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1. Introduction

In this work we focus on the numerical simulation of convec-
tive heat transfer in fluid flows on domains involving outflow/open
boundaries. The domain boundary is open in the sense that the
fluid and the heat can freely leave or enter the domain through
such a boundary. This type of problems are typically encoun-
tered in flows with physically unbounded domains, such as wakes,
jets, shear layers, and cardiovascular or respiratory networks [25].
Buoyancy-driven flows such as the natural convection in open-
ended cavities or open channels are other examples [15,16,21,68],
which have widespread applications in solar energy receivers, cool-
ing of electronics, and control of smoke or fire. To numerically sim-
ulate such problems, it is necessary to truncate the domain to a
finite size, and some outflow/open boundary condition (OBC) will
be needed for the artificial boundary. How to properly deal with
the open boundary oftentimes holds the key to successful simu-
lations of these problems. This turns out to be a very challeng-
ing problem [37,59] as the Reynolds number increases to moderate
and high values. A well-known issue, at least for the flow simu-
lations, is the backflow issue and the so-called backflow instabil-
ity [23,52]. This refers to the difficulty encountered in flow simula-
tions when strong vortices or backflows occur at the outflow/open
boundary at moderate and high Reynolds numbers. Many open
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boundary conditions that work well at low Reynolds numbers,
such as the traction-free condition [4,29,35,38,48,59,63] and the
convective condition [32,37,41,53,54,58,62], cease to work and be-
come unstable when strong vortices and backflows are present at
the outflow/open boundary. It is observed that an otherwise stable
computation can instantly blow up when a strong vortex passes
through the outflow/open boundary [23-26,65]. The backflow in-
stability issue has attracted a number of efforts in the past years. A
class of methods, the so-called energy-stable open boundary con-
ditions [22,23,25,27,28,52,66], turn out to be particularly effective
for overcoming the backflow instability; see also related works
in [3,8,10-12,30,33,36,39,45,50,57], among others. These energy-
stable open boundary conditions, by design, guarantee that the
contributions from the open boundary will not cause the total sys-
tem energy to increase over time, irrespective of the flow situa-
tions occurring at the open boundary (e.g. presence of backflows
or strong vortices). Therefore, stable results can be obtained with
these methods even when strong vortices or backflows occur on
the outflow/open boundary at high Reynolds numbers. More im-
portantly from the practical standpoint, these energy-stable OBCs
can be implemented in a straightforward way with the commonly-
used semi-implicit splitting type (or fractional-step) schemes for
the incompressible Navier-Stokes equations [23,27].

For open-boundary convective heat transfer problems, a sur-
vey of literature indicates that how to deal with the thermal
open boundary, especially for moderate and high Reynolds num-
bers where strong vortices or backflows are prevalent at the open
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boundary, seems to be much less developed when compared with
that for the fluid flows as outlined above. The Sommerfeld ra-
diation (or convective) condition (see e.g. [19,54]) and the Neu-
mann type zero-flux condition (see e.g. [1,5-7,20,67]) are tradi-
tional boundary conditions for the temperature applied to the
open/outflow boundary. In [14,15] the natural convection in an
open cavity has been studied numerically with an extended large
computational domain and with a smaller domain consisting of the
cavity only. On the extended domain the Neumann type zero-flux
condition is imposed for both the velocity and the temperature on
the outflow boundary [15]. For the smaller domain, on the open
boundary of the cavity the authors distinguish the sections where
the flow enters the cavity (inflow) and the sections where the flow
leaves the cavity (outflow), and impose a temperature Dirichlet
condition on the inflow portion and the Neumann zero-flux condi-
tion for the temperature on the outflow portion [14]. Additionally,
the authors therein employ a Neumann zero-flux condition for the
tangential velocity and the divergence-free condition for the nor-
mal velocity component on the open boundary [14]. While the use
of extended computational domains pushes the open boundary far-
ther away and can partially alleviate the issue that the true bound-
ary condition is unknown [42], this can be computationally costly
because of the increased domain size [21]; see also e.g. [34,64] for
investigations of the domain size effect on the computed physi-
cal quantities. The boundary condition of [14] and its many vari-
ants have been widely adopted in studies of natural convection in
subsequent years and have been one of the pre-dominant meth-
ods for handling thermal open boundaries where backflows may
be present; see e.g. [9,18,21,31,43,44,49,61,68], among others.

In the current paper we present a new thermal open boundary
condition that is energy-stable and effective for simulating con-
vective heat transfer problems involving outflow/open boundaries,
even at high (or moderate) Reynolds numbers when strong vor-
tices or backflows occur on the open boundary. This boundary con-
dition is formulated such that the contribution of the open/outflow
boundary will not cause an “energy-like” temperature function to
increase over time, regardless of the state of flow at the open
boundary. The form of this thermal open boundary condition has
much been inspired by the open boundary conditions from [23] for
the incompressible Navier-Stokes equations. In particular, it con-
tains an inertial term (time derivative of temperature) and an extra
nonlinear term combining the velocity and the temperature, apart
from the temperature directional derivative at the boundary. The
nonlinear term in the thermal open boundary condition can be
analogized to a term in those open boundary conditions for the
incompressible Navier-Stokes equations [11,23,27,52], and it also
bears a similarity to the conditions considered in [2,13,51,55,56].

The presented thermal open boundary condition can be imple-
mented in a straightforward fashion. In the current paper we dis-
cretize this open boundary condition and the heat transfer equa-
tion based on a semi-implicit scheme. Upon discretization, this
open boundary condition becomes a Robin-type condition for the
temperature, and is implemented using a high-order spectral el-
ement technique [40,60,69]. The discretized system of algebraic
equations involves a coefficient matrix that is constant and time-
independent and can be pre-computed. The current scheme for
the thermal open boundary condition, with no change, also ap-
plies to finite element-type techniques. We note that the current
thermal open boundary condition is much simpler to implement
than the commonly-used boundary condition from [14]. The condi-
tion of [14]| imposes a temperature Dirichlet condition on the back-
flow region of the boundary. Since such a region is dynamic and
changes over time, this in general will require the re-computation
and re-factorization (at least partially) of the temperature coeffi-
cient matrix every time step in the implementation. For finite ele-
ment type methods, the dynamic nature of the backflow region on

the open boundary can make the implementation of the tempera-
ture Dirichlet condition especially difficult.

We combine the presented thermal open boundary condition,
together with the open boundary condition from [23] for the in-
compressible Navier-Stokes equations, to simulate convective heat
transfer on domains involving outflow/open boundaries. Only one-
way coupling between the velocity and the temperature (veloc-
ity influencing temperature, but not the other way) is considered
in the current work. We have performed extensive numerical ex-
periments to test the presented method, especially in regimes of
high or fairly high Reynolds numbers, when strong vortices and
backflows become prevalent at the open boundary and the back-
flow instability becomes a severe issue to conventional methods.
We compare our simulations with previous works to demonstrate
the accuracy of the current method. The long-term stability of this
method has been demonstrated in the presence of strong vortices
and backflows at the outflow/open boundaries. We show that in
such situations the current thermal open boundary condition leads
to reasonable simulation results, while the Neumann-type zero-
flux condition produces unphysical temperature distributions.

The contributions of this paper lie in the thermal open bound-
ary condition developed herein and the numerical scheme for
treating the presented open boundary condition. Particularly note-
worthy are the effectiveness of the method in coping with ther-
mal open boundaries where strong vortices or backflows may be
present, and its ease in implementation.

The rest of this paper is organized as follows. In Section 2 we
present the thermal open boundary condition, look into its en-
ergy stability, and develop a semi-implicit scheme for implement-
ing this boundary condition together with the heat transfer equa-
tion. In Section 3 we demonstrate the convergence rates, and test
the current method using two-dimensional simulations of the heat
transfer in two canonical flows: the flow past a circular cylinder
and a jet impinging on a wall. Simulations are compared with pre-
vious works to show the accuracy of our method. We also demon-
strate the method’s long-term stability in regimes where strong
vortices and backflows are prevalent at the outflow/open bound-
aries. Section 4 concludes the presentation with some closing re-
marks. Appendix A provides a summary of the open boundary con-
dition and the numerical scheme from [23] for the incompressible
Navier-Stokes equations, which are employed in the current work.
Appendix B and Appendix C provide derivations of two equations
and the proof of a theorem in the main text.

