Mins QY (VR )

intl

/|Rsb1|2d5(x)d’=/|Rsb1|2ds(x)dt_ " (Rsb1)+Q [ (Rsbl)<C(R2 )va +QM*;,(Rsb1)’

/|Rsb2|2ds(x)dt=/|Rsb2|2ds(x)dt " (R 2)+QM (R? ) <C2, ) Abd +QM (R%,).

Combining the fact that < R SIIR%, |lcn and ”sz1 len <27 ”Rtbl |2, with Lemma A.2, it holds

ol
Cre, ) S NAlIZs < 20ulIZ, + lluglIZ,) S lullg, + 1671 + VA2 WA R ol c2)*F (29)

In a similar way, we can estimate the terms /) |R;;|>dx, [ [VRy 12 dx, [ [R;, 1> dxdt, [ |R;,0|*dxdr and [, [VR,,,|* dxdr.
By the above inequalities and (24), it holds that

/(lﬁ(x, D> + |Va(x, )| + |6(x,)|?)dx dt < C; T exp(2T),

where
Cr=Cqe )M i +QD (Rtb1)+CRz ) d +0b (be2)+c(WRrb]|2)M;? +Qf4m(|v1<,,,l|2)

2
Td+1 2 Ta
+Cre M, ; +0Of (anx1)+C<R§nlz)Minx+ +Of (R )

intl

2
* C(|VR/ml 2) Mzntd+l + Q (|VRintl ]
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_2
d

172 2 1/2
Q, -7 Q,
+2Cyp, IT|'? (C(szl)MSb + QMsb> +2C,p, T/ <C(R3b2)Mde + QMM> . O (30)

4. Physics informed neural networks for approximating the nonlinear Klein-Gordon equation
4.1. Nonlinear Klein-Gordon equation

Let D c R be an open connected bounded set with a boundary dD. We consider the following nonlinear Klein-Gordon equation:

u,—v=0, EZU,:aZAu—efu—g(u)+f, in Dx[0,T], (31a)
u(x,0) =y (x), v(x,0)=y,(x), in D, (31b)
u(x,0)|gp =ug(®) in 0D x [0,T1], (31¢)

where u and v are the field functions to be solved for, f is a source term, and u,, y, and y, denote the boundary/initial conditions.
e>0, a>0 and ¢, >0 are constants. g(u) is a nonlinear term. We assume that g is globally Lipschitz, i.e. there exists a constant L
(independent of v and w) such that

|lg(v) — g(w)| < Llv—w], Vo, w e R. (32)

Notice that the problem (31) is nonlinear because of the nonlinear term g(u). With the nonlinear term given by g(u) = sin(u), equa-
tion (31a) becomes the well-known Sine-Gordon equation [15].

Remark 4.1. The existence and regularity of the solution to the nonlinear Klein-Gordon equation with different nonlinear terms have
been the subject of several studies in the literature; see [56,35,47,48,54].

The book [54] provides the existence and regularity result of the following Klein-Gordon equation, u,, + au, — Au+ g(u) = f. Let
a €R, g(u) be a C? function from R to R and satisfy certain assumptions. If f € C([0,T]; L*(D)), v, € H'(D) and w, € L*(D), then
there exists a unique solution u to this Klein-Gordon equation such that « € C([0,T]; H(D)) and u, € C([0,T]; L*(D)). Furthermore,
f'€c(0,T1; L*(D)), v, € H*(D) and y, € H'(D), it holds u € C([0,T]; H*(D)) and u, € C([0,T]; H'(D)).

Let g be a smooth function of degree 2. The following equation is studied in [48], u, — Au + u + g(u,u,,u,) = 0, where it is

reformulated as u, = Au + G(u), in which u = <u >, A= < 0 1) and G = ( 0, > Set X = H*®R"P H'(R™), k>
u, A-1 0 —g(u, Uz, un)

n+2+2a with a > 1. Given uy = <W' > € X and |luyllx = o, there exists a T, = T;,(c) depending on the size of the initial data ¢ and a
V2

unique solution u € C([0, Ty ], X).

The reference [56] provides the following result. Under certain conditions for the nonlinear term g(u), with f =0, d <5, k> % +1,
v, € H¥(D) and y, € H*"1(D), there exists a unique solution u € C((0, 0); H*(D)) of nonlinear Klein-Gordon equation.

The following result is due to [35]. Under certain conditions for the nonlinear term g(u), with f =0, y, € H*(D) and w, € H*"1(D)
with a positive constant k > 4, there exists a positive constant T, and a unique solution « € C([0,T}]; H*(D)) n C'([0,T,]; H*"'(D)) n
C2([0,T,); H*"2(D)) to the nonlinear wave equations with different speeds of propagation.

A survey of literature indicates that, while several works have touched on the regularity of the solution to the nonlinear Klein-
Gordon equations, none of them is comprehensive. To facilitate the subsequent analyses, we make the following assumption in light
of Remark 4.1. Let k > 1, g(u) and f be sufficiently smooth and bounded. Given y, € H"(D) and w, € H™~'(D) with r > % + k, we
assume that there exists T > 0 and a classical solution (u, v) to the nonlinear Klein-Gordon equations (31) such that u € C([0,T]; H*(D))
and v € C([0,T]; H*~'(D)). Therefore, u € H*(D x [0,T]) and v € H*1(D x [0,T)).

4.2. Physics informed neural networks

Let Q=D x[0,T] and Q, = 0D X [0,T] be the space-time domain. We define the following residuals for the PINN approximation,
ug : Q>R and v, : Q- R, for the nonlinear Klein-Gordon equations (31):

Ry [ttg, g1(x, 1) = tig, — Vg, Ripalttg, vp1(x,1) = €205, — a*Aup + s%ue +guy)— f, (33a)
Ry [ugl(x) = uy(x,0) —wy(x),  Rypylvgl(x) = vy(x,0) — wy(x), (33b)
Ry, [0p1(x, 1) = vy(x,D)|yp — g, (1), (33c)

where u,, = aaL;d' Note that for the exact solution (u,v), R, v] = Rjyalu, vl = Ry [u] = Ryps[v]l = Ry, [v] = 0. With PINN we minimize

the following generalization error,

86(9)2:/|R,-,,,1[ug,ug](x,t)lzdxdt+/|R,-m2[u9,UG](x,t)lzdxdt+/|VR,-,,,1[ug,vg](x,t)lzdxdt
Q Q Q

10
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+/|R,bl[u9](x)|2dx+/|R,b2[vg](x)|2dx+/|VR,b1[u9](x)|2dx
D D D

1

2

+ |R,p[0g1(x,1)|* ds(x)dt | . 3
Q,

Let & =uy —u, 0=vy — v, where (u,v) denotes the exact solution. We define the total error of the PINN approximation of the
equations (31) as,

E(0)? = /(m(x, DI + & |Vi(x,1)|* + €2]0(x, 1)|%) dx dr. (35)
Q

Then we choose the training set S ¢ D x [0,T] with § = S,,, US,;, U S,;, based on suitable quadrature points:
+ Interior training points S;,, = {z,} for 1 <n < N,,,, with each z, = (x,7), € Dx(0,T).
+ Spatial boundary training points S, = {z,} for 1 <n < N;, with each z, = (x,1), € 9D x (0,7T).
+ Temporal boundary training points S,, = {x,} for 1 <n < N,, with each x, € D.

