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built upon exact mappings between general quadrilateral domains and the standard domain,
and employs a combination of TFC (theory of functional connections) constrained expressions
and transfinite interpolations. When Neumann or Robin boundaries are present, especially when
two Neumann (or Robin) boundaries meet at a vertex, it is critical to enforce exactly the induced
compatibility constraints at the intersection, in order to enforce exactly the imposed conditions
on the joining boundaries. We analyze in detail and present constructions for handling the
imposed boundary conditions and the induced compatibility constraints for two types of
situations: (i) when Neumann (or Robin) boundary only intersects with Dirichlet boundaries,
and (ii) when two Neumann (or Robin) boundaries intersect with each other. We describe a
four-step procedure to systematically formulate the general form of functions that exactly satisfy
the imposed Dirichlet, Neumann, or Robin conditions on general quadrilateral domains. The
method developed herein has been implemented together with the extreme learning machine
(ELM) technique we have developed recently for scientific machine learning. Ample numerical
experiments are presented with several linear/nonlinear stationary/dynamic problems on a
variety of two-dimensional domains with complex boundary geometries. Simulation results
demonstrate that the proposed method has enforced the Dirichlet, Neumann, and Robin
conditions on curved domain boundaries exactly, with the numerical boundary-condition errors
at the machine accuracy.

1. Introduction

Artificial neural networks (NN) have garnered remarkable success in diverse fields of science and engineering [1,2]. This
has catalyzed the development and adoption of neural network-based techniques for scientific computing. As universal function
approximators, neural networks are natural for the ansatz space for solving ordinary or partial differential equations (ODE/PDE).
This underpins their use in mathematical modeling and scientific computing, and has fueled the advancement of scientific machine
learning [3].

The use of NNs for computing ODEs/PDEs dates back to the 1990s (see [4-9]). Leveraging the universal approximation
property [10-12], NN-based methods typically transform the PDE problem into an optimization problem, thanks to the residual
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minimization theorem as elaborated in [13]. The PDE and its boundary and initial conditions (BC/IC) are encoded into a cost/loss
function by penalizing their residual norms on a set of sampling points [14]. This general residual minimization technique [13]
is presently often known as the physics-informed approach for solving PDEs. The optimization, usually by gradient descent-type
algorithms, constitutes the core computations in NN-based PDE solvers, commonly known as NN training. After training, the NN
parameters effectively encode the PDE solution.

Prominent advancements of this area in recent years include the development of physics-informed neural network (PINN)
method [15] and sister approaches such as the deep Galerkin method (DGM) [16] and deep Ritz method [17], as well as related
methods such as the weak adversarial network [18], Galerkin neural network [19], deep Nitsche method [20], deep mixed residual
method [21], along with many variant techniques (see e.g. [22-38], among others). These methods have been applied across a wide
range of fields; see comprehensive reviews of this area in [3,39-41].

Enforcing boundary conditions is one of the central technical issues in physics informed machine learning. Unlike classical
numerical methods, standard NN ansatze are non-interpolatory and do not automatically satisfy prescribed data on the boundary. As
a result, a substantial literature has developed on how to enforce Dirichlet, Neumann, Robin, and periodic BCs in PINN and related
neural PDE solvers. Existing approaches can be classified into four broad categories: (i) soft or penalty-based enforcement, (ii) exact
or hard enforcement through trial function design, (iii) weak enforcement in variational formulations, and (iv) multiplier-based
constrained formulations.

The original PINN adopts soft enforcement, in which the PDE residual is minimized together with BC residual terms sampled
on the boundary [15]. This strategy is simple and broadly applicable, but BC satisfaction is only approximate and training can be
highly sensitive to the relative weights of the PDE and BC loss terms. This difficulty is analyzed from the perspective of gradient-
flow pathologies in PINNs [42]; see also [43] for a recent comparative study of BC-enforcement strategies on three-dimensional
geometries.

A second major line of work seeks exact or hard enforcement, in which the neural approximation is constructed to satisfy the
BCs identically. This idea goes back to the early works of Lagaris, McFall and collaborators, who introduced neural trial functions of
the form uy = g+ ¢ N,, with g satisfying the boundary data and ¢ vanishing on the constrained boundary [9,44,45]. In more recent
literature, it has been shown that boundary and initial conditions can be embedded directly into the ansatz, thereby eliminating BC
penalty terms from the loss in forward and inverse settings [46-51].

Among exact-enforcement methods, the geometry-aware technique of Sukumar and Srivastava is particularly influential [52].
Using approximate distance functions (ADF) and the theory of R-functions, they constructed admissible neural trial spaces that can
enforce Dirichlet, Neumann, and Robin conditions exactly. A comparative study of several approaches has been conducted in [53],
which concludes that exact output modification is generally superior to penalty-only training for Dirichlet conditions. A number of
follow-on works extend or specialize this perspective; see e.g. [54] for exact Dirichlet enforcement in solid mechanics and [55] for
hybrid hard/soft Fourier-based treatment in advection-diffusion problems.

Although the distance-function framework of [52] is elegant, this comes with certain limitations. This method is especially
effective for Dirichlet conditions. Its extension to Neumann and Robin conditions, however, is more delicate because derivative
boundary operators require higher regularity of the trial space and of the underlying geometric representation. In particular,
follow-on work has noted that exact enforcement using approximate distance functions becomes more challenging for higher-order
PDEs, and recent studies have further pointed out that strong Neumann/Robin constructions may become unstable when boundary
segments are only piecewise C! rather than globally C' [56-58]. A further subtlety concerns vertices or corner points where two
boundary segments meet. The true Euclidean distance function is generally not differentiable at such points, which is precisely why
the method relies on approximate distance functions constructed through R-functions and related smooth implicit representations.
Accordingly, differentiability of the resulting trial function at a vertex is not automatic in a classical geometric sense; rather, it
depends on the regularity built into the approximate distance construction. For Dirichlet conditions this is often sufficient, since
exact trace satisfaction is the primary requirement. For Neumann/Robin conditions, however, the issue is more fundamental: at
a corner where two Neumann or Robin boundaries meet the outward normal is typically not uniquely defined. So the boundary
operator itself becomes ambiguous unless additional compatibility constraints are introduced. Thus, while the method is a powerful
strategy its application to Neumann and Robin conditions on non-smooth geometries requires additional geometric and analytical
care, and corner singularities remain a genuine limitation rather than a purely technical detail [57].

Another strategy for exact enforcement is based on the Theory of Functional Connections (TFC) [59,60]. In TFC, the boundary
or initial conditions are embedded analytically into a constrained expression, leaving the neural network to represent only the free
function [61,62]. The multivariate formulation in [60] extends the original TFC framework [59] from one dimension to rectangular
multivariate domains by constructing constrained expressions that satisfy the prescribed boundary value or derivative data, which
generalizes the Coons-type interpolation to a broader analytical framework. While TFC provides an effective mechanism for BC
enforcement by analytically embedding linear equality constraints, its main limitation is geometric flexibility. In its multivariate
form, TFC is most natural on tensor-product domains such as rectangles and hyper-rectangles, where the constrained expressions can
be built in separable coordinates [60,61]. Non-rectangular domains generally require additional bijective mappings to a rectangular
domain [63]. Three mapping strategies are discussed in [63]: complex (conformal) mapping, projection mapping, and polynomial
mapping. Complex mapping uses an analytic complex-variable transformation, which is smooth and preserves angles. Its limitation is
universality because in practice a suitable complex map is not always available for a target geometry. Projection mapping constructs
the transformation geometrically from projection points, which has a broader geometric applicability. But the mapping may fail to
be C!, which becomes less attractive for PDE problems in strong-form formulations. Polynomial mapping builds the geometry map
from switching polynomials and control points, which is more flexible for representing complex shapes. That flexibility, however,
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comes at the cost of exactness, since the target geometry may be represented only approximately. Recent reduced-TFC work [64]
explicitly motivates itself by improved efficiency and the ability for more complex boundary geometries. Another issue arises with
TFC when the problem dimension increases. The constrained expressions become increasingly cumbersome in higher dimensions,
with the number of TFC terms growing exponentially [65].

Periodic BCs have motivated a distinct line of research for exact-enforcement techniques. A key work here is [66], which
introduced periodic layers for feed-forward NNs that impose exactly C®-periodic or C*-periodic BCs, making periodicity an
architectural property of the ansatz rather than a loss penalty. See also [67] for a recent structure-preserving extension using
embedded periodic layers to geometric-flow problems.

A third category is weak enforcement in variational neural PDE techniques. In Deep Ritz method and in variational PINNs, the
PDE is enforced through an energy or weak residual rather than through strong-form collocation [17,68]. In this setting, Neumann
conditions often arise naturally through integration by parts, whereas Dirichlet conditions remain essential constraints that must be
imposed separately. The Nitsche’s method was adapted to this setting and a Deep Nitsche method was developed for essential BCs
in [20].

A fourth category consists of multiplier-based constrained formulations. Rather than enforcing BCs by fixed penalties, these
methods introduce auxiliary Lagrange multipliers or saddle-point formulations. Makridakis et al. recently proposed a Deep Uzawa
approach for BC enforcement in PINNs and Deep Ritz methods [69]. For Neumann conditions, specialized architectural variants are
also beginning to emerge; see e.g. [70] for a recent hard-constraint treatment based on embedded Fourier features.

In the current paper we present a systematic method for enforcing exactly Dirichlet, Neumann and Robin type conditions
on general quadrilateral domains with arbitrary curved boundaries. This method is based on exact mappings between general
quadrilateral domains and the standard domain, and leverages a combination of TFC constrained expressions [59] and the transfinite
interpolations developed by Gordon and collaborators [71,72] for both the domain mapping and the trial-function formulation. The
resultant trial ansatze are in parametric forms, formulated in terms of the standard domain. The formulation for exactly enforcing
Dirichlet BCs on general quadrilateral domains is conceptually straightforward, once the exact domain mapping is achieved. As
a matter of fact, the mapping problem between a general quadrilateral domain and the standard domain itself is treated as a
problem involving solely Dirichlet boundary conditions, and is formulated by a combination of TFC constrained expression and
transfinite interpolation. When Neumann or Robin boundaries are present over the domain, especially when two Neumann (or Robin)
boundaries intersect with each other, the formulation becomes considerably more challenging. In this case, the TFC constrained
expression and the transfinite interpolation need to be modified in order to exactly enforce not only these conditions, but also
the compatibility constraints at the intersecting vertex induced by these conditions. Enforcing exactly the induced compatibility
constraints at the intersection is critical, because otherwise the Dirichlet, Neumann or Robin conditions on the adjacent boundaries
fail to be exactly satisfied. We analyze in detail and present formulations to handle the induced compatibility constraints for two
types of situations: (i) when Neumann (or Robin) boundaries only intersect with Dirichlet boundaries, and (ii) when two Neumann
(or Robin) boundaries intersect with each other. We present a four-step procedure for systematically formulating the general form
of trial functions to satisfy these conditions and their compatibility constraints. When a combination of Dirichlet, Neumann, and
Robin boundaries are present, the induced compatibility constraints can be decomposed into those of the aforementioned cases and
the trial function can be formulated analogously based on the four-step procedure.

The method proposed herein for exact BC enforcement has been implemented with the extreme learning machine (ELM)
technique we have developed previously [65,73-78]. ELM is a scientific machine learning approach based on randomized
feedforward NNs, in which the hidden-layer coefficients are randomly assigned and fixed (non-trainable) and only the output-layer
coefficients are trained. The ELM network is trained by the linear least squares method for linear problems or by the nonlinear least
squares method (Gauss—-Newton method) for nonlinear problems [73,79]. A sizeable volume of literature exists on ELM and variant
techniques (with different aliases). We refer the reader to e.g. [62,80-90] (among others) for contributions from other researchers
to this area.

Extensive numerical experiments have been conducted using several linear/nonlinear stationary/dynamic PDEs on a variety of
domains with complex boundary geometries. Simulations demonstrate that the ELM network together with the current method for
BC enforcement has produced highly accurate results. In particular, numerical results show that the current method has enforced
the Dirichlet, Neumann, and Robin boundary conditions on curved domain boundaries to the machine accuracy.

The fundamental contribution of this work lies in the systematic method for formulating trial functions that exactly satisfy the
Dirichlet, Neumann, and Robin type conditions on general quadrilateral domains with arbitrary curved boundaries. The analyses and
formulations for enforcing the induced compatibility constraints and the BCs, especially when two Neumann (or Robin) boundaries
intersect with each other or when a Neumann/Robin boundary and a Dirichlet boundary meet at a vertex, are particularly important.
Another contribution is the numerical demonstration of the effectiveness of the proposed method for BC enforcement, with the
numerical errors for Dirichlet, Neumann, and Robin BCs on curved domain boundaries achieving machine precision. We would like
to emphasize that the method for BC enforcement presented here can be used with other NN architectures and training algorithms
(e.g. PINNs), not limited to ELM or randomized neural networks. Because the boundary conditions are enforced exactly with the
solution ansatz, it is agnostic to the NN used for learning the arbitrary free function therein.

The rest of this paper is organized as follows. In Section 2 we discuss how to map a general quadrilateral with arbitrary curved
boundaries to the standard domain, and present a four-step procedure to systematically formulate trial functions on such domains
to satisfy the imposed Dirichlet, Neumann, and Robin conditions. In Section 3 we present numerical examples of linear/nonlinear
boundary/initial value problems to demonstrate the effectiveness of the proposed method on a variety of domains with complex
geometries. Section 4 concludes the presentation with a summary of the key points. The Appendix provides the geometric parameters
for all the problem domains from Section 3 and further tests on the simulation parameters.
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Fig. 1. Mapping between a general quadrilateral domain 2 and the standard quadrilateral domain Q, = [-1, 1].

2. Exact enforcement of boundary conditions on general quadrilateral domains with curved boundaries
2.1. Mapping general quadrilateral domains with curved boundaries

We consider a general quadrilateral (Quad) domain £ = ABCD as sketched in Fig. 1(a), whose boundaries can each be an
arbitrary curve. To represent a field function u(x), x = (x, y) € 2, defined on this domain that exactly satisfy the prescribed boundary
conditions, it is necessary to first consider the mapping of this domain to the standard quadrilateral domain,

(x,y) =x(&) = x(&, ) = (x(&, m), y(&. 1)), (€Y

where & = (&,1) € Q, and Q, = A’B'C’'D’ = [-1,1] x [—1, 1] denotes the standard domain (see Fig. 1(b)).
We assume that the map x(&,7) = (x(&,7), ¥(£, ) represents a regular transformation [91] (i.e. of class at least C!, univalent,
with non-singular Jacobian matrix). It needs to satisfy the following Dirichlet boundary conditions,

x(=1,m) = x4p(m), n€-1,1],
x(1,n) = xgc(), nel-1,1],
x(&, =) = x45($), Eel-1.1],
x(&, D) =xcp&), Eel-11],

(2)

where x,5(&), Xgc(), Xcp(&), and x,p(n) are the prescribed boundary curves for AB, BC, CD and AD in parametric forms. The
prescribed forms should be compatible at the vertices,

{ X (=D =x,p(-1) =%y, x,5(1)=xpc(-1)=xp, 3)
xpe(D) =xcp(l) = xc, xcp(—1) =x4p(1) = xp,

where x4, Xp, X¢c and x;, denote the coordinates of the four vertices A, B, C and D, respectively.
The general form of a vector-valued function that satisfies the conditions in (2) is given by the TFC constrained expression,

x(&,n) = g(& n — Pgé.n) + PX(E, n). (€))

Here g(&, 1) € R? is an arbitrary or free function (with sufficient regularity), P is a 2D projection operator and PX(&,#) denotes the
2D transfinite interpolation [71] of X(¢,#), where X(&,#) is defined on the boundaries of Q2 by

X(=1,m) =x,4pm). X(1,n) =xpc(), X(& —1) =x,45(8). X, 1) =xcp(&). G))

P is given by the boolean sum of two 1D transfinite interpolation operators P, and P, (see [71] for details), for ¢ and » directions
respectively, defined by

PX(&,n) = X(=1,mo(&) + X(1, me; (£), ©
PX(&,n) = X(&, —Depo(m) + X(&, Dy (),

where ¢,(¢) and ¢, (&) are the so-called blending functions [71], also termed switching functions in TFC, on ¢ € [-1, 1] as given by
1 1
P& = 5(1 -8, &= 5(1 +&). ()]
PX(&, 1) is specifically given by,
PX(&,n) = (P, & P)X(E ) = PIX(E n) + BX(E n) — P PX(E n)

= X(=1,mepp(&) + X1, ))p; (&) + X(& — Db () + X (& Dby () ®)
— [X(=1, =D () + X (=1, Dby ()] ho(&) — [X(1, = Do) + X(1, Db ()] (),

4
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where @ denotes the boolean sum. Pg(¢,n) is defined in a fashion analogous to Eq. (8).
The map given by (4), for arbitrary g(&, ), satisfies the boundary conditions in (2) exactly. For most numerical simulations in
this paper, we employ simply g = 0 in (4), leading to the map

x(&,m) = PX(E, ). ©)]

When the boundary curves are more complicated or highly distorted, other choices for g(&, n) in the mapping can be more favorable.
These choices will be specified in the numerical simulations in later sections.