2. Energy-stable thermal open boundary condition

2.1. Heat transfer equation and energy-stable open boundary
condition

Consider a domain €2 in two or three dimensions, and an in-
compressible flow contained within. We focus on the heat transfer
in this system. The problem is described by the following system
of equations (in non-dimensional form):

?Tltl.u,_u.VuJ,-Vp—vvzu:f(x,t), (1a)
V.u=0, (1b)
aT 2

o P VT =a V2T +g(x.1), (1c)

where u(x, t) is the non-dimensional velocity, p(x, t) is the non-
dimensional pressure, T(X, t) is the non-dimensional temperature
(possibly with some reference temperature subtracted), f is an ex-
ternal body force, g(x, t) is an external volumetric heat source
term, and x denotes the spatial coordinate and t is time. v is the



X. Liu, Z. Xie and S. Dong/International Journal of Heat and Mass Transfer 151 (2020) 119355 3

inverse of the Reynolds number (Re) or non-dimensional viscosity,
1 v

po LoV
Re Uyl

where vy is the kinematic viscosity of the fluid, Up is the veloc-

ity scale and L is the length scale. « is the inverse of the Peclet
number or the non-dimensional thermal diffusivity,

(2)

_1_ o
BT Ul

where «; is the thermal diffusivity of the fluid. We assume that
both v and « are constants. In the current work we will con-
sider only the one-way coupling between the flow and tempera-
ture. In other words, the flow influences the temperature distri-
bution, while the effect of the temperature on the flow will not
be accounted for. In addition, some other effects such as the heat
production due to the viscous dissipation will also be ignored. Note
that Eqs. (1a) and (1b) are the incompressible Navier-Stokes equa-
tions describing the motion of the fluid.

Let 02 denote the boundary of the domain 2. We assume that
902 consists of two types (non-overlapping with each other), 0Q2 =
0924 U 02, with the following properties:

o

(3)

e 09, is the inflow or solid-wall boundary. On 9, the ve-
locity u is known. In terms of the temperature, we assume
that 92, further consists of two sub-types (non-overlapping),
02 = 0Q44 U0y, On 0y, the temperature is known, and
on 0L, the heat flux is known.

e 09, is the outflow/open boundary. On 0£2, none of the field
variables (velocity, pressure, temperature) is known.

How to deal with the thermal openjoutflow boundary 9%,
is the subject of the current study. Open boundary con-
ditions for the incompressible Navier-Stokes equations have
been studied extensively in a number of previous works (see
e.g. [12,23,25,27,37,52,59], among others). In this paper, for the
Navier-Stokes equations, we will employ the open boundary con-
dition developed in [23]. This boundary condition, together with
a corresponding numerical algorithm, is summarized in the Ap-
pendix A for the sake of completeness.

We now concentrate on how to deal with the open/outflow
boundary for the heat transfer Eq. (1c). Multiplying Eq. (1c) by T
and integrating over the domain €2, we obtain the following bal-
ance equation,

3/ l|T|2dsz:_ozf |VT|2dSZ+/ g(x,t)TdQ—l—/
ot Jo 2 Q Q 92440 24n

[om VT — %(n . u)T]TdA

+/Mza [oen~VT—%(n~u)T]TdA, (4)

outflow boundary term (OBT)

where n is the outward-pointing unit vector normal to the bound-
ary, and we have used integration by part, Eq. (1b) and the diver-
gence theorem. The quantity %|T|2 can be considered as an effec-
tive “energy” for the heat transfer equation. The last surface inte-
gral on the right hand side (RHS) represents the contribution of
the open/outflow boundary to this balance equation for the effec-
tive energy. This term (OBT) is indefinite, and can be positive or
negative depending on the imposed boundary condition and the
flow state on 9€2,. In particular, with the Neumann-type zero-flux
condition (see e.g. [1,20,67]),

n-VT =0, on 0%,, (5)

this open-boundary term would become positive locally when
backflow occurs (i.e. n-u<0) on the outflow/open boundary,

e.g. when strong vortices pass through 02, at moderate or high
Reynolds numbers. This can cause un-controlled growth in the ef-
fective energy, leading to poor simulation results or numerical in-
stabilities.

We are interested in seeking open boundary conditions for
the temperature such that the open-boundary term in the bal-
ance Eq. (4) is always non-positive, regardless of the state of flow
on the open boundary 0€2,. As such, the contribution from the
outflow/open boundary will not cause the effective energy %|T|2
to grow over time, in the absence of the external heat source
and with appropriate boundary conditions for the other types of
boundaries. This will be conducive to the stability of computations.
We refer to such conditions as energy-stable thermal open bound-
ary conditions.

In the current work, we consider the following open boundary
condition for the temperature,

aDog—: +on- VT —[(n-u)T|®¢(n,u) =0, on 9€2,. (6)

In this equation Dy >0 is a chosen constant, and U, = Dl—o plays
the role of a convection velocity scale on the outflow/open bound-
ary 0€2,. In practice, one can first estimate the convection velocity
scale U: on 02, and then set Dy = Ulc in the boundary condition
(6). ©g(n, u) is a smoothed step function given by (see [23,27]),

1 n-u
Oo(n,u) = 5(1 — tanh W)
1, ifn-u<0,
lim @o(n, u) = Op(m,u) = 41/2, ifn-u=0, 7
-0 0, ifn-u>0,

where Uy is the characteristic velocity scale, and § >0 is a small
constant that controls the sharpness of the smoothed step func-
tion. The function is sharper with a smaller §. As § — 0, Oy(n, u)
approaches the step function @ (n, u), taking the unit value if
n-u <0 and vanishing if n-u > 0. Therefore the term involving ©g
in the boundary condition (6) only takes effect in the regions of
backflow on the outflow/open boundary 92,.

The form of this thermal open boundary condition (6) has much
been inspired by the boundary condition for the incompressible
Navier-Stokes equations from [23]. The boundary condition (6),
with § sufficiently small, is an energy-stable open boundary con-
dition for the heat transfer equation. Let us assume for now that
there is no heat source (or sink) inside the domain or on the
Dirichlet/Neumann boundaries, more specifically,

g(x,t) =0, on Q;

u=0, on BQd:EJQddUGan; (A])
T=0, on BQdd;

n-VT =0, on 0Q,.

Then with the boundary condition (6) on 0£,, the balance
Eq. (4) is reduced to, under the assumption (A1) and as § — 0,

2 (Jo 3ITIPdQ + aDo [y, §|T[*dA)
=~ [o IVTPdQ + [yq 1 (- w)T?[205(n,u) —1]JdA  (8)
=~ [o VTP dQ — [yo, 1In-u|T?dA.

The details for the derivation of Eq. (8) are provided in the Ap-
pendix B.

The energy balance Eq. (8) implies that the non-negative
term (fq, 3|T12dQ2 + aDy [3o, 3|T|2dA) will not increase over time.
With Dy >0, this equation provides an upper bound for both
Ja %|T|2dQ, which can be considered as some “effective energy”,
and the quantity [y %|T|2dA on the open boundary. This effec-
tively provides a control over the temperature on the outflow/open
tsoundary. Note that this control results from the inertial term

T

S¢ In the current thermal open boundary condition. Without this
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term, e.g. by setting Dy = 0, the control over the temperature on
the outflow/open boundary will be lost. This feature regarding the
temperature provided by the current thermal open boundary con-
dition is analogous to that regarding the velocity observed in [23].
The open boundary condition for the incompressible Navier-Stokes
equations from [23], thanks to a velocity inertial term therein, has
ben observed to provide a control over the velocity on the open
boundary [23].

Remark 2.1. One can also consider the following more general
form of open boundary condition for the temperature,

aDO%—Z +an-VT—|:§(n-u)Ti|®0(n,u)=O, on 082, (9)

where the parameter 6 is a chosen constant satisfying 0 > 1. The
boundary condition (6) corresponds to (9) with 6 = 2. Analogous
to Eq. (8), we can show that Eq. (9), with 8 >1 and § sufficiently
small, represents a family of energy-stable thermal open boundary
conditions, because in this case Eq. (4) is reduced to, under the
assumption (A1) and as 6 — 0,

5 (Jq 3ITIPdQ + aDo [y, +IT[*dA)
=~ [o|VTPdQ + fyq, 1 (- w)T?[0Ox(n,u) — 1]dA  (10)
< —a [, | VT2

The details for the derivation of Eq. (10) are provided in the Ap-
pendix B. More specifically, we have the following result:

Theorem 2.1. Under the assumption (Al), for the open boundary
condition (9) with 6 > 1 on 02,, there exists a §q = 6g(u, T) > 0 such
that for all 0 <§ <&,

8 1 2 1 2 2
9 Lir dQ+aD/ Lir12da <—a/ VTP,
at</92| | of 3 ) v

The proof of this theorem is provided in the Appendix C.
Apart from the outflow/open boundary, we impose the follow-
ing Dirichlet condition for the temperature on 0244,

T=Ty(x,t), on 9y, (11)

where T4(X, t) denotes the boundary temperature distribution, and
the following Neumann type condition on 92y,

n-VT =g.(x,t), on 0, (12)

where g. is a prescribed term associated with the boundary heat
flux. In addition, we assume the following initial condition for the
temperature,

T(x,0) =Ty (x) (13)

where Tj, denotes the initial temperature distribution.

Besides the temperature, the incompressible Navier-Stokes
Egs. (1a)-(1b) also require appropriate boundary conditions and
initial conditions. The boundary and initial conditions for the
Navier-Stokes equations employed in the current work are sum-
marized in the Appendix A.