The integrals in (34) are approximated by a numerical quadrature rule, resulting in the training loss,

ET(Q,S)Z — g}ml(g’sim)Z +£¥112(07 Sim)z +8¥n3(9’5‘_m)2 +£;'bl(9’slb)2 +£¥12(9, Srb)2

+EPO, S, + £, Sy). (36)
where
) Nint Ny
E7" 0 S = 2 @l Rialtg, o163 11,0 EP10 S0 = D oy | Repi g 1051, (372)
n=1 n=1
. Nint Nip
85?’2(0, Sim)2 = Z w?m | Rint2 [ué” UG](x?m’ t;’nt)lz’ g;‘bz(ga Stb)2 = Z w:’berbZ[UG](x:,b)lz’ (37b)
n=1 n=1
Nipt Nop
8’;{”3 (0’ sim)2 = z a)?m|VRiml [uF)’ Ug](x;lm, t?nt)lz’ 8’;“b3(0’ ‘Sll‘h)2 = Z w;‘b | VR”JI [ug](xrnb)lz’ (37C)
n=1 n=1
Nyp
E0,S) = Y oy |RG[0p)(x",, 1) (37d)
n=1
Here the quadrature points in space-time constitute the data sets S;,, = {(x}, tf'm)}:l”l’, = {x;'b)}:l’; and Sy, = {(x},, t;'b)}i‘i’, and o’}
are the quadrature weights with x being int, b or sb.
4.3. Error analysis
By subtracting the equations (31) from the residual equations (33), we get
Ry =1, = 0, (38a)
Ry = €70, — a® Al + 70+ g(up) — g(u), (38b)
Ry =0(x,0), Ry =0(x,0), Ry, =0(x,0)sp- (38c)

The results on the PINN approximations to the nonlinear Klein-Gordon equations are summarized in the following theorems.

Theorem 4.2. Let n > 2, d, r, k € N with k > 3. Assume that g(u) is Lipschitz continuous, u € H*(D x[0,T1) and v € H*-'(D x[0,T1). Then
for every integer N > 5, there exist tanh neural networks u, and v,, each with two hidden layers, of widths at most 3[kn=2

2 L 2+
[NT]+d(N-1) and3[—l]|Pd 2.d 5| NT]Nd, such that

I Rinet Il 2200 | Ryt 1 2y S IMN NTHHE, (39a)
1Rz r20)> 1V Rinet 20> IV Ryt ll 12y S In* NN~*+2, (39b)
I Ris2ll 12> | Ryl 20 pxgo, 7y S NN N2, (390)

Proof. Being similar to the proof of Theorem 3.3, we can end the proof by noting u € H¥(D x [0,T1]), v € H*(D x [0,T]) and
Lemma A.3. []

11
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Theorem 4.2 implies that the PINN residuals in (33) can be made arbitrarily small by choosing a sufficiently large N. Therefore,
the generalization error £;(#)? can be made arbitrarily small.

We next show that the PINN total approximation error £(9)*> can be controlled by the generalization error £;(6)? (Theorem 4.3
below), and by the training error &;(6, $)? (Theorem 4.4 below).

Theorem 4.3. Let d €N, u € C1(Q) and v € CO(Q) be the classical solution of the nonlinear Klein-Gordon equation (31). Let (uy, v,) denote
the PINN approximation with parameter 6. Then the following relation holds,

E(0)? = /(lﬁ(x,t)lz +a|Vax,)* + €2|0(x,1)[*) dx dt < CsTexp (2 + €3+ L+a*)T), (40)

where C; is defined by (74) in Appendix A.2.
The proof for Theorem 4.3 is provided in the Appendix A.2.

Theorem 4.4. Let d e N and T > 0, and let u € C*(Q) and v € C3(Q) be the classical solution to the nonlinear Klein-Gordon equation (31).
Let (uy,vy) denote the PINN approximation with parameter 6 € ©. Then the following relation holds,

/(m(x, H1? + a?|Vir(x, 1) + €2|6(x,)|?) dx dt < CpTexp (2 + €2 + L + a*)T)

1
=O(Er(0,5) + Mmf“ +M, N M), (41)

where the constant C; is defined by

,Z
Cr C(Rz) +Q (Rtb1)+£2<C(Rz) 7+ (R,b2)>

2
2 d D 2 d+1
+a (quze,,,lmM,,ﬁ + 00 (VR ) + G M7 408, ()

int2

2
2 “an Q 2
+ C(R2 )M d+1 +Q (lez) +a (C(|VRinr1|2)Mimd+l +QMin,(|VRint1| )> i

1=

+2CaD|T|2< w2y M, d +Q : (R )>

Proof. Using Lemma A.2, Theorem 4.3 and the quadrature error formula (14) leads to this result. []

It follows from Theorem 4.4 that the PINN approximation error £()> can be arbitrarily small, provided that the training error
Er(8,S)? is sufficiently small and the sample set is sufficiently large.

5. Physics informed neural networks for approximating linear elastodynamic equation
5.1. Linear elastodynamic equation

Consider an elastic body occupying an open, bounded convex polyhedral domain D c R¢. The boundary dD =T, UT, with the
outward unit normal vector n, is assumed to be composed of two disjoint portions I', # # and 'y, with T’ D NIy =0@. Given a suitable

external load f € L2((0,T]; L*(D)), and suitable initial/boundary data g € C'((0,TY; H2(FN)), v, € HOZFD(D) and y, € L*(D), we
consider the linear elastodynamic equations,

u,—v=0, pv,—2uV-(Ew)—iAV(V-u)=f, in Dx[0,T], (42a)
u=u, inIp x[0,T], (42b)
2uen+ AV-un=g inTy x[0,7T1], (42¢)
u(x,0) =y (x), v(x,0)=wy,(x), in D. (42d)

In the above system, u = (u;,u,, - ,u;) and v = (v, v,, -+, v,) denote the displacement and the velocity, respectively, and [0,7] (with
T > 0) denotes the time domain. £(u) is the strain tensor, £(u) = %(Vu + Vu®). The constants 4 and u are the first and the second Lamé
parameters, respectively.

Combining the two equations in (42a), we can recover the classical linear elastodynamics equation:

pu, —2uV - () — AV(V-u)=f  in DX[0,T]. (43)

The well-posedness of this equation is established in [29].

12



Y. Qian, Y. Zhang, Y. Huang et al. Journal of Computational Physics 495 (2023) 112527

Lemma 5.1 ([29,59]). Let y; € H'(D), w, € H'~'(D) and f € H'~'(D x [0,T]) with r > 1. Then there exists a unique solution u to the
classical linear elastodynamic equation (43) such that u(x,0) = y(x), u,(x,0) =y, (x) and u € C'([0,T]; H'~'(D)) with 0 <[ < r.

Lemma 5.2. Let k€N, y, € H' (D), w, € H~Y(D) and f € H~'(Dx[0,T]) with r > % + k, then there exists T > 0 and a classical solution
(u,v) to the elastodynamic equations (42) such that u(x,0) =y (x), u,(x,0) = y,(x), u € H*(D x[0,T]) and v € H*"'(D x [0, T]).

Proof. Asr> % +k, H™~¥(D) is a Banach algebra. By Lemma 5.1, there exists T > 0 and the solution (u, v) to the linear elastodynamics
equations such that u(x, 0) = y, (x), v(x,0) = y,(x), u € C'([0, T]; H"~/(D)) with 0 </ < r and v € C' ([0, T]; H"~ /(D)) with 0 < < r—1.

