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"s}vm|t |}=U=vW =Q Cw=iDt |=yQ=DN=U x@ RyHt sU}OQ@m xkrL xt=vu=}=B u}= QO "CU= GwR =yyi xHQO xm
"Rt=O; |i}] xr=@vO � O=Qv}DU= Q@H � swD |=[i %=yxS=w O}rm

1) Thom 2) Pontrjagin 3) Hirzebruch 4) Wall 5) Milnor

Q=yJ



1 pYi

?=D xv=t}B x@ sU}OQ@m xkrL Q=DN=U
=y=OQw=v w sU}OQ@m xr�Ut |iQat 1�1

-xawtHt "OwW|t xDio R}v swD xkrL x@ |y=o xm OW |iQat 1956 p=U QO 1swD xvQ \UwD 'Q=@ u}rw= 'sU}OQ@m xkrL
ViqN XNWt Qw] x@ Qot OvDUy Q}PBjDWt xt=vu=}=B u}= QO =yxv}tN s=tD� k Oa@ =@ xDU@ Q}PBCyH |=yxv}tN
TmaQ@ CyH =@ =yDvt xv}tN u=ty �V R= Qw_vt 'OW=@ Q}PBCyH xv}tN V Qo = "O} Q}o@ Q_v QO =Q �"OwW QmP
Cv=OQ@m W =@ V OwW|t xOv=wN� V � W s}U} wv|t w s} Q=Po|t xawtHt u}= |wQ =Q � x]@=Q "CU= V
u}= QO xm �M RQt� @M = V + (�W ) xm OwW|t =O}B M Q=OCyH w Q=ORQt xOQWi xv}tN |va} �"CU=
"CU= Q=oR=U � w + =@ xm CU= |RQ=sy -x]@=Q � xm OwW|t xO}O |oO=U x@ "CU= =RHt `=tDH= Qw_vt + =H
TB '@(M � V ) = @M � V s} Q=O OW=@ xDU@ xv}tN V xm |DQwY QO uwJ "CU= |r@; xwQo 
k xH}Dv QO
Q=DN=U u}= =@ p=L "O=O |vat 
k�
l �! 
k+l ?Q[ x@ u=wD|t w CU= Q=oR=U � x]@=Q =@ =yxv}tN ?Q[

"OwW|t |}=Hx@=H O=B xkrL l} 
 =
P

k 
k

sU}OQ@m xkrL x@ 2u}rNQ p}rO u}ty x@ w CiQo Q_v QO ker @
Im @ CQwY x@ =Q 
 xkrL u=wD|t j}kO=v u=}@ x@

1) Ren�e Thom 2) Rohlin

1



2 ?=D xv=t}B x@ sU}OQ@m xkrL Q=DN=U 1 pYi

"Cio|t �|D=P |Swrwty�
2 xv=t}B x@W =@ V OwW|t xOv=wN� V �2 W |RQ=sy x]@=Q s} Q}o@ Q_vQO s}y=wNv =Q CyH xm |DQwY QO
CU= uWwQ xD@r= xm s}yO|t u=Wv N =

P
kNk =@ =Q sU}OQ@m O}OH xkrL w s}vm|t |iQat �"OvDUy Cv=OQ@m

VY=wN xQ=@ QO Oa@ |=yVN@ QO xm OQ=O OwHw Ovm|t Vwt=Qi =Q CyH xm r : 
 �! N xm r CW=ov xm
"s}yO|t K}[wD

x@ \w@ Qt =Q |t=mL= swD R= p@k R}v u}rNQ w OW KQ]t 1xQ=mv=wB -xr}Uw x@ Q=@ u}rw= O}=W sU}OQ@ swyit
Q=@ u}rw= Q=DN=U |}=U=vW =t= "CU= |Oa@ 4 |=xv}tN RQt |Oa@ xU xv}tN Qy xrtH R= "Ow@ xOQm C@=F sU}OQ@