2.2. Numerical algorithm and implementation

Let us now consider how to numerically solve the heat transfer
Eq. (1c), together with the open boundary condition (6) (or (9)) for
€2, and the boundary conditions (11) for €244 and (12) for 992y,.
We assume that the velocity u has already been computed by solv-
ing the incompressible Navier-Stokes equations (1a)-(1b), together
with appropriate boundary conditions for d€2; and 9€2,. The nu-
merical algorithm employed in the current work for solving the
incompressible Navier-Stokes equations stems from our previous
work [23], which has been summarized in Appendix A as men-
tioned before,

We next focus on the solution of the temperature field. We re-
write the boundary conditions (6) and (9) into a unified form,

aDog—:—kan-VT—H(n,u, T)=gp(x,t), on I, (14)

where

H( T)= [(m-uw)T]|Oy(n, u), for boundary condition (6),
n.u. b= [%(n . u)T]@O(n, u), for general form (9),

(15)

and g, is a prescribed source term for the purpose of numerical
testing only, which will be set to g, = 0 in actual simulations.

Let n>0 denote the time step index, and (- )" denote the vari-
able (-) at time step n. Let ] (J=1 or 2) denote the temporal
order of accuracy. Given T" and u™! (computed using the algo-
rithm from Appendix A), we compute T™! based on the following
scheme:

n+1_ g
VOTAt T+un+1 VT = V2T +gn+l; (16a)
n+1_T
aDy VOTAt T-Hxl‘l VT _H(n, u™!, T*n+1 ):ggﬂ’
on 0%2;
(16b)
T =TT on 994 (16¢)
n.- VT =gl on 9Qy,. (16d)

In the above equations At is the time step size. %(yoT”“ -7

is an approximation of %—Hnﬂ based on the J-th order backward
differentiation formula (BDF), in which

[ og=1 4 [T 1,
VO—{3/2’ T_{

J
J=2; 2T - i1 J=2.
T*+1 js a J-th order explicit approximation of T™!, specifically
given by

T*,T!Jrl _ { T" .,

(17)

, 1,
ZTH—TH_1, _]: . (18)
Note that H(n, u™!, T*"1) is given by Eq. (15).

In the current work we employ (°-continuous high-order spec-
tral elements [40,69] for spatial discretizations. Let ¢(x) denote an
arbitrary test function that vanishes on 924, i.e. ¢laq,, =0 Mul-
tiplying ¢ to Eq. (16a) and integrating over the domain €2, we ob-
tain the weak form about T"+1,

ntl Yo n+1 YoDo
/QVT Vgon+aAt/QT 0d< +

n+1
At Lo, T pdA

— l/ gnﬂ +L _un+1 ‘VT*’"H (de+/ gﬁ“wdA
aJo At AQun

Doa 1 nr 1 n+1 *,n+1:|
+/BQD[AtT+ag‘; +aH(n,u T ) [pdA,

Vo with ¢|q,, =0, (19)

where we have used integration by part, the divergence theorem,
and the Egs. (16b) and (16d).

The weak form (19), together with the Dirichlet condition (16c¢),
can be discretized using C° spectral elements in the standard
way [40]. Within a time step we first compute the velocity u™t!
and pressure p™! using the algorithm from the Appendix A, and
then solve Eq. (19) together with (16c¢) for the temperature T"t1,
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Remark 2.2. When Dy =0, the boundary conditions (6) and
(9) are reduced to

on- VT —[(n-w)T]|®¢(n,u) =0, on 0Q2; (20)

oan- VT — I:g(n~u)Ti|®0(n, u) =0, on 9%,. (21)

The scheme given in (16a)-(16d) equally applies to these two
forms of boundary conditions, by simply setting Dy = 0 and g, =0
within. In this case, the weak form is still given by (19), with
Dgp=0and g, =0.

It is noted that in [13] the authors therein use an effective tem-
perature in the formulation of the open boundary condition. They
define the effective temperature as the convex average of the out-
let temperature and the external temperature, and refer to the av-
erage coefficient, which can depend on the velocity, as the function
B. In [13] B is defined to be a continuous (may be discontinuous
at the origin) function taking values between 0 and 1. We would
like to mention that Eq. (20) is similar in form to the boundary
condition considered in [13] (with a particular choice for the B
function and assumption about the external temperature). Eq. (21),
with 1 <6 <2, can also be represented using some particular forms
for the B function. We further note that the conditions represented
by Eq. (21), with 6 > 2, cannot be represented by the B function
defined therein, because these conditions take values beyond the
range [0,1]. Therefore, they do not correspond to the conditions
considered in [13]. We would also like to mention that the forms of
the temperature boundary conditions represented by Eqs. (20) and
(21) are analogous to those forms of velocity open boundary con-
ditions that are studied in [27].

3. Representative simulations

We next test the performance of the method presented in the
previous section using several two-dimensional convective heat
transfer problems involving outflow/open boundaries. In particu-
lar, we study flow regimes where strong vortices or backflows
are prevalent at the outflow/open boundary. In such cases, how
to handle the open boundary is the key to successful simulations
of these problems. We show that the current method produces
stable and reasonable results for the temperature field, while the
Neumann type zero-flux condition leads to unphysical temperature
distributions on the outflow/open boundary when the vortices pass
through.

3.1. Convergence rates

We first demonstrate the spatial and temporal convergence
rates of the method from Section 2 by using a manufactured an-
alytic solution to the heat transfer equation. Consider the rectan-
gular domain ABCD shown in Fig. 1(a), 0<x<2 and -1 <y <1,
and the flow and heat transfer problem on this domain. We em-
ploy the following expressions for the flow/temperature fields of a
manufactured solution to the governing Egs. (1a)-(1c),

u = 2sin(mwx) cos(mwy) sin(2t),
v = —2cos(mx)sin(mwy) sin(2t),
p = 2sin(mx) sin(wry) cos(2t),
T =2 cos(mrx) sin(mwy) sin(2t),

(22)

where u = (u, v). In Egs. (1a) and (1c) the external force f and the
source term g are chosen such that the expressions from (22) sat-
isfy these equations. Note that the (u, v) expressions in (22) also
satisfy the Eq. (1b).

We discretize the domain ABCD using two quadrilateral ele-
ments of the same size; see Fig. 1(a). On the sides AD, AB and

BF we impose the Dirichlet condition (11) for the temperature and
the Dirichlet condition (25) (in Appendix A) for the velocity, where
the boundary temperature and velocity are chosen according to
the analytical expressions from (22). The sides FC and CD are as-
sumed to be open boundaries, and we impose the boundary con-
dition (14) for the temperature and the condition (26) for the ve-
locity. In Eq. (14), H(n, u, T) is taken to be the first expression from
Eq. (15), and gj, is chosen such that the analytical expressions from
(22) satisfy the Eq. (14) on the open boundary. In Eq. (26), E(n, u)
is given by (27), and f}, is chosen such that the analytic expres-
sions of (22) satisfy the Eq. (26) on the open boundary. The initial
conditions for the temperature and velocity are given by (13) and
(29), respectively, in which T;, and u;, are chosen according to the
analytic expressions from (22) by setting t = 0.

The scheme from Section 2 is employed to solve for the temper-
ature field, and the algorithm from the Appendix A is employed to
solve for the velocity field, in time from t = 0 to t; (to be specified
below). Then the numerical solution of the temperature at ¢ =ty is
compared with the analytic expression from (22), and the errors in
the L*°, [2 and H! norms are computed and monitored. In the nu-
merical tests below we employ a fixed non-dimensional viscosity
v =0.01 and thermal diffusivity & = 0.01. Other parameter values
include Dy = 1.0, Uy = 1.0 and 6 = 0.05 in Eqgs. (14), (26) and (7).
The element order and the time step size are varied respectively
in the spatial and temporal convergence tests to study their effects
on the numerical errors.

Fig. 1 (b) illustrates the behavior of the method in spatial con-
vergence tests. In this group of tests we employ a fixed ¢; = 0.1
and At =0.001, and vary the element order systematically be-
tween 4 and 20. The figure shows the L*, [2 and H' errors of
the temperature at t =t; as a function of the element order. For
element orders below 12 the errors decrease exponentially with
increasing element order. For element orders above 12 the numer-
ical errors are observed to remain at a constant level, due to the
saturation of the temporal truncation error.

Fig. 1 (c) illustrates the temporal convergence behavior of the
method. In this group of tests a fixed ¢ty = 0.5 and an element or-
der 16 are employed, and the time step size At is varied system-
atically between At =0.1 and At = le — 4. The figure shows the
numerical errors of the temperature as a function of At from these
tests. It is evident that the method exhibits a temporal second-
order convergence rate for the temperature as At becomes small.

3.2. Flow past a warm circular cylinder

In this section we use a canonical problem, the heat transfer
in the flow past a circular cylinder, to test the performance of
the thermal open boundary condition and the numerical scheme
herein.

