ADVANCE TOPICS

SEBASTIAN MUNOZ THON

ABSTRACT. I made this notes to preparte my “Advance Topics Exam” (a.k.a.
oral exam) at Purdue University. I principally follow [Tay81|] (and [Tayll])
for the theory of ¥YDOs, and for the applications to X-ray transform. I
use the other references to look proofs from other point of view or to expand
them, and to obtain examples that always help me to understand the theory.
These notes do not replace the works nor , for example, the proofs
on this document are far from being complete. The interested reader should
study those references to fully understand the topic treated here.
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INTRODUCTION
1. ¥YDOs

1.1. ¥YDOs calculus. YDOs are natural generalization of differential operators.
Let us give some examples to motivate its study.

Date: March, 2023.
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Example 1.1.

(1) Using the Fourier Inversion Formula and the properties of the Fourier Trans-
form, we have that if p(z, D) = >, /<), @a(z)D®, then

p(z, Dyu(x) = / P, )a(E)e™Ede,

n

where p(z,8) = >, 1<k @a(@)§”. So, one could ask what happens is we
take p(x, £) not being a polynomial in &.
(2) Consider the following PDE
—Au = f.

By applying the Fourier transform we obtain

N 15
U=—TF.
€1
So,
1.
u= [ et
Note that we have a singularity at zero. One form to solve this, is to take
a smooth function with compact support ¢ that is 1 in a neighborhood of

zero. Then, we can write

1 _ 1=, e
7= e TR

w=F1 (1_;2(5)@ +F (Tf(l? f) :

This is the base for the following definition.

So that

Definition 1.2. Let 2 C R™ be an open set. We define symbol class
ST ={pe C®(QxR"): VK C Q compact, Ve, 3,3ICk o, > 0 s.t.
|DEDgp(x, )| < Crap(1+ €)™ V(2, ) € K x R}
We also set S™°° :=N,,S™.

Example 1.3. Let ¢ as in Example [1.1|(2). Then, 1_|5¢|’~££) €852

Theorem 1.4. Ifp € S™, then P(x, D) defined by
P(e.Dyule) = [ plr. (e <de,

n

is a continuous operator P(xz,D): C§°(2) — C>°(Q). Furthermore, this map can
be extended to a continuous map p(x,D): E'(Q) — D'(N). We write P = Op(p),
and P € ™. Furthermore, we write W~°° = NWY™,
Proof.

e First part: u € C§°(Q) = (&) = O(|¢]~Y) for any N. So

IP(a, Dyu(@)| < C + Cy /{ o (Tl el e < oo

So the integral is absolutely convergent. Same works for derivatives.
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e Second part: v € C§° multiplying by n® and integration by parts gives

@)= | [ oo s

Since p, rapidly decreasing, (p(z, D)u,v) = [q, po(£)a(€)dE is well defined.

<O+ IEN™ A+ )N,

([l
Example 1.5. The operator f — F~! (%ég)f) belongs to ¥~2. On the other
hand, f s F~1 (féﬁ) f) is not a DO because of the singularity on the origin.

We also have the following class of symbols

Definition 1.6. We say that p € S™(Q) is a classical symbol if there are smooth
DPm—j, positively homogeneous in £ of order m — j for |{] > 1, i.e.,

pm—j(df,)\f) = /\mijpm—j(zvf)a |§| > 17/\ > 1,
such that for all N >0

P(,8) =Y pmj(@,6) € STNHQ).

§=0
This asymptotic condition is written as p(x,§) ~ Z?io Pm—j(z,€). The set of
classical symbols is denoted by S}.

Example 1.7. An operator in S'/2+¢(R") \ 5611/2+6(R") (with € > 0) is given by
the operator with symbol x(€)[£]*/?1n(|€]), where x is a smooth function that is
zero if |y| <1/2, and 1 if |y| > 1.

Example 1.8. Let a(z,&) € S™°(Q), x; € CF(R) s.t. 0 < x; < 1,suppy; C
(j —2,7), E;’il x;(t) =1 for all t > 0. Then

a(z,&) =Y x;([€)a(, ).
j=1

The right-hand side is a classical symbol.

Definition 1.9. We say that p € D'(Q x Q) is properly supported if suppp has
compact intersection with K x 2 and Q x K, for any compact K C €.

Definition 1.10. Let A be given by

Aua) = 2n) " [ [ at.y, uty)e = Sayag,
where ¢ € S™(£) is the sense that
| Dy DS Dga(a,y,€)] < C(1 + [€)™ 1,

on compact subsets of Q x 2, and assume that A is compactly supported. Then
A: C§°(Q) = C=(Q) and we can extend this to A: C*° — C*°(Q). In that case,
we say that a is the amplitude of A and we write A = Op(a).
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Proof.
o First part: If u € C§°(Q2), then

/ w(y)ale, g, €)e~vEdy| < Ox(1+ )™ N

So, this is absolutely integrable.

e Second part: Let u € C°°( ). A prop supp = Jv € Cg° Q) st. v=1
on a neighborhood of K, where K x K D supp AN (2 x K). So A(u) =
A(vu) € C*° by previous part.

O

Example 1.11. Let X, f(z,0) = [, w(z +16,0)f(z + t0)dt be the weighted X-ray
transform. Then the normal operator Ny, . = X X, has Schwartz kernel K (x,y, z
y) =Wy, 5=5)/|lz —y|"~", where

W (x,y,0) = b(z,0)c(y, 0) + b(z, —0)c(y, —0).