"OW ROr}i xR}=H xOvQ@ Q]=N u}ty x@ xm CiQo CQwY swD \UwD
%CU= ẁv OvJ Q@ x} Q_v u}= QO |UQQ@ OQwt xr�Ut

w xOQWi xv}tN RQt CQwY x@ u=wD|t =Q Mn xDU@ w Q=wty xv}tN |]}=QW xJ CLD %sU}OQ@m xr�Ut "1
#Qw]J 'OvW=@ Q=OCyH wO Qy s}y=wN@ |DQwY QO #CWwv Wn+1 Q=wty

w� x 2 Hi(Mn;Z) O}vm ZQi %xv}tNQ} R u=wva x@ |oDUv=ty xwQo QO QwO l} uOw@ Q}PB V}=tv "2
p@=k M i � Mn xv}tNQ} R \UwD x |]}=QW xJ CLD �"OW=@ Q}PB=vCyH Mn Qo = x 2 Hi(Mn;Z2) =}

"CU= V}=tv
x 2 Hi(X;Z) w OW=@ CW � `tDHt l} X O}vm ZQi %OvDUy xDUw}B `@=wD Q}wYD xm |}=yQwO "3
|va}� (M i; f) �uwoy@D sU}OQ@� |DQwY xJ QO �"OW=@ Q}PB=vCyH X xm |DQwY QO x 2 Hi(X;Z2) =} w�

#f�[M i] = x xm |Qw] x@ �f : M i �! X CW=ov w M i xv}tN
"OW=@ �Q}PB=vCyH =}� Q}PBCyH xm u}= ?ULQ@ �
O

i (X) =}�
SO
i (X) OW KQ]t 3 p=w�U QO xm |ywQo x@

%OQm x@U=Lt |oO=U x@ u=wD|t =Q i � 2 |=Q@ 
O
i (�) '
SO

i (�) p=Ft u=wva x@

O0 ' Z2 
SO0 ' Z 
O1 ' 
SO1 ' 0 
SO2 = 0

|=yx} wQ |Ov@xDUO R= =t 
O2 x@U=Lt |=Q@ "s}OQm xO=iDU= Q}PBCyH |=yx} wQ |Ov@xDUO x}[k R= 
SO2 |=Q@
"s}vm|t xO=iDU= Q} R sr w Q}PB=vCyH

1) Poincar�e



3 ?=D xv=t}B x@ sU}OQ@m xkrL Q=DN=U 1 pYi

"�(M)
2� 0 %CU= GwRM i Qr} w= OOa CQwY u}= QO OW=@W i+1 xv}tN RQtM i xv}tN Qo = %sr 1�1�1

GwR i O}vm ZQi TB �(M i) = 0 s}v=O|t xQ=mv=wB |v=owO R= xO=iDU= =@ OW=@ OQi i xm |DQwY QO %C=@F=
CQwY u}= QO OW=@ W 2k+1 RQt M2k O}vm ZQi "CU=

V 2k+1 := W 2k+1 [
M2k

W 2k+1 (1)

`tDHtQ} R R= =Q Y wX 'CW � `tDHt wO Qo = s}v=O|t "s}v=@UJ|t sy x@ RQt |wQ R=W 2k+1 R= xNUv wO |va}
%CW=O s}y=wN s}v=@UJ@ sy x@ L

�(X [K L) = �(K) + �(L)� �(L)

%O};|t CUO x@ 's} Q@@ Q=m x@ �1� |=Q@ x]@=Q u}= Qo = TB

0 = �(V 2k+1) = 2�(W 2k+1)� �(M2k)

�"OW C@=F =aO= xH}Dv QO
xm OQm =O}B W 3 u=wD|t |oO=U x@ K2 u}qm |Q]@ |=Q@ =t= "RP 2 6= @W 3 TB �(RP 2) = 1 uwJ
RP 2+�=yxDUO� CQwY x@ Q}PB=vCyH |Oa@ 2 x} wQ Qy O} wo|t Q}PB=vCyH |=yx} wQ |Ov@xDUO "K2 = @W 3