Consider the flow domain shown in Fig. 2, occupying the region
—-2.5d <x<6.5d and —1.5d <y < 1.5d, where d =1 is the cylin-
der diameter. The cylinder center coincides with the origin of the
coordinate system. A cooler fluid with temperature Ty = 20 degrees
Celsius enters the domain from the left with a uniform velocity
Up = 1 along the x direction. The flow exits the domain from the
right side. The surface of the cylinder is maintained at a higher
temperature T, = 80 degrees Celsius. The top and bottom sides of
the domain (y = £1.5d) are assumed to be periodic. This configu-
ration mimics the flow past an infinite array of circular cylinders
in the y direction. We would like to study the heat transfer in this
flow. We are particularly interested in the regimes of moderate to
fairly high Reynolds numbers, when the vortices generated at the
cylinder can persist in the entire wake region and exit the domain
on the right. How the current thermal open boundary condition
perform in such situations will be studied.
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Fig. 2. Cylinder flow: Flow domain and the mesh of 720 quadrilateral elements.

We choose the inflow velocity Uy as the velocity scale, the
cylinder diameter d as the length scale, and the unit temperature
T; = 1 degree Celsius as the temperature scale. Then all the phys-
ical variables and parameters are normalized accordingly. So the
Reynolds number and the Peclet number are defined in terms of
the cylinder diameter in this problem.

We discretize the domain using a mesh of 720 quadrilateral
elements; see Fig. 2. On the left boundary (x = —2.5d), Dirichlet
boundary conditions (11) and (25) are imposed for the temperature
and the velocity, respectively, in which the boundary temperature
(T4) and velocity (w) are set to the inflow temperature and inflow
velocity as given above. On the cylinder surface, no-slip condition
is imposed for the velocity, and the Dirichlet condition (11) with
T; =T, =80 is imposed for the temperature. Periodic conditions
are imposed on the top/bottom boundaries for all field variables.
On the right boundary, the open boundary condition (6) is imposed
for the temperature, in which we set Dy = Uio =1 and § =0.05 for
this problem. For the Navier-Stokes equations we impose the open
boundary condition (26), with f, = 0 and E(n, u) given by (27).

We employ the algorithm from Section 2 to solve the temper-
ature Eq. (1c) with g=0 and the algorithm from the Appendix
A to solve the Navier-Stokes Eqs. (1a)-(1b) with f=0. We have
conducted simulations at three Reynolds numbers (Re = 300, 2000

and 5000) and two Peclet numbers (corresponding to o = 0.01 and
0.005). The element order, the time step size, and other simulation
parameters are varied in the simulations to study their effects on
the results. For any given set of parameter values we have per-
formed long-time simulations so that the flow has reached a sta-
tistically stationary state. Therefore, the initial conditions have no
effect on the reported results.

Fig. 3 provides an overview of the characteristics of the flow
and temperature fields for this problem. It shows the distribu-
tions of the instantaneous velocity (left column) and tempera-
ture (right column) at Reynolds numbers Re = 300 (top row) and
Re = 5000 (bottom row). For Re = 300 (Figs. 3(a) and (b)), the non-
dimensional thermal diffusivity is o = 0.01, and the simulations
are performed using an element order 6 and a time step size At =
0.001. For Re = 5000 (Figs. 3(c) and (d)), the non-dimensional ther-
mal diffusivity is o = 0.005, and the results are computed using
an element order 8 and a time step size At = 2.5e — 4. The flow is
unsteady at these Reynolds numbers and is characterized by regu-
lar or irregular vortex shedding in the cylinder wake. At the lower
Re = 300, the vortices are quite weak, and no backflow is observed
at the outflow boundary (Fig. 3(a)). At the higher Reynolds num-
ber Re = 5000, the vortices persist in the entire wake region, and
strong backflows are observed at the outflow boundary while these
vortices are passing through. Because the vortices are generated
at the cylinder and shed into the wake, the vortex cores contain
warmer fluids, as is evident from the temperature distributions in
Figs. 3(b) and (d).

To characterize the overall evolution of the temperature field,
we have computed and monitored the following quantities:

T, () = \/ Vl—g /Q [T(x.H)PdS.

Ty, () = \/le/Q [T, ) +|VT]de,
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Fig. 4. Cylinder flow: Time histories of the Ty, (t) and Ty, (t) at Reynolds numbers
(a) Re =300 and (b) Re = 2000. Thermal diffusivity is a = 0.01 for both cases.

where Vg = [, dQ2 is the volume of the domain. These are basically
the L2 and H' norms of the temperature field. Fig. 4 shows time
histories of T, (t) and Ty, (t) at two Reynolds numbers Re = 300
and Re =2000. The non-dimensional thermal diffusivity is o =
0.01 for both cases. The results for Re = 300 (Fig. 4(a)) are com-
puted with an element order 5, and those for Re = 2000 (Fig. 4(b))
are obtained with an element order 7. At Re = 300, both tempera-
ture norms exhibit a regular fluctuation in time with a small am-
plitude. At the higher Reynolds number Re = 2000, the fluctuations
in these temperature signals are much stronger and irregular, es-
pecially with Ty, (¢). The long histories in these plots signify the
stability of our simulations. The constant mean level and the in-
variant characteristics of the fluctuations suggest that the temper-
ature field has reached a statistically stationary state.

Table 1

Cylinder flow: Time-averaged mean and root-mean-square (rms) of Tj,(t) and
Ty, (t) computed using various element orders at two Reynolds numbers. Thermal
diffusivity is o« = 0.01.

Reynolds number  Element order  Tj, T Th, T,

300 3 26.124  527e-2 61563 0.104
4 26.128  5.33e-2 61563  0.103
5 26.130 5.37e-2 61566 0.104
6 26.129  5.36e-2  61.564 0.104

2000 5 26.786  0.286 65.895 1.014
6 26.764  0.314 65.833  0.908
7 26.825  0.283 65.908  1.016
8 26.854  0.284 65.932  1.046
9 26.836  0.280 65935  1.037

From the time histories of Tj,(t) and Ty, (t) we can compute
the time-averaged mean and root-mean-square (rms) of these tem-
peratures, which can be compared quantitatively to assess the ef-
fect of the simulation parameters. Table 1 lists the mean (TL2 and
THl) and rms (TL’2 and T,f,l) values of T, (t) and Ty, (t) correspond-
ing to a range of element orders, for Reynolds numbers Re = 300
and Re = 2000 with a thermal diffusivity o = 0.01. We have em-
ployed a time step size At =0.001 for Re =300 and At =5e —4
for Re = 2000 in this set of simulations. We observe that, for both
Reynolds numbers, the change in the mean and rms temperatures
is not significant with increasing element order, indicating a con-
vergence of simulation results with respect to the mesh resolution.
In the results reported below, the majority of simulations are per-
formed with an element order 5 for Re = 300 and with an element
order 7 for higher Reynolds numbers.

Let us next look into the effect of the open boundary condi-
tion on the simulated flow and temperature fields. We observe
that for this problem the boundary condition imposed on the out-
flow boundary, especially at fairly high Reynolds numbers where
strong vortices or backflows occur on such boundary, is critical
to the stability of computations and to the physical soundness
of the simulated temperature field. When the Reynolds number
is low (e.g. Re =300), no vortex or backflow occurs at the out-
flow boundary, and usual open boundary conditions (e.g. the Neu-
mann type zero-flux condition (5)) can work well and produce rea-
sonable results. When the Reynolds number becomes fairly high,
e.g. with Re~2000 or larger for the circular cylinder flow, strong
vortices or backflows can occur on the open boundary. In such
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cases the adoption of the energy-stable open boundary condi-
tion developed herein for the temperature field and those from
e.g. [23] (see also Appendix A) for the Navier-Stokes equations are
critical to the successful simulations of this problem.

These points are demonstrated by two temporal sequences of
the velocity and temperature distributions shown in Figs. 5-8.
These results correspond to the Reynolds number Re = 2000 and
a non-dimensional thermal diffusivity o = 0.01, and they are ob-
tained respectively using the current thermal open boundary con-
dition (6) and the Neumann-type zero-flux condition (5) for the
outflow boundary. Note that in both cases we have employed the
open boundary condition (26) with E(n, u) given in (27) for the
Navier-Stokes equations. Figs. 5 and 7 show the two separate se-
quences of velocity fields. Fig. 6 shows the temporal sequence
of snapshots of the temperature fields, corresponding to the ve-
locity distributions in Fig. 5, computed using the current ther-
mal open boundary condition (6). Fig. 8 shows the temporal se-
quence of snapshots of the temperature fields, corresponding to
the velocity distributions in Fig. 7, computed using the Neumann-
type zero-flux condition (5) for the temperature on the outflow
boundary. In these simulations we have employed an element or-
der 8 and a time step size At =5e—4. At this Reynolds num-
ber, strong vortices and backflows can be clearly observed on the
outflow boundary (Figs. 5 and 7). The use of the energy-stable
OBC from [23] (see Appendix A) for the Navier-Stokes equations
employed here is crucial for the stable flow simulation. What is
striking concerns the temperature distribution near the outflow
boundary obtained by these two methods. A comparison between
Figs. 6 and 8 shows that the current thermal OBC (6) and the
Neumann-type OBC (5) lead to quite different results near the out-
flow boundary when the vortices are passing through, and that
in such cases the Neumann-type thermal OBC produces appar-
ently unphysical temperature distributions. With the Neumann-
type OBC (5), we observe that when a vortex crosses the outflow
boundary the computed temperature at the vortex core can at-
tain unphysical values. In Fig. 8 those regions with unphysical tem-
perature distributions are marked by the dashed boxes. The com-
puted temperature in those regions can become nearly zero de-
grees Celsius (see the dark blue region in the inset of Fig. 8(e)),
which is clearly unphysical given the inflow and the cylinder tem-
perature (20 and 80 degrees Celsius, respectively). We observe that
the unphysical temperature arises only when the vortices are pass-
ing through the outflow boundary, where backflows occur. After
the vortices exit the domain, the temperature field near the out-
flow boundary computed by the Neumann-type OBC (5) is restored
to a reasonable distribution. In contrast, with the current thermal
OBC (6), we observe that the computed temperature field at/near
the outflow boundary exhibits a reasonable distribution through-
out the time, particularly when strong vortices pass through the
outflow boundary and when backflows occur there. This is evident
from Fig. 6.