Then, Ny . = Op(a), where a is the Fourier transform of K on the third variable.
Formally:

a(x,y,f):/ e*iz'gK(x,y,z)dz
_ / e—iz~5W(xay)z/|Z|)dZ

|Z‘nfl

_ / e~ (2, y, 0)drdd
Ry xSn—1

=7 W (z,y,0)8(0 - €)do

Sn—l
The delta means that we integrate over #’s perpendicular to £&. For example, in
dimension 2, the integral reduces to

W(W(xv Y, 5J./|£|) + W(LE, Y, _§J_/|5|))
€
Theorem 1.12. Let A = Op(a) € U™ be properly supported. Then, thereisp € S™

such that A = Op(p). Furthermore, we have p(z,£) = e~ ¢ A(e'®%), and we have
the asymptotic expansion

jlal
pa.§) ~ Y D¢ Dya(r.y.€)

a>0

y=x
Proof.
e That A is prop. supp. implies

p(z,€) = e "¢ (2m) " //a(x,y,n)eiy'fei("”*y)"’dydn

is well defined. Furthermore

Au(z) = (2m)~ // a(x, y,1n) (/ (e ’yfdé) "=V dydy
—en " [[a©) ( [[ atogmerte e dyipe <) cvag
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=20 [ al€)pta, €)d€ = Op(o).
e For the expansion, formally we have
ePeDug(z,y,€) = (2m) 2" //// ei((y_y/)'"*‘(g_g/)'z)eiz'"a(x,y’,f’)dy'dndg'da
and
/el’((@/*@/’)ﬂﬂf*&’)%)eiz-ndz = (2m)"5(n+ (£ = &)’y
So,
e'PePra(z,y, &) = (2m) " /// 3(n+ (€ =&)WY a(a, y, &) dyd€ dn

- // SOz yf €y de’
Put y = z and use the formal expansion of eP¢Pv to obtain
il
i

p(x,f) = eiDgiDya(xay7§)|y:I = Z FD?D;CL(.’L‘, yvf)
a>0 y=x

Proposition 1.13. If P € U™ is properly supported, then P’', P* € U™,
Proof. We have

(Pu,v) = (2m) " / o(y) / / UDEp(y. ¢y (a)drdedy
— 0 [ue) | / @D Ep(y, €y (z)dydédz = (u, plz, —D)v).
So Plu(z) = (2m)™" [[ '@ ¥ ¢p(y, —€)v(y)dydE. Similarly,

(Pus) = (n) " [ atw) [ [ 0 <ply. u(w)dndgay

= (QW)_n/ﬂ(l‘)// etl@=v)€p(y, E)v(y)dydédx = (u, p(z, D)v).

So P*u(x) = (2m) ™" [[ &' Ep(y, E)v(y)dydg. O
Furthermore, we conclude that
Corollary 1.14. If P = Op(p) € O™ is properly supported, then
(—1)led . il _
o(P)(2,8) ~ Y 3= DEDgp(x, =€), o(P*)(@,§) ~ D — D¢ DIp(a, ).

a>0 a>0

If A= Op(a) is properly supported, then the amplitude of A’ and A* are

a’(ya Z, 76)3 a(yv Z, é)
Proposition 1.15. Let P = Op(p) € ¥™, Q = Op(q) € V" with Q properly
supported. Then, PQ € W™ V4. Pyrthermore, p(z, D)q(x, D) = r(z, D) with

161
r@,§) ~ Y~ DEpla, ) Dia(, ).

a>0
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Proof. Since @ is properly supported and @ = Q**, we obtain
Qu(r) = Q" u(x)

— 2m)" / / @€y, €uly)dyde
_ (2m) " F ( / q(y,oeiyfu(y)dy) (@).
So,
Qu(e) = (2n) / (4, £)e™ " Suy)dy.
Then,
PQuz) = / ¢ Ep(z, €)0u(E)dE = (2m) " / / @V Ep . €)qly, €uly)dyde.

Hence, PQu = Op(a) with a(x,y,€) = p(z,&)q(y.£). Finally,

jled
T(I‘,y) ~ Z FD?D;(p(‘T,é.)q(yag))

a>0 y=a
ilol=1v1 " .
= Z WDED (p(x §)D Diq(y,))
v,0>0 y=x

ilel i181=1]
Z—Dgpxs Z Y D DI (x,€)
@

y=z

Z « [e%
a>0
O
Remark 1.16. One can compose two YDOs (not necessarily properly supported)
by the price of adding an smoothing operator to (). Indeed, let K be the Schwartz

kernel of @, and x = 1 on the diagional. Then, the YDO with Schwartz kernel
(1 — x)K is smooth.

Lemma 1.17. Let Q,Q C R” be open sets and x: Q — Q be a diffeomorphism.
Assume P = p(x D) e \I/"L(Q) is properly supported. Define Pu := P(uox)ox .
Then P € ™(Q) and P = p(z, D), where

Px(a), ) ~ 3 ~palw, €D (x, JE (@)E),

a>0
where @q(x, &) is a polynomial in & of degree < |a|/2, with ¢o(x,&) = 1.

Proof. Let § := x~!. Using a changes of variables we see that
Pua) = (2m)" [ [ 000 6p(6(0), ulx(w)dyde
= (2 [[ 00O Ep(0(0), u(y) det To(w)dyie
= (2m)™" / / =) P @VEL (1), €) det JOu(y)dyde,
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where @ satisfies
(O(z) = 0(y) - €= (7(x) = ())& = Y Prjl@,y)(zr — ya)é-
j=1 3.k
Hence, ® is smooth near the diagonal in Q x Q and we have
Pu(x) = (2m) " // eI Ep(B(x), v (x, y)€) D(z, y)uly)dydé + Ku,

where 1(z,y) = ®(z, )", D(x,y) = det JO(y) det y(z, y)E(z, y), where Z(z, y) =
1 in a neighborhood of the diagonal in 2 x 2 and we put it there because ¢(z,y)

might no be defined everywhere. Finally, K € ¥~°°. Hence, P = Op(a)+ K, where
a(z,y,&) = p(0(x),Y(z,y)€)D(z,y). Also, the chain rule shows that

|Dy Dy Dga(e,y.£)| < C(1+ [¢))™ 1.