"
O2 ' Z2 �[RP 2] Orwt =@� xH}Dv QO CU= K2+�=yxDUO� =} w
|y}O@ sU}OQ@m xkrL QO CP 2n+1 w RP 2n+1 |rw OvDU}v xv}tN RQt =yCP 2n w RP 2n |rm Qw] x@

uwJ "OvDUy

C@=F x]kv uwO@ Q=wty 1VJ}B l} � : Mn �!Mn w OW=@ xDU@ xv}tN Mn Qo = %x}[k 2�1�1
"
n QO Mn � 0 'x 2Mn Qy |=Q@ �(x) 6= x w �2(x) = x |va} 'OW=@

O}yO Q=Qk %C=@F=
Wn+1 = Mn � [0; 1]=(x; 0) � (�(x); 0)

1) involution



4 ?=D xv=t}B x@ sU}OQ@m xkrL Q=DN=U 1 pYi

R= xm OQ=O OwHw |} wo (x; 0) 2 Wn+1 Qy uwJ CiQo xH}Dv u=wD|t |oO=U x@ 'OQ=Ov C@=F x]kv � uwJ
Mn VRQt w CU= Q=wty xv}tN Wn+1 TB "CU= xOt; CUO x@ �Dn+1

+ w Dn+1
+ |wos}v wO uO}@UJ

�"CU=
%OQm h} QaD Qw] u}= u=wD|t =Q CP 2n+1 w RP 2n+1 |wQ C@=F x]kv uwO@ VJ}B

RP 2n+1 |wQ : �(x0; x1; : : : ; x2n; x2n+1) = (�x1; x0; : : : ;�x2n+1; x2n)

CP 2n+1 |wQ : �(z0; z1; : : : ; z2n; z2n+1) = (��z1; �z0; : : : ;��z2n+1; �z2n)

"OvwW|t QiY OvDUy Qo}O |=xv}tN RQt xm |}=yxv}tN |=Q@ 1|vD} w � pi}DW= OOa xm OQm s}y=wN C@=F xt=O= QO

Wn+1 'Mn = @Wn xmMn xv}tN |=Q@ |vD} w � pi}DW= O=Oa= xty %�2u}o =} QDvB� x}[k 3�1�1
"OwW|t QiY 'CU= xOQWi xv}tN

O } v m ZQ i "s } Q } o| t Q _ v QO Z2 ? }=Q[ = @ =Q 4| o D U v= t yO= B w 3| o D U v= t y xwQ o %C= @ F=
s}v=O|t Vkv |v=owO x}[k R= xO=iDU= =@ "OW=@ Wn+1 |O=}v@ Tqm [Wn+1] 2 Hn+1(Wn+1;Mn)

RQt CW=ov
@0 : Hn+1(Wn+1;Mn) �! Hn(Mn)

� 2 Hn(Mn) Qo = xH}Dv QO "OQ@|t [Mn] 2 Hn(Mn) |O=}v@ Tqm x@ =Q [Wn+1]

< �; [Mn] >=< �; @�[Wn+1] >=< ���; [Wn+1] >

"CU= @� CW=ov u=owO �� : Hn(Mn) �! Hn+1(Wn+1;Mn) xm
T=tt hqm Qw_vt �x xm �Wn+1 jMn = �Mn�"1 s} Q=O �Q=wty |=yxv}tN |=Q@� 5xk} x}[k R= xO=iDU= =@
xH}Dv QO "CU= @Wn+1 = Mn l}ORv xm s}Ovtxkqa Wn+1 R= |DtUk x@ =yvD '`k=w QO uwJ "CU= X
j Qy |=Q@ wj(Mn) = wj(�Wn+1 jMn) CW=O s}y=wN TB "Wn+1 = Mn � I s}vm ZQi s}v=wD|t
1) Stiefel-Whitney 2) Pontrjagin 3) homology 4) cohomology 5) Collar Theorem



5 ?=D xv=t}B x@ sU}OQ@m xkrL Q=DN=U 1 pYi

uOv=Wv R= xOW =kr= CW=ov i� : Hj(Wn+1) �! Hj(Mn) Qo = �"CU= |vD} w � pi}DW= Tqm u}t=�j 'wj�
wr11 (Mn) : : : wrnn (Mn) = i�� TB wj(�Wn+1 jMn) = i�wj(Wn+1) "OW=@ i : Mn ,! Wn+1