In practice, it is extremely difficult to ensure analytically the univalency of the map in (4) or (9). In this work we employ
the strategy as advocated in [72] for constructing univalent mappings, by combining visualization with numerical simulation. By
visualizing representative grid lines in the domain, one can effectively detect abnormalities in the domain mapping, such as the
“overspill” or the intersection of generalized grid lines corresponding to different values of the same variable. These anomalies can
then be remedied via measures such as boundary curve re-parameterization or incorporating auxiliary constraints into the mapping.

Remark 2.1. The requirement for non-singularity in the Jacobian matrix for the mapping function (1) can be relaxed on those
vertices where two intersecting boundaries involve either (i) both Dirichlet BCs, or (ii) one Dirichlet BC and one Neumann BC, or
(iii) one Dirichlet BC and one Robin BC. In this work we allow these types of boundary pairs to intersect at a vertex smoothly,
i.e. with the same tangent line, leading to a singular Jacobian matrix at that vertex.

2.2. Enforcing Dirichlet boundary conditions
We next systematically develop formulations for field functions defined on the general quadrilateral domain as in Fig. 1(a) that

exactly satisfy the prescribed conditions on its boundaries. We first consider Dirichlet boundary conditions (DBCs).
Specifically, we seek a scalar field function u(x) (x € 2 = ABC D) satisfying the following conditions,

M(X)|XEE =uyp(X), u(X)|xeﬁ = upc(X), M(X)|Xeﬁ =ucp(x), U(X)|XEE =uyp(x), 10

where u,5(X), upc(x), ucp(x), and u,p(x) are prescribed Dirichlet data on the boundaries. These boundary distributions should be
compatible on the vertices,

usp(Xq) = usp(Xy) =uy, (11a)
uyp(Xp) = upc(Xg) = ug, (11b)
upc(Xc) = ucp(Xc) = uc, (11¢)
ucp(Xp) =u,p(Xp) =up, (11d)

where x4, Xp, Xc and x;, are the vertex coordinates, and uy, ug, u- and u, are their function values. We aim to formulate the general
form of u(x) that satisfies the DBCs in (10) exactly.
Employing the mapping x(&,n) from Section 2.1, we transform the field function into,

u(x) = ux(&,m) =VEn), (12)
and the boundary distributions in (10) into,

usp(X) =uypx(€,-1)) = F(E -1, ¢el-1,1] (13a)

upc(x) =upc(x(1,m) = F(1,n), nel-1,1] (13b)

ucp(X) =ucp(x(€, ) =FE 1, Sel-1,1] (13c)

usp(X) =uypx(=1,m) = F(=1,n), nel-11] (13d)

The problem of seeking u(x) is then transformed into the following. Find V (¢, ), for (¢,1) € 2, such that

VE -D=F¢. -1, &el-11] (14a)
V.m=F,n, nel-L1] (14b)
VED=FED, ¢el-1.1% (140
V-Lm=F(=1n, nel-11], (144d)

where F denotes the boundary distributions given in (13).
The general form of V (&, ) that satisfies the conditions in (14) is given by the following TFC constrained expression,

VE,m =g&n) — Pg&.m+PFEm, (& n €Ly, (15)

where g(&,7) is a free (arbitrary) function, and P is the transfinite interpolation operator defined in (8). More specifically,

Pg(&,m) = g(=1,mMpo(&) + g(1, M1 (&) + &(&, =D () + g(£, Dy ()
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— [g(=1,=Do(m) + g(=1, D1 ()] (&) — [g(1, =g () + &(1, Db ()] (&) (16a)
PFE,m) = F(=1,m¢y(&) + F(1,m¢1 (&) + F(&, —Dpo(n) + F(&, D1 (n)
— [F(=L=Da(n) + F(=1, Dy, ()] (&) — [F(L, =Do(m) + F(L, Dp; ()] 1 (&). (16b)
It is straightforward to verify that, for arbitrary g(&,#), the function V (¢, #) given by (15) satisfies the boundary conditions in (14)

exactly.

Therefore, employing the parametric form (15) for u(x), one can satisfy the DBCs in (10) exactly on the general quadrilateral
domain Q. If u(x) represents the unknown solution field to a given PDE, one can restrict the free function g(&,#) in (15) to an
appropriate function space or represent it by an artificial neural network (NN), and then determine the expansion coefficients or
the NN trainable parameters based on the given PDE. We will discuss how to combine the extreme learning machine (ELM) method
and the formulations developed here for solving PDEs on general quadrilateral domains later in Section 2.5.

2.3. Enforcing Neumann boundary conditions

We next consider how to enforce Neumann boundary conditions (NBCs) exactly on the general quadrilateral domain Q. Since
the boundary condition involves function derivatives, the formulation for its exact enforcement becomes much more intricate.

We consider a combination of Dirichlet and Neumann BCs for the domain boundaries, and assume that the domain involves at
least one Neumann boundary and one Dirichlet boundary, with the rest being either Dirichlet or Neumann types. We distinguish
two cases: (i) when the Neumann boundary only intersects with Dirichlet boundaries (i.e. no two Neumann boundaries intersect),
and (ii) when two Neumann boundaries intersect with each other. The formulations for the exact enforcement of NBCs/DBCs of
these cases are developed below separately.

2.3.1. When Neumann boundary only intersects with Dirichlet boundary

This case occurs when the domain involves one Neumann boundary and three Dirichlet boundaries, or when two Neumann
conditions are imposed on opposite sides of the domain. In the discussions below we assume that the domain involves a single
Neumann boundary, and consider the exact enforcement of NBC/DBCs. The formulation presented below, with some modification
that involves no essential difficulties, can be used to enforce two Neumann conditions imposed on opposite boundaries of the
quadrilateral domain.

Let us assume, without loss of generality, that the single Neumann condition is imposed on the boundary BC. Specifically, we
seek a scalar field function u(x), for x € £, which satisfies the Neumann condition on BC and Dirichlet conditions on the other
boundaries,

Ul g = tap(x), (17a)
n - Vul e = typc(X), (17b)
Ul gp = ucp®), 17¢)
ulyexp = Uap(), a7d)

where n denotes the outward-pointing unit normal vector, and u, p(x) is the prescribed Neumann boundary distribution on BC.
The prescribed Dirichlet boundary functions u4(x), u4p(x) and u-p(x) must be compatible at the vertices A and D (see (11a) and
(11d)). They must also be compatible with the Neumann boundary function u,z-(x) at the vertices B and C, which will be elaborated
below.

In the following development we assume that the boundaries BC and AB intersect at an angle at vertex B (i.e. no common
tangent at B), and that at vertex C the boundaries BC and CD also intersect at an angle, thus leading to a nonsingular Jacobian
matrix of the map x(&,#) at both vertices. We will discuss how to handle a smooth domain boundary at vertices B or C, i.e. with a
common tangent at those locations (singular Jacobian matrix for the mapping), in a remark at the end of this section.

Employing the mapping function x(&,#), the function u(x) and the Dirichlet boundary functions in (17a) and (17¢c)-(17d) are
transformed into (12), (13a) and (13c)—(13d), respectively. The Neumann condition (17b) is transformed into,

Ve(l,m) + SgcmV,(Ln) = Tgcm), n€[-1,1], o
or Ve(1,n) = Tgc(m) — SgcmV,(1,n) = Fx(1,n), "
where
K, pc(n) Fupc(n) _ type(x(1, 1)
Ky - y—’ T, == == ’
e K, gc(n) 5c (D K pc(m) K pc(n)
P ) o | lIx, (Ll
Jk _ | KxBc ]: a, ["BC ]:— xe(Ln)x ’ h
se ) [KyBc(ﬂ) I nype () det J(1.n) _% ()
_[x@&m xem
J(&.n) [yg(-f,fl) yyEm]|
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Table 1

Interpolation properties of C! Hermite interpolation polynomials defined on ¢ € [-1,1].
5 [G) (6 [AG) [46) vo(8) vy (©) v (6) v (©)
-1 1 0 0 0 0 1 0 0
1 0 0 1 0 0 0 0 1

In the above equations J(&,#) is the Jacobian matrix of the map x(&,#), and we have used the relations

K
nvusfoul B =1 wlen[] = wil[g]
ny ny y (20)
[nx]=n=o-r=o-[Tx]; o‘=[0 1] onﬁorﬁand[o _1] on CD or AD,
n, T, -1 0 1 0

in which 7 = (z,, 7)) is the unit tangent vector of the domain boundary.

The requirement for continuity of V'(¢,#) and V;(&, #) at the vertices B and C leads to,

V(=1 =F(l,=1) = lim F& -1, (21a)
VLD =F(,1) = lim FE D, (21b)
Vel =1) = Fy(l,=1) = lim Fe(¢, =), (210
Vel 1) = F(1. 1) = lim Fy(, 1), (21d)

where Fe (&, -1) and F(£,1) can be computed from the Dirichlet boundary functions on AB and CD (see (13a) and (13¢)). Therefore,
the compatibility between (18) and (14a) at vertex B leads to,

_
Spe(=1)

Fi(1,=1) = Tpe(=1) = 0, if AB 1 BC at B, (22b)

v,(.-1) = [Tpe(=1) = F(1,-D] = FA(1,-1), if AB £ BC at B, (22a)

where we have used (21c). The compatibility between (18) and (14c) at vertex C leads to,
_1
Sgc(D)
Fe(1,1) = Tpc(1) =0, if CD L BC at C. (23b)

V(1. 1) = [Tac(1) = Fe(1, D] = Fi(1, 1), if CD £ BC at C, (23a)

The conditions (22b) and (23b) are constraints on the prescribed Dirichlet and Neumann boundary functions when the boundaries
are orthogonal at these vertices, which we assume will always be satisfied by the prescribed data. The Eqgs. (22a) and (23a)
are constraints on V,(1,-1) and V,(1, 1) for the unknown field function V(&,7), imposed only when the boundary curves are not
orthogonal at vertices B or C.

Our objective is to develop general forms of V (&, #) that exactly satisfy the conditions (18), (21a)-(21b), (22a), (23a), as well
as (14a) and (14c)—~(14d). The primary challenge here is caused by (18), in which the unknowns V,(1,%) and V,(1,#) are coupled
together. We will use (18b) for enforcing this condition, by treating it as a constraint on Ve(l,n), where the imposed data F:(1,m)
contains the unknown V, (1, ).

We will follow a four-step procedure to formulate the general form of V' (¢,#) that satisfies the above conditions:

+ (step #1) Identify the set of variables on which the boundary conditions, and the compatibility constraints induced by these
boundary conditions, are imposed.

+ (step #2) Construct a transfinite interpolation for the types of identified variables, including the induced forms of constraints.

+ (step #3) Formulate a preliminary TFC constrained expression based on this transfinite interpolation, thus giving rise to a
preliminary form for V (&, ) with a free function.

+ (step #4) Update the terms in the transfinite interpolant that involve the unknown function V'(¢,7), by replacing those V'
terms with corresponding terms that result from the preliminary TFC form of the previous step. The updated TFC constrained
expression provides the final form for V (&, 7).

To facilitate the subsequent discussions, let us recall the C! Hermite interpolation polynomials ¢y(&), @,(£), wy(€) and (&)
defined on ¢ € [—1, 1], which satisfy the interpolation properties listed in Table 1. These polynomials are given by

P& = O [1+201O].  @1(&) = ¢7(&) [1+2¢0(8)] ,

24
Yol&) = 22O, (©), Wi(©) = 20y, @



S. Dong and Y. Zhang Computer Methods in Applied Mechanics and Engineering 462 (2026) 119302

where ¢ (&) and ¢, (¢) are defined in (7). We define two constants Az and A as flags on whether the boundary curves are orthogonal
at the vertices B and C,

0, if AB L BC at B, 0, ifCDLBCatC,
/13={ c={ (25)

1, if AB L BC at B; 1, ifCD L BCatC.

Following the aforementioned procedure, we first identify the set of variables on which the conditions (or induced constraints)
are imposed (step #1). The conditions for (18b), (14a), and (14c)—(14d) are very clear. While the conditions (22a), (23a), and
also (21a)—(21b) are apparently about the function values or derivatives on the vertices B and C, they are actually constraints on
the boundary distribution V' (1,#). V(1,7) is not involved in the original boundary conditions, but should ensure that these conditions
for the vertices be satisfied. Employing the C! Hermite interpolation polynomials, the following distribution for BC satisfies the
conditions (22a), (23a), and (21a)—(21b),

F(1,m) = F(1,-Dey(n) + F(1, Do, (n) + Ag £, (1, =Dwy(n) + Ac F, (1, Dy, (m), (26)
Here,
F,,(l,—l):F:(l,—l), Fv(1,1)=F:(1,1), 27)

with F’;‘(l, —1) and F:(l, 1) defined in (22a) and (23a). The constants Az and A ensure that the conditions (22a) and (23a) are
imposed only when the boundary curves are not orthogonal at B or C. The distribution (26) is compatible with the Dirichlet boundary
functions for AB and CD at these vertices. Our task is then reduced to the following: find V' (&, #) such that

V(-1,m) = F(~1,n), (282)
V() = F(1,n) = F(1,=Dag(n) + F(1, Dy () + A5 F, (1, =Dyio(n) + Ac Fy (1, Dy (), (28b)
Ve(lon) = Fy(1,n), (280)
V(1) = F& 1), (28)
VED = FE D, (28¢)

where Eq. (26) has been used, the functions F(-1,7), F(&,—1) and F(¢, 1) are known and given in (13a), (13c)—(13d), and F:(1,m)
is defined in (18b), which contains the unknown V,(1,n).

Next, we construct a transfinite interpolation for the conditions in (28) (step #2). Let P, F and P, F denote two 1D transfinite
interpolations along the ¢ and # directions, respectively defined by,

P F(E,n) = F(-=1,mey&) + F(1,me (&) + F(1,my1 (D), (29a)
PyF(E.m) = F(& —Dey(n) + FE Do, (). (29b)

Let PF denote the boolean sum of P, F and P, F, given by,

PF(E.n)= (P @ P)F¢&n)=PF¢&n+PFEn—PPFEn
= F(=1,mey(&) + F:(1, My (&) + F(& Do) + F(E, Doy (n)
— [F(=L. =Dy + F(=1, Do, ()] @o(&) — [Fe(L, =Dy + F;(1, Dy (m)] v, (&)
+ [AgF,(1,=Dwo(n) + Ac Fy(1, Dy ()] @, ()
where we have used (26). It is straightforward to verify that V' = PF(&, ) satisfies the conditions in (28a), (28¢)-(28e), (22a), (21a)
and (23a)—(21b), by noting (27).

We can now formulate a preliminary general form of V (¢, #) for the conditions (28) using the TFC constrained expression (step
#3),

(30)

V(& n) =g n— Pgl m+PFEn), (3D
where g(&,7) is a free (arbitrary) function, PF is defined by (30), and Pg(&,n) is defined analogously and specifically given by
Pg&,m = g(=1,meu(&) + g:(1, My (&) + g(&, —Dey(n) + g(&, Doy ()
— [s(=L =Dy + g(=1, Dy ()] (&) — [8:(L, =Dy + ge(1, Doy ()] wy (&) (32)
+ [Apg, (1, =Dwo(n) + Acg, (1, Dy ()] @1 (&)
For any g(&,n), the V (&, n) given by (31) satisfies (28a), (28c)-(28e), (22a), (21a) and (23a)-(21b), by noting (27). In light of (31),
V,(&,n) on ‘BC is reduced to,
V(L) = g,(1,m) = [g(1,=1) = F(, =] @y () — [g(1,1) = F(1, )] @, ()
- [g,,(l, -H- Fn(L—l)] W) — Ac [g,,(l, - F,, 1] vy (). (33)
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Finally, we update the terms in the transfinite interpolant PF(&,#) that involve the unknown function V (&, 7) (step #4). In (30)
and (33), we update F,(1,-1) and F,(1,1) using (27). F¢(1,n) in (30) is given by (18b), in which we replace V,(L,m) by the
expression (33). We define the updated terms,

Fég(l, m = Tge(n) — Spc() {g,,,(l,n) —[g(1,-1) - F(,-1)] %(ﬂ) —[g(1.1) = F(1, D] ¢ ()
~Ap [g,(1.=1) = F2Q,=D] win = 4c [g,(1. 1 = Fe, D] wien }. (342)
PFE(&, ) = F(=1,mey&) + Ff(lyﬂ)%(ﬁ) + F(&,—Deo(m) + F(E Do, (1)
- [F(—l,—l)%(ﬂ) + F(-1, 1)(01('1)] @) — [Fg(l, =Dy + Fe(1, 1)<ﬂ1('7)] v (&)
+ |48 FE=Dun + 2 F20 D] 0@ (34b)
The final form for V'(¢, ) is then given by

VE.n) =g — Pg&.nm) + PFS(¢.n). (35)

Here g(&, ) is the free function, Pg(&,n) is given by (32), and PF$(&,n) is defined by (34b). F(-1,5), F(£,—1) and F(&, 1) are given
by (13a) and (13¢)-(13d). F(-1,-1) =u, and F(-1,1) = u in light of (13a), (13d), (11a) and (11d). F(1,-1) = limg_, F(&, —1) = ug
and F(1,1) = lim._; F(¢, 1) = uc in light of (13a) and (13c). F(1,~1) = lim._; F,(¢,~1) and Fy(1, 1) = lim,_; F(¢,1). F2(1,~1) and
F;(l, 1) are given by (22a) and (23a), and Ay and A, are defined in (25). Spc () and Ty (n) are defined in (19).