Since u € nf_ C'([0,T1; H'~'(D)) and r— 1 +1 > k with r > £ +, it holds that u € H*(D X [0,T1). Similarly, we obtain v € H*~!(Dx
[0,77. O

5.2. Physics informed neural networks
We now consider the PINN approximation of the linear elastodynamic equations (42). Let Q= D x [0,T], Qp, =T X [0,7] and

Qp =Ty x[0,T] denote the space-time domain. Define the following residuals for the PINN approximationu, : Q > Randv, : Q > R
for the elastodynamic equations (42):

R, [ug, vgl(x,t) =ug, —vy, R, 1nlug, vgl(x,1) = pvg, —2uV - (€(ug)) — AV(V -uy) — f, (44a)
Rypi[ugl(x) =ug(x,0) =y (x),  Ryp[vgl(x) =vy(x,0) — o (x), (44b)
R [0pl(x, ) =wvylr, —ugs  Ryplugl(x, 1) = Quelug)n + AV -ug)n)lp, — 8. (44c)

Note that for the exact solution (u,v), we have R, [u,v] = R;n[u,v] = R, [ul = R;pn[v] = Ry [v] = Ryp[u]l = 0. With PINN we
minimize the following generalization error,

86(9)2=/|R,~ml[u9,v0](x,t)|2dxdt+/|Ri,,,2[u9,v9](x,t)|2dxdt+/|§(R,~m1[ue,vg](x,t))|2dxdt
Q Q Q

+ / [V - (R (g, vg1(x,1))|* dx dt + / IRy [ 1(0)]* dx + / [R (010 dx
Q D D

+ / lE(R 1 [ 1(x))]? dx + / IV - Ry [ug)(x)]? dx
D D

2 B
+ / IR [0pl(x, )| > ds(x)dr | + / IR lupl(x, 1) ds(x)de | . (45)
Qp Qn
Let # =uy —u, ¥ =v, — v denote the difference between the solution to the elastodynamic equations (42) and the PINN approxi-
mation with parameter 0. We define the total error of the PINN approximation as,
&0y = / (G, + 2ule@Ce ) + A1V - ax. D) + ploGx,0)[?) dx dr. (46)
Q
We choose the training set S ¢ Dx[0,T] based on suitable quadrature points. The full training set is defined by S = S, US,,US,;,
and Sy, = Sy U Sy
« Interior training points S;,, = {z,} for 1 <n < N,,,, with each z, = (x,1), € Dx(0,T).
+ Spatial boundary training points S, = {z,} for 1 <n< N, with each z, = (x,1), €', X(0,T), and S, = {z,} for 1 <n< Ny,
with each z, = (x,1), €'y X (0,7).
+ Temporal boundary training points S,, = {x,} for 1 <n < N,, with each x, € D.

Then, the integrals in (45) can be approximated by a suitable numerical quadrature, resulting in the following training loss,

Er(0,8)7 = EMN0,S8,,) + EM2(0,S,,)7 + EIB(0,S,,)7 + £, 5,07 + E1(0, S,,)*

+EP0,5,) + EP(0, 5,7 + EPHO,S,,)* + E210, Sypp) + ES20, Sp), 47)
where,
. Nim Nrb
g}"!l (CA Sim)z = Z w?nrlRiml [uG’ vﬂ](x?nt’ t?nt)lzv g;“bl(o’stb)z = Z w;lblRlbl [ue](x;’b)lz’ (483)
n=1 n=1

13
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Nrm Nrb
EN2(9,S,,) = Z o IRl vgl(x! 10 )2, E12(0,,,)% = Z @ | Ry [0p) ()12, (48b)
n=1 n=1
N[m
85"”3 (0, Sim)2 = Z w?m |£(Rintl [uﬂv vG](x?m’ t?nt))lz’ (4SC)
n=1
Nim
EMNO, S = ) @l IV - Ry [g, vg) (et 10,1, (48d)
n=1
Nlb sz
EPO.5,)7 =) ol |ERy U)K, ERHO,S4)* = Y @4V - Ry [ugl(xly) I, (48e)
n=1 n=1
Nip N2
EMO0. S5 = Y, 0 IRy [0l )12, EP20, Sypn)* = Y @, IRy lugl(x" . 17,) 2. (48f)
n=1 n=1

Nint
n=1"

N N
= (xi)), 0 Sopn = {07,015}, and

Sy = (X, tg’b2)}:]=5'1’2. o' denote the suitable quadrature weights with x being int, tb, sb1 and sb2.

Here the quadrature points in space-time constitute the data sets S, = {(x] )}

5.3. Error analysis

Subtracting the elastodynamic equations (42) from the residual equations (44), we obtain

Rintl = ﬁt -0, (49a)
Riyo = p0; = 2uV - (@) — AV(V - ), (49b)
Ry =l0. Ryp=0li=» Ry =0lr,. Rgp=Que@n+ AV -, . (490)

The PINN approximation results are summarized in the following three theorems.

Theorem 5.3. Let n>2, d, r, k €N with k > 3. Let w, € H'(D), y, € H"Y(D) and f € H-(D x [0,T]) with r > % + k. For ev-
ery integer N > 5, there exist tanh neural networks (u;), and (v;)y, with j =1,2,-,d, each with two hidden layers, of widths at most
32 |Py gyol + [NT] +d(N = 1) and 325 [Py 4o [NTINY, such that

IR it Il 22> I Rt 1 20 S IMNNTFFL, (50a)
IRy ”Lz(ﬂ)’ ”f(Riml)”Lz(Q)’ IV R ||L2(Q) s lnzNN_kH’ (50b)
lle@R DNl 2y 1V - Ropy 2 pys 1R ll 20y xo,1) S I NN7+2, (50¢)
IR g2l £2(y> 1 R o1 20 g0,y S InN N2, (50d)

Proof. Similar to the Theorem 3.3, we can complete the proof by applying Lemma 5.2 and Lemma A.3. []

It follows from Theorem 5.3 that, by choosing a sufficiently large N, one can make the PINN residuals in (44), and thus the
generalization error £5(0)? in (45), arbitrarily small.

Theorem 5.4. Let d €N, u € C(Q) and v € C(Q) be the classical solution to the linear elastodynamic equation (42). Let (uy,v,) denote the
PINN approximation with the parameter 0. Then the following relation holds,

/ (e, 01 + 2u|e(@(x, 0))* + 4|V - &(x,1)|* + plix(x,)]*) dx df < CoT exp (2 +2u + HT),
Q
where Cy; is given by (79) in Appendix A.2.

The proof of this theorem is provided in the Appendix A.2. Theorem 5.4 shows that the total error of the PINN approximation
£(0)? can be controlled by the generalization error £;(6).

Theorem 5.5. Let d €N, u € C*(Q) and v € C3(Q) be the classical solution to the linear elastodynamic equation (42). Let (uy,v,) denote
the PINN approximation with the parameter 6. Then the following relation holds,

/(lﬁ(x, D% +2ple@(x, 1)1 + AV - 2(x,)|% + plD(x, )| dx df < CpT exp (2 +2u + )T)
Q

2 _2 _1
=0EOF + M, + M, 7+ M), (51)

14
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where

Cr=Crz )M, iy o, (Rtb1)+p< w2 )M +QM (Rtb2)> +2u <C(|e<R M, iy QIR )>

2

D 2
+A<C(\V~R,b1|2)M A, IV~ Rl )>+ (R, M, s + Q% (Riy)

+ C(R2 )M d“ +Q (Rer) +2” <C(\F(Rmr1)|2) d“ + Q (|£(Rintl)|2)>

int2

_2 1 _ 2
+ 1 <C(WARM”|2)M,-”,“1 + Q?,,W(W “ Ry |2)> +2|T|2Cr, <C(R3M)be M, (Rsbl )

1 QN 2 2
+2T12Cry, ( Cpz )M +Q L (R)

Proof. Similar to Theorem 3.5, we finish the proof by using Theorem 5.4 and the quadrature error formula (14). The boundedness
of the constants C(Ri) can be obtained from Lemma A.2, u € C*Q) and v € C3(Q), where R, = Ry, Ry, €Ry), V- Ry, Ry
Rinzs €Rip1); V- Ry, Ry and Ry, [0

Theorem 5.5 shows that the PINN approximation error £(6)* can be controlled by the training error £(9, S)* with a large enough
sample set S.