(Wn+1;Mn) GwR |=Q@ |oDUv=tyO=B j}kO xr=@vO "� = wr11 (Wn+1) : : : wrnn (Wn+1) xm

Hn(Wn+1) i��! Hn(Mn) ���! Hn+1(Wn+1;Mn)

,=D}=yv w ��(wr11 (Mn) : : : wrnn (Mn)) = ��i�� = 0 u}=Q@=v@ "��i� = 0 OyO|t xH}Dv

; wr11 (Mn) : : : wrnn (Mn); [Mn] >=< ��(wr11 (Mn) : : : wrnn (Mn)); [Wn+1] >= 0

�"wr11 : : : wrnn [Mn] = 0 |va}
"O=O s}y=wN K}[wD Oa@ |=yrYi QO xm OW C=@F= 1p=w \UwD w xOR TOL swD \UwD q=@ smL TmaQ@

|]N wO sQi "CU= '� '2u=Wv "OwW|t h} QaD =y4k Oa@ |=yxv}tN |=Q@ \ki xm |Qo}O syt |=OQw=v

< x; y >= (xy; [M4k]) x; y 2 H2k(M4k;Q)

"Ov} wo M4k xv}tN 'u=Wv '� =Q <;> T}Ov= "O} Q}o@ Q_v QO =Q

"CU= QiY 'CU= Qo}O |=xv}tN RQt xm |=xv}tN u=Wv %�swD w u}rNQ� x}[k 4�1�1
i�[M4k] = 0 xmCU= uWwQ CQwY u}= QO i : M4k ,!W 4k+1 'M4k = @W 4k+1 O}vm ZQi %C=@F=
W 4k+1 QO �x; �y |=yQwOO=B O}OLD R= xm OW=@M4k QO |Oa@ �2k |=yQwO O=B x; y Qo = "H4k(W 4k+1;Q) QO

uwJ < X;Y >= 0 OW=@ xOt; CUO x@

< X;Y > =< x ^ y; [M4k] >=< i�(�x) ^ i�(�y); [M4k] >

=< �x ^ �y; i�[M4k] >= 0

VOa@ '|Q=OQ@ |=[i u=wva x@ i�H2k(W 4k+1;Q) � H2k(M4k;Q) s}vmC@=F xmCU=u}= C=@F= |Oa@ s=o
(W 4k+1;M4k) GwR x@ \w@ Qt |oDUv=tyO=B w |oDUv=ty |=Q@ =Q j}kO xr=@vO "CU=H2k(M4k;Q) hYv
1) Wall 2) signature
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%s} Q}o@ Q_v QO =Q

: : : �! H2k+1(W 4k+1;M4k) @��! H2k(M4k) i��! H2k(W 4k+1) �! : : :D D D
: : : �! H2k(W 4k+1) i��! H2k(M4k) ���! H2k+1(W 4k+1;M4k) �! : : :

=yQ]U uOw @ j} kO = @ xHw D = @ T B "CU= | }=Hx @=H Q=Owt v u }= "�CU= xQ=m v=w B | v= owO D R= Qw_vt�
dim ker �� = dim ker i� w dim(Im i�) = dim(ker ��)

dim(Im i�) = dim(ker i�) = dimH2k(M4k)� dim Im i�

2 dim Im i� = dimH2k(M4k) xH}Dv QO dim Im i� = dim Im i� OvDUy sy u=owO i� w i� uwJ =t=
xm |}=[iQ} R Oa@ xH}Dv QO "OwW|t QiY hYv Oa@ =@ |Q=OQ@ |=[iQ} R |wQ xm CU= |]N wO sQi <;> uwJ