The above observations are not limited to the Reynolds
number Re =2000, or thermal diffusivity o =0.01 (we have
also tested o =0.005). At higher Reynolds numbers (we have
tested Re =5000, o =0.01 and 0.005), the same character-
istics in the computed temperature distributions have been
observed with regard to the current thermal OBC and the
Neumann-type OBC. These results demonstrate a clear advan-
tage of the current thermal OBC for dealing with thermal
open boundaries at high (and moderate) Reynolds numbers,
when strong vortices or backflows might occur there. At low
Reynolds numbers (we have tested Re =300), when no vor-
tices or backflows occur at the outflow boundary, we observe
that both the current thermal OBC and the Neumann-type zero-
flux OBC produce reasonable temperature distributions for this
problem.

3.3. Warm jet impinging on a cool wall

In this subsection we test the presented method by simulat-
ing the heat transfer in another canonical flow, a jet impinging on
a solid wall. At moderate and fairly high Reynolds numbers, the
physical instability of the jet and the vortices formed along the jet
profile, together with the open domain boundary, pose a significant
challenge to the flow and temperature simulations.

We consider the domain depicted in Fig. 9, —5d < x < 5d and
0<y<5d, where d =1 is the jet inlet diameter. The top and bot-
tom of the domain are solid walls, which are maintained at a con-
stant temperature T, = 20 degrees Celsius. The left and right sides
of the domain are open, where the fluid can freely leave or enter
the domain. The initial fluid temperature in the domain is assumed
to be T;,, = 20 degrees Celsius, and the fluid is initially assumed to
be at rest. In the middle of the top wall there is an orifice with a
diameter d, through which a jet of fluid is issued into the domain.
The jet velocity and temperature at the inlet is assumed to have
the following distribution:

u=0,
V= —UO[(H(X, 0)—7L(x, Ro)) tanh ]}X’T/GRO

+ (H(x, —Ro)—H(x,0)) tanh %] (24)

T:Tw+(Th—Tw)( —Rf)

where Rg=d/2 is the jet radius, Uy =1 is the velocity scale,
€= 41—0, and T, = 80 degrees Celsius is the centerline temperature.
H(x,a) is the Heaviside step function, taking a unit value if x>a
and vanishing otherwise. With the above expressions, the inlet ve-
locity has a “top-hat” profile, essentially Uy except in a thin layer
(thickness controlled by the parameter €) near the wall. With this
configuration, the jet enters the domain through the inlet, im-
pinges on the bottom wall, and then exits the domain through
the open boundaries on the left and right sides. We would like
to study the heat transfer in this flow using the method from
Section 2.

We use Uy as the velocity scale, d as the length scale, and T; =
1 degree Celsius as the temperature scale. All the physical variables
and parameters are then normalized accordingly. So the Reynolds
number is defined based on the jet inlet diameter for this problem.

We employ the method presented in Section 2 to solve the heat
transfer Eq. (1c) with g =0, and the algorithm from the Appendix
A to solve the Navier-Stokes Eqs. (1a)-(1b) with f = 0. The domain
is discretized using a mesh of 800 uniform quadrilateral elements,
with 40 elements along the x direction and 20 elements along the
y direction. On the top and bottom walls, no-slip condition (zero
velocity) has been imposed for the velocity, and the Dirichlet con-
dition (11) with T; = Ty = 20 has been imposed for the tempera-
ture. At the jet inlet, we impose the Dirichlet conditions (25) for
the velocity and (11) for the temperature, with the boundary ve-
locity and temperature chosen according to the expressions given
in (24). On the left/right boundaries of the domain, we impose the
open boundary condition (6) for the temperature, with Dy = Uio

and § = 21—0, and the condition (26) for the velocity, with f, =0
and E(n, u) given by (27) (for Re =300 and 2000) or (28) with
(Bo, B1, B2) = (0,1,0) (for Re =5000). The initial temperature is
set to T, = 20 and the initial velocity is set to zero. We have per-
formed long-time simulations, and the flow and temperature have
reached a statistically stationary state. So these initial conditions
have no effect on the results reported below. The element order
and the time step size are varied systematically in the simulations
to study their effects on the simulation results. The problem cor-
responding to three Reynolds numbers (Re=300, 2000 and 5000)
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Fig. 5. Cylinder flow (Re=2000): temporal sequence of snapshots of the velocity distribution, (a) t =tg, (b) t =to +0.2, (c) t =tp +0.4, (d) t =ty + 0.6, (e) t =tp + 0.8, (f)

t=to+1.0,(g)t=to+12, (h)t=to+14, (i)t =1ty + 1.6, (j) t =ty + 1.8. tp is the initial time instant of this sequence. Velocity vectors are plotted on a set of sparser mesh
points for clarity.

and two thermal diffusivities (o« = 0.01 and 0.005) has been simu-
lated.

Fig. 10 provides an overview of the distribution characteristics
of the velocity and temperature fields obtained using the current
method at two Reynolds numbers Re =300 and Re = 2000 and
a non-dimensional thermal diffusivity o = 0.01. At low Reynolds

numbers (e.g. Re =300) this is a steady flow. The vertical jet
splits into two horizontal streams after impinging on the bottom
wall, which exit the domain through the open boundaries on the
left/right sides. Strong flows are largely confined to regions of the
vertical jet and the near-wall horizontal streams (Fig. 10(a)), and
the velocity field is quite weak outside these regions. Correspond-
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()

Fig. 6. Cylinder flow (Re=2000): temporal sequence of snapshots of the temperature distribution computed using the current thermal OBC, at identical time instants as
in Fig. 5. (@) t=to, (b)) t=tr+0.2, (c)t=tp+04, (d)t==t+06, (e)t=t,+08, (f)t=t0+10,(g)t=tc+12, (h)t=to+14, (i)t==to+1.6, (j) t=to+1.8. Thermal

diffusivity is o = 0.01.

ingly, warm fluids are confined to the regions of the vertical jet
and the horizontal streams, and the temperature decays along the
profile of the jet streams (Fig. 10(b)). As the Reynolds number in-
creases (e.g. Re =2000), the vertical jet becomes unstable down-
stream of the inlet due to the Kelvin-Helmholtz instability, and
vortices can be observed to form on both sides of the jet profile

(Fig. 10(c)). These vortices are advected along the vertical and hor-
izontal jet streams and exit the domain through the left/right open
boundaries. The temperature distributions at these Reynolds num-
bers are unsteady and exhibit more complicated features. The vor-
tices are observed to carry warm fluids with them, forming hot
spots along the jet profile (Fig. 10(d)).
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Fig. 7. Cylinder flow (Re=2000): another temporal sequence of snapshots of the velocity distribution. (a) t =t;, (b) t =t; +0.2, (c) t =t; +0.4, (d) t =t; +0.6, (e) t =
t1+08, () t=t;+1.0,(g)t=t; +1.2, (h)t=t;1+14, (i)t =t; + 1.6, (j) t = t; + 1.8. t; denotes the initial time instant in this sequence.

Before proceeding further, we first compare our simulations
with previous works for an assessment and verification of the ac-
curacy of our method. Fig. 11 shows the profiles of the local Nus-
selt number (Nu) at the bottom wall for Reynolds numbers Re =
125 and 250 from the current simulation and from the previous
works of [17,46,47]. For comparison, we have employed here the
same flow setting and simulation conditions as those from [47] for

this set of results. Note that these conditions are slightly different
from those given above for the rest of current simulations. Specifi-
cally, here the upper wall is adiabatic with the boundary condition
n-VT=0, and the lower wall is maintained at a constant temper-
ature Ty. The velocity and temperature at the jet inlet are both
uniform (u =0, v=-Uy, T =T,), and the Prandtl number is fixed
at Pr=v/a = 0.7 [47]. On the left and right open boundaries, we
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(i)

()

Fig. 8. Cylinder flow (Re=2000): temporal sequence of snapshots of the temperature distribution computed using the Neumann-type zero-flux OBC (Eq. (5)), at identical time
instants as in Fig. 7. (@) t =t;, (b) t =t; +0.2, (c)t =t; + 0.4, (d) t =t; + 0.6, (e) t =t; +0.8, (Nt =t; +1.0, ()t =t; +1.2, (h)t=t; + 14, () t=t; +1.6, ()t =t; + 1.8.
The inset of plot (e) shows a magnified view near the outflow boundary. Dashed boxes mark the regions with unphysical temperature distribution (below 20 degrees Celsius).