6. Numerical examples

The analyses from Sections 3 to 5 suggest several forms for the PINN loss function with the wave, the nonlinear Klein-Gordon,
and the linear elastodynamic equations. These forms contain certain non-standard terms, which would be absent from the canonical
PINN formulation of the loss function (see Remark 2.2). The presence of such terms is crucial to bounding the PINN approximation
errors, as shown in the previous sections.

These non-standard forms of the loss function lead to a variant PINN algorithm. In this section we illustrate the performance of
the variant PINN algorithm suggested by the theoretical analysis and the more standard PINN algorithm using numerical examples in
one spatial dimension (1D) plus time for the wave equation and the Sine-Gordon equation (i.e. by using g(u) = sin(x) in the nonlinear
Klein-Gordon equation), and in two spatial dimensions (2D) plus time for the linear elastodynamic equation.

Here are some common settings to the numerical simulations in this section. Let (x,7) € D x [0, T] denote the spatial and temporal
coordinates in the spatial-temporal domain, where x = x and x = (x, y) for 1D and 2D, respectively. For the wave equation and the
Sine-Gordon equation, the neural networks contain two input nodes (representing x and ¢), two hidden layers (number of nodes to
be specified below), and two output nodes (representing the solution « and its time derivative v = ‘;—‘t‘). For the linear elastodynamic
equation, three input nodes and four output nodes are employed in the neural network, as will be explained in more detail later. We
employ the tanh (hyperbolic tangent) activation function for all the hidden nodes, and no activation function is applied to the output
nodes (i.e. linear). For training the neural networks, we employ N collocation points within the spatial-temporal domain drawn from
a uniform random distribution, and also N uniform random points on each spatial boundary and on the initial boundary. In the
simulations N is varied systematically between 1000 and 3000. After the neural networks are trained, for the wave and Sine-Gordon
equations, we compare the PINN solution and the exact solution on a set of N,,, = 3000 x 3000 uniform grid points (evaluation points)
(x,1), € Dx[0,T] (n=1,---,N,,) that covers the problem domain and the boundaries. For the elastodynamic equation, we compare
the PINN solution and the exact solution at different time instants, and at each time instant the corresponding solutions are evaluated
at a uniform set of N,, = 1500 x 1500 grid points in the spatial domain, x, = (x,y), € D (n=1,---,N,,).

The PINN errors reported below are computed as follows. Let z,, = (x,1),, ((x,1), € DX[0,T],n= 1, -, N,,) denote the set of uniform
grid points, where N,, denote the number of evaluation points. The errors of PINN are defined by,

V0 lutz,) - gz, max {Ju(z,) = g(z,) ]
, [l -error= R (52a)

[

V0 u(z,)? (Zevuz)? ) /Ny

where u, denotes the PINN solution and u denotes the exact solution.

Our implementation of the PINN algorithm is based on the PyTorch library (pytorch.org). We combine the Adam [33] and
the L-BFGS [43] optimizers (in batch mode) to train the neural networks. We first employ Adam to train the network for 100
epochs/iterations, and then employ L-BFGS to continue the network training for another 30000 iterations. We employ the default
parameter values in Adam, with the learning rate 0.001, g, = 0.9 and g, = 0.99. The initial learning rate 1.0 is adopted in the L-BFGS
optimizer.

[,-error =

15
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6.1. Wave equation

We next test the PINN algorithm for solving the wave equation (15) in one spatial dimension (plus time), under a configuration
in accordance with that of [17]. Consider the spatial-temporal domain, (x,7) € D x[0,T]=[0,5]x [0,2], and the initial-boundary value

problem with the wave equation on this domain,
%u 2 u
oz ox2 =0 (53a)

u(0,1) =u(5,1), Z—Z(O,t) = Z—Z(S, 1), u(x,0)=2sech’ (;(x — x0)> , %(x,O) =0, (53b)
0

where u(x,1) is the wave field to be solved for, ¢ is the wave speed, x, is the initial peak location of the wave, &, is a constant that
controls the width of the wave profile, and the periodic boundary conditions are imposed on x =0 and 5. In the simulations, we
employ ¢ =2, §, =2, and x,, = 3. Then the above problem has the solution,

u(x,t) = sech’ <i (-2.5+ 5)) + sech® <i (-2.5+ 11)) s
) b9
E=mod (x —xg+c1+25,5), n=mod (x—xg—ct+25,5),
where mod refers to the modulo operation. We reformulate the problem (53) into the following system,
u, —v=0, v, —cu,, =0, (54a)
u(0,t) =u(5,1), u,(0,t)=u,(5,1), u(x,0)= 2 sech’ <5i(x - xo)> , 0(x,0)=0, (54b)
0

where v(x,1) is an auxiliary field given by the first equation in (54a).
To solve the system (54) with PINN, we employ 90 and 60 neurons in the first and the second hidden layers of neural networks,
respectively. We consider the following loss function in PINN,

W, w W, 2
_ 1 non non non
Loss = N Z [“BY(Xim’tint) Ue(xmt’ /m)] + N z [Uﬂf(xint’tim) - uﬂxx(xim’tint)]

n=1 =1

4

3

N
2
3 3 3
W ”th(xmt’ mx ng(xf‘m, tmr z [”B(th’ —2sech (go(x:’b - XO))]

N
2!
N
WS g Ug(xm, 6 Z [ugx(xtb,o
N
¥ 2

18 sinh((3x, — 3x()/8)) :
8o cosh4((3x;’b —3x¢)/60)

[06(0.17) = 0y 5,17 > + =2 Z [t0(0.17,) = gy (5.1,

n=1

8
=)' W, (55)
i=1

where 2, (1 <i <8) denote the different terms in the loss expression. Note that in the simulations we have employed the same
number of collocation points (N) within the domain and on each of the domain boundaries. The formulation of the loss function
here differs from what is used in the error analysis in several aspects. First, we have added a set of penalty coefficients W, >0
(1 <n<38) for different loss terms in numerical simulations. Second, the collocation points used in simulations (e.g. x},, 17\, Xi,, 17,
x;; ) are generated randomly within the domain or on the domain boundaries from a uniform distribution. In addition, the averaging
used here do not exactly correspond to the numerical quadrature rule (mid-point rule) used in the theoretical analysis.

We also consider the following form for the loss function, as given in (18),

6 N 1/2 1/2
Loss= Y €, + W, (% D [wg(0.2) - u,,(s,,gb)]z) + Wy < Z[u,,x(o ") u(,x(s,tgb)ﬁ) , (56)
i=1 n=1
The difference between this form and the form (55) lies in the last two terms, with the terms here containing a square root.

It should be noted that the loss function defined by (56) is in accordance with our theoretical analysis, while the one in (55) is
akin to the more standard PINN formulation. The loss function (55) will be referred to as the loss form #1 in subsequent discussions,
and (56) will be referred to as the loss form #2. The PINN schemes that employ these two different loss forms will be referred to as
PINN-F1 and PINN-F2, respectively.

Fig. 1 shows distributions of the exact solutions, the PINN solutions, and the PINN point-wise absolute errors for u and v = g—’:
in the spatial-temporal domain. Here the PINN solution is computed by PINN-F1, in which penalty coefficients are given by W =
W, ..., W5)=1(0.8,0.8,0.8,0.5,0.5,0.5,0.9,0.9). One can observe that the method has captured the wave fields for « and v reasonably
well, with the error for u notably smaller than that of v.
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Fig. 1. Wave equation: Distributions of the True solutions, the PINN solutions and the PINN point-wise absolute errors for « and v in the spatial-temporal domain.
N =2000 training points within the domain and on each of the domain boundaries.