Therefore, since K € U~ we conclude that P € U™,
For the part of the asymptotic part, we apply Theorem to obtain

il
B, ) ~ Y —DED; (p(6(x), v(x, 1)) Diz,y))
a>0 : y=x
Finally, ¥ (z,2) = (Jx)*(f(z)) and D(z,x) = 1, so we obtain the result. O

Definition 1.18. If P = p(z, D) € ¥™, we define its principal symbol to be the
equivalence class p(z, D) + S™/S™~1. We write o(P) and o, (P) to denote the
total symbol and principal symbol of P, respectively.

Remark 1.19. Since

pla,€) — p(O(x), (Jx)'(0(x))€) € S™ 7,
the principal symbol of P = Op(p) € ¥™ is well defined on manifolds. This is
not true for the whole symbol, which can be easily seen by taken, for example, the
Laplace-Beltrami operator and looking its transformation by a change of coordin-
ates.

Remark 1.20. For classical $YDOs we have
O-pr(P)(Jf,f) = lim A_me_i)‘m'fp(ei)\z-g).
A—00

At a first glace, this definition looks mysterious, so let us explore what it is mean.

Example 1.21.

(1) If P =3" <k @a(@)D*. Then o(P)(x,£) =3, < @a(x)E* and op(P) =
2 lal=k %a(@)E.

(2) In a more general ways, classical symbols (see Deﬁnition, i.e., symbols
of the form p ~ Z;io Pm—j, the principal symbol is py,.

(3) For properly supported operators Op(a), we have that the principal symbol
is a(z, z, ). Indeed, recall that from Theorem we have that Op(a) =
Op(p) with p ~ ZI@\ZO D¢ Dya(x,y,§)|y=s. From the previous point, we
conclude that the principal symbol of Op(p) is a(z,z,&) as we claimed at
the beginning. In particular, we have that

op(Npe) = W(z,z,0)6(0-§&) = 27r/ b(z,0)a(z,0)5(0 - £)db.
Sn—l S’n.—l
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(4) Let P = p(x, D) 6 ¥ properly supported. From Corollary we see
o(P*) ~ Z|a\>0 a, DO‘DO‘p(z £). So, opr(P*) = 0p(P). Similarly, o, (P')(z,§) =

ope(P)(x, =)
(5) Let P = Op(p) € ¥™, and Q@ = Op(p) € ¥* properly supported. Then

PQ € U has a symbol ~ 3 -, %D?p(x,f)Dg‘q(:c,f). So, op (PQ) =

U'pr(P)Upr(Q)'
(6) Let P = Op(p) € ™, @ = Op(qg) € U* be properly supported. Then
PQ,QP € Y™ F and [ Q] € U TE. So,

o ([P, Q) = i(Veope(P) - Viopr(Q) — Veope(Q) - Voo (P))

1
= ;Hopr(P)Upr(Q)a

where H, (py is the Hamiltonian vector field of op.(P).
Lemma 1.22. If P € U™(Q), then its Schwartz kernel is smooth.

Proof. Since o(P) = p € S7°°, we can differentiate K (w.r.t z; or y;) using the
dominate convergence theorem, and the integral will be always absolutely conver-
gent. ([l

Corollary 1.23. If P € U™(Q2), then P is a compact operator.

Proof. Since K is smooth, then P is a Hilbert-Schmidt operator with ||P|yq =
||IK||. Since Hilbert—Schmidt operators are compact, we are done. O

1.2. Sobolev continuity.

Lemma 1.24. If p(z,£&) € S°(Q), and if Rep(z,&) > C > 0, then there exists a
B € U0 such that, with Re P = (1/2)(P + P*),

ReP —B*B € U™,
Proof.

e We want b(z, &)

~ 3 bj(x, &) with bj € ST,
e Take bg(z,€) := (Re

(a: €))'/2. Since Rep > ¢, then by € S°. Also,

Rep —bobg =1 € S7L.

e Suppose we have the terms by, ...,b;. We need b, € S~U+D st
Rep = ((bo+ -+ b;) + bjt1)((bo + - -+ + bj) 4+ bj11) + 7j41,

with 7;41 € S~UFD. By induction hypothesis, the right-hand side is equal
to

Rep+r; +Bj+1(b0 + -+ bj+1) + (50 + - +Bj+1)bj+1 +7rjt1
= Rep + Tj +Ej+1b0 +Bobj+1 mod Si(jdH)
e Note that r; =7;. So, we require
bjt1bo + bobjr1 = —r;,

and we can take bj 11 = —7;/(2bo).
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Lemma 1.25. Let A € ¥°(Q) with
limsup |o(A)(x,&)] < M < o0.

|€]l—00

If K CC Q, then AR € U~°° such that
lAull72 ) < MP[[ul|® + (Ru, w).

Proof.
e The operator C' = M? — A*A has principal symbol C(x,§) = M? —
lopr(A)(z,€)|*> > 0, so by Lemma 3B € ¥° such that
C-B*B=M?-A*A-B*B=-Re ¥ ™.

So, A*A+ B*B = M? + R.
e Using the previous inequality and the hypothesis of A we find

14172 < (Au, Au) + (Bu, Bu) < M?|[ul[32 + (Ru, u).
0

Theorem 1.26 (Sobolev continuity). If P € U™ (Q) is properly supported, then
P: H () — H ™(8) is continuous.

loc

Proof. Let A*(u) = [(1+4¢]?)*/2e™¢q(€)dE. Note that H® = A~*L? continuously.
Now, observe that A= € U—*. So, AA™° € U™~ and therefore, AS"™AA™* € WO,
Now, by Lemma AsT™AANTS: LR — L% . continuously (the hypothesis of the
lemma are satisfied because we are working on compact sets with an operator of

order 0). Thus, A: H . — H; ™ continuously. O

1.3. Elliptic regularity.

Definition 1.27. The operator P € U™ is elliptic of order m if on each compact
K C Q there are constants C'x and R

lo(P)(z,8)| = Cxk(1+ €)™, =€ K, [¢{[ > R.