Thermal diffusivity is o = 0.01.

impose the open boundary condition (6) with Dy = Ulo and 6 =

0.05 for the temperature, and the boundary condition (26) with
f, = 0 and E(n, u) given by (27). The local Nusselt number at the

bottom wall is defined as Nu= LT

=11 %y o It is evident from

Fig. 11 that our simulation results are in good agreement with
those of [17,46,47].

Let us now focus on the study of the temperature and flow fea-
tures of the impinging jet. For each set of physical and simulation
parameters (Reynolds number, thermal diffusivity, element order,
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Fig. 9. Impinging jet: Flow configuration and boundary conditions.

time step size), we have performed a long-time simulation, and
the flow and temperature fields of the jet have reached a statisti-
cally stationary state corresponding to that set of parameter val-
ues. Fig. 12 shows the time histories of the temperature norms
Tp, (t) and Ty, (t) defined in Eq. (23) for the impinging jet problem.
This corresponds to the Reynolds number Re = 2000 and a ther-
mal diffusivity o« = 0.01, and is computed with an element order 8
and a time step size At = 2.5e — 4. These temperature histories are
fluctuational in time. But their values all stay around some con-
stant mean levels, and the overall characteristics of these signals
remain the same over time. These results signify that our method
is long-term stable and that the temperature distribution has in-
deed reached a statistically stationary state.

We have computed the time-averaged mean and rms of the
temperature norms based on the history data of Tj, (t) and Ty, (t).
Table 2 lists the mean (T, and Ty, ) and rms (T, and T}, ) of these
temperatures obtained with element orders ranging from 3 to 9.
These results for two Reynolds numbers Re = 300 and Re = 2000,
and a thermal diffusivity o = 0.01. A time step size At =2.5¢ —4
is employed in these simulations. Since the flow at Re =300 is
steady, shown in the table are the steady-state values and no time-
averaging is performed for this Reynolds number. We observe that
for Re = 300, with element orders 4 and above, the computed val-
ues for le and THl are essentially the same (with a difference less
than 0.5%). For Re = 2000, as the element order increases to 6 and

8, ‘ ‘
° * H.G. Lee et al. (2005)
. Re=250  |.v.c. Chiriac et al. (2002),
¢ H.G. Lee et al. (2008)
S —Current simulation
Z4l
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Fig. 11. Impinging jet: Comparison of the local Nusselt number at the lower wall
between the current simulation and the previous works [17,46,47] for Reynolds
numbers Re = 125 and Re = 250. Inlet height to inlet diameter ratio is 5.
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Fig. 12. Impinging jet: Time histories of Tj, (t) and Ty, (t) (see Eq. (23)) at Reynolds
number Re = 2000 and thermal diffusivity o = 0.01.

above, the computed values of TLz and THl become very close, ex-
hibiting a sense of convergence.

Fig. 13 shows a comparison of the temperature profiles along
the vertical direction at several horizontal locations in the domain
(x/d =0, 2 and 4), computed using different element orders for
Re =300 and o = 0.01. It is evident that the temperature profiles
corresponding to element orders 4 and above all overlap with one
another, again signifying the independence of simulation results
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Fig. 10. Impinging jet: instantaneous velocity field (plots (a) and (c)) and temperature field (plots (b) and (d)). Plots (a) and (b) are for Reynolds number Re = 300. Plots (c)
and (d) are for Reynolds number Re = 2000. Thermal diffusivity is o = 0.01 with both Reynolds numbers. Velocity vectors are plotted on a sparser set of mesh points for

clarity.
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Fig. 13. Impinging jet (Re = 300): Comparison of temperature profiles along the vertical direction at three horizontal locations, (a) centerline (x = 0), (b) x = 2.0 and (c)

x = 4.0, computed using element orders ranging from 3 to 8.

Table 2

Impinging jet: Time-averaged mean (T, and Ty,) and root-mean-square (rms,
TL’2 and T‘L’,]) temperatures of Tj, (t) and Ty, (t) computed using various element
orders. Thermal diffusivity is o = 0.01.

Reynolds number ~ Element order T, T, Th, T;,
300 3 39599 0 53.341 0
4 38513 0 52.611 0
5 38502 0 52.607 0
6 38498 0 52.606 0
7 38508 O 52613 0
8 38559 0 52645 0
2000 5 39.934 0.228 54.036  0.355
6 39.745 0.139 53915 0318
7 39.663 0.175 53.846  0.367
8 39.703  0.135 53.887 0.356
9 39.743 0171 53.902  0.342

with respect to the mesh resolution. The majority of simula-
tions reported below are performed with an element order 6 for
Re =300 and element order 8 for Reynolds numbers Re = 2000
and Re = 5000.

We have also performed simulations at Re = 300 with several
time step sizes (ranging from At =1le—3 to At =2.5e —4), and
tested the sensitivity of the results with respect to At. It is ob-
served that the obtained results corresponding to different At are
basically the same. The majority of simulation results reported be-
low are computed with a time step size At =2.5e —4.

We now look into the effect of the thermal open boundary con-
dition on the simulated temperature distributions, and compare
the current thermal OBC (Eq. (6)) and the Neumann-type zero-flux
OBC (Eq. (5)) for the impinging jet problem. We observe that at
low Reynolds numbers (such as Re = 300) these OBCs produce ap-
proximately the same temperature distribution. However, as the
Reynolds number increases to moderate and fairly large values
(about Re = 2000 and beyond), these OBCs exhibit disparate per-
formance and produce quite different results for the temperature
field. It is observed that the Neumann-type OBC (5) results in un-
physical temperature distributions in large regions of the domain,
while the current OBC (6) leads to a reasonable temperature dis-
tribution in the entire domain. These points are demonstrated by

Figs. 14-17. Figs. 14 and 16 respectively show two separate tempo-
ral sequences of snapshots of the velocity fields at Reynolds num-
ber Re = 5000 of the impinging jet. Fig. 15 shows the temporal
sequence of snapshots of the temperature fields corresponding to
the velocity fields in Fig. 14, computed using the current thermal
OBC (6). Fig. 17 shows the temporal sequence of snapshots of the
temperature fields corresponding to those velocity fields in Fig. 16,
computed using the Neumann-type zero-flux OBC (5). The thermal
diffusivity is o = 0.005, and these results are obtained with an el-
ement order 8 and a time step size At =2.5e —4.

At Re = 5000, vortices are observed to constantly form and are
convected along the jet streams. These vortices persist far down-
stream, and ultimately discharge from the domain through the
left and right open boundaries (Figs. 14 and 16). It is further ob-
served that, while quite weak, there is a persistent backflow on
the upper portions of the left and right open boundaries (veloc-
ity vectors pointing generally inward), apparently due to the en-
trainment effect of the jet and the flow continuity. This charac-
teristic is different from that of the cylinder flow in Section 3.2,
where the backflows on the outflow boundary are transient
and only occur when strong vortices pass through the open
boundary.

We observe that at Re =5000 the Neumann-type zero-flux
OBC (5) produces erroneous and unphysical temperature distri-
butions in vast regions of the domain, apparently due to the
strong vortices and persistent backflows on the open boundary.
In Fig. 17, the dashed curves in each plot mark the tempera-
ture contour level T = 20 degrees Celsius. The computed temper-
ature in the regions outside the jet streams have values below
20 degrees, and in a large region the temperature is essentially
zero. These results are clearly unphysical. Similar unphysical tem-
perature distribution has been observed at Re =2000 with this
boundary condition. These results indicate that, while it seems
to work well at low Reynolds numbers, the Neumann-type zero-
flux OBC (5) is inadequate for moderate and high Reynolds num-
bers, when strong vortices or backflows are present on the open
boundary.

In contrast, the current thermal OBC (6) performs quite well.
It produces a reasonable temperature distribution for all Reynolds
numbers tested here; see Fig. 15 for Re = 5000 and Figs. 10(b,d)
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Fig. 14. Impinging jet (Re=5000): temporal sequence of snapshots of the velocity distributions. (a) t =tp, (b) t =t;+ 0.5, (c) t =to + 1.0, (d) t =ty + 1.5, (e) t =to + 2.0,
) t=to+25,(g)t=to+3.0, (h) t =to+3.5 (i)t =to+4.0, (j) t =ty +4.5. tp is the initial time instant of this sequence. Velocity vectors are plotted on a set of sparser
mesh points for clarity.
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Fig. 15. Impinging jet (Re=5000): temporal sequence of snapshots of the temperature distribution at identical time instants as in Fig. 14, computed using the current

thermal open boundary condition. (a) t =tp, (b) t =to +0.5, (c)t =t +1.0, (d) t=tp+1.5, (e) t =t;+2.0, () t =to +2.5, (g) t =to +3.0, (h) t =t; + 3.5, (i) t = to + 4.0,
(j) t = to +4.5. Thermal diffusivity is o = 0.005.
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t1 +20, ()t =t +2.5,(g)t=t; +3.0, (h) t =t; +3.5, (i)t =t; +4.0, (j) t = t; +4.5. t; is the initial time instant of this sequence. Velocity vectors are plotted on a set of

sparser mesh points for clarity.
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Fig. 17. Impinging jet (Re=5000): temporal sequence of snapshots of the temperature distribution at identical time instants as in Fig. 16, computed using the Neumann-
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t = t; +4.5. Thermal diffusivity is o = 0.005. Note that the color map represents temperature values ranging from T = 0 to T = 80. The dashed curves mark the contour level
T = 20. The Neumann-type OBC leads to unphysical temperature distribution outside the jet stream.
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for lower Reynolds numbers. The current method can handle ther-
mal open boundaries well at moderate and high Reynolds num-
bers, even when strong vortices or backflows are prevalent there
and pose a significant issue to other methods.