�"� = 0 xH}Dv QO CU= k �|ivt =} w� C@Ft |]N wO sQi
xt=O= QO "s}vm|t C@=F =Q �1MwQ@ RQ}y u=Wv� x}[k |Oa@ |=ypYi QO sU}OQ@m x} Q_v OQ@ Q=m u=wva x@
swD |=[i sU= x@ |}=[i |B wDwty xwQo Q=DN=U O}=@Pk 
k;

P
kNk xkrL Q=DN=U x@U=Lt |=Q@ O}O s}y=wN

"Ovm|t \w@ Qt |B wDwty x} Q_v x@ =Q sU}OQ@m x} Q_v xm CU= u; QO swD |=[i C}ty= "s}v=O@ =Q

xQm |BwDwty |=yxwQo w s} Qi x=Qty x@ sU}OQ@ 2�1
s=yr= xm syO@ K}[wD s} Qi x=Qty x@ sU}OQ@ QO =Q swD � u}o =} QDvB Q=DN=U sy=wN|t swD |=[i |iQat R= p@k

"CU= swD |=y=[i |rY= xO}= VN@
|Qw] CU= N QO V �Rn R= � -xOvv=Wv 'Mk xv}tN R= V k�n xv}tNQ} R |wQ |Q=Po s} Qi l} R= OwYkt
wO s}} wo|t 'OW=@ M � I R= s} Qi x=Qty x@ xv}tNQ} R (W k+1�n;  ) Qo = "p 2 V Qy |=Q@ �(p; 0) = p xm
'Ov};|t CUO x@ M � f1g w W l =QDW= w M � f0g w W l =QDW= R= xm M R= xOW |Q=Pos} Qi xv}tNQ} R

"CU= M QO |Oa@ k � n |=ysU}OQ@ s} Qi -xawtHt 
fr
k�n;M "OvDUy Cv=OQ@m s} Qi

1) signature of Hirzebruch
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�(p; v) xm s}vm|t h} QaD Qw] u}= c : M �! Sn 1VR} QwQi CW=ov s} Qi x@ RyHt xv}tNQ} R Qy |=Q@
|O=a Q=Okt 0 2 Sn "�Sn = Rn [ f1g O}vm xHwD� "1 x@ =Q � Q} wYD GQ=N \=kv x}k@ w s}DUQi|t v =Q

"c�1(0) = V w CU= c CW=ov
"OvOQm C@=F 1950 p=U QO u}o =} QDvB w swD =Q Q} R |x}[k

"Ovm|t =kr= 
fr
k�n;M �! [M;Sn] |} wUwO CW=ov l} VR} QwQi CW=ov %x}[k 1�2�1

"�nSn = Z xm CiQo xH}Dv u=wD|t |DL=Q x@ smL u}= R= xO=iDU= =@ xm O}vm xHwD x}[k C=@F= R= p@k
�#=QJ� "n > 3 |=Q@ �n+1Sn = Z2 w �3S2 = Z CiQo xH}Dv u=wD|t u}vJty

d : [M;Sn] �! 
fr
k�n;M |va} c : 
fr

k�n;M �! [M;Sn] VR} QwQi CW=ov uwQ=w xm u; |=Q@ %C=@F=
[M;Sn] w[a Qy |=Q@ s}v=O|t "s}vm|t xO=iDU= p}Uv=Qi}O |SwrwB wD QO 2`]=kD |=yx}[k R= s}vm h} QaD =Q
`]=kDt 0 x@ w CU= Q=wty f�1(0) |o}=Uty QO 'f : M �! Sn = Rn[1 OQ=O OwHw Q=wty xOv}=tv l}
"CU= n u; Oa@ Xkv w CU= Mk Q=wty xv}tNQ} R f�1(0) = V xH}Dv QO �CU= |O=a Q=Okt 0� "CU=
CQ=@a x@ "OQ@|t f \UwD 0 2 Sn Owta hqm xOW 3xO}Wm ?ka x@ =Q Mk QO V Owta hqm df u}vJty