Figs. 2 and 3 provide a comparison of the solutions obtained using the two forms of loss functions. Fig. 2 compares profiles of
the PINN-F1 and PINN-F2 solutions, and the exact solution, for u (top row) at three time instants (¢ = 0.5, 1.0, and 1.5), as well as
the error profiles (bottom row). Fig. 3 shows the corresponding results for the field variable v. These results are obtained by using
N =2000 training data points in the domain and on each of the domain boundaries. It is observed that both PINN schemes, with the
loss functions given by (55) and (56) respectively, have captured the solution reasonably well. We further observe that the PINN-F2
scheme (with the loss form (56)) produces somewhat less accurate results than the PINN-F1 (with loss form (55)), especially for the
field v.

We have varied the number of training data points N systematically and studied its effect on the PINN results. Fig. 4 shows the
loss histories of PINN-F1 and PINN-F2 corresponding to different number of training data points (N) in the simulations, with a total
of 30,000 training iterations. We can make two observations. First, the history curves with the loss function form #1 seem smoother,
while fluctuations in the loss history can be observed with the form #2. Second, the eventual loss values produced by the loss form
#1 are smaller than those produced by the loss form #2.

Table 1 is another comparison between PINN-F1 and PINN-F2. Here the /, and / errors of u and v computed by PINN-F1 and
PINN-F2 corresponding to different training data points (N) have been listed. There appears to be a general trend that the errors
tend to decrease with increasing number of training points, but the decrease is not monotonic. It can be observed that the u errors
are notably smaller than those for v, as signified earlier in e.g. Fig. 1. One again observes that PINN-F1 results appear more accurate
than those of PINN-F2 for the wave equation.

Theorem 3.5 suggests the solution errors for u, v, and Vu approximately scale as the square root of the training loss function.
Fig. 5 provides some numerical evidence for this point. Here we plot the /2 errors for u, % and "—Z from our simulations as a function
of the training loss value for PINN-F1 and PINN-F2 in logarithmic scales. It is evident that for PINN-F1 the scaling essentially follows
the square root relation. For PINN-F2 the relation between the error and the training loss appears to scale with a power somewhat
larger than %

17
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Fig. 2. Wave equation: Comparison of profiles of u (top row) and its absolute error (bottom row) between the PINN solutions (loss forms #1 and #2) and the exact
solution at time instants (a) +=0.5, (b) t=1.0, and (c) = 1.5. N =2000 training data points within the domain and on each of the domain boundaries (x =0 and 5,
and 1 =0).

4l 7
6
3 A A 5
2r 4 4
1] P
= 1r y =" =
N oA 2
or ® ] |
SF R 0
) / ¢ r
2+ 4 R
N A X 2
3k i
0 1 2 3 4 5
X
0.25
0.2
= = =
2015 2 g
g b5} b5}
Q Q Q
E E E
§ 0.1 _% g
< < <
0.05
0 1 2 3 4 5
X X X
(a) t=0.5 b)yt=1 (e)t=1.5

Fig. 3. Wave equation: Comparison of the profiles of v = % (top row) and its absolute error (bottom row) between the PINN solutions (loss forms #1 and #2) and
the exact solution at time instants (a) 7 =0.5, (b) t=1.0, and (c) = 1.5. N =2000 training data points within the domain and on each of the domain boundaries (x =0

and 5, and ¢ = 0).
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Table 1
Wave equation: The « and v errors versus the number of training data points N.

N I,-error 1 ,-error
PINN-F1 PINN-F2 PINN-F1 PINN-F2
Uy Vg Uy Uy Uy Vg Uy Vg

1000 5.7013e-03 1.3531e-02 4.7281e-02 9.2431e-02 1.8821e-02 4.6631e-02 1.4367e-01 3.2764e-01
1500 2.1689e-03 4.1035e-03 4.9087e-02 1.2438e-01 6.7631e-03 1.5109e-02 2.1525e-01 5.0601e-01
2000 4.6896e-03 9.6417e-03 1.8554e-02 4.9224e-02 1.3828e-02 3.3063e-02 6.0780e-02 1.6358e-01
2500 3.7879e-03 9.8574e-03 2.3526e-02 5.4266e-02 1.2868e-02 3.3622e-02 9.8690e-02 1.9467e-01
3000 2.6588e-03 6.0746¢-03 1.4164e-02 3.7796e-02 8.1457e-03 1.9860e-02 5.3045e-02 1.4179e-01

6.2. Sine-Gordon equation

We test the PINN algorithm suggested by the theoretical analysis for the Sine-Gordon equation (i.e. by setting g(u) = sin(u) in (31))
in this subsection. Consider the spatial-temporal domain (x,7) € Q = D x[0,7]=[0, 1] X [0, 2], and the following initial/boundary value
problem on this domain,

0%u  0%u .
ﬁ — 07 +u+sin(u) = f(x,1), (57a)
u0,n=¢; @), u(l,n)=¢,1®), u(x,0)=y,(x), %(x, 0) = wy(x). (57b)

In these equations, u(x, 1) is the field function to be solved for, f(x,?) is a source term, y, and y, are the initial conditions, and ¢, and
¢, are the boundary conditions. The source term, initial and boundary conditions appropriately are chosen by the following exact
solution,

u(x,t) = [2cos <7rx+ %) + %cos (27rx + ;—g)] [2c0s (m+ %) + %cos (27rt+ ;—g)] . (58)
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Fig. 6. Sine-Gordon equation: Distributions of the exact solution, the PINN solution and the PINN absolute error for u (left three columns) and for v = ‘;—': (right three
columns). N = 2000 collocation points within the domain and on the domain boundaries.

To simulate this problem with PINN, we reformulate the problem as follows,

u,—v=0, v, —u. +u+sinw) = f(x,1), (59a)

u0,0=¢1 (1), u(l,0)=¢,®), ux,0)=y(x), vx,0)=y,(x), (59Db)
where v is defined by equation (59a). In light of (36), we employ the following loss function in PINN,

w, ¥ 2
"1 n n
Loss _W Z [u9f(xint’tim‘) Ue(xmt’ mr)]
n=1
w, N 2
o 2 [0 K i) = g X ) g (X ) 5i0 g (15,00 = S (575 )]

n=1

N N
ﬁgmmw,wm% ﬁgm%wwmz

N N

Z vp(xy,, 0) — llfz(x,b)] %o Z [ugx(x:lb’o)_wlx(x;lb)]z

- N "~ 1/2
W7<% D [a0.17) = by (")) + (0p(1,17,) = oy, (1", ])

7
=), (60)

where &; (1 <i <7) represent different terms in the loss expression, and W, >0 (1 <n <7) are the penalty coefficients for different
loss terms added in the PINN implementation. It should be noted that the loss terms ©€; and &, will be absent from the conventional
PINN formulation (see [46]). These terms in the training loss are necessary based on the error analysis in Section 4. It should also be
noted that the terms in &, contain a square root, as dictated by the theoretical analysis of Section 4.

We have also implemented a PINN scheme with a variant form for the loss function,

6 N
Loss= ) &, + % X [@p(0,72) = by, (1)) + (wg(1,2%) = oy (7,))?] (61)
i=1 n=1
The difference between (61) and (60) lies in the &, terms. These &, terms in (61) are squared, and they are not in (60). We refer to
the PINN scheme employing the loss function (60) as PINN-G1 and the scheme employing the loss function (61) as PINN-G2.