Remark 1.28.
(1) We can always replace R by R = max{1, R} to require |p(z,&)| > Cx|€|™
for [¢] > R.
(2) If P is elliptic, then |opn(P)(z,€)| = Cx (1 + [§))™ — Ci(1 + [§))™ " >
Co(1 + [€])™, where we used that o(P) — 0,,(P) € S™~!. Similarly, if
G (P)] = C(1+ €)™, then

CA+[EN™ = lopr(P)| < |o(P)] + |0 (P) = 04 (P)| < |o(P)| + C(1+ €)™
Therefore, to show that P € U™ is elliptic, is enough to check that
lopr(P)(2,8)| 2 Cx (1 + €)™, z € K, [¢| > R.

Example 1.29.

(1) We have that o,(—A)(z,§) = |€]2. So, the Laplace operator is an elliptic
operator

(2) Now, consider the wave operator O = 9y — A. Then, o,(0)(t,z,7,&) =
—72 4+ [£]? and O is not elliptic.
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(3) Np,c is elliptic if and only if 0 # a(z, z, &) = 27 [, b(x, 0)a(z,0)(0- £)d6.
In particular, N, is elliptic

0 # 27 /Si lw(z, 0)25(0 - £)db,

that is, if for every (z, &) there exists § € S"~! with 6 L ¢ so that w(z,0) #
0.

Definition 1.30. The DO @ is a parametriz for P € W™ if is properly supported
and
PQ—-I=K, €V~ QP—-1=K,eU¥™>,

Example 1.31. From our previous examples, we have that Q = ¢(z,&) = HE
is a parametrix for A.

The key point of having an elliptic operator is that they have parametrix:

Theorem 1.32. If P = Op(p) € U™ is elliptic, then there exists a properly sup-
ported QQ € =™ which is a parametriz for P.
Proof.

o Let

1 for |¢| > C,

and qo(, &) := ((z,&)p(z, &)1 € S™™. Let Qo = qo(x, D).

e Then, 0(QoP) ~ 1+7(x,£). So, QoP = I+ R, where R € U1, Let E € ¥°
be such that o(E) ~ Z;io 7. So, (EQo)P = I + Ko, where Ky € U,
The construction for right parametrix is similar.

e We have

(2, €) = {O in a neighborhood of the zeros of p,

QPQ = (I +K3)Q=Q + K»Q
QPQ =Q(I + K)) =Q + QK.

Therefore, Q — Q = K»Q — QK € U—°,
O

Definition 1.33. zy ¢ singsupp(u) if pu is a smooth function for any smooth
function ¢ compactly supported on neighborhood of g

Example 1.34. Consider u = dp. Note that suppu = {0}. So, singsuppu C {0}.
Suppose that 0 ¢ sing supp u. Then, pu = ¢ is a smooth function in a neighborhood
U of 0. Take ¢ € C§°(U) with ¢(0) # 0. Then,

©(0)11(0) = pd(yh1) = / o(x)h1 (z)dz = 0,
R’Vl
because ¢ is zero almost everywhere. This contradiction shows 0 € sing supp dg.

Theorem 1.35 (Pseudolocal property). If P € ¥"(Q) and u € £'(R2), then
sing supp Pu C sing supp u.
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Proof.
e Let K be the Schwartz kernel of P. Then,
K(ay) = (2n) " [ 0o, g)de.

n

So
(@ — y)*K(z,y) = (2m) / D€ D2, €)de.

Since p € S™, this is absolutely convergent for « satisfying m — |a| < —n,
and C7 for m — |a| < —n — j. Therefore, K is smooth off the diagonal.

e Let x € C§° be smooth on a neighborhood of 2y ¢ singsupp. By the
mapping properties of P, we have that K(xu)(z) is smooth. Let x; be
1 on an smaller neighborhood. Then, supp x1(z)[K (1 — x)u](z) does not
intersect the diagonal, and hence this function is smooth. By adding both
terms, we conclude that Ku is smooth on xg.

O
Theorem 1.36 (Elliptic regularity). If U™ is a properly supported elliptic operator,
then for any u € D'(Q) we have
sing supp Pu = sing supp u.
Proof.

e By the Pseudolocal property singsupp Pu C singsupp u.
e JQ € U™ st. u = QPumod C*. This and the Pseudolocal property
imply sing supp v = sing supp Q(Pu) C sing supp Pu.
|

1.4. Wafe front sets.

Definition 1.37. Let P € U™ with homogeneous principal symbol homogeneous
in &) of degree m. The characteristic set of P is

char P = {(z,&) € T*Q\ 0 : o, (P)(z, &) = 0}.
Example 1.38. Consider the operator P with symbol is p(z,§) = -, <y @ (2)§*.

Recall that the principal symbol is given by Z|a\:k aq(z)€*. Hence, the operator
is elliptic if and only if char P = §).

Definition 1.39. Let u € D’'(2). We define its wave front set by

WF(u) = ﬂ char P.

Peyw’
PueC®™

The moral here is that the wave front set does not only focus on the points in
which w is singular, but only about the directions in which u is singular. So, the
wave front set is a generalization of the singular support. More specifically, we have
the following result.

Theorem 1.40. Let u € D'(Q2), w: T*Q — Q. Then,
7(WF(u)) = sing supp u.

Proof. Work using contrapositive:
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o If 2y ¢ singsuppu = Jp € C5°(N), with ¢ = 1 near zg s.t. pu € C§°(Q).
Now (z0,&) ¢ char ¢ for any £ # 0 = o ¢ 7(WF(u)).

o If zg ¢ m(WF(u)), given [¢] = 1 3Q € VY st. (z0,€) ¢ char@ and
Qu € C*. Compacteness = V(z0,§), 3Q; s.t (z0,§) ¢ charQ;. Q =
> QR;Q; € U0 is elliptic near zgp and Qu € C*°. E.R. = u € C™ near .