4. Concluding remarks

We have presented a simple and effective thermal open bound-
ary condition for simulating convective heat transfer problems on
domains involving outflows or open boundaries. This boundary
condition is energy-stable, and ensures that the contribution of
the open boundary will not cause an “energy-like” function of the
temperature to increase over time, regardless of the flow situa-
tion that occurs on the outflow/open boundary. This open bound-
ary condition can be implemented in a straightforward way into
semi-implicit type schemes for the heat transfer equation. Am-
ple numerical experiments show that the presented open bound-
ary condition has a clear advantage over related methods such
as the Neumann-type zero-flux condition for high (and moderate)
Reynolds numbers, where strong vortices or backflows might occur
on the open boundary. In the presence of strong vortices or back-
flows at the open boundary, the current method produces reason-
able temperature distributions, while the Neumann-type zero-flux
condition leads to unphysical and erroneous temperature fields.
We anticipate that the presented method can be a powerful tool
and be instrumental in heat transfer simulations involving in-
flows/outflows at large Reynolds numbers.
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Appendix A. Numerical algorithm and open boundary
condition for incompressible Navier-Stokes equations

The numerical algorithm and the open boundary conditions for
the incompressible Navier-Stokes Eqs. (1a)-(1b) employed in the
current work stem from our previous work [23]. This Appendix
provides a summary of these aspects. We use the same notation
here as in the main text.

For the Navier-Stokes Eqs. (1a)-(1b), on the boundary 024
(0924 = 044 U 0€24,) we impose the Dirichlet condition

on 9, (25)

where w(x, t) is the boundary velocity. On the open boundary we
impose the following condition (see [23]),

u=w(xt),

vDog—ltl —pn+vn-Vu-E(n,u) =f,(x,t), on d,, (26)

where Dy > 0 is the same constant parameter as in the temperature
condition (6), and E(n, u) is given by

E(n,u) = %[(u~u)n+ (n-w)u]®y(n, u). (27)

Note that ®g(n, u) is defined in (7). A more general form for E(n,
u) is given by [23],

E(n,u) = %[(ﬂo + B)(u-wn+ (1 - o+ f1)(n-w)u]O(n, u),

(28)

where By, 81 and B, are constant parameters satisfying 0 < g <1,
B1>0 and B, >0. The open boundary condition (26), with f, =
0, is an energy-stable boundary condition for the incompressible
Navier-Stokes Egs. (1a)-(1b) as § — 0 [23]. In addition, we impose
the following initial condition for the velocity,

u(x,0) = ujp (x) (29)
where u;, denotes the initial velocity distribution.

Given (u", p") we compute p"t! and u™*! successively in a de-
coupled fashion as follows: For p™*1 :

yOﬁn:t mLREEN VpH! 40V x Vs uemtl = et

(30a)
V@ =0 (30b)
n-i"!'=n.-w"!, ondQy; (30c)

n+1__
vDy youAt u ) n_pn+1+vn .Vu*"! . n-n. E(n, u*,n+1)
=fi*1.n, on dQy. (30d)
For u™!:
n+1 _ n+1
a1 L L (P TR (31a)
u™! — w1 on 99y (31b)
J/ol.l”'H —h il
D= — -
VDo p"*n
+vn- Vutt —Em, ut™) o (Veut ™ n = 71 on 92,
(31c)

In the above equations @"*! is an auxiliary variable approximat-
ing u™*1, We again use | (J =1 or 2) to denote the temporal order
of accuracy. y is defined in (17). @ and u*"*! are defined by

a u”, J: 1, wN+1 _ un’ -’
u= { -9 u = J=

2u — %un—l’ ] — 2u® — un—l’

)

(32)

The weak form for the pressure p™*! can be derived from
Egs. (30a)-(30d), and it is given by [23],

Vot . V+— n+1 :/G”+1~V —v/
f P 1 vDy aszop 1= Jq 1 39,008

n x w*,n+1 . Vq

1 1
+ ni+— [vn.-Vu*™! . n—n.E(n, u*"! f"+l ]
./8{20[ At Do[ ( )= ]q

Yo / n+1
n-w s
At a9y a

where G+ = f1+1 4 %
velocity is given by,

Yo n+1 / RvNEs| VODO/ n+1 _l/
TAt/;]u ©+ QV(p Vu + A0 aQOu =7 A

Vg e H(Q). (33)

— w1 . Vyu*n+1 The weak form for the
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n+l1 _ n+1
(G Vp')e

/ {&fH (V- u*'““)n]}(p,

Yo e H1 (Q) with ¢[yq, =0. (34)

n+1 IH—E(]‘I, u*,n+l )+fg+1

The weak forms in (33) and (34) can be discretized using C° spec-
tral elements in the standard fashion [40]. Within each time step,
we first solve Eq. (33) for p™1. Then we solve Eq. (34), together
with the boundary condition (31b), for u**!1. Note that the auxil-
iary velocity "1 is not explicitly computed.

Appendix B. Derivation of Equations (8) and (10)

In this appendix we derive the energy balance Eq. (8), which
corresponds to the open boundary condition (6) on d€2,, and also
the energy balance Eq. (10), which corresponds to the open bound-
ary condition (9) on 0€2,.

As pointed out in Section 2.1, in the smoothed step function
®p(n, u) given in Eq. (7), the small positive constant é (§ > 0) con-
trols the sharpness of this function. Note that as § approaches zero,
®p(n, u) approaches the step function Os(n, u). This limit rela-
tion and the definition of ®y(n, u) are given in the second part of
Eq. (7). This relation will be employed in subsequent derivations. In
what follows we use “as § — 0” to denote “as § approaches zero”.

Derivation of Eq. (8)

With the open boundary condition (6) on 92, and the assump-
tions in (A1), the energy balance Eq. (4) is transformed into

8t/ ~|T2dQ = —Ol/ IVT|2dQ+/Q 1(n-u)T2

Let §—0 in the open boundary condition (6). Note that
limg_, g ®g(n, u) = Oy (n, u) (see Eq. (7)). Then as § - 0, Eq. (35) is

reduced to
([ |T|2d§2+otD0/ ]|T|2dA> - —oz/ IVT2dQ
ot 2 Q
+f f(n -u)T?[204(n, u) — 1]dA, (36)
9%, 2

where we have moved the last term on the right hand side of
Eqg. (35) to the left hand side.

In light of the definition of G4 (n, u) in Eq. (7), the last term on
the right hand side of Eq. (36) can be transformed into

%(n ~WT?[204 (0, u) — 1]

~Im wT?=-1n.-uT?, ifn.u>0;
=10 =—-1n-ulT?, ifn.-u=0; (37)
Tm-wr? =-Jn-ulT?, ifn-u<0.

Therefore, Eq. (36) is reduced to, as § — 0,

1
TZdS2+an Lir2aa
m(fz" of 3l
——a/ IVT]2dS — /

Eq. (8) is the combination of Egs. (36) and (38).

~|n-u|T?dA. (38)

Derivation of Eq. (10)
With the open boundary condition (9) (with 6 >1) on 02, and

the assumptions in (A1), the energy balance Eq. (4) can be trans-
formed into

9 (1. . ,
ﬁfgim dQ_—oz/Q|VT| Q

1 2
+/mui(n-u)T [0©o(n, u) — 1]dA

9
—aD T2>dA 39
aoﬁmax (39)

As § — 0, this equation is reduced to

1
Z1TI2 2172
2 (/ IT| dQ+ozDofdQD ad dA)

- —a/ |VT|2dS2+/ Ln w2000 (n, u) - 1]dA. (40)
Q 99, 2

Let us focus on the last term on the right hand side of equation
(40). In light of the definition of ®(n, u) given in (7) and the
condition 6 > 1, this term can be reduced to

—1m wT?<0, ifn-u>0;
f(n wT[00x(n,u) —1] = ifn.-u=0;
91(n w2 <0, ifn-u<o.
(41)
We then conclude that, with 6 > 1,
f %(n W T2[HO(n, u) — 1]dA < 0. (42)
390

Therefore we attain from Eq. (40) the following inequality, as
§—0,

3 (1, 1,
at</Qz|T| dQ+aDO/890§|T| dA><

Eq. (10) is a combination of (40) and (43).