In the simulations we employ a feed-forward neural network with two input nodes (representing x and ), two output nodes
(representing u and v), and two hidden layers, each having a width of 80 nodes. The tanh activation function has been used for all
the hidden nodes. We employ N collocation points generated from a uniform random distribution within the domain, on each of the
domain boundary, and also on the initial boundary, where N is varied systematically in the simulations. The penalty coefficients in
the loss functions are taken to be W = (W/,..., W3) =(0.5,0.4,0.5,0.6,0.6,0.6,0.8).

Fig. 6 shows distributions of u(x,7) and v = % from the exact solution (left column) and the PINN solution (middle column), as
well as the point-wise absolute errors of the PINN solution for these fields (right column). These results are obtained by PINN-G2
with N =2000 random collocation points within the domain and on each of the domain boundaries. The PINN solution is in good
agreement with the true solution.
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Figs. 7 and 8 compare the profiles of u and v between the exact solution, and the solutions obtained by PINN-G1 and PINN-G2,
at several time instants (r =0.5, 1 and 1.5). Profiles of the absolute errors of the PINN-G1/PINN-G2 solutions are also shown in these
figures. We observe that both PINN-G1 and PINN-G2 have captured the solution for u quite accurately, and to a lesser extent, also
for v. Comparison of the error profiles between PINN-G1 and PINN-G2 suggests that the PINN-G2 error in general appears to be
somewhat smaller than that of PINN-G1. But this seems not to be true consistently in the entire domain.
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Table 2
Sine-Gordon equation: The /, and /, errors for u and v versus the number of training collocation points N corresponding to PINN-G1 and
PINN-G2.
1,-error 1 ,-error
N
PINN-G1 PINN-G2 PINN-G1 PINN-G2
Uy Vg Uy Vg Uy Vg Uy Vg
1000 3.0818e-03 4.3500e-03 3.0674e-03 2.0581e-03 9.6044e-03 1.8894e-02 7.3413e-03 1.1323e-02
1500 3.4335e-03 4.8035e-03 1.0605e-03 1.4729e-03 1.0566e-02 1.7050e-02 2.2914e-03 6.2831e-03
2000 2.1914e-03 3.0055e-03 2.2469e-03 1.6072e-03 7.5882e-03 1.1099e-02 4.8842e-03 8.8320e-03
2500 3.0172e-03 3.5698e-03 6.6072e-04 6.0509e-04 9.2515e-03 1.4645e-02 1.4099e-03 4.3423e-03
3000 2.5281e-03 4.4858e-03 6.6214e-04 1.0830e-03 7.2785e-03 1.6213e-02 1.9697e-03 7.8866e-03

The effect of the collocation points on the PINN results has been studied by varying the number of training collocation points
systematically between N = 1000 and N = 3000 within the domain and on each of the domain boundaries. The results are provided
in Fig. 9 and Table 2. Fig. 9 shows histories of the loss function corresponding to different number of collocation points for PINN-G1
and PINN-G2. Table 2 provides the /, and / errors of u and v versus the number of collocation points computed by PINN-G1 and
PINN-G2. The PINN errors in general tend to decrease with increasing number of collocation points, but this trend is not monotonic.
It can be observed that both PINN-G1 and PINN-G2 have captured the solutions quite accurately, with those errors from PINN-G2 in
general slightly better.

Fig. 10 provides some numerical evidence for the relation between the total error and the training loss as suggested by Theo-
rem 4.4. Here we plot the /, errors for u, 3—‘: and Z—Z as a function of the training loss value obtained by PINN-G1 and PINN-G2. The
results indicate that the total error scales approximately as the square root of the training loss, which in some sense corroborates the
error-loss relation as expressed in Theorem 4.4.

6.3. Linear elastodynamic equation
In this subsection we look into the linear elastodynamic equation (in two spatial dimensions plus time) and test the PINN
algorithm as suggested by the theoretical analysis in Section 5 using this equation. Consider the spatial-temporal domain (x, y,t) €

Q=Dx[0,T]=1[0,1]1%[0,1] % [0,2], and the following initial/boundary value problem with the linear elastodynamics equation on Q:
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p(;—zu—ZMV () — AV(V -uw) = f(x,1), (62a)
ulr, = ¢y, (2,4§(u)+/1(v~u))|rnn=¢n, u(x,0) =y, 3—?(36,0)='I’2, (62b)

where u = (u; (x,1), u,(x,1))T (x = (x,y) € D, t €[0,T]) is the displacement field to be solved for, f(x,?) is a source term, and p, 4 and
A are material constants. I'; is the Dirichlet boundary and I',, is the Neumann boundary, with 0D =T, UT’, and I'; NT", = @, where
n is the outward-pointing unit normal vector. In our simulations we choose the left boundary (x =0) as the Dirichlet boundary,
and the rest are Neumann boundaries. ¢, and ¢, are Dirichlet and Neumann boundary conditions, respectively. v, and y, are the
initial conditions for the displacement and the velocity. We employ the material parameter values 4 = A= p =1, and the following
manufactured solution ([1]) to this problem,

—sin(zx)? sin(27y)
sin(27x) sin(zry)?

u(x, 1) = sin(V/2xt) (63)

The source term f(x,?), the boundary/initial distributions ¢,, ¢,,, v, and y, are chosen by the expression (63).
To simulate this problem using the PINN algorithm suggested by the theoretical analysis from Section 5, we reformulate (62) into
the following system

u—v=0, v, =2V - (ew) - V(V-u) = f(x,1), (64a)

ulr, =g, (2£(u)+(V-u))lpnn=¢n, u(x,00=y,, v(x,0)=y,, (64b)

where v(x,1) is an intermediate variable (representing the velocity) as given by (64a).
In light of (47), we employ the following loss function for PINN,

W, N 2
1
Loss = W Z [ugf(xlm’ mt) ve(xmt’ lnt)]
n=1
W, N 2
+ WZ Z [Ugf(x:lm’ t;,nf) =2V (g(ug(x;’nt’ t:'nt))) - V(v uG(x:'m’ t?nt)) - f(x;,m’ t?m))]
n=1
W; w 2, J 2
3 W,
N 2 e ) = 0o ] g DV - W ) = 00K )
n=1 n=1
N N
W- 2 W 2
+ 2 2 [ 0 — i (xp)] + < Z [vp(x!,.0) =y (<)
n=1 n=
W- N
+ oy 2 e, 0w Z [V Gy 0 =, )

3
Il

N 1/2
2
< Z (Lo o1 ) = By (X017, )] )
=

z|-

z|=

N 12

2

+W10< Z (26 (. 150+ (V - g (0. 0000 = by (x5 15, >
n=1

=: )6, (65)
i=1

where we have added the penalty coefficients, W, > 0 (1 <n < 10), for different loss terms in the implementation, and N denotes the
number of collocation points within the domain and on the domain boundaries. In the numerical tests we have also implemented
another form for the loss function as follows,

8 N

Wy 2
Loss = ZGf TN Z [vg(val’ 1)~ ¢dr(xzh1’tgb1)]

i=1 n=1

N
W,
+ ]\;O Z [2e(up(xyy. 1500m + (V- g (x5, 15, ))m ¢"(xgb2’tgb2)]2' (66)
n=1

The difference between these two forms for the loss function lies in the ¢, and €, terms. It should be noted that the ¢, and €,
terms in (65) contain a square root, in light of the error terms (48a)—(48f) from the theoretical analysis. In contrast, these terms have
no square root in (66). The PINN scheme utilizing the loss function (65) is henceforth referred to as PINN-H1, and the scheme that
employs the loss function (66) shall be referred to as PINN-H2.