"OW=@ V Owta hqm �(V ,!Mk) Qo = QDj}kO
�(V ,!Mk) df�! �(0 ,! Sk)??y ??y

V �! 0
"CU= sU}iQwtwR}= Q=D Qy QO xm

1) collapse map 2) transversality 3) pull back



8 ?=D xv=t}B x@ sU}OQ@m xkrL Q=DN=U 1 pYi

"CU= Qw] u}ty R}v Mk QO V Owta hqm TB 'OQ=O s} Qi |a}@] Qw] x@ Rn [ f1g QO 0 Owta hqm uwJ
O}vm ZQi uwJ "CU= h} QaDVwN d "OQ@|t q=@ s} Qi =@ f�1(0) x@ =Q [f ] Qy d CW=ov TB

F : M � I �! Sn

F̂ : M � I �! Sn � I s}vm|t h} QaD "OW=@ `]=kDt 0 2 Sn Q@ F jM�f0;1g xm OW=@ |B wDwty
AwDwty 'OW=@ `]=kDt 0� I x@ xm |DW=ov =@ F̂ `]=kD |=yx}[k R= xO=iDU= =@ F̂ (m; t) 7! (F (m; t); t)

"F j�1
M�f1g(0) w F j�1

M�f0g(0) u}@ �Owta s} Qi =@� sU}OQ@ s} Qi l} F̂ \UwD 0� I uwQ=w Q} wYD "CU=
x@ R=}v c � d =t= CU= uWwQ CU= |v=ty d � c "OvDUy Qo}O l} uwQ=w c; d s}yO u=Wv O}=@ C}=yv QO
"CU= `]=kDt 0 2 Rn [ f1g = Sn Q@ xm OW=@ [M;Sn] R= |w[a xOv}=tv f O}vm ZQi "OQ=O K}[wD
AwDwty f =@ OwW|t =kr= df CW=ov \UwD xm Owta s} Qi =@ V = f�1(0) VR} QwQi CW=ov s}yO|t u=Wv
� O}vm ZQi "OW=@ V pwL |=xrwr |o}=Uty g : � �! M w � = �(V ,! M) O}vm ZQi "CU=
s}vm|t h} QaD �"CU= � lU}O hqm D(�) R= OwYkt� D = g(D(�)) O}yO Q=Qk OW=@ l} QDt x@ RyHt
|R=U u=Um} ?}mQD � |=xQ}HvR uwv=k R= xO=iDU= =@ "�(X) = limt!0 t�1f(g(tx)) '� : � �! Rn

"OyO|t sU}iQwtwR}= l} Rn x@ � Q=D Qy R= �XNWt Qw] x@ "CU= df � dg w � �! �(V ,! �) hqm
�1 � t � 1 |=Q@ ft : D �! Rn [ f1g |B wDwty

ft(g(x)) =

8>>><>>>:
11+tkxk�(x) Qo = � 1 � t � 0

t�1f(g(tx)) Qo = 0 � t � 1
CW=ov p=L "OQ=O OwHw

@D � [�1; 1] [ (M � IntD)� f1g [ (M � IntD)� f�1g �! Sn � f0g

C}=yv}@ =} |y=vDt=v |wQ swU CtUk |wQ w CU= f swO CtUk |wQ w ft pw= CtUk |wQ xm O};|t CUO x@
CW=ov x@ 1xRD}D x}[k =@ =Q CW=ov u}= "CU= C@=F

(M � IntD)� [�1; 1] �! Sn � f0g
1) Tietze
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CU= |B wDwty xm O};|t CUO x@ F : M � [�1; 1] �! Sn |B wDwty ft uOv=@UJ =@ "s}yO|t VQDUo
=WwB c xH}Dv QO CU= c Q} wYD QO h w f ' h TB "h�1Rn = IntD �= V � Rn xm h CW=ov x@ f R=

�"OvDUy Qo}Om} uwQ=w c; d w CU=

=@ xm CU= X�I
(x0�I)[(x�f0;1g) OQ=O R}v x}=B x]kv xm X |=[i uw}Uv=BUwU R= OwYkt %h} QaD 2�2�1

"s}yO|t u=Wv SX
uw}Uv=BUwU "�CU= [X;Y ]0 QO f Tqm s}} wo|t� Ovm ^iL =Q x}=B \=kv f : X �! Y CW=ov Qo =