Theorem 2.1. The form V (&,n) given by (35) satisfies the conditions (28a), (28d), (28e) and (18a), for any g(&,n) therein that is
sufficiently differentiable.

Proof. We only verify the Neumann condition (18a) here. The verification of the other conditions is straightforward. From (35),
we have

Ve(ln) = FE(L),
V(L = g,(Lm) — [g(1,=1) = F(1,=1)] o} (n) — [g(1, 1) = F(L, D] @} ()
= 4g (1= = (1, =D] wyn) = Ac [,(1, D) = F2L, D] wion.

In light of (34a), we conclude that (18a) holds for any g(&,7). [

Remark 2.2. The use of C! Hermite interpolation polynomials ¢, @;, v, and y, in the construction of V(£,#) is crucial, which
enables one to de-couple V,(1,#) and V,(1,#) when handling the Neumann condition (18).

Remark 2.3. If the boundaries AB and BC connect smoothly at vertex B, i.e. having a common tangent, the Jacobian matrix of
the map x(&,#n) will be singular at B. Similarly, if the boundary curve is smooth at vertex C the Jacobian matrix will be singular
there. Let us suppose the boundary is smooth at both B and C, and we next comment on how to handle this situation. In this case
the form (18) for the Neumann condition holds only for # € (=1, 1). At these vertices the formulas (22a) and (23a) for computing
F ;(1,—1) and F ;(1, 1) are no longer valid. However, F :(1,—1) and F :(1, 1) can still be determined, based on the existence of a
common tangent at these vertices. Specifically, let

x, (1, X:(&,—1 x:(€, 1
Tpc(n) = ”?i;’iTZ”’ T4 = ”xiifli”» Tep(§) = ”Xiiﬁ;”, (36)
denote the unit tangent vectors on BC, AB and CD. The existence of a common tangent at B and C implies that
Tgc(=1) =745(1), Tpc(1)=—-7cpD). 37)
This leads to the relations
x (1,-1 x:(1,-1 x (1,1 x:(1,1
||x:§1,—1;|| = ||xi1,—1;||’ ||x:§1,1;|| =_||xi1,1;u' (38)

At vertices B and C, the relations (21¢)—(21d) are still valid due to the Dirichlet BCs on AB and CD. Employing the chain rule, we
have

I, (1L =Dl I, (1, =D

V=) = V) 3,1, =1) = Vaeg) - x,(1. =D e = iy V(=D
[Ix, (1, =DI|
=1 " F(,-1)=F{1,-1), 39
ety <D= A D 39
V. (1,1) = Vuxg) - x, (1, 1) = =Vu(xe) - xs(1 1)”X”(1’1)” ”X”(l’l)”V(l i)
D) = Vuxe) - x, (1 1) = =Vu(xe) - x¢(1, =- ,
" o k(LD T Ixe(L DI C

9
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_ IIX,,(l,l)IIF(1 1= FUL 1) (39b)

X (LD neen
where we have used (38) and (21¢)-(21d). The V(&,7) given by (35) is still valid, in which F:(l, —1) and F;(l, 1) should now be
computed using (39). The gradients Vu(xp) and Vu(x.) can be determined by combining the Neumann condition (17b), evaluated

at these vertices, with the Egs. (21¢)-(21d), and by applying the chain rule and using (37). This leads to the result,

. 1) —tepe(=1)
Vutxy) = [ FuneD iz Dl[iﬁi( 1 ryBIZC(—D]’ o

Type(l)  —7ypc(D)
Vutxe) = [Fasc) =y e V) Liii(l) fy:cc(l)]’ o

where tpc(n) = (7pc> Type)> and F,pc(n) is defined in (19).

Remark 2.4. When two Neumann conditions are imposed on opposite sides of the quadrilateral domain £, with Dirichlet conditions
on the other boundaries, the general form for V' (£, ) that exactly satisfies these boundary conditions can be developed analogously
by following the four-step procedure as described above.

2.3.2. When two Neumann boundaries intersect at a vertex

For this case we focus on the setting with the Neumann conditions imposed on two adjacent boundaries of the quadrilateral
domain and with the rest being Dirichlet boundaries. The settings with more than two Neumann boundaries are discussed in a
remark at the end of this section. Without loss of generality, we assume that the Neumann conditions are imposed on the boundaries
‘BC and CD and that AB and AD are Dirichlet boundaries. The Jacobian matrix of the map x(&,#) is assumed to be non-singular
everywhere in the domain.

Specifically, we seek a scalar field function u(x), for x € 2 = ABCD in Fig. 1(a), which satisfies the following boundary conditions,

Ul cag = Uap(X), (41a)
n- Vul e = typc(X), (41b)
n- V”'xe@ = u,cp(X), (41¢)
ulyeqp = Uap(), (41d)

where u,p(x) is the prescribed Neumann boundary distribution on CD, and the other notations follow those in the previous sections.
The prescribed Dirichlet and Neumann boundary functions must be compatible on the shared vertices.

Employing the map x(¢, ), we transform u(x), u,p(x) and u,p(x) into V' (&,1), F(&,—1) and F(-1,#) according to Egs. (12), (13a)
and (13d). The Neumann condition (41b) is accordingly transformed into (18). The Neumann condition (41c) becomes

Vi€, D)+ Sep©V(E. D) =Tcp), &el-1,1], (42a)
or V,(,1) =Tep(&) — Scp@Ve(&. 1) = Fi(&. 1), (42b)
where we have used (20) and
K cp(©) F,cp(&)  u,cpx(, 1))
S = T = = ,
@=% 5@ POTK O T Kop®
Xe(£.1)%,(&.1) (43)
Kep®] _ o neep(@) 1 -
K — xCD — 1 1 xCD - - IIx:(E DI
cr® [Kch(@] e )[nyco(:) detJE. 1) [ (& D ]

The Neumann boundary BC and the Dirichlet boundary AB intersect at vertex B, inducing the compatibility constraints
(21a), (21c), and (22) at vertex B. Similar compatibility conditions exist at vertex D, where the Neumann boundary C D and Dirichlet
boundary AD intersect. These are

V(=1,1) = F(=1,1) = lim F(-1,n), (44)

V(L) =F,(-11)= %gr} F,(-1,n), (44b)
and

Ve(=1,1) = ﬁ [Tep(=D) = Fy(=1,D] = F{(=1,1), if AD L CD at D; (45a)

F,(-1,1) = Tep(-1) =0, if AD L CD at D. (45b)

The Neumann conditions (18) and (42) must be compatible at vertex C. Evaluating (18a) and (42a) at vertex C and combining
them leads to
Tgc(1) = Spc(MTcp(1)

Vi, 1) =
LD 1= Spc(D)Scp)

= F2(1,1), (46)

10
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Table 2
Interpolation properties of C?> Hermite interpolation polynomials defined on & € [-1,1].
¢ Po(&) Po&) Py (&) £1($) P& JA403) y(&) ,(6) v (©)
-1 1 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0
4 (&) 0 (©) @ @y(&) (&) 246) ;(§) (&) ()
-1 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 1
Tep(l) = Scp(DT (1
V,(1,1) = o) = Sep(DTpe) Fo(1, ). (46b)

1= Sgc(D)Scp(l)
Note that Sp-(1)Scp(1) < 1 by the Cauchy-Schwarz inequality for a non-singular Jacobian matrix at C. By differentiating (18b)
with respect to (w.r.t.) # and (42b) w.r.t. &, and evaluating them at vertex C, we get

Ve (1, 1) = The (1) = Sy (DFEL 1) = Spe(V, (1, 1) = Fyy(1, ), (47a)
Ve, 1) =T,y (1) = SL(FEAL D) = Sep(DVee(1,1) = Fe(1, 1), (47b)
where we have used (46). A combination of (47a) and (47b) (requiring Ve,(1,1) = V,.(1, 1)) leads to the following compatibility
constraints,
Vee(1,1) = ;BC(U Vo (LD + —S—= = F..(1,1), if BC L CD at C, (48a)
cp(D) Scp(1)
Tép() = Sgp(DFL11) = T () = Sp(DFIL D), if BC LCTD at C, (48b)

where R, = [TéD(l) — 8L, (DFAL, 1)] - [Tgc(l) ~ S (DA, 1)], and we have used the fact that Sz(1) = Scp(1) = 0 when BC
and CD are orthogonal at vertex C. Eq. (48b) imposes a constraint on the prescribed Neumann boundary data when BC and CD
are orthogonal at C, and if they are not orthogonal, Eq. (48a) imposes a constraint between V;(1,1) and V,,(1,1) at vertex C.

Our goal is to formulate the field function V (&, ), for (&, 7) € £, so that it exactly satisfies the boundary conditions (14a), (14d),
(18), and (42), together with the compatibility constraints (21a), (22a), (44a), (45a), (46), (48a) and (47a).

To facilitate the subsequent discussions, we recall the C> Hermite interpolation polynomials py(&), p; (&), vy(&), v1(£), wy(£) and
(&) defined on ¢ € [—1, 1] that satisfy the interpolation properties listed in Table 2. These polynomials are given by

po(©) = B3(&) [1+301(O) + 647D, v9(&) =251 (&) [1 +3¢1 )], @p(&) = 243 (E)PT (),
P& = PIE) [1+3d9(&) +6¢475(O)] . 01(8) = =2¢7(E)(&) [1 +3¢(©)] . @1 (&) = 2675 (&),

where ¢ (&) and ¢, (¢) are defined in (7). Besides the constants Az and A defined in (25), we define an additional constant i, to
flag whether the boundaries CD and AD are orthogonal at vertex D,

(49)

2= { 0, ifCDLADatD, 50)

1, ifCD L AD at D.

We follow the four-step procedure as described in Section 2.3.1 to develop the general form for V'(¢, ). First, we notithat the
conditions (21a), (22a) and (46b) are actually constraints on V' (1,#), which can be satisfied by the following profile on BC,

F(1,m = F(,-Dpy(n) + AgF,(1, =)oy () + F,(1, Do (n), (51)
where the constant 15 ensures that the condition (22a) is enforced only when AB and BC are not orthogonal at B, and
F,,(1,—1)=F,f(1,—1)7 F,,(1,1)=F,7"(1,1), (52)

with F;(l, —1) and F;’(l, 1) given in (22a) and (46b). The conditions (44a), (45a), (46a) and (48a) are actually constraints on V (¢, 1).
They can be satisfied by the following profile on CD,

F(E 1) = F(=1,1)pg(&) + Ap Fe(=1, Dog(&) + Fo(1, Doy (&) + Ac Fee(1, Doy (&), (53)

where the constants i, and Ao ensure that the conditions (45a) and (48a) are only imposed when the boundary curves are not
orthogonal at D or C, F::(1,1) is given in (48a), and

Fé(—l,l)zF;(—l,l), F¢(1,1)=Fg_”(1,1), (54)

with FE“(—l, 1) and Fg(l, 1) defined in (45a) and (46a). Note that the profile (51) for ‘BC and the profile (53) for CD are compatible
at vertex C, resulting in F(1,1) = 0.
With F(1,#%) and F(&, 1) introduced above, our task is then reduced to: find V (&, #) such that

V(=1,m = F(=1,m), (55a)

11
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VA,m) = F,m = F(1,=Dpo(n) + A F, (1, =Doo(n) + F, (1, Doy (), (55b)
Ve(lom) = Fe(1,m), (55¢)
Vg, -1 =F(E =D, (55d)
Ve, 1) = F(& D)= F(=1,1)p&) + Ap F(=1, Doy(&) + F(1, Doy (€) + Ac Fee (1, D (), (55¢)
V(& 1) = Fy& D, (55)
Ve, (1, 1) = Fg, (1, 1), (558)

where F(—1,5) and F(¢&,—1) are given in (13d) and (13a), F:(1,n) is given in (18b), F, (&, 1) is given in (42b), and Fey (1, 1) is given
in (47a), and we have used (51) and (53).
The transfinite interpolation for the conditions in (55) is given by
PFE.m =Py ®P)FEn)=PFEn+PRBF(En—PPFEn
= F(=1,mpo(&) + F:(1,mv,(§) + F(&, —Dpo(n) + F, (€, Do (n)
- [F(—l,—l)ﬂo(ﬂ) + F,(-1, 1)01('1)] po(&) — [Fg(ls—l)ﬂo(ﬂ) + F,(1, 1)01(4)] 01(&)
+ AgF,(1,=Doy(mp; () + [ﬁqu(—l, Doyg(&) + A¢ Fee(1, 1)601(5)] p1(m), (56)

where

PF(E, ) = F(=1,mpo(&) + Fx(L.moy (&) + F(1,mp, (&)
= F(=L,mpy(&) + Fz(1,muv, &)
+[F(L =Dpy(n) + Ag Fy (1, =Dog(n) + F,(1, Doy ()] p, &),

57
PyF(&,n) = F(& —Dpo(n) + F, (&, Do) + F(E, Dp (1) 7)
= F(&, —Dpo(m) + F, (&, Do (n)
+ [F(=1,1)py(&) + ApFe(=1, Doy(§) + Fe(1, Doy (&) + Ac Fee(1, D, (8)] py ()
This leads to the preliminary form V (¢, #) for the conditions in (55),
V. n) =g n—Pg&n+ PFEn), (58)
where g(&,n) is a free (arbitrary) function, and
Pg(&.n) = g(=1,mpo(&) + g:(1, Mo, (&) + g€ —Dpo(m) + g, (&, Do, (n)
- [e(=1,=Dpo(n) +g,(-1, Doy ()] po(&) — [g2(1, = 1po(n) + 8z (1, Doy ()] v, (&)
+ Agg, (1, =Dugmp; (&) + [Apge(—1, Dvy(®) + Acges(1, Doy (8)] py (). (59)
V(&,n) from (58) has the following properties,
V(LD =g, (1, 1), (60a)
V,(Ln) = g,(1,n) = [g(1,=1) = F(,=1)] py(n) — [g,(1. 1) = F,(1, D] o} ()
- Ag [g,(1,=1) = F,(1,-1)] (), (60b)
Ve(€, 1) = ge(&, 1) — [g(=1,1) = F(=1, D] p(&) — [g/;(l, 1) — F(1, D] AG)
- 4p [gg(—l, 1) - Fe(-1, ] (&) = Ac [gg,g(l, 1) — Fee(1, D) @} (&) (60c)
Employing (18b), (42b), (47a), (48a), (52), (54), and (60), we update the transfinite interpolation PF(&,1) in (56) by,
PF8(&,n) = F(=1,mpy(&) + F;(l,rl)vl(@ + F (& =Dpo(n) + FE(E Do (n)
— [F(=1,=Dpo(m) + Fy(=1, Do ()] po(&) - [F¢<1, =Dpo(m) + FZ (1, l)vl(n)] 0§
+ AgFj(1,=Doy(mp (&) + [iDFg(—L Doy(§) + icFé(l, l)wl(é)] p1(m), (61)
where
" _ Spc(l) Re
el D=5 ,mn Dt s (622)
Ffﬂ(l, D=Tp.(1)- S};C(l)F;(l, D = Spc(Dg,,(L, D), (62b)
FEQm) = Tacn = Spen { g,(1m = [g(1,=1) = F(L,=D1 gy = [g,(1, 1) = F2(L, D] o)
~2p [ =1 = F2(1,=D] vy } (620)

FE@E D) = Tep@ = Sep@ { g6 D = [g(=1. 1) = F-L DI @) = [ge(1, 1) = F2(1, D] (@

12
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=i [ge(=1.1) = FE=1,D] (@ = Ac [see(1. D) = FE(1L D] @)} (62d)
The final form for V'(¢,7) is then given by

V. =g&.m— Pg.m)+ PF5(¢&.n) (63)

where g(&,n) is a free function, Pg(&,n) is given by (59), and PF&(&,n) is given by (61). In this expression F(—1,-1) =
lime,_; F(&,—1) = uy, and F,(=1,1) and F(1,~1) are given by (44b) and (21c). F;(—l, 1) and F,;’(l,—l) are given by (45a) and
(22a). Fg’(l, 1) and F:(], 1) are given in (46). )

Theorem 2.2. V (&, 1) given by (63) satisfies the Dirichlet conditions (55a) and (55d) and the Neumann conditions (18a) and (42a), for
any g(&,n) therein that is sufficiently differentiable.

Proof. To verify (55a) and (55d), one only needs to notice that F,f(—l, D =F,(LD and Fgg(l, —1) = Fe(1,-1), due to (45) and
(22). Consequently PF8(—1,n) = F(—1,n) and PF8(&,—1) = F(&,—1).
To verify (42a), one notes that Ff”(l, = an(l, 1). Hence PF;(&,1) = FF(&,1) and V,(£,1) = F§(£,1). On the other hand,

Ve = g6 D) - [s(-1. 1) = F(=1, D1 5@ = [g:(1. 1) = FEQL D] v} ©)
— ap [g=1. D) = FE=1,D)] 04 = Ae [0 D) = FEQL D] 0} @)

Therefore (42a) holds.
To verify (18a), one notes that Fjg(l, = an(l, 1). Hence PFg(l,n) = Fg(l,n) and V:(1,7) = Fg(l,n). On the other hand,

Voo = g, (1) = [g(1,=1) = F(L,=D] o) = [g,1, 1) = F2(1, 1] of )
— 4 [g,(1, =) = F2(1,=D)] (o).