O

Definition 1.41. Let U C T*Q \ 0 be conic and open. p € S™ has order —oo on
U if for each closed conic subset K C U with 7(K) compact, we have

IDEDgp(x, )| < Capn L+ )N, (2,6 € K,VN.

Definition 1.42. If P = p(x, D) € U™, we define the essential support (sometimes
called microsupport) of P (and of p), and we write ES(P) = ES(p), to be the
smallest closed conic subset of T7*Q \ 0 on the complement of which p has order

—00.
order —oo

Proposition 1.43. (z9,&) ¢ WF(u) <= Jp € C§°(Q) with p(z9) # 0, and a
conic neighborhood I' of & such that, for every N,

Pu(e)| < Cn(1+ 67N, ¢el.

T*Q\ 0

Proof.

e Assume that the new condition holds and let () satifying:
— homogeneous of degree 0 in &, for |£] > ¢ > 0,
- X(EO) 7£ Oa
—suppyx C T
Then, x(D)gpu € C, x(D)yp € ¥° and (0, &) ¢ char(x(D)y), so, (zo, &) ¢
e Now let (zg,&p) ¢ WF(u). We can construct ¢(z) and x(&) with ¢(zq) # 0,
x(&) # 0, and s.t. ES(x(D)p) N WF(u) = 0. Regularizing y, one can
suppose that ¥ has compact support. Thus x(D)pu € C§°, so x(&)pu =
O((1 + |¢)=N) for every N.

d

Remark 1.44. This characterization can also be stated as follows: (x9,&y) ¢ WF(u) <=
3P =p € U0 with opr(P)(20,80) # 0 and Pu € C*.

Besides the definition of wave front set is useful to work abstractly, the charac-
terization by decay of Fourier transform is useful to think of examples.

Example 1.45.
(1) Take u =4y € D'(R™). Let U a neighborhood of 0, ¢ € C§°(U). Then,

Gu(6) = (pu) (e %)) = u(pe™ 8)) = (0).
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Since we have no decay in any direction, we conclude WF(u) = {(0,¢) :
& € R™\ 0}. Note that this and Example show that Theorem is
satisfied on the case of u = dg.

(2) Write z = (2/,2"), where ' = (z1,...,2), 2" = (Tx41,...,2Tn). Define

59 = [ p(0.0")da"
Take u = d(2’). Let U a neighborhood of ¢ = (x(, z(), ¢ € C5°(U). Then,
Pu(éo) = pule™ ") = u(pe "5 = /<P(07x”)e‘“(ovx”)vf@dx”.

The integral on the right-hand side is just the Fourier transform of ¢ (y) :=
©(0,y) at &. Hence, is rapidly decreasing if &) # 0. Therefore,

WF(u) C {(z,€) : & = (0,2"), £ = (¢, 0) with ¢’ # 0}.
The other contention is clear. So, WF(6(z')) = N*{z’ = 0}.
Lemma 1.46. ES(PQ) C ES(P)NES(Q).
This follows from the formula for the symbol of the composition of ¥DOs.

Lemma 1.47. Let u € D'(Q) and suppose U is a conic open subset of T*Q\ 0 with
UNWF(u) =0. If P € $™ with ES(P) C U, then Pu € C.
Proof.

e Let Py € Y with symbol = 1 on a conic neighborhood V' of ES(P). Then,

0 inV,

has order — oo in V€.

P(l—Po)Z{

In particular P(1 — Py) € U~°°. Hence, is enough to show that Pyu € C*°.
WLOG P € ¥°.

e ES(P) N WF(u) = 0 and T*Q is second countable = 3Q; € ¥° s.t.
Qju € C* and each (z,§) € ES(P) is noncharacteristic for some Q;. So,
if Q@ =3 Q5Q;, then Qu € C> and char Q NES(P) = 0.

e Let Q be elliptic with ¢(Q) = o(Q) on a conic neighborhood of ES(P), and

let Q~1 denote a parametrix for Q. Set A = PQ~!. Then
AQ=PQ Y Q+Q—-Q)=P+PQ HQ—-Q)=Pmod ¥~
Therefore Pu = AQu € C*° up to a smooth function.

Theorem 1.48 (Microlocal pseudolocal property). Let P € ™. Then
WEF(Pu) € WF(u) NES(P).

Proof.

e Take (z0,&) ¢ ES(P). Let Q = q(x,D) € ¥° so that g(x,£) = 1 on a
conic neighborhood of (xg, &) and ES(Q) NES(P) = (. Then QP € ¥~
so QPu € C*. Since ¢(x,£) = 1 on a neighborhood of (xg,&p), then
(z0,%0) ¢ WF(Pu).



14 SEBASTIAN MUNOZ THON

e Let I" be any conic neighborhood of WF(u) and write P = Py 4+ P, where
P; € U™ satisfy ES(P;) € I' and ES(P,) N WF(u) = (). Lemma
= Pyu € C*°. Hence, WF(Pu) = WF(Pyu) C I'. Since this is valid for
any conic neighborhood I" of WF (u), we conclude that WF(Pu) C WF (u).

O
Theorem 1.49 (Microlocal regularity). If P € U™ is elliptic, then
Proof. One part follows from the microlocal pseudolocal property. For the other

one, take a parametrix @ € ¥~ for P. Then, WF(u) = WF(QPu) C WF(Pu).
(]

1.5. Propagation of singularities.

Definition 1.50. Let p be a real valued function on T M. We define its Hamilto-

nian vector field by
dp 0O
Hy Z (axj 9¢; 5‘5131‘]) .

Remark 1.51. Note that H,p = 0. So, p is constant over characteristic curves of
H,.
Definition 1.52. Let P € 8™ with oy, (P) = p.
e The integral curves of H,, are called the bicharacteristics of p. Explicitly,
they satisfy .
e The integral curves on which p = 0 are called the null bicharacteristics or
zero bicharacteristics.