"Ovm|t h} QaD [SX; SY ]0 x@ [X;Y ]0 R= |DW=ov

"OW=@ (n � 2) Ov@ty �(n� 1) |=[i X O}vm ZQi %�1p=DvOwQi uw}Uv=BUwU� x}[k 3�2�1

S : �kX �! �k+1SX

"CU= =WwB k = 2n� 1 |=Q@ w CU= sU}iQwtwR}= k < 2n� 1 |=Q@

h} QaD Q} R s}kDUt OL =Q OQ=O sy x}=B x]kv xm X |=[i |B wDwty Q=O}=B xwQo u}t=�k %h} QaD 4�2�1
"s}vm|t

�SkX = coliml!1�k+lSlX

"s} Q=O p=DvOwQi x}[k R= xO=iDU= =@

OW=@ |Q}Ut Ov@ty X Qo = %xH}Dv 5�2�1

l � k |=Q@ �Sk (X) = �2k(SkX) = �k+l(SlX)

l � k + 2 |=Q@ �Sk = �Sk (S0) = �2k+2(Sk+2) = �k+l(Sl)

1) Freudenthal suspension theorem
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xm Owta s} Qi =@ |Oa@ k sU}OQ@ |=yTqm x@ �Sk R= |DN} Qm} swD � u}o =} QDvB Q=DN=U %xH}Dv 6�2�1
"OyO|t n � 2k + 2 |=Q@ Sn xDU@ xv}tNQ} R

TV �"n hqm |R=U |y}O@ |RQ=sy Tqm 'v |Oa@ k xv}tN |wQ Q=O}=B T=tt s} Qi %h} QaD 7�2�1
|R=U |y}O@ wO "CU= V |wQ |Oa@ �n |y}O@ hqm "n xm

t1 : TV � "n1 �= "k+n; t2 : TV � "n2 �= "k+n2

xm OwW Ci=} n1; n2 R= QDoQR@ N Qo = OvDUy RQ=sy

t1 � Id : TV � "n1 � "N�n1 �= "k+N

t2 � Id : TV � "n2 � "N�n1 �= "k+N

"OvW=@ AwDwty |R=U |y}O@ wO u}=
|rm Qw] x@ "OvDUy RQ=sy V � Sn |=Q@ Q=O}=B Owta s} Qi =@ Q=O}=B T=tt s} Qi xm OwW|t xO}O |DL=Q x@
TB "OvW=@ CN} Qm} |a}@] i; j |=Q@ F � "i w E � "j Qo = Ov} wo|t Q=O}=B RQ=sy V |wQ =Q F;E hqm wO

"OQm u=wva Qw] u}= u=wD|t =Q p@k xH}Dv

"Q=O}=B T=tt s} Qi x@ RyHt |Oa@ k sU}OQ@ |=yTqm =@ CU= CN} Qm} �Sk %xH}Dv 8�2�1
"Sn QO u; uOv=Wv xv OQ=O xQ=W= |Oa@ k xv}tN OwN x@ uwJ CU= |r@k R= QDy@ xH}Dv u}=

s} Qi =@ |Oa@ k xv}tN wO i = 0; 1 '(Vi; i : TVi � "a �= "k+a) O}vm ZQi %h} QaD 9�2�1
=@ CU= Q=O}=B s} Qi =@ Cv=OQ@m (V0; 0; g0) s}} wo|t CW=ov wO i = 0; 1 gi : Vi �! X w OvW=@ Q=O}=B
G : W �! X CW=ov w (V1; 1) x@ (V0; 0) R= (W; �) Q=O}=B s} Qi =@ sU}OQ@ Qo = X |wQ (V1; 1; g1)

"OwW =O}B 'CU= g1 w g0 VQDUo xm
=@ |Oa@ k sU}OQ@ Tqm 
fr

k (X) R= u}vJty w x]kv l} w X `=tDH= |va} 'X` pt 'X+ R= =t Qw_vt
"CU= X |wQ Q=O}=B s} Qi
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"
fr
k (X) = �Sk (X) %x}[k 10�2�1