Therefore (18a) holds. []

Remark 2.5. When the domain involves more than two Neumann boundaries, the compatibility constraints as discussed above
exist at any vertex where two Neumann boundaries intersect, and those constraints discussed in Section 2.3.1 exist at any vertex
where a Neumann boundary and a Dirichlet boundary intersect. The field function that exactly satisfies these conditions can be
formulated analogously using the four-step procedure described in Section 2.3.1.

2.4. Enforcing Robin boundary conditions

We next look into how to enforce Robin boundary conditions (RBC) exactly on the general quadrilateral domain £ as shown
in Fig. 1(a). The formulation for Robin condition is largely similar to that for the Neumann condition, apart from the complication
caused by the unknown function value on the Robin boundary. Here we assume that the domain involves a combination of Dirichlet
and Robin type boundaries, with at least one Robin boundary and one Dirichlet boundary. The cases when a Robin boundary only
intersects with Dirichlet boundaries and when two Robin boundaries intersect with each other are discussed individually below.

2.4.1. When Robin boundary only intersects with Dirichlet boundary

For this case we focus on the setting in which the domain has a single Robin boundary, with the rest being Dirichlet types.
Without loss of generality, we assume that the Robin condition is imposed on BC. The goal is to formulate the field function u(x),
for x € 2 = ABCD, which satisfies the following conditions,

Ul eqg = Uap(X), (64a)
n - Vul gc + ape Ul cge = Urpe), (64b)
ulyegp = 4cpX), (64c)
ulye7p = Uap(X), (64d)

where apc is a prescribed constant, and u, 3 (x) denotes the prescribed Robin boundary function.
By leveraging the map x(¢&, 1), we transform u(x) into V' (£, n) according to (12), and the conditions (64a) and (64c)—(64d) into (14a)
and (14c)—(14d) according to (13a) and (13c)-(13d). The Robin condition (64b) is transformed into

Ve(lm) + SpcmV, (L) + apcWpcmV (1, n) = T,pc(m), n €[-1,1], (65a)
or Ve(L,n) =T,.pc() = Spc )V, (L.n) — agc WpcmV (1, 1) = Fe(L,n), (65b)
where Spc(7) and K, g (1) are defined in (19), and

1

Wecn) = m,

T.gc() = F.gcMWpc(),  F.gc() = u,pc(X(1, 1)). (66)

13
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These conditions must be compatible at the shared vertices.
The compatibility between the Robin condition (65) and the Dirichlet condition (14a) at vertex B results in (21a) and (21c),
together with

1
V,(1,=1) = ——— [T,pc(=1) = Fe(1,=1) — agcWpe(=DF(1, 1)
Spc(=1)
= F(1.-1), if AB L BC at B, (672)
Fe(1,=1) + apcWpe(=DF(1,=1) = T,pc(~1) = 0, if AB L BC at B, (67b)

by noting that Sg-(—1) = 0 when AB L BC at B. The compatibility between (65) and (14c) at vertex C results in (21b) and (21d),
together with

_1
Spc(l)

Fr(1,1) + age W (DF(1, 1) = Tope(1) = 0, if CD L BC at C. (68b)

v,,1) = [T,5c(D) = Fz(1, 1) = agc Wyc(DF(1, D] = Fe(1, 1), if CD L BC at C, (68a)

The conditions (14a), (14c), (14d), (65), (67a), (68a), and (21a)—(21b) constitute the constraints that the function V (&,#) to be
formulated must satisfy.

We follow the four-step procedure, to first introduce the same transfinite interpolation as in (30), where F,(1,~1) and F,(1,1) are
given by (27), with F;(], —1) and F’;’(l, 1) therein now given by (67a) and (68a), and F¢(1,n) is now given by (65b). The preliminary

form for V(&,7) is given by (31), in which Pg(¢,#) is given by (32). This preliminary form has the following properties on BC,
Vln=gl,n-[g(l,-1) = F(1,-DIgy(n) — [g(1, 1) = F(1, D] ¢, ()

— i [g,(1, =1) = F,(1,=D)] wo(n) — Ac [g,(1, 1) = F,(1, D] wi(n), (692)
V,(Lm) = g,(1,m) = [g(1,=1) = F(1,=D] g () — [g(1, 1) = F(1, D] @] (1)
— Ap [g,(1,=1) = F,(1,=D] wi(n) = Ac [g,(1, 1) = F, (1, D] w{(n). (69b)

In light of (69) and (27), we update F¢(1,7) in (65b) by
F,f(l,n) =T,gc(m) — Spc(n) {&,(17'1) —[g(1,=1) = F(1,=D] g — [g(1, 1) = F(1, D] @ (1)
~ip [ =1 = F(L=D] wim = 4c [g,(1. D = F2t, D] wion }
—agcWpcm) {g(l,ﬂ) =g, =) = F(1,=D]gyn) — [g(1,1) — F(1, D] ¢, ()
~2p 8,1, =1 = F2(1=D] o) = e [,1. D = F. D] wa( (70)
Therefore, the updated transfinite interpolation is given by (34b), in which Ff (1,7) is now given by (70), and Fr‘,’( 1,—1) and F,;’(l, 1)
are now given by (67a) and (68a). The final V' (&, ) has the same form as in (63).

Theorem 2.3. V(&,1) given by (35), with Fég (1,7n), F,;’(l, —1) and F,;’(l, 1) therein given by (70), (67a) and (68a), satisfies the Dirichlet
conditions (14a) and (14c)—(14d) and the Robin condition (65a), for any g(&,n) therein that is sufficiently differentiable.

Proof. By verification. [J

Remark 2.6. When two Robin boundaries are imposed on opposite sides of the quadrilateral domain, with the rest being Dirichlet
boundaries, the general form for V(&,5) that exactly satisfies these conditions can be formulated analogously by following the
four-step procedure.

2.4.2. When two Robin boundaries intersect at a vertex
For this case we focus on the setting in which the Robin conditions are imposed on two adjacent boundaries with the rest being
Dirichlet boundaries. Without loss of generality we assume that the Robin conditions are imposed on the boundaries BC and CD.
Specifically, we seek a field function u(x), for x € 2 = ABC D, which satisfies the following boundary conditions,

“lxeﬁ =uyp(x), (71a)
n- Vul e + age ul g6 =t pc®), (71b)
n-Vul| =5 +acp ulcep = UepX), (71¢)
ulyeqp = Uap®), (71d)

where ap- and o, are prescribed constants, and u,pc(x) and u,p(x) are prescribed Robin boundary functions.

Employing the map x(¢&, 1), we transform u(x) into V (£, n) according to (12), and the Dirichlet conditions (71a) and (71d) into (14a)
and (14d) based on (13a) and (13d). The Robin condition (71b) is accordingly transformed into (65). The Robin condition (71c) is
transformed into

V& D)+ Scp@Ve€. D+ acpWep@V(E. D =T,cp@). Sel-L1] (72a)

14
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or V(& 1) = T,ep(©) = Sep@Ve(&, D) — acpWep @V (E 1) = Fy(& 1), (72b)

where
_r
Kycp©)

and S¢p(€) and K,cp(¢) are defined in (43). The objective here is to formulate V (£, 7) to exactly satisfy the conditions (14a), (14d),
(65) and (72).

The boundary conditions must be compatible at the shared vertices. The Robin condition (65) on ‘BC and the Dirichlet
condition (14a) on AB should be compatible at vertex B, leading to the conditions (21a), (21c), and (67). Similarly, at vertex
D the Robin condition (72) on CD and the Dirichlet condition (14d) on AD should be compatible with each other, inducing the
conditions (44a) and (44b), together with

Wep() = T,cp(&) = Wep(&)F,cp(€) = Wep(©ucp(x(S, 1)), (73)

1
Vi(=1,1) = ——— [Tocp(=1) = F,(=1,1) — acp Wep(=1D)F(=1,1)]
Scp(=1)
- Fg(—l, 1), if E L C_D at D, (743)
F(~11) + acpWep(-DF(=1,1) = T,ep(=1) = 0, if AD LCD at D, (74b)

by noting that S¢;(—1) =0 if AD L CD at D.
The Robin conditions (65) and (72) should be compatible at the common vertex C. This leads to

Ve, 1) + Spe(DV, (1 1) = Tpe(1) = apc Wae(DV (L ), (75a)
ScpMVL D +V,(1,1) = T, p(1) = acp Wep(DV (1, 1). (75b)

It follows that

Vg(l,l)ZFEZ(],I)—F;(LI)V(I,l):F:(l,l), (76a)
V,,(l,l)=F';l(l,l)—F:(l,l)V(l,l):F,’(l,l), (76b)
where
Fa,n _ 1 [Trﬂc(l)—sgc(l)TrCD(l)] (77a)
F:(l,l) 1= Spc()Scp) |T,cp(1) = Scp(DT,pc(1) ’
FAD] 1 [aBCWBC(l) - SBC(I)aCDWCD(l)] 77b)
F,f(l, I§) 1= Spc(DScp() |acpWep() = Scp(DageWec(Df

Differentiating (65b) w.r.t. n and evaluating it at vertex C, we get
Vey (L D) = Q% (1) = Spc (Y, (1, 1) + 0% (Y (1, 1) = Fy, (1, 1), (78)
where (76b) has been used, and
bV =Tl (D) = [Spe(D) + ageWpe(D] (1, 1), (79a)
0% (1) = [Spo(1) + age Wy (D) F:(l, D) = age Wi (D). (79b)
Similarly, differentiating (72b) w.r.t. £ and evaluating it at vertex C result in
Ve(1,1) = Q¢ (1) = Scp(Vee (1, 1) + QZD(I)V(L )= F.(,1), (80)
where (76a) has been used and
oD =Tlep (D) = [SEp(D) +acpWep(D] FE(L D), (81a)
0Ly (1) = [Sg.p(1) + acpWep(D] FEL 1) = acp Wi (D). (81b)

Combining (78) and (80) and requiring that Ve, (1, 1) = Ve(1, 1), we have the following constraints,

Syl
V(1 1) = SBCEI;V’M(I’I)_ 5 1(1) (1) = 0gp] V. 1)
cD cD
- 5 105 - 0Ep(] = FeL ). i BC LTDatC: o
CcD
0% (1)- 0% (I -
VL= - M = F'(1,1),  if BC LCD at C and QY .(1) # O} ,(1); (820)
0 () - 0%p(1)
Gc(D) = 0% (1), if BC L CD at C and Q’;C(l) = QZD(D- (82¢)
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Eq. (82¢) is a constraint on the prescribed Robin boundary data u,p and u,.;, when ‘BC L CD at vertex C and Ql;;c(l) = Q’(’: p(Ds
while otherwise (82b) is a constraint on the value V' (1, 1) and (82a) imposes a relation on Vee(1, 1), V,,(1, 1) and V(1,1).

The Egs. (14a), (14d), (65b), (72b), (21a), (67a), (44a), (74a), (76), (82a)—(82b), and (78) constitute the set of constraints the
function V'(¢,7) to be formulated must satisfy. In addition to the flags 15, A and A, introduced previously, we define another
constant y to flag whether Q’;;C(l) = Q’é (1,

, _{ 0, if Q% (1)=0L (1),
Cc — .
1, if Q4 (1) # QL. ().

We follow the four-step procedure described in Section 2.3.1 to formulate V' (£, 7). To handle the conditions (21a), (67a), (44a),
(74a), (76a)—(76b), and (82a)-(82b), we introduce

(83)

F(1,n) = F(1,=Dpy(n) + AgF,(1, =Dy (m) + (1 = Ac)yc F(1, Dp (n) + F, (1, Do (n), (84a)
F( 1) = F(=1,1py(&) + Ap Fe (=1, Doy(&) + (1 = Ac)yc F(1, Dp (&) + F¢(1, Do, (&)
+ AcFe(1, Doy (&), (84b)

where F,(1,1), Fg(1,1) and Fe(1, 1) are defined in (76) and (82a), and
Fy(1,=1) = F(1,=1), Fe(=1,1)= F{(=1,1), F(1,1)= F*(1, 1), (85)

with F:(l, -1), Fg(—l, 1) and F“(1,1) defined in (67a), (74a) and (82b). Then the construction problem becomes the following: find
V (&,n) such that

V(-1 = F(-1,n), (862)
V(1,n) = F(1,n) = F(1,=Dpg(n) + A5 F,(1,=Dog(m) + (1 = Ac)rc F(L, Dpy ()

+ F,(1, Doy (), (86b)
V(L) = (L), (86¢)
V(1) = FE -1, (86d)
V(E D) = F(& 1) = F(=1,1)py(&) + ApFe(=1, Dog(@) + (1 = Ac)rc F(1, Dpy (©)

+ Fe(1, )0 (8) + A Fre(1, Doy (8), (86e)
V(& 1) = Fy (1), (86f)
Vey (1, 1) = Fy(1,1), (86g)

where F¢(1,n), F,(¢,1) and F,(1,1) are defined in (65b), (72b), and (78), respectively.
We define the transfinite interpolation

PF(&,n) = F(=1,mpo(&) + Fz(1, v, (&) + F(& = 1)po(n) + Fy(& Dy (n)
— [F(=1,=Dpon) + F(=1, Doy ()] po(&) = [Fe(l, =1D)po(m) + Fey(1, Doy ()] v1 ()
+ [ApFe(=1,10y(&) + Ac Fzz(1, Dy (&) + (1 = Ac)rc F(1, Dpy(8)] py ()
+ AgF, (1, =Duy(mp; (&) (87)

One can verify that the function V(&) = PF(&, ) satisfies the conditions in (86) exactly.
The preliminary general form for V' (&,7) is then given by,

VI n = g&n — Pg&n+ PFE,n), (88)
where g(&,n) is a free (arbitrary) function, and
Pg(&,n) = g(=1,mpy(&) + g:(1,mv, (&) + g(&, —Dpy () + g, (&, Do, (m)
— [g(=1.=Dpo(n) + g,(~=1, Doy(n)] pp(&) — [ (L, —Dpo() + &z, (1, Doy ()] 01 (&)
+ [Apge(=1, Dog(&) + Acgee (1, Dy (&) + (1 — Ac)rcg(, 1)py (O] py(n)
+ A&, (1, =Doy(m)p, (£). (89)
The modified transfinite interpolation is,
PF8(,n) = F(=1,npy(&) + F;(l,rl)vl(f) + F (&, =Dpo(n) + FE(E Do (n)
— [F(=1,=)po(n) + F,(~1, Doy (n)] py(&) — [Fg(l, =Dpo(n) + F (1, l)vl(n)] 01(&)
+ [ADFg(—l, Duy(€) + /lché(l, Doy (&) + (1 = Ac)rc F(1, 1)/71(5)] p1(m)

+ A F2(L =1oy(n)py (€). (90)
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Here Fg“(—l, 1) and F;(l, —1) are given in (74a) and (67a), and F%(1,1) is given in (82b). In addition,

an(l’ 1) = Q5 (1) = Spc(Dgy, (1. 1)

+ 0h (D [(1=(1 = 4c)e) 80, D+ (1 = A FUL D] 5 (91a)

FE(L) = %gwu,l)— Sal,a) [05c(D) = 0L, )] [(1- (1= Ae)re) g1 1)

1= Are P, D] = 5 [~ (1] (91b)
FE{(Lm) = Tope(n) = SpcV,E (1) = apc WV E(L 1) (910)
FiE D =Tep® = ScpVE(E D) —acpWep@VEE, 1 (91d)
VEQLm = g = [g(1,=1) = F(L =Dl pgn) = [,(1, D= FE1 D] 0y

= g [g (1, =1 = F(1,=D)] oo = (1 = deore [s1, 1) = FAQ. 1] gy ©1e)
VEL) = g, (L) — [g(1,=1) = F(L=1)] pym) = [,(1, 1) = F£(1, D] o5 )

~ 4 g, (1= = F2(L=D] oh) = (1 = Aere [0, 1) = F(LL D] gy n; (919

VEG D = 86 D~ [8(-1, D) = F-L DIy = (1,10 = FE1 D] 0@

= p [get=1.1) = FE=1.D] 06(@ = ¢ [0 D = FE(L D] 0,@)

— (1= Ac)re [g(1, 1) = (1, )] py(&); (91g)
VEED = g D - [s(-1. 1) = FL D@ - [0, D = FE1 D] )@

= p [g(=1. 1) = FA=1.D] o4& = 4c [g(1. D = FEQL D] 0] @)

- (1= Aoy [g(1, 1) = FO(1, D] (&) (91h)
FS(1L, D = F/(L D = F)(L,D [(1=( = 20)rc) g1, D+ (1 = Ac)rc F(1, D] 5 (91i)
Fg(l, D= F/(1, 1D~ Fg(l, D(1=1=2c)re) g, D)+ = Ac)yc F(, D] . (91j)
This gives rise to the final form for V (¢, n),
V(& n) = g&n — Pg&m+ PF(E, n), (92)

where g(&,7) is a free (arbitrary) function, Pg(&,7) is given by (89), and PF&(&,n) is given by (90).