Example 1.53. Let M C R™ with a Riemannian metric g = (g;;(x)). Consider
the wave operator

P(t, m,(?t,ax) = 6tt — Ag = 6tt — Z g”(x)@ij + l.O.t.,

ij=1
Then,
op(P)(tz, €)=~ | 7 —Zg” )&ty | = =77+ Ielg-

Hence, the bicharacteristics of o, (P) satlsfy

t  =loy(P)], =21,

¥l = Velop(P)] = Zigij&,

L “

& = [ (P] _2390-7 Zid'g”(x)fiff

The latter two for x and £ are the Hamiltonian curves of H:= S g9 (x)&:&; and they
are known to coincide with the geodesics (,%) on TM when identifying vectors
and covectors by the metric. The equation for 7 implies that 7 is constant. The
equation for ¢ says that up to rescaling, we can choose ¢t as a parameter for the
geodesics. That rescaling forces the speed along the geodesic to be 1. Since we
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are studying zero bicharacteristics, we have 72 = [¢|2. This equation defines two
smooth surfaces away from (7,£) = (0,0), namely 7 = %|¢|,. This corresponds to
geodesics starting from z in direction either £ or —€.

Example 1.54. Consider the DO P = 0, , f with compact support. The rays
parallel to the x,-axis correspond to the bicharacteristics of P.

Let Py € ™. Consider a hyperbolic equation of the form
0
a—? =iA(t,x, Dy)u,

where we assume A = A; + Ag with A;(¢,z,&) € S} is real, and Ag(t,z,£) € SY,.
Furthermore, we suppose A;(t,z,£) is homogeneous in £, for || > 1. Denote
by S(t,s) the solution operator to the equation, taking u(s) to wu(t). This is a
bounded operator on each Sobolev space H?, with inverse S(s,t). Let P(t) =
S(t,0)PyS(0,1).
Theorem 1.55 (Y. Egorov). If Py = po(x, D) € U™, then for each t, P(t) € U™,
modulo a smoothing operator. The principal symbol of P(t)(modS™~1) at a point
(z0,&0) s equal to po(yo,no), where (yo,no) is obtained from (xg,&y) by following
the flow C(t) generated by the (time-dependent) Hamiltonian vector field H o, (¢ .¢)-
Proof.

e 28(t,0) =iA(t,x,D;)S(t,0), 25(0,t) = —S(0,t)iA(t,x, D) imply

P'(t) = i[A(t,x, D), P(t)], P(0)=F.
o We want Q(t) eym with U(Q(t)) = q(t,l‘,D) ~ QO(t,I,£)+ql(t, .T,f)"‘ )
solving
(1) Q'(t) = i[A(t,z, D),Q(t)] + R(t), Q(0) = P,
where R(t) € ¥~ for every ¢, and Q(t) — P(t) € ¥~°°.
e Define qg by

0
((915 - HAI) CIO(tJCaf) = Oa q0(0ax7§) = p0($7§)a
and inductively define g; by
0
(('%_HA1> q](t7x7£):bj(t?xa§)7 QJ(O7J;’§):O7

where b; = 0, (i[4, Q;] — Q). Hence, Q = 3772 q; € S™ satisfies (.

o P(t)—Q(t) e U= «— Vf e H(R"),
o(t) — wlt) = S(6,0)Pof — Q()S(1,0)f € H®(R").
e Properties of the solution operator imply
% =iA(t,z,D)v, v(0) = Fyf.
Since @ solves (/1)
%—l: =iA(t,z,D)w+g, w(0)=PFf,
where g = R(t)S(t,0)w € C°(R, H*(R"™)). Regularity of hyperbolic equa-
tions gives v(t) — w(t) € H*, for any f € H7(R").
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d

Using this corolally of Egorov’s theorem, we can prove Hérmander’s propagation
of singularities theorem. Consider P € U™ with o(P) ~ pm(x,&) +pm-1(z, &)+
being real.

Theorem 1.56. Assume that Pu = f, where u € D'(M). Then
WF(u) C WFE(f) U char P,
and WF(u) \ WE(f) is invariant under C(t) acting on T*M \ WF(f).

Example 1.57. In the case of the wave equation of manifolds, we know that the
bicharacteristics are geodesics (see Example . Hormander’s theorem implies
the following in this case. For the equation 0y — Agu = 0, we get that each
singularity (x,£) of the initial conditions at ¢ = 0 starts to propagate from z in
direction either & or —¢ or both (depending on the initial conditions) along the unit
speed geodesic.

Example 1.58. Regarding 9, (Example[1.54), Hérmander’s theorem implies that
when Pu € C, either no singularity of u belongs to any given bicharacteristic,
or all points of it are in WF(u). If the bicharacterics are non-trapping, i.e., they
eventually leave every compact set, the second alternative is impossible. Thus,
u € C§°.

Proof of Hormanders theorem via Egorov’s theorem.

WLOG u € £'().
o If A=a(x,D) € ¥'~™ has principal symbol aj_,(x,&) = |¢|'~™. Then,

Mz, D)u = A(z,D)Pu = A(z,D)f =: g,

where \(x, D) € Wl has principal symbol \;(z,€) = [£|*"™p,,
e Let v(t,z) = u(x). Then

%v =i\(z, D)v —ig.

By Duhamel’s principle,

t
v(t) = ey — z/ et=5 gds.
0

. (Take ()x;, &) (¢) WF(u). Theorem implies (zg,&) ¢ WF(f) and
70, &0
e Take C( )z 0 &) ¢ WF(f) for t € (to,t1). By Egorov’s theorem
9 WEE) 0 Wi
WE([; eiMgdt) C C(s) WE(g).
Then C(t)(xo,80) ¢ WF(uv(t)) for t € (to,tl). Since v(t,z) = w for all ¢,
we conclude that C(t)(zo, &) ¢ WF(u)

O
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2. WEIGHTED X-RAY TRANSFORM VIA MICROLOCAL ANALYSIS

2.1. Microlocal stability of the weighted X-ray transform. The X-ray trans-
form is not a YDO, so we cannot use the Sobolev continuity directly. However, we
have

Theorem 2.1. Let w € C*°. Then for every s > 0,
Xy HS V2R —» HY(S), X! : HY3(S) — HY (R,

comp

are continuous.