In the simulations, we employ a feed-forward neural network with three input nodes, which represent x = (x,y) and the time
variable 7, and four output nodes, which represent u = (u;,u,) and v = (v;,v,). The neural network has two hidden layers, with
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Fig. 11. Linear elastodynamic equation: Visualization of the deformed configuration at time instants (a) = 0.5, (b) =1.0, and (c¢) 7 = 1.5 from the exact solution
(top row), the PINN-H1 solution (middle row) and the PINN-H2 solution (bottom row). Plotted here are the deformed field, x + u(x,7), for a set of grid points
x € D=[0,11%[0,1]. N =2000 training collocation points within domain and on the domain boundaries.

widths of 90 and 60 nodes, respectively, and the tanh activation function for all the hidden nodes. For the network training, N
collocation points are generated from a uniform random distribution within the domain, on each of the domain boundary, as well
as on the initial boundary. N is systematically varied in the simulations. We employ the penalty coefficients W = (W,..., W}() =
(0.9,0.9,0.9,0.9,0.5,0.5,0.5,0.5,0.9,0.9) in the simulations.

In Figs. 11 and 12 we compare the PINN-H1/PINN-H2 solutions with the exact solution and provide an overview of their errors.
Fig. 11 is a visualization of the deformed configuration of the domain. Here we have plotted the deformed field, x + u(x, t), for a set of
grid points x € D at three time instants from the exact solution, the PINN-H1 and PINN-H2 solutions. Fig. 12 shows distributions of
the point-wise absolute error of the PINN-H1/PINN-H2 solutions, |lu, — u]| = \/(ug (x,1) — 11 (x,1))2 + (g (x, 1) — uy(x,1))2, at the same
three time instants. Here u, = (uy,,ug,) denotes the PINN solution. While both PINN schemes capture the solution fairly well at r = 0.5
and 1, at r = 1.5 both schemes show larger deviations from the true solution. In general, the PINN-H1 scheme appears to produce a
better approximation to the solution than PINN-H2.

The effect of the number of collocation points (N) on the PINN results has been studied in Fig. 13 and Table 3, where N is
systematically varied in the range N = 1000 to N =3000. Fig. 13 shows the histories of the loss function for training PINN-H1 and
PINN-H2 under different collocation points. Table 3 lists the corresponding /, and [/, errors of u and v obtained from PINN-H1 and
PINN-H2. One can observe that the PINN errors in general tend to improve with increasing number of collocation points. It can also
be observed that the PINN-H1 errors in general appear better than those of PINN-H2 for this problem.

Fig. 14 shows the errors of u, u;, £(u) and V - u as a function of the loss function value in the network training of PINN-H1 and
PINN-H2. The data indicates that these errors approximately scale as the square root of the training loss, which is consistent with the
relation as given by Theorem 5.5. This in a sense provides numerical evidence for the theoretical analysis in Section 5.

7. Concluding remarks

In the present paper we have considered the approximation of a class of dynamic PDEs of second order in time by physics-
informed neural networks (PINN). We provide an analysis of the convergence and the error of PINN for approximating the wave
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Fig. 13. Linear elastodynamic equation: Training loss histories of PINN-H1 and PINN-H2 corresponding to different numbers of collocation points (N) in the
simulation.

Table 3
Linear elastodynamic equation: The /, and /_ errors for u = (u,,u,) and v = (v,,v,) versus the number of training data points N from the
PINN-H1 and PINN-H2 solutions.

N 1,-error 1,-error
Ugy Ugo Vg1 Vg2 Ugy Ugo Vg1 Vg2
PINN-H1

1000 4.8837e-02 6.0673e-02 4.7460e-02 5.1640e-02 1.7189e-01 2.1201e-01 6.9024e-01 6.1540e-01
1500 2.8131e-02 3.1485e-02 4.1104e-02 4.1613e-02 1.9848e-01 2.4670e-01 3.4716e-01 4.0582e-01
2000 2.7796e-02 4.0410e-02 3.5891e-02 4.6334e-02 1.4704e-01 1.7687e-01 4.0678e-01 5.0022e-01
2500 3.0909e-02 4.0215e-02 3.3966e-02 4.4024e-02 1.7589e-01 2.4211e-01 4.1403e-01 3.9570e-01
3000 2.6411e-02 3.5600e-02 4.3209e-02 5.2802e-02 1.4289¢e-01 1.3625e-01 5.1167e-01 5.3298e-01

PINN-H2
1000 4.9869¢-02 1.3451e-01 5.6327e-02 5.4796e-02 3.2314e-01 3.4978e-01 6.7624e-01 5.7277e-01
1500 5.4708e-02 1.3987e-01 4.5871e-02 5.1622e-02 2.8609e-01 5.2598e-01 4.9343e-01 2.3518e-01
2000 6.2114e-02 1.0190e-01 6.4477e-02 5.0011e-02 2.5745e-01 3.1642e-01 5.9057e-01 5.8411e-01
2500 3.7887e-02 6.0630e-02 5.4363e-02 5.0659¢-02 2.2212e-01 2.4774e-01 5.3681e-01 3.5427e-01
3000 5.4862e-02 6.3407e-02 5.5208e-02 6.0082e-02 3.4102e-01 2.1308e-01 5.1894e-01 4.4995e-01
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Fig. 14. Linear elastodynamic equation: The errors for u, u,, £(u) and V - u versus the training loss value obtained by PINN-H1 and PINN-H2.

equation, the nonlinear Klein-Gordon equation, and the linear elastodynamic equation. Our analyses show that, with feed-forward
neural networks having two hidden layers and the tanh activation function for all the hidden nodes, the PINN approximation errors
for the solution field, its time derivative and its gradient can be bounded by the PINN training loss and the number of training data
points (quadrature points).

Our theoretical analyses further suggest new forms for the PINN training loss function, which contain certain residuals that are
crucial to the error estimate but would be absent from the canonical PINN formulation of the loss function. These typically include
the gradient of the equation residual, the gradient of the initial-condition residual, and the time derivative of the boundary-condition
residual. In addition, depending on the type of boundary conditions involved in the problem, our analyses suggest that a norm other
than the commonly-used L? norm may be more appropriate for the boundary residuals in the loss function. Adopting these new forms
of the loss function suggested by the theoretical analyses leads to a variant PINN algorithm. We have implemented the new algorithm
and presented a number of numerical experiments on the wave equation, the Sine-Gordon equation and the linear elastodynamic
equation. The simulation results demonstrate that the method can capture the solution field well for these PDEs. The numerical data
corroborate the theoretical analyses.
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Appendix A. Auxiliary results and proofs of theorems from Sections 4 and 5

A.1. Some auxiliary results

Let a d-tuple of non-negative integers a € Ng be multi-index with d € N. For given two multi-indices «, § € N?, we say that a < §,

if and only if, o; < g, for all i =1,---,d. Denote |a| = Z;Ll o, al= HLI a;!, <ﬂ> = Let Py, ={a €N, |a| =m}, for which it

o al(f—a)!”
-1
holds | P,, | = ("’*” >

m
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Lemma A.1 (Multiplicative trace inequality, e.g. [12]). Let d >2, Q c R¢ be a Lipschitz domain and let y, : H'(Q) — L*(0Q) : u+ u|,o be
the trace operator. Denote by h, the diameter of Q and by p, the radius of the largest d-dimensional ball that can be inscribed into Q. Then
it holds that

17oull 200 < Chg.d oo 14l 1) where Chyd g = V2max{2hq.d}/pg. (67)

Lemma A.2 ([12]). Let d,n, L,W €N and let u, : R*! — R9*! be a neural network with € © for L >2,R,W > 1, cf. Definition 2.1.
Assume that ||o||c» > 1. Then it holds for 1 < j <d + 1 that