—a/ IVT|2dQ.  (43)
Q

Appendix C. Proof of Theorem 2.1

In this Appendix we provide a proof of Theorem 2.1. We will
first state and prove several lemmas, which then lead to the proof
of Theorem 2.1. In what follows we consider the open boundary
condition (9) with 8 >1 on 0%, n is the outward-pointing unit
vector normal to 9$2,, and ®gy(n, u) and O (n, u) are defined in
Eq. (7).

Lemma C.1. |©g(n, u) — Oy (n, )| < 1 for all § > 0.

This can be proved by straightforward verification.
Lemma C2. (a) If n-u =0, then ®y(n,u) = Oy (n,u) for all § > 0.
(b) Given any € > 1, |@g(n,u) — Ox(n,u)| <€ for all §>0. (c)
Suppose n-u=+#0. Given any € (0<e€ < %), there exists a &g =
|n-u| ® @
ot (1-20) such that for all 0 <8 <3p, |Op(n, u) — Ogp(n,w)| <
€.

Proof. Part (a) can be verified readily. Part (b) follows from
Lemma Appendix C.1. We next show that part (c) is true.
The expression for 8y can be transformed into €=

%(l—tanh%)
eIfn.u=0, €= %(1 —tanhﬁ). Then Oy(n,u) — Oy (n, u) =

%(1 —tanh%) - 0. So for all 0<8 <8,

1
0 < Op(n,u) - Ogp(n,u) < 5(1 —tan h@) €
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eIfn-u<0, €= %(1 + tanh ﬁ) Then Og(n, u) — Oy (n, u) =
_%(1+tanh%> <0. 50 for all 0<8 <8,

1(1 +tanhg) = -

0> O¢(n,u) — Oyp(n,u) > ) Updo

Combining the above, we conclude that |@y(n,u) — O (n, u)| < €
forall 0<6<8g. O

This Lemma proves the limit relation between ®¢(n, u) and
®go(n, u) given in Eq. (7).

Definition C.1. We define the following quantities:

Tn = Tx,t)| },
n = max { [T(x.0)] }

(maximum temperature magnitude on 9€2,); (44a)
Un =gaaé{ In-u(x,t)| }

(maximum normal velocity magnitude on 0£2,); (44b)
Ag = o dA, (area of open boundary); (44c¢)
Io () :/GQO%(n.u)TZ[e@O(n, u) — 1)dA: (44d)
Iso(t)=f390%(n.u)rz[9®50(n, u) — 1]dA; (44e)

10 = h(©) - Lo = [ 50 wWT6[Oo(n. 1) - O (n. w]dA.

0

(44f)

If T, =0 or Uy =0, then T=0 or n-u=0 (identically zero) on
02, and Iy(t) = Iso(t) = I(t) = 0 for all § > 0. We next assume that
Tm >0 and Uy, > 0.

Definition C.2. Let € >0 denote a given constant. We define:

Q% (e) = { regions of 02, with |n-u| < ﬁ }; (45a)

0Qb(e) = { regions of 02, with |n-u| > ﬁ }; (45b)

I(e) = / 1(n . u)T29[®0(n, u) — Oy (n, u)]dA; (45¢)
a98(e) 2

P(e) = / l(n -w)T?0[Og(n, u) — Og(n, u)]dA. (45d)
aQb(e) 2

Note that 3¢ and 928 do not overlap, 92, = Q4 UIQL, and
I(t) =19(€) + P (¢).

Lemma C.3. Given any € > 0, there exists a

2¢

So 0o where €; = min 1 €
= , 1= -
Up tanh ™' (1 — 2¢;) 3" 6T2UnAo
(46)
such that for all 0 <8 <8y,
€ €
@ @l <5 B |PE)] <3 (47)

2 _ on 9Q4(e),

Proof. For any given € >0, note that |n-u| < =%
0T2A,

2¢ b
giza; On 025 (€).

In light of (ATSC), we have

and n-u| >

P@l< [ 5in-ulToi00m. w - Onn. wida
HGE

% €
<—T2/ n-udA<—/ (48)
4" ang(e)| | 2A0 Jaqu(e)

€ €
< — i
dA\ZAOfMdA :

where we have used Lemma Appendix C.1, (44a)-(44c), and (45a).
In light of (46) and (45b), we find that on 89’3(6),

2¢
0T2A, n -yl

8o = o < n :
Uy tanh (1 - 26]) Uy tanh (1 - 261)

Then based on Lemma Appendix C.2 we conclude that for all
0<6 <3y,

(49)

[@o(n, u) - Ogp(n, u)| < € < on QP (e). (50)

€
OT2UnAo’
In light of (45d), we have
1
P@f< [ 5In-ulT?0l00m.u) - O, wda
a(e) 2

(% €
< 2U TZ/ Bo(n,u)—Byx(n, u dA<—/
5 UnTn aszg(e)| o(n, u)—Bs(n, u)| 240 Josier

€ €
< = _<
A< 72, /asdeA 73

where we have used (44a)-(44c) and (50). O

(51)

Lemma C4. Given any € > 0, with 8¢ given by Eq. (46), we have for
all 0 <8 <38y, |Ip(t) —Ip(t)| < €.

Proof. Invoking Lemma Appendix C.3, for all 0 <6 <&y we have
o (6) — Lo (8)] = [19(€) + ()| < [1(e)| + [IP(e)| < § + § =€. O

Lemma Appendix C.4 implies that limg_ oIy (t) =I5 (£).

Definition C.3. We define the following regions on 9$2,:

02} = { regions of 92, withn-u> 0 }; (52a)
02, = { regions of 92, withn-u <0 }; (52b)
90 = { regions of 9Q, withn-u=0}. (52¢)

Note that the regions 92}, 9Q; and Q9 do not overlap, and
that 9Q, = dQF U IR, UIQY.

Lemma C.5. With 6 > 1,

Io(t) = — f 1|n~u|T2dA+(971)/ Lin ur2da| <o
aqr 2 an; 2
(53)
Proof. This conclusion follows from Eqs. (44e) and (41). O

Theorem C.6. For the open boundary condition (9) with 6 >1 on
02, there exists a 8y = 6g(u, T) > 0 such that for all 0 <§ <,

Io(t) = /m %(n~u)T2[9®o(n, u)— 1]dA <0. (54)

Proof. If (n-u)T2=0 (identically zero) on 9%, then I,(t) =0 for
all § >0, and the conclusion is true.
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Let us now assume that (n-u)T? is not identically zero on 92,.
Then Up >0, Ty >0, and [y, [n- u|T2dA > 0. Let

e=/ 1|n.u|TZdA+(9—1)[ Lin u|T2dA. (55)
aqr 2 aq; 2

Then € > 0, and in light of Lemma Appendix C.5,
Io(t) = —e€. (56)

Let §o be given by Eq. (46), in which € is given by (55). Then for
all 0 <§ <38g, |Ip(t) —I(t)| < € according to Lemma Appendix C.4.
Therefore, for all 0 <§ <8,

Io(0) = Lo(6) + [lo (t) — Lo ()] = —€ + [lo (£) — Lo ()] < —€ +
Io(t) —Io(t)] < —€e+€=0. O

Theorem 2.1 follows from Theorem Appendix C.6 and Eq. (39).

The Case with 6 =1

In Theorems Appendix C.6 and 2.1 we have excluded the case
with 6 =1 for the open boundary condition (9) on 9%2,. We next
briefly discuss the case with 6 = 1.

We only need to consider the situation in which (n-u)T?2 is not
identically zero on 0€2,. Then Uy, > 0, T;; > 0 and fmu [n-u|T2dA >
0. With 8 =1, Eq. (53) is reduced to

Lo(t) = —fam %|n -u|T?dA < 0. (57)

If Io(t) <0, then this case can be dealt with in the same way as
for 6 > 1, and the proof for Theorem Appendix C.6 can be applied
here for 6 = 1. So we conclude that I(t) <0 for all 0 <§ <8y with
3o given by (46), in which € = o 7Im-u|T2dA..

Let us now focus on the situation I (t) = 0. This is possible be-
cause the region 927 may not exist, or (n-u)T? may be identically
zero on 9Q¢. In this case we cannot conclude that Iy(t) <0 any-
more. However, we can still show that, for all 0 < <&y with some
80>0,

(1,5 1
ﬁ(fgim dQ+aD0/aQoi|T| dA)

-« / IVTPdQ+o(t) < 0. (58)
Q

Note that the equality in the above relation stems from Eq. (39).

If the temperature is a uniform field, then by subtracting this
uniform temperature during non-dimensionalization, we conclude
that the non-dimensional temperature T =0, and thus Ip(t) =0.
So the relation (58) holds. In the following we assume that T is
not uniform and VT is not identically zero on €. Let

€ =a/ |VT|2dS2. (59)
Q

Then € > 0. Let §g be given by Eq. (46), in which € is given by (59).
Then by Lemma Appendix C.4, for all 0 <38 <8y, we have |[(t) —
Io(t)] < €. It follows that

—a [ IVTPAQ -+ Io(®) = € +[1o(0) ~ Lo(0)] < —€
Q

+ |Io(t) —Lo(t)| < —€e+€=0. (60)
So the inequality in (58) holds.
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