Proof.

e Take f € C§°(€2). WLOG take w supported in a small neighborhood of a
fixed line ¢y (and use partition of unity), and since f is compactly supported,
the same holds for w. Finally, let (y,¢) be local coordinates on X x S"~1,

e Note 0y; Xo f = wajf—l—Xw(“)yj f. So, X0, X € U0, On the other hand,
it can be shown that d.; X, has the same structure than 9, X,,. Hence,
X502 X,, € WAel=1,

e Let A = (I — A)'/2 and write f = A~IIH1/2A10=1/2 ¢ Tet x € CF° be
such that y = 1 near Q. Then,

1Xu ey = D2 105X s,
jal<k

= Z (X0 02% X f, fr2s)

la| <k

= > (X302 X f )o@

lo| <k

< (AT X 92 X f, A2 ) |
o] <k

< O We-ssaqany -

This proves the first part for s > —1/2 half-integer. The general case follows by
interpolation. The other case is similar. O

Lemma 2.2.
(a) Let P € W(R™) properly supported and elliptic in Q. Then for any s and

t<s, fe H Q).
[l zzs < CslIPfllpgo-m + Cs [ fll e -

(b) The kernel of P on the space of the distributions with support in Q is finitely
dimensional and consists of C§° functions.

(c) Assume in addition that P is injective on some closed subspace L of H*.
Then

Iflgs < CllPfllggs-m, V€L
Proof.
(a) Using ellipticity 3Q € ¥=™ and R € U~ with f = QPf + Rf. Now, by
Sobolev continuity @: H*~™ — H®. So,

[ lers S NQP N s + 1RSIl s
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<PFllgs—m + 1 RF s -

Since ¢ < s, we have H® C H*. So, since R is a smoothing operator, we
have R: H® — H*. This implies the result.

(b) Let f € ker P. As before,

f=QPf+Rf=Rf
Thus, f € ker(Id — R). By Fredholm alternative, dimker(I — R) < co. By
regularity we obtain the other result.

(c) Assume that the inequality is false. Then there exists a sequence || fp | ;. =
1 with Pf, — 0in H*~™. Since R is compact, there is a subsequence (also
denoted by f,) with Rf, converging. Using (a), fn — fm is Cauchy in H*.
Then, f, = f € H*. So, Pf, = Pf =0 and ||f|| 4. = 1, a contradiction.

([l

This implies
Theorem 2.3. Assume that w € C* satisfies the ellipticity condition.
a) 3C,Cs > 0 such that for all f € L*(Q)
1oy < CIXE X laseny + Cs Il e
b) ker(X,, )N L*(Q) is finitely dimensional and consists of C§°(R™) functions.
c¢) If X, is injective on L?(QQ), then
£l 20y < CIXLXw fll 10y -

Finally, we obtain the following result

Theorem 2.4 (Microlocal stability). Assume that w € C* satisfies the ellipticity
condition and that X, is injective in L?. Then, for any f € L*(Q)

||fHL2(Q) S ”wa”HI/?(z) .

2.2. Visible and invisible singularities.

Definition 2.5. Let ¥ € ¥™(Q) properly supported. We call ES(P) to be the
set of wvisible singularities and the set where P has order —oo the set of invisible
singularities.

We have the following generalization

Definition 2.6. Let P: HS  (Q) — H; _™() to be bounded. The set of wvisible

comp loc

singularities if the largest open conic set I'y C T*Q \ 0 such that

x(z, D)f = Qg+ Rf,
holds, where g = Pf, Q: HS, .., (Q) — H ™ (Q) and x € ¥°(Q) with ES(x) C I'1.

The invisible singularities is the largest open conic set 'y C T*Q\ 0 WE(f) C T'y
implies Pf € C*>(Q).
Remark 2.7.

(1) On I'y we have

Ix(z, D) fll e < Cs IPfll gom + Crs 1 f 1l e

for any s > [ and f € Hg,,, . So, the singularities on I'y are not just
visible, they are also stably recoverable.
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(2) The previous inequality is false if ES(x) C 'y, regardless of m, s and .
(3) T'1y UT3 may not cover T*Q\ 0, even after closure.

Example 2.8. From Theorem [2.3] we see that the set of visible singularities of
XX, is

V={(z,& € T"R"\0:30 L ¢ so that w(z, ) # 0},
where 6 L & means 0 = £(0) = £;67. By Example we see that X X, is
smoothing away from V. Hence, the set of invisible singularities is

U=TR"\V,

where the closure is taken in the conic sense. So, to recover a singularity (z,¢), we
need to have a line trough z in a direction 6 normal to &, so that w(z,6) # 0.

We also have the following corollary

Corollary 2.9. Let Q C R” be a bounded domain, x € S° with ES(x) C V.
(a) For every s andl < s, we have for every f € H§(Q)

Ix(2: D) fll e < Cs X Xl groser + Co [l e -

(b) The estimate on (a) does not hold when ES(x) NV = 0, regardless of the
choice of s and | < s.

Example 2.10. Assume that X, f(¢) is known for lines ¢ in an open set £. We can
model such a case by choosing weights w constant along all lines (i.e., 8- V,w = 0),
compactly supported in £. In the ¥ parameterization, this says that w(z,§) =
wo (0, x — (0 - x)0) with some wg € C§°. Then, the singularities that can be stably
recovered are the ones in the conormal bundle of L:

N*L={(z,6) e NL:le L}
Singularities outside N*L are not stably recoverable.