Theorem 2.4. V (&, 1) given by (92) satisfies the Dirichlet conditions (14a) and (14d) and the Robin conditions (65a) and (72a), for any
g(&,n) therein that is sufficiently differentiable,

Proof. By verification. The verification process relies on the following relations, but is otherwise straightforward albeit a little
cumbersome. These relations are,

5lirgl FEE D =Fi(-1,)=F/(-1,1)= »1113} F,(=1,m), (93a)
lim Ff(1,n) = F5(1,—1) = F.(1,-1) = lim F:(&,-1), (93b)
n—-1"¢ ¢ : Py

lim F8(1,n) = F5(1,1), (93c)
n—1 ¢ 3

gl} Fi, 1= FE(1, D), (93d)
H 14 — 8 — 8

?3} F & =F(1.1)=F, (110, (93e)
H & — 8 — 8

}]lg} F, (Lm=F; (1,1) = F (1, 1), (930)

where Fég(l,n) and Ff(£,1) are defined in (91c) and (91d), FF(1,1) and st(l, 1) are defined in (91i) and (91j), and ngn(l, 1) is defined
in (91a). These relations can be verified to be true by considering different cases such as whether adjacent boundaries are orthogonal
to each other or not at a vertex. []

Remark 2.7. When the domain involves more than two Robin boundaries, at every vertex where two Robin boundaries meet, the
compatibility constraints analogous to the aforementioned ones will apply. At every vertex where a Robin boundary and a Dirichlet
boundary meet, the compatibility constraints analogous to those discussed in Section 2.4.1 will apply. The field function satisfying
these boundary conditions can be formulated in an analogous way based on the four-step procedure.
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Remark 2.8. When the domain involves a combination of Dirichlet, Neumann, and Robin boundaries, at every vertex where a
Robin boundary and a Neumann boundary meet, the compatibility constraints as discussed above for two Robin boundaries will
apply. In this case, the Neumann boundary involved in can be treated as a Robin one with the Robin coefficient a set to zero.

2.5. Enforcing Dirichlet/Neumann/Robin BCs exactly for solving PDEs by extreme learning machine

Let us now assume that the function formulated in Sections 2.2, 2.3 and 2.4 represents the unknown solution field to some given
PDE. Therefore, the Dirichlet, Neumann and Robin boundary conditions involved in the PDE problem will be automatically and
exactly satisfied. Since the free function g(&, ) can be arbitrary, one can choose a function space or use some nonlinear representation
such as artificial neural networks for g(&, 5) to satisfy the PDE, thus giving rise to a specific numerical method. It should be noted that,
regardless of the representation or the numerical method for computing g(&, 5), the Dirichlet/Neumann/Robin boundary conditions
involved in the problem, by formulation, are exactly satisfied.

In this paper we employ the physics informed approach, and a type of randomized neural networks known as extreme learning
machines (ELMs), for representing the free function g(,#) to compute the PDE solution. We refer to [65,73,75,76,92] for more
details on ELM for scientific machine learning. In the following discussion we use a second-order linear boundary value problem
(BVP) to illustrate the ELM technique together with the current method for BC enforcement. A discussion on nonlinear problems
with the current method is provided in a remark at the end of this section.

Specifically, we consider a general quadrilateral domain 2 = ABCD as illustrated in Fig. 1(a) and the following BVP on this
domain,

Lu(x) = f(x), (94a)
Bu(x)|xean = f5(X)s (94b)

where £ is a second-order linear differential operator, u(x) is the unknown field to be solved for, and f(x) and f,(x) represent
prescribed source terms. B is the boundary operator, and Bu(x) represents a set of Dirichlet, Neumann, or Robin type conditions
imposed on different domain boundaries. Since u(x) needs to satisfy the second-order PDE, we assume in this section that each
boundary curve of the domain (x4 5(&), Xgc(n), Xcp(€), X4p(m)) should be sufficiently differentiable.

Since the Dirichlet/Neumann/Robin conditions of (94b) are exactly enforced by formulation, we only need to focus on the
PDE (94a). Employing the map x(&,#), we transform (94a) into

LV (Em = f&Em) = fo(&m. (1) €2y, (95)

where V(&,7) is the transformed field function and is related to u(x) by (12). It should be noted that £ is a differential operator
defined on the physical domain (with respect to x = (x, y)), while V' (&, ) is formulated in terms of the standard domain (with respect
to (&,7)); see Remark 2.9 below for a discussion on the computation of associated terms. The formulations of V (&,7) from previous
sections all have the following form,

V& n) = g&n — Pg&mn+ PFEE, n). (96)
We rewrite the transfinite interpolation therein into two components,
PFE(&,n) = PFE(&,n) + PF(&,n), 97)

where PF8b(&,5) denotes all the terms in PF&(&, ) that involve the free function g(&, %), and PF?(&,n) denotes the rest of the terms.
Note that PF#$" is linear with respect to g, and that PF&® = 0 if the domain involves only Dirichlet boundaries. Eq. (95) then becomes

LVEE, ) = f,(&n) — LIPFY)E,n), (98)

where

VE(E ) = g(&, 1) — Pg(&.n) + PFY (&, n). (99)

To represent g(&,1), we employ a randomized feedforward neural network, whose structure is characterized by an architectural
vector m = [mgy, my,...,m;]. Here (L + 1) (with L > 2) is the depth of the network, and m; denotes the number of nodes in the ith
layer. Layer 0, with m, = 2, represents the input (¢,7), and the last layer, with m; = 1, represents the output g(&, #). Those layers
in between are the hidden layers. Following the ELM convention [73,74], we assign the hidden-layer coefficients (weights/biases)
by random values generated on the interval [-R,,, R,,], where R,, is a user-prescribed constant, from a uniform distribution. Once
the hidden-layer coefficients are randomly assigned, they are fixed throughout the computation. In addition, we require that the
output layer contains no activation, or equivalently with the activation function ¢(x) = x, and has zero bias. In ELM the hidden-layer
coefficients are randomly assigned and non-trainable, and only the output-layer coefficients are trained [73,93].

Then the NN logic of the output layer yields the following relation,

M
gEm =Y Bp,Em =dEnp. (100)
=1

J
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Here M = m;_, is the width of the last hidden layer, ®(¢, %) = (¢, ..., @)) denotes the set of output fields of the last hidden layer,
and B = (f,..., )" denotes the output-layer coefficients, which constitute the set of trainable parameters in ELM.

We train the ELM network to solve Eq. (98) based on a physics informed approach. By choosing a set of Q. collocation points
from the interior of the standard domain, (§;,#,) € Q,, for 1 <i < Q,, and enforcing Eq. (98) on these collocation points, we have

Db
LD, — LOPD)|s ) + LPF )‘

e | B= FalGim) = LPF . 1<i<0, (101)

where we have used (100). In this equation P@ = (Pg,,..., Ppy), and Pg;(& n) is defined in the same manner as Pg(&,n).
PF® = (PF”®, ... PF?mb) and PF?®(,n) is defined in the same manner as PF&%(¢,5). Eq. (101) constitutes a rectangular system
of linear algebraic equations about g, with O, equations and M unknowns. We seek a least squares solution and solve this system
by the linear least squares method [79]. The output-layer coefficients of the ELM network are then set by this least squares solution
for B, completing the NN training. The final solution field to the boundary value problem (94) is computed based on (12) and (96).
Remark 2.9. When implementing ELM for (101), one encounters derivatives like 3—‘5, Z—"y’, ‘;27‘5, and Zzy"z’, where y is a function
defined on the standard domain 2, i.e. y = w(&, ). These terms can be computed using the Jacobian matrix J(&,#) defined in (19)
as follows,

_ F P)

e wl=w: w|I'En C=ly, v é’ D=y, v a_;’ (102a)
[wxx V/xy] T <[W55 '//Erl] _[cr Dr]> Il (102b)
Vxy Wy Ve Wi

where the terms y, v, ¥, ¥, and y,, can be computed either directly or by automatic differentiations of the neural network.

Remark 2.10. After the NN training is complete, when using the form (96) to evaluate the solution field on the boundary test
points, we have observed from numerical simulations that the cancellation error, due to subtraction of nearly equal real numbers in
the terms like (g — Pg), can be notable at isolated boundary points for some problems. For example, when evaluating the boundary-
condition errors using the numerically attained solution, this can lead to errors on the order around 10~'°~10~ at isolated boundary
points, instead of the error levels such as 10716 or lower for the other boundary points. We find that a combination of the following
two measures in implementation can reduce the cancellation error significantly:

» Restructure the computation for terms like (g — Pg) and PF. For example, implementing the terms in (15)-(16b) using the
following equivalent forms essentially eliminates the cancellation error,

g(&n) — Pg(&,m = [g(&n) — g€ —Dao(n) — g(& Dy ()]
— [g(=1.n) — g(=1,=Dy(m) — (=1, 1)p; ()] (&)
— g1, — g(1,=D)gpy(n) — g(1, D ()] (&), (103a)
PFE,n) = [F&—1on) + FE Dy ()]
+ [F(=1,n) = F(=1,=Dy(n) — F(=1,1)p; ()] (&)
+ [F(L,m) = F(1, Do) — F(1, Db, ()] 1 (). (103b)
+ Introduce a small number of collocation points on the Dirichlet boundaries and enforce g(¢,#) = 0 at those points when training
the neural network. Because the V' (¢, ) form, with arbitrary g(&,n) therein, satisfies the BC (94b) mathematically, we have only
employed the PDE (94a) for NN training to determine g(&,#). The g(&, 1) determined in such a way is necessarily not unique.
In practice, the function values for g(¢, ) determined in this way can have large magnitudes, exacerbating the aforementioned
cancellation error issue. We observe that, by additionally introducing a small number (e.g. 3 or 5) of collocation points on
each of the Dirichlet boundary and enforcing g(¢,7) = 0 on these points during NN training, the resultant function values for

g(&,n) will generally involve much smaller magnitudes. This can notably improve the cancellation error. This measure leads
to the following system of equations,

BEB=0. (&) €02, 1<)<Qy, (104)

where 02, denotes the Dirichlet boundary of the domain, and Q,, denotes the number of collocation points on the Dirichlet
boundaries. As such, the final algebraic system for computing f consists of (101) and (104), with N, = (Q, + Q,,) equations
and M unknowns. The least squares solution to this augmented system provides the trained output-layer coefficients of the
ELM network.

We have incorporated these measures into our implementation of the current method in this work. In the Appendix 5.2 we compare
several algorithms for evaluating the TFC expressions to compute the NN solution and discuss the effect of Q,;, on the NN-solution
errors and the boundary-condition errors.

Remark 2.11. Boundary value problems consisting of (94b) (for Dirichlet, Neumann, or Robin conditions) and a nonlinear PDE,

Lu(x) + N () = f(x), (105)
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Fig. 2. Helmholtz equation: Domain geometries (top row) and distributions (contour plots) of the exact solutions (bottom row), (a,f) domain
#1, (b,g) domain #2, (c,h) domain #3, (d,i) domain #4, and (e,j) domain #5. The color bars in the plots denote the solution values. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

where N denotes a nonlinear operator, can be solved using the current method and ELM in an analogous fashion. By employing
the mapping function and the formulation (96) and enforcing (105) on the chosen collocation points, we get

LVEEn) + N (VEEam) + PFAEn)) = ful&n) — LPFOEm),  (E.np) € 2y, (106)
l<i<Q,,

where V& is given by (99) and (100). This is a nonlinear algebraic system about the trainable parameters f, with Q. equations and
M unknowns. We seek a least squares solution and solve this system by the nonlinear least squares (Gauss—-Newton) method [79],
specifically by the NLLSQ-perturb (Nonlinear least squares with perturbations) algorithm from [73]. The output-layer coefficients
are then updated by the least squares solution for g to complete the NN training.

3. Numerical tests

We next present several numerical examples to test the effectiveness of the method from the previous section for enforcing
Dirichlet/Neumann/Robin boundary conditions (DBCs/NBCs/RBCs), using linear and nonlinear PDEs over a number of domains
with complex boundary geometries. These include the 2D Helmholtz equation and the nonlinear Helmholtz equation, which are
time-independent, and the heat conduction equation over space-time domains with deforming or moving boundaries. The domains
involve Dirichlet boundaries, or a combination of Dirichlet boundaries with Neumann or Robin boundaries.

We define the maximum and root-mean-squares (rms) solution errors (e,,,, and e,,) as follows,

N,

@) = max { u(x)) = oy (XD J L ) = 2 |u(x;) = tto ) (107)
N, =

where u(x) and u,, (x) denote the NN numerical solution and the exact solution, respectively, x; denotes the test points, and N, is the

number of test points. By choosing the test points over the entire domain 2 or on a speciﬁc boundary, we can define the maximum

and rms solution errors over the domain (emax, e;(fn ,) or on the boundaries (e.g. emax, erm:’ etc.). The maximum and rms errors for

the solution derivatives (e.g. e, (du/0x), e, (0u/0x), e, (0u/dy), e, (0u/dy)) can be defined in an analogous way. For a given

quadrilateral domain, if the two adjacent boundaries join smoothly at a vertex (with a common tangent), the Jacobian matrix will

become singular at that point. In this case, we exclude such a vertex from the set of test points for computing the maximum/rms

errors of the solution derivatives (du/odx, du/dy).

In addition, we define the maximum/rms boundary-condition errors (see Eq. (94b)),

Ny
Emax = max { |Bu(x;) = f,(x)| },]:bl s Epms = NL Z | Bu(x;) — fb(x,-)|2, (108)
b =1

where x; denotes the boundary test points and N, is the number of such points By choosing the boundary test points from a specific
boundary, we can define the BC errors on specific boundaries (e.g. £42 | 4B etc.), which can be the errors for Dirichlet, Neumann
or Robin conditions imposed there. Unless otherwise specified, we employ N, = 101 x 101 test points (uniform grid points in the
standard domain &) for computing ¢ and ¢2 , and N, = 101 or N, = 101 test points (uniform grids on each edge of Q) for
computing the boundary-condition errors or the boundary solution errors (smax, eﬁfs , e,ﬁfx, eAB | etc.).

In all the numerical simulations of this section, we employ an ELM network architecture m = [2, M, 1] for representing the free
function g(&,7n), where M is the number of hidden-layer nodes, with the Gaussian activation function ¢(x) = e . The hidden-layer
coefficients are assigned to uniform random values generated on [-R,,, R,,], with the constant R,, determined by the differential
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Fig. 3. Helmholtz equation (Dirichlet BCs on all boundaries): Distributions (contours) of the NN solutions (top row) and their point-wise absolute
errors (bottom row) on the five domains. Simulation parameters: Domain #1, R,, = 4.62, Q = 70, M = 800; Domain #2, R,, = 4.0, Q = 65, M = 800;
Domain #3, R,, =4.57, Q =65, M = 800; Domain #4, R,, = 3.53, Q = 60, M = 800; Domain #5, R,, =4.17, Q = 65, M = 800. The color bars in
the top-row plots denote the solution values, and those in the bottom-row plots denote values of the absolute errors. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

evolution algorithm from [75]. We employ N, = (Q X O + Q) collocation points (i.e. O, = Q x Q) for training the ELM. Here
Q is the number of collocation points (uniform grid points) along each direction in the interior of the standard domain, and Q,,
is the number of points on the Dirichlet boundaries for enforcing the condition g(£,#) = 0 as discussed in Remark 2.10. Unless
otherwise specified, we employ Q,, = 16 if the domain has all Dirichlet boundaries (3 uniform grid points on each boundary plus
4 vertices), Q4 = 19 if the domain has a Neumann or Robin boundary with the rest being Dirichlet boundaries (5 uniform points
on each Dirichlet boundary plus 4 vertices), and Q,, = 23 if the domain has two Neumann boundaries with the rest being Dirichlet
boundaries (10 uniform grid points on each Dirichlet boundary plus 3 vertices). The Appendix 5.2 provides a study of the effect
of Q4 on the NN solution and boundary-condition accuracies. The values for R,, O and M will be provided in the following
discussions. We employ (9) for the domain mapping in the numerical simulations, unless otherwise noted. Our implementation of
the method and the neural network is in Python, based on the Tensorflow and Keras libraries. A fixed random seed value 10 has
been used for the random number generators in all the numerical simulations.

3.1. Helmholtz equation

In the first test we consider the five domains depicted in Fig. 2 (top row) and investigate the boundary value problem with the
Helmbholtz equation on these domains,

u | %u
ﬁ + ﬁ — 100u = f(x, y), (109a)
Bu(x, Y)|(x,pean = fo(x: 1) (109b)

where u(x, y) is the unknown field to be computed, f and f, are the source terms, and the boundary operator /3 denotes Dirichlet,
Neumann, or Robin conditions on different boundaries. The specific geometric parameters for these domains (boundary curves,
vertices) are provided in the Appendix 5.1. We choose the source terms appropriately such that the problem has the following exact
solution for different boundary conditions,

u(x,y) = — [2005 (%n’x + %75) + % cos (37tx - %)] [2005 (%n’y+ %75) + % cos (3zry— %)] . (110)
Distributions of the exact solution on different domains are shown in Fig. 2 (bottom row).

We first consider Dirichlet conditions for all boundaries of these domains. Distributions of the ELM solution over the five domains
are shown in Fig. 3 (top row), and their point-wise absolute errors are also included (bottom row). The values for the simulation
parameters R,,, O and M are provided in the figure caption. The error levels of the ELM solution differ on different domains, with
the maximum error generally ranging from 10~° to 107> in these simulations.