@), llcn < 16%(d + > (@n* W3 R"||o|cn)"™E (68)

Lemma A.3 ([12]). Letd >2,n>2,m>3,6 >0,a;,b; € Z with a; < b; for 1 <i <d, Q—H:i (la;,b;] and f € H™(Q). Then for every N € N
with N > 5 there exists a tanh neural network fN with two hidden layers, one of width at most 3 [”’” 2] [Pytas1] + Z, (b —a)(N = 1)
and another of width at most 3[‘1;'"] IPyiygsr|N? Hl.=l (b; — a;), such that for k=0, 1,2 it holds that

1F = N ki) <2539 Cppa (1 + OI* (B 5,4 NIT™H2) NHE (69)
and where

-1
c w (4H=1) 7 oyt (VAT
kmd,f = 0<l<k 1 ([ﬂ]l)d/Z p H™(Q)»
d

5+ 2% max ([T, (b; — a;).d} max{|| f [l koo 1}
346 min{1,Cy g 5} '

Brsar=
Moreover, the weights of fN scale as O(N” + NInN) with y = max{m?/n,d(2 + m+d)/n}.
A.2. Proof of Theorem 4.3 and Theorem 5.4

Proof of Theorem 4.3. By taking the inner product of (38a) and (38b) with 4 and o over D, respectively, we have

%/|12|2dx=/ﬁﬁdx+/Ri,,,1ﬁdx§/|12|2dx+%/|Rim1|2dx+%/|ﬁ|2dx, (70)
D D D D D D

2 d .12

€ 2dt/|v| dx

= /Vu Vodx + d® /vVu nds(x)—e%/ﬁﬁdx /(g(ug) g(u))vdx+/ R, »,Ddx

D oD D D
- 2dt/|Vu| dx +a® /Vu VR dx + /RSbVWnds(x)—e%/ﬁﬁdx
D oD D
—/(g(ug)—g(u))ﬁdx+/Rimzﬁdx
D D

1=

2 2
2L [ vaPdx+ © [ (vaPdx+ & [ VR, Pdx+Cyp IR, |2 ds(x)
2dt 2 2
D D D oD

+%(£f+L)/|ﬁ|2dx+%(s%+L+l)/|ﬁ|2dx+%/|R,-,,,2|2dx, (71)
D D D

1 A_ A
where C,p, = a®|0D|2 (llull 1 apxo.ry + | 14ellc1@pxjoryy) and 0 =&, — R, have been used.
Add (70) to (71), and we get

d 12 2 d 12 2d/A2
—_ dx + —_ \Y dx + —_ d.
2dt/|u| x+a 2dt/| a“dx+e i |0]~ dx

%(e +L+2)/|u|2dx+ /|W|2dx+ (e2 +L+2)/|v|2dx+ /lR,,,,,l dx

1 a?
+§/|R,-m2|2dx+7/|VRin,]|2dx+CoD /leblzds(x) . (72)
D D oD
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Integrating (72) over [0, z] for any = < T and applying the Cauchy-Schwarz inequality, we obtain

/|ﬁ(x,'r)|2dx+a2/|Vﬁ(x,1)|2dx+22/|ﬁ(x,'r)|2dx
D D D

T
/|R,b1| dx+a /|VR,b1|2dx+52/|R,b2|2dx+(2+gf+L+a2)//(|a|2+|va|2+|u| ) dxdt
D D D

T

1
T

2
1
// Ript P + @19 Ry P + [ Ry ) died +2C, | T2 //lRY,,Pds(x)dz
0 D

0 oD
Applying the integral form of the Gronwall inequality to the above inequality leads to

/|ﬁ(x,r)|2dx+a2/|Vﬁ(x,r)|2dx+£2/|ﬁ(x,r)|2dx§CGexp((2+£ +L+a2)T)
D

(73)
D D
where
T
Co= [ AR P+ @IV R P+ RiaP10x+ [ [ ARt 4 1Ryl 4+ VR Py
D 0 D
1
T 2
1
+2C,p|T|2 // |Ryp|? ds(x)dt 74)
0 D
Then, we integrate (73) over [0,T7] to end the proof. []
Proof of Theorem 5.4. Taking the L? inner product of (49a) and (49b) with & and # over D, respectively, we have
% / |2 dx =/ﬁf)dx +/R,~mlﬁdx < / laf? dx + % / IR, 2 dx + % / 1012 dx, (75)

2dt/|v| dx——2/4/£(u) Viodx — A/(V a) (V- v)dx+/(2y£(u)n+A(V )n) - vds(x)

D
+ / R;,,0dx
D

———/ulg(u)l dx—difg V- dx+2/4/g(ﬁ):VR,n,ldx+/{/(V-ﬁ)(V R,,)dx
D

D

D
/(Zyg(ﬁ)n + A(V-@)n)- Ry, ds(x) + / Ry, - 0ds(x) + / R;,n0dx

——/ule(u)lz x—— —|v u|2dx+/4/|e(u)|2dx+;4/|£(R,,,,1)| dx

pl pl . 1 (. 1
+5/|V~R,-,,,1|dx+5/|V~u|dx+E/lvlzdx+5/|R,-,,,2|2dx
D D D D

; 3
/ [Rgpi*ds(x)| +Cry / |Ryp 2ds(x) | .
T'p r

(76)
PN 1 1
Here we have used ¥ =i, — R;,;;, and the constants are given by Cr, =Qu+ AIp|2 ||”||c1(er[0T1) +Qu+ D'p|2 ||u€||C1(FDx[0 o
and Cr,, = [Ty 2wl ey <o + Wollewyxior)
Add (75) to (76), and we get.

2dl/|u|2dx+—//4|¢E(u)|2dx+—//1|V u|2dx+p—/|v|2dx
_/(|u|2+u|g<ﬁ>|2+5|V-al+|lez) dx+5/<|Rin,1|2+|R,~m2|2+zme<R,m>| )dx
D D
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1 1

A
+§/|V-Riml|dx+CrD /lebllzds(x) +Cr,, /IRsbzlzds(x) . 77)
D I'p Ty

Integrating (77) over [0, 7] for any = < T and applying Cauchy-Schwarz inequality, we obtain,

/|a(x,f)|2dx+/2;4|§(a(x,f))|2dx+/,1|v-a(x,r)|2dx+p/|i;(x,r)|2dx
D D D

D

s/|Rtb1|2dx+/Zylg(R,bl)lzdx+/AlV-R,bllzdx+p/|R,b2|2dx
D D D D
T
+(2+2/4+/1)//(|ﬁ|2+|§(ﬁ)|2+|V~ﬁ|2+|i1|2) dx dt
0 D

T
+ / / (IR + 2Ry )P + A1V - Ry P+ [ Ry ) dx
0 D

1 1
T 2 T 2

1 1
rariic,| [ [irRarawal varie, | [ [ iR awa
0Tp 0 T'y
By applying the integral form of the Gronwall inequality to the above inequality, we have

/(|a(x,f)|2 + 2ule@x, )| + AV - ax, o) + p/ |9(x,7)|?)dx < Cgexp (2 +2u + DT), (78)
D D

where

CG=/|R,b1|2dx+/2;4|£(Rtbl)|2dx+/A|V-R,b1|2dx+p/|R,,,2|2dx
D D D D

T

+ / / (IRt P+ 2UleRo )P+ A1V - Ry P+ [ Ry ) dixd
0 D

1 1

T 2 T 2

1 1
+2|T|2Cr, //lebllzds(x)dt +2IT|2Cr, //IRS,,zlzds(x)dt . 79)
rp 1Y

0 0

Then, we finish the proof by integrating (78) over [0,T]. []
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