2.3. Recovery on a region of interest. Assume that we only want to recover
f, given X f or Rf, in a subdomain called a Region of Interest (ROI). If we know
X f(¢) for all lines through the ROI (or Rf for all planes through the ROI), does
this determine f restricted to the ROI uniquely? The following example gives a
negative answer.

Example 2.11. Given a > 0, let g € C§°(R) with g(p) = 0 for |p| < a. Then
g € Su(R x S1), i.e., satisfies

(1) g(p,w) = g(—p,w);

(ii) prg(w) is a homogeneous polynomial of degree k, for k& € N.
Since R: S(R?) — Sy(R x S1) is a bijection, 3f € S(R?) with g = Rf. By the
Support Theorem, f has compact support. Using the inversion formula obtained
by expanding f and Rf on its Fourier series, we have

sy = | T - ) i (p)dp.

™
To show that f is not identically zero, integrate by parts woth r < a to obtain
1 [ _3
fr) = —*/ p(p* — %)~ 2 g(p)dp.
T

s

Now repeat with g(p,w) = gx(p)et* 28« where g, € C5° is even (odd) when k even
(odd).
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Example 2.12. Even though we cannot reconstruct f in the ROI uniquely, we
can reconstruct it up to a smooth error. This allows us to recover the singularities.
Indeed, let x(¢) be a smooth function on the line manifold equal to one on all lines
through the ROI, and zero outside a larger neighborhood. Then X xX, f € U1
is elliptic in the ROI if w is non-vanishing (see Example . Therefore, for
¥ € C§° with x = 1 near the ROI and supp ¢ close enough to the ROI, we have
vf = QX xXwf+ Rf, where R is smoothing.

2.4. Support theorems and injectivity. We have the following non-uniqueness
result for dimension 2.

Theorem 2.13 (Boman).
(a) There exists a smooth w(x,0) > 0 defined on R? x S! and f € C*(R?)
supported in {|x'| < 2%} with 0 € supp so that X f(¢) =0 where { € {2? =
ar! +b;la] < 1,b < 1}.

(b) There exists a smooth w(z,0) > 0 defined on R? x S and f € C*°(R?) not
identically zero with X f(¢) = 0 for all lines.

(c) The set of smooth positive weights w for which (a) holds is dense in C*(R? x
S1) for every k € Z>o.

In general, we have injectivity for small domains

Lemma 2.14. Let P € U™ (Qq) be elliptic properly supported in a neighborhood 91
of Q. Then there exists € > 0 so that for any open U C Q) with measure |U| < &, P
1s injective on distributions supported in U and

122y S CUNPfllgg-mea,y VI E LA(U).

Proof.
o Let Q € U™ be a properly supported parametrix; then QP = Id+ K. Let

KC be the Schwartz kernel of K. Then,

VK F@)l oy < H | Kty <Kl 1]

L2(U)

e Since K is uniformly bounded in Q x Q, we have ||K|gzs < C|U|. Hence,
for U] < 1, K: L?>(U) — L*(U) has a norm less than one. So, I + K is
invertible and (I + K)~'QP = I on L*(U).

e Any distribution f € ker P would be C* by ellipticity, therefore we get
injectivity for distributions as well.

O

Theorem 2.15 (Injectivity on small domains). Let w € C°°(QxS"™1) and assume
that w(x,0) # 0,Y(z,0) € QxS"~ L. Then there exists € > 0 so that for any compact
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set K C Q with measure |K| < ¢, the weighted transform X, is injective on L*(K)
and

[fllpe < ClIXGXwfllgioy, V€ L*(K).

Proof. Any smooth extension of w outside  will not vanish for x close enough to
0N). Take one such extension and choose x € C§°(€21) equal to one in a neighbor-
hood of the closure of the set where w # 0. Then xy X X, x € ¥™1(£;) is properly
supported and elliptic, so we can apply the previous lemma. 0

We still have a support theorem for n > 3, but first we need the following

Lemma 2.16. Let X, be injective on L*(Q), where with some nowhere vanishing
w € C°°(Qy x 8" 1) is nowhere vanishing. Then Je > 0 so that Vv € C?(; x S™~1)
with

Jw — ”Hc?(ﬁlxsn—l) <¢,
then X, is injective as well. Moreover, there is a constant C = C(w) > 0 with

||fHL2(Q) <C ”X:va”Hl(Ql) )
for any such v.

Proof.
e We have X} X, — X*X, = Op(a), with
a(l’, Y, 9) = @((E, e)w(yv 0) + @(LC, —0)10(:% _9) - ﬁ(xa Q)U(y, 9) + E((E, _Q)U(yv _9)
So, [lallc2@, xa, xsn-1) < Cllw = vl 2, x gn-1), with €' = C(w)
e Then [[(X7 Xy — X3 X0) fll g,y < Cellfllp2)- By Theorem

12 < ClXeXw gy S NXoXoflgiq,) + Cellfliz)
and we can absorb the last term on the RHS by the one on the LHS for
ek 1.

O

Finally we have the following support theorem

Theorem 2.17. Let n > 3, w € C®(R" x S"71) be a nowhere vanishing. Let
f e &R with Xy, f(£) =0 for all lines £ not intersecting the ball B(0, R). Then
f(@) =0 for |x| > R. In particular, X,, is injective.

Proof. Let p = maxgupp  [z|. WLOG, 0 = e,,. Let w59 = {z|z-0 = s}, ws(a/,0') :=
w((2', 8), (6,0)).
e For ¢ small enough, X7 X, : L*(B" *(0,6)) — B" *(0,1) is injective, for
s=p.
e Since injectivity is conserved under small perturbations, the same is true
for s close to p.
e Then, f =0 on 79N B(0, p), s close to p.
e f =0 in a neighborhood of pf. Now repeat and take a finite cover of S~ 1.
O
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