The boundary-condition errors of the ELM solution for the five domains are illustrated in Table 3. This table lists the maximum
and rms DBC errors (g,,,,, &,,;) on different boundaries (AB, BC, CD, AD), together with the maximum/rms errors of the NN
solution and its derivatives (u, du/dx, du/dy) over the domains. The simulation parameters for this table follow those of Fig. 3. It is
evident that the current method has enforced the Dirichlet BCs on these domain geometries to the machine accuracy. The error of
the solution derivatives is approximately one to two orders of magnitude higher than that of the NN solution.
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Table 3
Helmbholtz equation (Dirichlet BC on all boundaries): maximum and rms errors (e 2 ) of the NN solution and its derivatives (u, du/dx, du/dy)

4
max> ~rms

over the domain, and the maximum and rms DBC errors on the four boundaries (48 , gAB | gBC | ¢BC " cCD " cCD " eAD " cADY Gimylation parameters
max® Erms? Emax? Erms> Emax> Erms? Emax> Erms
follow those of Fig. 3.

Domain #1 Domain #2 Domain #3 Domain #4 Domain #5
max-error-u (domain) 1.622 x 1073 1.298 x 1077 1.463 x 1076 1.122x 1078 4.443 x 107°
rms-error-u (domain) 3.297 x 107° 2.987x 1078 2.776 x 1077 3.038 x 107° 1.060 x 10~
max-error—i‘; (domain) 3.515% 1073 7.239 x 1073 9.867 x 1074 1.415%x 107 3.475%x 107
rms-error- (domain) 2.265x 107* 5.400 x 1076 4.600 x 1073 1.172 x 1077 2.320x 1077
max-error—% (domain) 3.169 x 1073 6.733x 1073 1.318 x 1073 1.589 x 107° 1.783 x 107°
rms-error»%; (domain) 2.448 x 1074 4323 x10°° 8.316 x 10~ 1.208 x 1077 1.421 x 1077
max DBC-error (AB) 0.0 0.0 0.0 0.0 0.0
rms DBC-error (AB) 0.0 0.0 0.0 0.0 0.0
max DBC-error (BC) 4.441 % 10716 4.441%x 10710 8.882 x 1071 4.441x 1071 1776 x 10715
rms DBC-error (BC) 1.302 x 10~'¢ 1.305 x 10~'¢ 2.242 x 107'° 1.968 x 10~'¢ 3.513x 10710
max DBC-error (CD) 0.0 0.0 0.0 0.0 0.0
rms DBC-error (CD) 0.0 0.0 0.0 0.0 0.0
max DBC-error (AD) 8.882x 10716 1.776 x 10715 1.776 x 10715 8.882x 10716 8.882x 10716
rms DBC-error (AD) 3.418 x 10710 3.955 x 10716 4,159 x 10710 2.661 x 10710 1.768 x 10710

25¢-

LoUhbdhawa

LbobUdbiawa

Fig. 4. Helmholtz equation (Neumann or Robin BC on boundaries): Distributions of the NN solutions (top row) and their point-wise absolute
errors (bottom row) on domain #1. (a,d) Case #1: NBC on R, and DBCs on the other boundaries. (b,e) Case #2: RBC (« = 1.0) on R, and
DBCs on the other boundaries. (c,f) Case #3: NBCs on BC and CD, and DBCs on the other boundaries. Simulation parameters: R,, = 5.0, Q =70,
M = 950 for all cases. The color bars in the top-row plots denote the solution values, and those in the bottom-row plots denote values of the
absolute errors. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

We next consider Neumann and Robin conditions on the domain. Fig. 4 and Table 4 illustrate the ELM results obtained for a
combination of Dirichlet conditions with Neumann or Robin conditions. Fig. 4 shows the NN solutions (top row) and their point-
wise errors (bottom row) for three cases. In case #1 (plots (a,d)), Neumann condition is imposed on the boundary ‘BC and Dirichlet
conditions are imposed on the other boundaries. In case #2 (plots (b,e)), we impose the Robin condition (64b) with ap- = 1 on
B_C, with the rest being Dirichlet boundaries. In case #3 (plots (c,f)), we impose Neumann conditions on the boundaries ‘BC and
CD, and Dirichlet conditions on the other boundaries. The simulation parameter values are specified in the figure caption. The plots
indicate that the largest solution errors generally occur on or near the Neumann or Robin boundaries, while the NN solution error is
generally much smaller on the Dirichlet boundaries and in the interior of the domain. The maximum solution error over the domain
is on the order of 107> for these cases.

Table 4 lists the maximum and rms boundary-condition errors for different boundaries of these three cases (¢,,,., €.s), together
with the maximum/rms errors (e, , e? ) of the NN solution and its derivatives (u, du/dx, du/dy) over the domain. Note that the

I max’ ~rms —
error on BC stands for the RBC error for case #2 and the NBC error for cases #1 and #3, and that the error on CD stands for the
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Table 4

Helmbholtz equation on domain #1 (Neumann or Robin BCs): maximum and rms errors of the NN
solution and its derivatives (u, du/0x, du/dy) over the domain, and the maximum and rms boundary-
condition (DBC, NBC, RBC) errors on the boundaries. Different cases correspond to those in Fig. 4.

Case #1 Case #2 Case #3

max-error-u (domain) 4.536 x 1073 4217 x 1075 8.295 x 1073
rms-error-u (domain) 3.775x 107 3.420x 1070 8.818 x 107°
max-error-% (domain) 5.336x 1074 4981 x 10~* 9.780 x 1074
rms-error-% (domain) 4.964 x 1073 4.698 x 1073 8371 x 1073
max-error-% (domain) 1.236 x 1073 1.255% 1073 9.092 x 107*
rms-error-% (domain) 8.272 x 1073 8.462 x 1075 7.955 x 102
max DBC-error (AB) 0.0 0.0 0.0

rms DBC-error (AB) 0.0 0.0 0.0

max NBC- or RBC-error (BC) 1421 x 10714 1421 x 1071 1421 x 1071
rms NBC- or RBC-error (BC) 3.614 x 10715 4.180 x 1015 4.154 x 10715
max DBC- or NBC-error (CD) 0.0 0.0 1421 x 1071
rms DBC- or NBC-error (CD) 0.0 0.0 3.065x 10713
max DBC-error (AD) 8.882x 10710 8.882x 10710 1.776 x 107'3
rms DBC-error (AD) 2.947 x 10710 2.947 x 10710 5.738 x 107'°

1) &

S e -

Fig. 5. Nonlinear Helmholtz equation: Domain geometries (top row) and distributions of the exact solutions (bottom row), (a,e) domain #1,
(b,f) domain #2, (c,g) domain #3, and (d,h) domain #4. The color bars denote the solution values. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

NBC error for case #3 and the DBC error for cases #1 and #2. The data show that the current method has enforced the Dirichlet,
Neumann, and Robin boundary conditions to the machine accuracy.
3.2. Nonlinear Helmholtz equation

We next investigate the boundary value problem with the 2D nonlinear Helmholtz equation on the four domains 2 as depicted
in Fig. 5 (top row),

2 2
S O 2044 10c0s(2u) = f(x, 9), (111a)
0x2  0y?

Bu(x, y)(x,peae = fo(x, ), (111b)

where u(x, y) is the field function to be computed, f and f, are source terms for the PDE and the boundary conditions, and B again
denotes the Dirichlet, Neumann or Robin boundary conditions. The geometric parameters for these domains are specified in the
Appendix 5.1. We set the source terms appropriately for different boundary conditions such that the problem has the following
exact solution,

0o ) = dcos [% (x- 43‘1)2] cos [% (»- éﬂ- (112)
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Fig. 6. Nonlinear Helmholtz equation (Dirichlet BC on all boundaries): Distributions of the NN solutions (top row) and their point-wise absolute
errors (bottom row) on the four domains. Simulation parameters: (a,e) R,, = 4.0, O =50, M = 1000. (b,f) R, = 4.5, Q =55, M = 1000. (c,g,d,h)
R, =55, Q0 =60, M =1000. Q,, = 8 (see Remark 2.10) for all domains. The color bars in the top-row plots denote the solution values, and
those in the bottom-row plots denote values of the absolute errors. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

Table 5
Nonlinear Helmholtz equation (Dirichlet BC on all boundaries): maximum and rms NN-solution errors over the
domain, and the maximum and rms DBC errors on the four boundaries. Simulation parameters follow those of Fig.

6.

Domain #1 Domain #2 Domain #3 Domain #4
max solution-error (domain) 2.544 % 107° 8.948 x 1077 4.475%x 1077 4.808 x 1077
rms solution-error (domain) 4359 x 10710 2.099 x 1077 7.637 x 1078 1.118 x 1077
max DBC-error (AB) 0.0 0.0 0.0 0.0
rms DBC-error (AB) 0.0 0.0 0.0 0.0
max DBC-error (BC) 8.882x 10716 4.441 x 10710 5.551 x 10716 4.441 x 10710
rms DBC-error (BC) 2.303 x 10710 1.662 x 1071° 2,075 x 10710 1.615x 1071°
max DBC-error (CD) 0.0 0.0 0.0 0.0
rms DBC-error (CD) 0.0 0.0 0.0 0.0
max DBC-error (AD) 4.441 x 10710 4.441 x 10710 4.996 x 1071° 4.441 x 10710
rms DBC-error (AD) 2.169 x 10716 1.171 x 107'° 1.995 x 10710 2.014 x 1071°

Fig. 5 (bottom row) shows distributions of the exact solution over these domains.

For domains #1 and #4 (Fig. 5a and d), we employ the function in (9) to map the problem domain £ to the standard domain
Q,,. This function, however, fails to produce a univalent map for domains #2 and #3. In the following simulations we employ the
following mapping function for domains #2 and #3,

X(&.n) = X p(M@y(&) + Xpc (M@ (&) + X4 5(E)m () + X p(E)mr (1) + X, @ (&) (1)
- [XAwo(f) + ngz(f)] wy(n) — [Xowo(f) + chz(f)] @, (). (113)

Here x; = (0,0) denotes the geometric center of the domains #2 and #3, and w;(¢) (i = 0, 1,2) denote the Lagrange polynomials
defined on the points {—1, 0, 1}, as given by

@) () = %é(é D m@=>0+90-9, (&)= %§(§+ D, ¢el-L1]. 114

The ELM simulation results with Dirichlet conditions on all domain boundaries are illustrated in Fig. 6 and Table 5 for different
domains. Fig. 6 shows distributions of the NN solutions (top row) and their point-wise absolute errors (bottom row) for these four
domains. These results are obtained using the simulation parameter values as given in the figure caption. The results indicate that
the current method has captured the solution accurately on these domain geometries, with the maximum ELM error on the order
of 1077 or 1072 for different domains.

Table 5 is an assessment of the boundary-condition errors on different boundaries, as well as the solution errors, for these four
domains. The DBC error is exactly zero on some boundaries (AB and CD), and has a maximum on the order of 10~16 on the other
boundaries (BC and AD). Our method has evidently enforced the boundary condition to the machine accuracy on these complex
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Fig. 7. Nonlinear Helmholtz equation (Neumann or Robin BCs): Distributions of the NN solutions (top row) and their point-wise absolute errors
(bottom row) on domain #1. (a,d) Case #1: Neumann condition on ‘BC and Dirichlet condition on the other boundaries. (b,e) Case #2: Robin
condition (« = 1.0) on ‘BC and Dirichlet condition on the other boundaries. (c,f) Case #3: Neumann condition on BC and ﬁ, and Dirichlet
condition on the other boundaries. Simulation parameters: (a,d) R, = 4.0, O = 60, M = 1000. (b,e) R,, = 3.5, O = 60, M = 1000. (c,f) R,, = 2.5,
Q =60, M = 1000. The color bars in the top-row plots denote the solution values, and those in the bottom-row plots denote values of the absolute
errors. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 6

Nonlinear Helmholtz equation on domain #1 (Neumann or Robin BCs): maximum and rms NN-
solution errors over the domain, and the maximum and rms boundary-condition (DBC, NBC, RBC)
errors on different boundaries. The three cases correspond to those in Fig. 7 for different types of
boundary conditions.

Case #1 Case #2 Case #3

max solution-error (domain) 2.133x 1078 1.045 % 1078 4.709 x 108
rms solution-error (domain) 2.498 x 10~ 1.367 x 10~ 7.885 x 10~
max DBC-error (AB) 0.0 1.388 x 10710 0.0

rms DBC-error (AB) 0.0 6.418 x 10717 0.0

max NBC- or RBC-error (BC) 5329 x 10715 6.217 x 10715 7.105 x 10715
rms NBC- or RBC-error (BC) 1.540 x 10713 2.198 x 10713 1.994 x 1013
max DBC- or NBC-error (CD) 0.0 1.110 x 10716 6.217x 1071
rms DBC- or NBC-error (CD) 0.0 4.893 x 107" 1702 x 10715
max DBC-error (AD) 6.661 x 10716 6.661 x 10716 4.441 x 10716
rms DBC-error (AD) 2.534 % 10716 2.534 % 10716 1524 x 10716

boundaries. The NN solution error ranges from 10~ to 107 on these domains. The error for the solution derivatives is generally
one to two orders of magnitude larger than the NN-solution error.

In Fig. 7 and Table 6 we demonstrate the ELM simulation results obtained with Neumann or Robin boundary conditions. Fig.
7 shows the ELM solution and its point-wise absolute error on domain #1 for three cases: (i) Neumann condition imposed on BC
and Dirichlet conditions imposed on the rest of the boundaries (plots (a,d)), (ii) Robin condition with ap- = 1 imposed on ‘BC and
Dirichlet conditions imposed on the rest of the boundaries (plots (b,e)), and (iii) Neumann conditions imposed on ‘BC and CD and
Dirichlet conditions imposed on the rest of the boundaries. The simulation parameter values for each case are provided in the figure
caption. It is observed that the ELM solution is highly accurate, with the maximum errors on the order of 10~8 for all cases.

Table 6 demonstrates the accuracy of the current method for enforcing different types of boundary conditions. Here we list the
boundary-condition errors (¢,,,y, €.,s) On different boundaries for the three cases in Fig. 7, together with the maximum/rms NN-
solution errors over the domain. The maximum boundary-condition error is on the order of 10~1> or 10716, and on some boundaries
it is exactly zero. These results demonstrate that our method has enforced the Dirichlet, Neumann, and Robin conditions to the
machine accuracy for this nonlinear problem.
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Fig. 8. Heat equation on deforming/moving domains: space-time domain geometries (top row) and distributions (contours) of the exact solutions
(bottom row). (a,d) Domain #1 (deforming spatial domain); (b,e) Domain #2 (moving spatial domain); (c,f) Domain #3 (another moving spatial
domain). The color bars denote the solution values. (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

3.3. Heat conduction on moving/deforming domains

In the next example we investigate the heat conduction problem on a spatial domain that deforms or moves over time.
Specifically, we consider a time-dependent domain in 1D, Q(¢) = [a(¢), b(r)], and the heat conduction equation on Q(z),

% - v% = [0, x € Q) =[a),b®)], 1€ [0,1,], (115a)
wa(o), ) = u 1), 1 €0,1/], (115b)
u(b(®),t) = uy (@), te[0,1/], (115c¢)
u(x,0) = u;,(x),  x € [a(0), b(0)] = [x,, x,]. (115d)

In the above equations, u(x,?) is the field function to be computed, v = 0.005 is the diffusion coefficient (thermal diffusivity), ¢ r
denotes the time horizon of the problem, and f(x,¢) is a source term. u,(r) and u,(¢) are prescribed boundary conditions, and u;,(x)
denotes the initial condition. [x,, x;,] denotes the initial domain (at = 0). It is assumed that the prescribed boundary and initial
conditions are compatible, namely, u;,(x,) = u,(0) and u;,(x;) = u,(0). We choose the source term f(x,7) and the boundary/initial
conditions appropriately such that this problem has the following exact solution,

u(x,t) = [2c0s(0.757x + 0.427) + 1.5cos(1.57x — 0.227)] - [2cos(0.75x1t + 0.427)
+1.5cos(1.5z1 = 0.227)] . (116)

We consider the following three specific domains for this problem:

» Domain #1 is defined by
a(t) = x,(1 = t/t;) +x4(t/t ;) +0.25 [1 — cos2nt /1 )] , (117a)
b(t) = x,(1 = t/17) + x,(t/1;) — 025 [1 = cos(2xt /1 ;)] , (117b)
with the parameter values
x, =05 x,=20, x,=15 x;,=025 t;=30. (118)

This is a deforming spatial domain, and is shown in Fig. 8(a) as a space-time domain.
+ Domain #2 is defined by

a(t) = x,(1 = t/t7) + x4/t ) + 0.15 [cos(@mt /1 ;) — 1], (119a)
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Fig. 9. Heat equation on deforming/moving domains: Distributions of the NN solutions (top row), and their point-wise absolute errors (bottom
row) for domains #1 (a,d), #2 (b,e) and #3 (c,f). Simulation parameters: Domains #1 and #3, R,, = 4.0, O = 100, Q,, = 7, M = 1000; Domain
#2, R, = 5.5, Q =100, Q,, =7, M = 1000. The color bars in the top-row plots denote the solution values, and those in the bottom-row plots
denote values of the absolute errors. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)

Table 7

Heat equation on deforming/moving domains: the maximum and rms NN solution errors over the
space—time domain and on the boundary CD, and the maximum and rms boundary/initial condition
errors on AB, BC, and AD. Note that Dirichlet conditions are imposed on AB, BC and AD of the
space-time domain, and that no boundary condition is imposed on CD. Simulation parameters follow
those of Fig. 9.

Domain #1 Domain #2 Domain #3
max solution-error (domain) 6.083x 1078 7.503 x 1073 1.736 x 10~°
rms solution-error (domain) 1.712x 1078 1.401 x 10-¢ 3.208 x 10710
max BC-error (AB) 0.0 0.0 0.0
rms BC-error (AB) 0.0 0.0 0.0
max BC-error (BC) 8.882 % 10716 8.882 x 10716 8.882 x 1071
rms BC-error (BC) 1.983 x 10710 3.436 x 10710 3.743 x 10710
max solution-error (CD) 6.537 x 107 3.875x 1076 3.662 x 107!
rms solution-error (CD) 2.765 x 1070 1.960 x 1076 1.711 x 1071
max BG-error (AD) 1.776 x 10715 2.220 x 10716 4.441 x 10716
rms BC-error (AD) 4.842 x 10716 7.842x 10717 5.925x 10717
b(t) = a(t) + (x), — x,), (119b)
with the parameter values
x, =125 x,=175 x,=025 ;=30 (120)

This is a moving spatial domain, and is shown in Fig. 8(b) as a space-time domain.
» Domain #3 is defined by

a(t) = x,(1 =1/t ;) +x4(t/t;) = 0.15 [1 — cos2mt /1 )] , (121a)
b(1) = a(t) + (xp = x,), (121b)

with the same parameter values as given in (120). This is another moving spatial domain and is shown in Fig. 8(c).
Distributions of the exact solution (116) over these domains are included in Fig. 8 (bottom row).
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We solve this problem by a space-time approach and treat the time variable ¢ on the same footing as the space variable x. The
boundary conditions (115b)—(115c¢) and the initial condition (115d) all become Dirichlet type conditions imposed on the boundaries
AB, BC and AD of the space-time domain D = ABCD = [a(t), b(1)] X[0, 1] (see Fig. 8). No condition is imposed on the boundary CD.
These boundary conditions are enforced exactly using the method from Section 2.2, with a modification by removing the Dirichlet
condition on CD from the formulation therein.

Fig. 9 shows distributions of the ELM solutions (top row) and their point-wise absolute errors (bottom row) in the space-time
plane for these three domains. The simulation parameter values are provided in the figure caption. The NN solutions on domains #1
and #3 are more accurate, with the maximum errors on the order of 10~ and 107, respectively, compared with that on domain
#2, with the maximum error around 107>,

Table 7 demonstrates the accuracy of the current method for enforcing the boundary conditions with this problem. Here we list
the maximum,/rms boundary-condition errors on AB, BC and AD of the space—time domain, together with the NN solution errors
on CD and over the entire domain. It is evident that our method has enforced the boundary conditions to the machine accuracy
for this problem with moving/deforming boundaries. The NN has captured the solution in the space-time domain accurately. The
errors of the solution derivatives (du/dx, du/dt) are at a level one to two orders of magnitude higher than that of the NN solution

(w).

4. Concluding remarks

We have developed a systematic method for enforcing exactly the Dirichlet, Neumann, and Robin type boundary conditions
on general quadrilateral domains with arbitrary curved boundaries. The method consists of two components, an exact mapping of
general quadrilateral domains to the standard domain and a four-step procedure to systematically formulate the general forms of
trial functions that exactly satisfy the imposed Dirichlet/Neumann/Robin conditions, both utilizing transfinite interpolations and
TFC constrained expressions in their construction.

The constructed general forms of trial functions satisfying the imposed boundary conditions are in parametric forms, expressed
with respect to the standard domain. When only Dirichlet boundaries are involved, the formulation is conceptually straightforward
by leveraging the domain mapping. When Neumann or Robin type boundaries are present, the formulation becomes significantly
more challenging. We formulate the general forms of trial functions for exact BC enforcement through a procedure consisting of
four steps: (i) Identify the set of variables that the transformed boundary conditions and the compatibility constraints induced by
these conditions are imposed on; (ii) Construct the transfinite interpolation for the types of identified variables; (iii) Formulate the
preliminary TFC constrained expression based on this transfinite interpolation; (iv) Update terms of the transfinite interpolation by
corresponding terms involving the free function from the preliminary TFC expression, thus giving rise to the final TFC form as the
constructed trial function.

When Neumann (or Robin) boundaries are present, employing the four-step procedure, we have analyzed and presented in detail
the formulation for two types of situations: (i) when a Neumann (or Robin) boundary only intersects with Dirichlet boundaries, and
(ii) when two Neumann (or Robin) boundaries intersect with each other. When the quadrilateral domain involves a combination of
Dirichlet, Neumann, and Robin boundaries and if multiple Neumann or Robin boundaries are present, the formulation either falls
into or can be constructed based on the two aforementioned situations. In this case, at every vertex where two Neumann (or Robin)
boundaries meet or where a Neumann (or Robin) boundary and a Dirichlet boundary meet, the compatibility constraints and the
corresponding constructions for handling such constraints analyzed herein will apply. The overall formulation can be constructed
analogously based on the four-step procedure.

The presented method for exact BC enforcement has been implemented together with the ELM technique for physics-informed
machine learning. Extensive numerical experiments are conducted for several linear or nonlinear, stationary or dynamic, bound-
ary/initial value problems on a variety of domains with complex geometries. The numerical results demonstrate that the current
method has enforced the Dirichlet, Neumann, and Robin conditions to machine precision on curved domain boundaries.

How to enforce Dirichlet, Neumann, and Robin type conditions exactly on complex domain geometries is a central challenge
in scientific machine learning. The method developed in this work constitutes only a preliminary step toward that objective. The
present formulations are based on two-dimensional quadrilateral domains and thus inevitably entail certain geometric limitations.
More specifically, the current method applies to two-dimensional simply-connected domains with piecewise smooth (or sufficiently
smooth) boundaries, provided that the number of boundary segments does not exceed four. When mixed boundary conditions are
imposed in a piecewise manner along a single smooth boundary segment, the number of admissible pieces is further reduced. As a
result, the method faces difficulties for more general two-dimensional geometries, such as general polygons or multiply connected
domains. The extension of the formulation to non-regular geometries in three dimensions is relatively straightforward for Dirichlet
boundary conditions, but considerably more challenging for derivative-based boundary conditions, such as Neumann and Robin
types. We are actively pursuing research along these lines and expect to report our findings in due course through other venues.

It is instructive to compare the present method with other exact or hard-constraint BC enforcement techniques in the literature.
Table 8 provides such a comparison, summarizing representative existing strategies for exact or hard BC enforcement, together
with the method developed here, across several criteria, including BC type, domain complexity, boundary regularity requirements,
corner compatibility treatment, implementation complexity, and other notable strengths or limitations. Hard-constraint techniques
differ mainly in how they trade off exactness, geometric flexibility, regularity requirements, and implementation effort. Exact trial-
space methods, including classical liftings, hard ansatz embeddings, and distance-function constructions, obviate BC loss terms and
usually deliver the best Dirichlet accuracy. But they do so by shifting difficulty to the design of the admissible representation. In
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Comparison between the current method and other representative exact or hard-constraint BC-enforcement strategies from the literature in terms
of the BC focus, domain complexity, boundary regularity requirement, corner compatibility handling, implementation complexity, and other
notable properties or limitations.

Method BC focus Domain Boundary Corner Implement Notable property  Limitations,
complexity regularity compatibility complexity other notes
Classical Mainly DBC; Simple domains; Requirement Not built in Low to Foundational Limited
lifting/trial some mixed BCs some extension moderate for moderate geometry
functions [9,45] to irregular DBC, higher for generality
boundaries derivative BCs
Hard ansatz Mainly DBC; Moderate; Problem- Not built in Moderate Clean Best when ansatz
embedding some other BC depends on dependent; hard-embedding construction is
[47,48] types output transform  Requirement philosophy simple
grows with PDE
order
Penalty-free or Mainly DBC; Complex Requirement Not built in Moderate to Weak form Specialized to
weak approach weak treatment geometries; weak  lower than high lowers derivative  second-order
[20,46] for other types form settings strong-form burden problems
methods
Distance Strongest for Moderate to Requirement Not built in, Moderate to Geometry aware,  Nontrivial
function DBC; with NBC complex higher for delicate high, problem approximate geometry
methods and RBC geometries derivative BCs dependent distance function  preprocessing
[52-54] and higher order based

PDEs

TFC constrained Linear equality Mainly regular Requirement Not built in; Moderate to Exact analytic Regular domain
expressions BCs geometries moderate to requires high; BC embedding geometry
[60-62] high, depends on  separate algebraically
PDE order treatment heavy
Specialized Mainly NBC; Regular or Requirement Not built in, Moderate to Promising Less mature than
techniques also DBC/RBC complex high delicate high derivative BC exact DBC
[49,70] domains enforcement methods
Current method DBC, NBC, RBC Moderately Requirement Built-in corner Higher, Numerical Limited to
complex moderate to compatibility algebraically machine curvilinear
geometries high, depends on heavier than accuracy for quadrilateral
PDE order regular complex domains
geometries geometries

particular, distance-function based methods are the most geometry-aware and offer a strong option for exact Dirichlet enforcement
on smooth to moderately complex domains, whereas TFC constrained expressions are analytically elegant but most natural on regular
domains. Across these methods, corner compatibility and derivative-based constraints remain delicate, since exact embedding does
not eliminate singularities or incompatibilities already present in the boundary data. By contrast, the current method incorporates
corner-compatibility constraints directly into the construction of the exact trial ansatz for Dirichlet, Neumann, and Robin conditions
on moderately complex geometries, and enforces these BCs to numerical machine precision. At the same time, the formulation also
reveals its own limitation: the method is restricted to curvilinear quadrilateral domains.

This table also shows that weak-form constrained formulations occupy a complementary regime. Penalty-free or weak variational
approaches, such as PFNN [46] and related methods, reduce regularity demands and are attractive for second-order problems on
complex geometries, although they are typically more specialized and less universal than exact strong-form embeddings. Overall,
the most established hard-constraint results remain those for Dirichlet boundary conditions, while exact treatment of Neumann
and Robin conditions is advancing rapidly. Corner handling and robust deployment on genuinely complex geometries remain the
principal open challenges in the current literature.
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Appendix 5

5.1. Geometric domain parameters

Section 3.1: Helmholtz Equation

Domain #1:
Vertices: x, = (0.25,0.25), xz = (2.5,0.0), xc = (2.0,2.5), xp = (0.0, 1.5).
Edges:
X48(8) = X4$0(&) +xp¢1 (&) — (0, (&), Se[-L1], (122a)
Xpc(n) = Xgdo() +Xch1(n) + (h(n),0), n €[-1,1], (122b)
Xcp(&) =Xpgo(&) +xcd(§) — (0, h(E)), Sel-1.1], (122¢)
X4p(N) =X4Po(n) +xpPp1 (M) — (h(n),0), ne[-1,1], (122d)
where ¢ (&) and ¢, (&) are defined in (7), and h(&) = —0.15[1 + cos(x¢)] for & € [-1,1].
Domain #2:

This domain is formed by a unit circle centered at (1, 0), subtracting a second unit circle centered at (2,0).

Vertices: x4 = (%—4), xp = (1,0), xp = <§, ﬁ), xp = (0,0).

2’72

Edges:
X48(8) = (2,0) + (cos 04 5(£),5in0,45()),  O4p(8) = —z?ﬂd)o(f) —7¢(§), fel-1.1] (123a)
Xpc(m) = (2,0) + (cos Opc (), sinOpc (), Opc(n) = () + %ﬁqﬁl(n), ne[-11]; (123b)
Xcp(€) = (1,0) + (cos O¢cp(£), sinOcp(£)),  Ocp(&) = mdhy(&) + %(bl(é), sel-L1f (1230)
X4p(M) = (1,0) + (cos O, p(n),sin 04 p (1)), O4p(n) = —gtﬁo(ﬂ) —zpi(m), nel-11]. (1234d)

Domain #3:

Vertices: x, = (—%—%) Xp = (%,—‘/75), Xc = (Tz 72> Xp = (—\/75, %5).

Edges:

aup .
X458 = [1 = 52 (1+ cos(r)] (c0s 0,15(8).5in 0,450,

0450 =~ - Zh©), =025 cel-1 1} (124a)
xpc() = [1= 2€ (1 + cos(rn)| (cos 0c(n).sin O (),
Opc(n) = =Zbo) + T10). apc =04, nel-11k (124b)
xen(@ = 1= Z52 (1+ cos(x)| (05 0@, sin 6 p @),
8cp(&) = %‘ﬁo(ﬁ) + 201, acp =03, fel-L1J (1240)
X4p(n) = (cos O, p(m),sinb 4 p (M),  0,p(n) = %ﬂcbo(n) + %Tﬂdh(ﬂ), nel-111 (124d)
Domain #4: o L
This domain is formed by two straight sides (AB and AD) and an elliptic arc (BCD).
Vertices:
x, = (0,-1.35), xpz= <0.95(:os (2—;’) ,0.55 + 0.6 sin (2—2)) 125
xe = (0,1.15), xp, = (—0.95cos (g—”) ,0.55 + 0.6 sin (g—’g» .
Edges:
X45(8) = X400 +x5¢1(H), ¢e[-1.1] (126a)
xpc(m) = (0.95cos Opc(1),0.55 + 0.65in O (n)), Opc () = g—ztﬁo(ﬂ) + %451 (m, nel-1,11; (126b)
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31
3—6"¢0<§)+ gqsl(z:), cel-1,1% (126¢)

Xsp(M) = X4P9(n) +xpd (), ne€[-1,1]. (1264d)

Xep (@) = (0.95 cos 8¢ p(£),0.55 + 0.6 sin O p (£)), O p(&) =

Domain #5:
This is a triangle with vertices at A, B and D. C is the mid-point of BD.

Vertices: x4 = (0,0), xz =(2,0.2), xc = (1.3, 1), x, = (0.6, 1.8).

Edges:
X48(5) =X4P0(&) +xp¢1(H), £e[-115; (127a)
Xpc(n) = Xpo(n) +Xch (), n€[-1,1]; (127b)
Xcp(&) = xpdo(&) +xcp(§), Sel[-1,1]; (127¢)
X4p(M) = X4P9(m) +xpPy (1), nel-1,1]. 127d)

Section 3.2: Nonlinear Helmholtz Equation

Domain #1:
Vertices:
197 . (197
x, =(-0.25,0.25), xp=(cos(—=—)—0.25,sin|{ =—)—-0.75),
A B < (29{) <i0> ) (128)
Xc = (=0.25,-1.75), xp = (cos (%) ~0.25,sin (%) - o.75> .
Edges:
X45(&) = (=0.25,-0.75) + (cos 0 4 (&), sin 04 5(&)) ,
045 = T+ 0@, e l-11k (129a)
19 . /19 .
Xpe(n) =2 [(cos (2_(;r> ,sin <2—g>> do(n) + (0, —1)471(71)] - (COS Ogc(n), sm&BC(rl))
+(-025,-075), Opctn = g0+ Lyt nel-1,15 (129b)
Xep(@) =2 [(cos (2”—0) ,sin (2”—0)) bo(&) + (0, —1)¢1(§)] — (c0s 0 p(&), sin O p())
+(=0.25,-0.75), Ocp(d) = %tﬁo(éf) - %051(5), cel-1,1]; (129¢)
X4p(n) = (=0.25,-0.75) + (cos 6 4 p(n),sin 6 4 p (1)) ,
Oap() = Sbom) + 5y n € =111, (129d)
Domain #2:
Vertices: x, = (%5—%5), Xp = <\/TE 72>, Xc = <—‘/7572>, Xp = (-‘/TE—\/TE>
Edges:
X&) = [1+0.6c08(20 4 5(8))] (cos 045(&),5in 0, 5(&)) ,
04p& = =T boO+ 7. E€l-L1k: (130a)
Xge(m) = [1 +0.6cos(20pc ()] (cos Opc(n), sin O () .
Opct) = Zgo + Ly, n e [-1,1% (130b)
Xep(©) = [1+0.6c0s20¢ p(8))] (cos O¢p(&), sin O (&) ,
0cp® = L9y + Ly, cel-L1; (1300)
Xap() = [1 +0.6c0s(20,, n())] (cos 04 (n), sin 04 p (1)) .
04000 == = 2y, nel-1.11 (130d)
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Algorithm 1: Computing the NN solution (DBC on all boundaries) — Form #1

input : g(&n), g(£l.n), g& 1), g(xl,£1); F(xl,n), F(& £1), F(£l,+1)
output: V (&, n)

-

calculate A(&,n) = Pg(&,n) based on equation (16a), i.e.
A m = g(=1,mpy(&) + g(1, M, (&) + g(& — Do) + g(&, D, ()
- [g(—l,—l)(i)g(n) + (-1, 1)4’1('1)] Po($) — [g(l,—l)d)o(n) +g(1, 1)¢1('1)] 61O
calculate B(¢,n) = PF(&,n) based on equation (16b), i.e.
B(&.n) = F(=1,m¢y(&) + F(1,m¢ (&) + F(&, —Do(n) + F(&, D ()

= [F(=1,=Do(m + F(=1, Doy )] ¢6(&) = [F(L, = Do) + F(1, Dy ()] b, (&)
calculate V(&,n) = g(&, n) — A&, n) + B(&,n)

X

w

Domain #3:

Vertices: x, = (1.2,0), xz = (0,1.2), xc = (=1.2,0), x, = (0,—1.2).

Edges:
X&) = [0.8 4 0.4 c0s(40 4 5(£))] (cos 04 5(&), sin 04 5(&)) ,
048 = %q&l(é), el-11] (131a)
Xpc(n) = [0.8 + 0.4 cos(40pc(n)] (cos O (), sinOpc(n)) »
Opc(n) = S bo(n) + 7y (). n € [=1.1; (131b)
Xcp(&) = [0.8 + 0.4 cos(40¢ p(£))] (cos O p(&), sin O p(£)) ,
Ocp(&) = 37”050(5) +xd(&)., ¢el-1,1]; (1310)
Xap(m) = [0.8 + 0.4 cos(40 4 ()] (cos 04 p(n), sin 0,5 (1)) ,
Oap()=~F¢1 (. nel-11. (131d)
Domain #4:
Vertices:
X4 = (0.7540.3c0s(30,)) (cos0,sin0,), xp=(0.75+0.3cos(305)) (cos Op,sin0p),
Xc = (0.75 + 0.3 cos(30)) (cosOc,sinfc),  xp = (0.75+ 0.3 cos(30))) (cos O, sin b)), (132)
9A=_£’ 93=£’ C=13_”, D=27_”.
10 10 20 20
Edges:
X&) = [0.75 4 0.3 c0s(30,4 5(£))] (cos 045(),5in 6 45(8)) ,
045(8) = 0,¢0(&) + 059 (), &el-1,1]; (133a)
X () = [0.75 + 0.3 cos(30 3 (1))] (cos O g (), sin (1))
Opc(n) = Opdo(n) + Ocd(m), ne[=1,1]; (133b)
xXcp(€) = [0.75 + 0.3 cosB0cp(€)] (cos e p(&), sinbcp(£)) »
Ocp(&) = 0pdo(&) +0c¢(£), &e€l-1,1]; (1330)
Xap() = [0.75 + 0.3 ¢c0s(36 4 , ()] (cos 04 p (1), sin 64 (1)) .
O4p(n) = 0409 + (6p — 27) (1), n € [-1,1]. (133d)

5.2. Evaluation of TFC expressions and effect of Q,, on NN solution

We have touched on the cancellation error in Remark 2.10 in evaluating the TFC expression and its effect on the solution
accuracy on the boundary test points. In this appendix, we compare several different algorithms for evaluating the TFC expression
and illustrate the effect of Q,,, the number of boundary collocation points on which to enforce g(&, #) = 0 as discussed in Remark
2.10, on the NN solution.

We focus on the Dirichlet conditions first, and will extend the discussions to other types of boundary conditions afterwards. To
compute the NN solution V(&,7) (Eq. (15)) for Dirichlet BCs, we consider three forms for evaluating the TFC expression, as listed
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Algorithm 2: Computing the NN solution (DBC on all boundaries) — Form #2
input : g(&n), gx1,n), g 1), g1, £1); F(xl,n), FE x1), F(xl,+1)
output: V (&, n)
calculate A(&,n) = Pg(&,n) by

A& = [g(=1,m) — g(=1,=Dy(m)] do(&) + [g(1,m) — g(1, Dp, ()] $,(£)

+ [, -1 — g(1, =1 (&)] do(n) + [8(&, 1) — &(~1, Dpy(&)] b, (n) 134)

calculate B(&,n) = PF(&,n) by

B, n) = [F(=1,m) = F(=1,=Do(m)] $o(&) + [F(1,m) = F(1, )b ()] ¢, (&)

+[FE 1) = F(1, =D, ©)] ¢on) + [F(E D) = F(=1, Ddy(©)] b1 () (135)
calculate V(&,n) = g(&, n) — A, n) + B(&,n)

-

N

w

Algorithm 3: Computing the NN solution (DBC on all boundaries) — Form #3

input : g(& 1), g(x1,n), g€ £1), g(x1,+1); F(xl,n), F(& +1), F(x1,£1)
output: V(&)

-

calculate A(&,n) = g(&,n) — Pg(&,n) based on equation (103a), i.e.
A, n) = [g(f, ) —g&, =Dy — g(¢&, 1)4’1(”)] - [g(—l, 1) — g(=1,=Day(n) — g(-1, 1)¢1(ﬂ)] $o(&)
- [g(l, n) — g1, =Dy (m) — g(1, 1)¢1(f1)] 1)
calculate B(&,n) = PF(&,n) based on equation (103b), i.e.
B¢, n) = [F(é, =Deo(n) + F(&, Do, (ﬂ)] + [F(—l, m = F(=1,=Dgy(n) — F(-1, 1)¢1('7)] @)

+ [F(L,n) = F(1,=Depy(n) — F(1, D, ()] ,(8)
calculate V' (&,1) = A&, n) + B(E, 1)

X

w

Table 9
Helmbholtz equation (domain #1, DBC on all boundaries): Effect of Q,, on the free-function magnitude max ,)co {lg(¢,n)|}, the max solution error

e? (), and the max boundary-condition errors on the four boundaries (1B sg, eg{, €D ) with the NN solution computed by Algorithms 1, 2

max’ max

and 3 (Alg #1 to #3). Qg, is the number of boundary points on which to enforce g(£,17) = 0 as defined in Remark 2.10. Simulation parameters
follow those of Fig. 3(a,f) with R, =4.62, Q0 =70 and M = 800.

Alg 04/ max{ |g(&, )|} () erB e5e P erl

#1 0 6.58 x 10° 1.37x 1073 9.54 %1077 9.54 %1077 9.54 %1077 9.54 %1077
1 1.57 x 10° 1.33x 1075 1.19x 1077 2381077 2381077 2381077
4 268 x 108 1.46 X 1075 7.45x107° 2.98x 1078 7.45%107° 298 %1078
6 433 x 107 1.26x 1075 1.16 x 10710 7.45x 1070 4.66 x 10710 7.45x 1070
11 2.96 x 10 1.60 x 1075 1.46 x 10711 291 x 1071 2.91x 1071 1.46 x 10711
16 178 x 103 236 %1075 228 %1073 227x10713 5.68x 10714 2.82x 10714
21 5.65x% 10! 344 %1075 1.78 x 10713 8.33x 10716 3.55x 10715 1.78 x 10715
26 236 x 10! 3.47 % 1073 1.78 x 10715 8.88 x 10716 1.78 x 10715 1.78 x 10715

#2 0 6.58 x 10° 1.37x 1075 2381077 2381077 477 %1077 477 %1077
1 1.57 x 10° 1.33x 1073 2.98x 1078 2.22x 10710 1.11x 10710 8.88 x 10710
4 2,68 x 108 1.47 x 1075 8.88 x 10716 222 x 10716 1.11x 10716 8.88 x 10716
6 433 %107 1.26 x 1075 8.88 x 10716 222 x 10716 1.11 x 10716 8.88 x 10716
11 2.96 x 10° 1.60 X 1075 8.88x 10716 2.22x 10716 1.11x 10716 8.88x 10716

#3 0 6.58 x 10° 1.14x 1075 0.0 4.44 % 10716 0.0 8.88 x 10716
1 1.56 x 10° 1.11x 1075 0.0 4.44 x 10716 0.0 8.88 x 10716
4 2.68x 10° 1.62x 1073 0.0 4.44 x 10716 0.0 8.88x 10716
6 7.82 % 107 1.17x 1075 0.0 4.44 % 10716 0.0 8.88 x 10716
11 2.95x% 103 1.57x 1073 0.0 4.44 x 10716 0.0 8.88 x 10716

in Algorithms 1 to 3. Algorithm 1 follows the form given in Egs. (15) and (16a)-(16b). Algorithm 2 employs a modified form for
computing Pg(&,n) and PF(&,n). Algorithm 3 adopts the form as given in Egs. (103a)-(103b).

Table 9 shows the maximum absolute NN-solution errors and the maximum absolute boundary-condition errors, as well as the
largest magnitude of the free function (maxg e, {18E M, for the Helmholtz equation on domain #1 from Section 3.1 (see Fig.
2(a)), with the NN solution computed using these three algorithms. These results are obtained using different Q,, (see Remark
2.10) in NN training, while the other parameter values follow those of Fig. 3(a,f). Q,, = 0 stands for the case in which g(¢,7) =0 is
ignored. Q,;,/4 = ng, (ng, > 1) corresponds to a case in which g(&,#) = 0 is enforced on (ny, — 1) uniform grid points on the interior
of each boundary (in standard domain) plus the four vertices.

We can make the following observations from Table 9:

+ Qg influences significantly the magnitude of the obtained free function g(¢, ), which decreases dramatically as Q,;, increases.
* Qg has little (or minimum) influence on the NN-solution error over the domain.
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Algorithm 4: Computing the NN solution (NBC on BC, DBCs on other boundaries)

input : g(& ), gx1,n), g 1), g(x1,£1), F(xl,n), F(&, £1), F(xl,+1), and their derivatives
output: V(& 1)

calculate A(¢,n) = g(&,n) — Pg(&,n) by
A ) = [g&n) — g@& —Deyn) — g Do, ()]

- [g(=1,m) = g(=1, =Dy () — g(=1, Do, ()] (&)
— (81, m) = g1, = Do () — g:(1, Do, ()] w1 (&)

= [A8, (1, =Dy (m) + Acg, (L, Dy ()] 0,(£) (136)
calculate Fgg (1,n) based on equation (34a)

calculate B(&,7) = PF3(, 1) by
B,n) = [F(ﬁ, —Dey(n) + F(E, 1)(p1(;1)] + [F(—l, n) — F(=1,=Dgy(n) — F(-1, 1)(01(71)] @o($)

+[Feam = RO =g - B0 Do )] vi@

-

[N}

w

+ [AaF = Dwon + 2 2L D) 0,0 137)
calculate V' (&,1) = A&, n) + B(E,n)

N

Algorithm 5: Computing the NN solution (NBCs on ‘BC and CD, DBCs on other boundaries)

input : g(&n), g(x1,n), g x1), g(x1,+1), F(xl,n), F( +1), F(x1,+1), and their derivatives
output: V(&,1)

calculate A(&,n) = g(&,n) — Pg(&,n) by
AEm = [8Em) — g —~1)po(n) — g,(& Doy ()]

— [e(=1.m) = &(=1, =Dpy(m) = g, (=1, Doy ()] py(&)

— [g:(1,m) = g1, = D)py () — g2, (1, Doy ()] v,(&)

— 48, (1, =Dy (mp (&) = [Apgs (=1, Doy(&) + Acgze(1, D, (D] p, (n) (138)
calculate F;'g,(l, 1), Fgf"n(l, 1), F;’(l,n) and F; (¢, 1) based on equations (62a)-(62d)
calculate B(&,n7) = PF8(&,n) by

BEm = [F&=Dp0n + FEE Do) + [F(=1n) = F=1,=Dpy(m) = F, (=1, Doy )] po(@)

-

X

w

+ [ FEtm = Rt =Dpgm = 201 Doy ] 0@

+ A FA(L = Dog(mp, (&) + [ADF;(—I, Doy + A FE(L, Doy (9| 1 (n) (139
calculate V' (£, 1) = A&, n) + B(&,n)

IS

* Q) tends to notably influence the boundary-condition errors, depending on the algorithm used for computing the NN solution.

+ For Algorithms 1 and 2, if g(&,n) = 0 is not enforced when training the NN (Q,, = 0), the resultant DBC error can be quite
notable (e.g. max error ~ 1077, far from machine precision). This error decreases with increasing Q> and reaches the machine
precision as Q,;, becomes sufficiently large. Algorithm 2 requires a far smaller Q,, for the boundary-condition error to achieve
machine accuracy, compared with Algorithm 1.

+ For Algorithm 3, Q,, appears to have no effect on the boundary-condition error, which uniformly achieves the machine
accuracy for all the Q,, values tested.

The results signify the importance of the numerical algorithm for evaluating the TFC expressions. Algorithm 3 is clearly the best
for computing the NN solution among the three forms. The data also underscore the significance of Q,, when the optimal algorithm
is unknown and only a suboptimal algorithm is available. While Algorithms 1 and 2 are suboptimal, thanks to the use of Q,;, they
can nonetheless produce NN solutions with the boundary-condition errors at the machine precision.

When Neumann or Robin boundaries are involved, the TFC expressions can be evaluated in a manner analogous to Algorithm 3
to compute the NN solution. Algorithms 4 and 5 summarize the forms we have used in this paper to compute the NN solutions when
NBC is imposed on ‘BC (Section 2.3.1) and when NBC is imposed on BC and CD (Section 2.3.2), respectively. These algorithms,
with slight modification, can be used to compute the NN solutions when RBCs are involved.

5.3. Numerical tests with piecewise mixed BCs on a single boundary

The method developed in this work can handle certain mixed boundary conditions imposed piecewise on a single smooth
boundary. In this case two different types of boundaries join smoothly at a junction, where the Jacobian matrix of the mapping
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Fig. 10. Helmholtz equation (piecewise mixed BCs on a single boundary): Top row: crescent domain (Case #1), with piecewise Dirichlet/Neumann
BCs imposed on the circular arc ABCD. Bottom row: triangular domain (Case #2), with piecewise Dirichlet/Neumann BCs imposed on the edge
‘BD. Domain geometries and BC settings (left column), NN solution distributions (middle column), and point-wise absolute NN-solution errors
(right column). Simulation parameters: R,, = 5.0, Q = 80 and M = 900 for Case #1; R,, = 3.6, Q =70 and M = 900 for Case #2. The color bars
in (b,e) denote the solution values, and those in (c,f) denote values of the absolute errors. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Table 10

Helmholtz equation (piecewise mixed BCs on a single boundary): maximum and rms NN-
solution errors over the domain, and the maximum and rms boundary-condition errors on
different boundaries. The two cases correspond to those of Fig. 10.

Case #1 Case #2
max solution-error (domain) 4.603 x 1073 1.209 x 1078
rms solution-error (domain) 1.448 x 1073 1.996 x 10~°
max DBC-error (AB) 0.0 0.0
rms DBG-error (AB) 0.0 0.0
max NBC-error (BC) 5329 x 10715 6.040 x 10714
rms NBC-error (BC) 1.545 x 10715 9.945 x 1071
max DBC-error (ﬁ) 0.0 0.0
rms DBC-error (CD) 0.0 0.0
max DBC-error (AD) 1.776 x 10-13 8.882x 10716
rms DBC-error (AD) 3.233x 1071 4.060 x 1071

function becomes singular. This situation can be handled using the method discussed in Remark 2.3. In this appendix we use two
examples of piecewise mixed BCs imposed on a single domain boundary to demonstrate the performance of the current method. We
consider the Helmholtz problem from Section 3.1 in these examples.

The first example is for a crescent domain (Fig. 10a), which is the same as domain #2 from Section 3.1 but with a different
configuration for the vertices and the imposed boundary conditions. This domain consists of the arcs of two unit circles centered at
(1,0) and (2,0), respectively, and the four vertices are located at

XA=<%,—§>, xB=<2-\/7§,-%>, xc=<2-§,%>, xD=<%,\/7§>.

Piecewise Dirichlet and Neumann BCs are imposed on the inner arc ABCD and Dirichlet BC is imposed on the outer arc, as illustrated
in Fig. 10(a).

The second example is for a triangular domain (Fig. 10d), which is the same as domain #5 from Section 3.1 but with a different
configuration for the imposed boundary conditions. Neumann and Dirichlet BCs are imposed on the edge BD in a piecewise fashion
(C being the midpoint of BD), as illustrated in Fig. 10(d), while Dirichlet BCs are imposed on the other edges of the triangle.

The NN solutions for these two problems are illustrated by the other plots in Fig. 10, whose caption lists the simulation parameters
used to obtain the results. These plots consist of distributions (contours) of the NN solutions (middle column) and distributions of
the point-wise absolute errors (right column) in the domains. Table 10 provides the maximum/rms errors of the NN solution over
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the domain and the maximum/rms BC errors on the domain boundaries for these two problems. The current method has evidently
enforced the mixed BCs imposed piecewise on a single boundary to the machine precision.

We would like to mention a technical detail for computing the NN solution for these cases after the ELM network is trained.
Since a Neumann (or Robin) boundary may join a Dirichlet boundary smoothly with the piecewise mixed BC configuration, the
Jacobian matrix of the mapping function is singular at the junction, as discussed previously. This causes some subtlety and requires
care when computing the NN solution on the test points located on the joining Dirichlet boundary. Let us use the crescent domain
as an example to make the discussion concrete. The Jacobian matrix is singular at the junctions B and C (Fig. 10a) because the
boundary is smooth there. As a result, when computing the NN solution on the test points located on AB or CD, the TFC constrained
expression (Eq. (35) for this case) cannot be directly used, because the term PF$(¢,#) therein (specifically Tpo or Spe in (34a))
requires the evaluation of the singular Jacobian matrix at B or C. This is not an issue in practice, however, because on AB and
CD the TFC expression (35) is mathematically reduced to the Dirichlet conditions (Egs. (28d) and (28e)). So when computing the
NN solution on a given set of test points for these cases, one can first separate those boundary points located on AB or CD from
the rest, and then compute the solution on these points using (28d) or (28e) directly. There is no such subtlety if the Neumann (or
Robin boundary) joins a Dirichlet boundary at an angle.

Data availability

Data will be made available on request.
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