"�Sk (X) = �k+l(X+ ^ Sl) xm s}vm|t Q=}DN= nQR@ |i=m QOk x@ =Q l %C=@F= R= |LQ]
=@ CU= Q@=Q@ X+ ^ sl 1|W@ wm =} |UQB ?Q[

X+ � Sl=X+ _ Sl = X � Sl=X � pt

RH x@ |=x]kv =Hv}= x xm 'CU= `]=kDt X �fxg x@ xm OW=@ |=xOv}=tv 'f : Sk+l �! X+ ^Sl O}vm ZQi
CN} Qv=Uty X+ ^ Sl QO X � fxg uwJ w CU= Q=wty f�1(X � fxg) = V "CU= Sl |=x}=B |x]kv

"CU= X � Rl

"f jV : V �! X � fxg w CU= Owta hqm s} Qi |=Q=O V xv}tNQ} R
|DW= o v 'CU= xOW x DW= o v X x @ x m Q=O }= B s } Q i = @ x v } tN x @ x vwoJ OyO| t u=W v O vwQ u }=
u=Wv s}v=wD|t swD � u}o =} QDvB Q=DN=U pFt p=L 's}yO C@Uv f : Sk+l �! X+ ^ Sl pFt �Q=O}=B�
QO OW=@ Q=wty X OQ=Ov |twRr q=@ QO O}vm xHwD xD@r=� "CU= |DN} Qm} �k+l(Sl ^X+) �! 
fr

k (X)

�"�"OQ=O |vat CU= xQm uwJ CU= Owta |=DU=Q QO \ki Ow@ `]=kDt R= OwYkt xH}Dv
1) Smash product
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=torsion x@U=Lt w swD `tDHt 3�1
=}� G = O(n) |Q=DN=U xwQo w Rn Q=D =@ B xDU@ w Q=wty w Ov@ty x}=B |wQ � |Q=OQ@ hqm O}vm ZQi

%p : E �! B Vvmi= CW=ov w OW=@ �Sp(n=4) w U(n=2) 'SO(n)

� = (E;B; p; F;G); F �= Rn; G = O(n)

|=yQ=D =@ ~E �! B |Q=D hqm s}vm OwOLt Q=D Qy QO OL=w R= QDtm pw] =@ |=yQ=OQ@ x@ =Q u=txHwD Qo =
"CU= Sn�1 Q=D =@ |Q=D hqm @ �E RQt w ~F �= ~D � Rn

xmD R= xm M(�) = ~E
@ ~E

CtUk GQ=N `tDHt � |Q=OQ@ hqm R= 'M(�) swD `tDHt %h} QaD 1�3�1
"O};|t CUO x@ @ ~E |va} ~E RQt uOQm x]kv

"s}vm|t u=wva C=@F= uwO@ =Q swD R= l}Uqm smL OvJ

%OvQ=O OwHw Q} R |a}@] |=y|DN} Qm} i � 0 Qy |=Q@ %�swD |DN} Qm}� x}[k 2�3�1

' : Hi(B) �! Hn+i(M(�))

' : H i(B) �! Hn+i(M(�))

Ov=wD|t ?}=Q[ G = SO(n) Qo = w Z2 |oDUv=ty O=B ?}=Q[ G = O(n) xm |DQwY QO� "n = dimF xm
"�"OW=@ pw= 'p > 2 'Zp w Q w Z

wj 2 Hj(B;Z2) Qo = s}v=O|t |Q@H|SwrwB wD C=tOkt R= w Ov} wo|t swD Tqm ''(1) 2 Hn(M(�)) x@
OW=@ 1|vD} w � pi}DW= Tqm

wj = '�1(Sqj'(1)) �swD |Q@=Q@�

"CU= 2O=Qv}DU= `@ Qt Sq xm
1) Stiee-Whitney class 2) Steenrod Squares
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|v=yH hqm ESO(1) �! BSO(1) Qw_vt� MSO(1) = S1 xm OQm xOy=Wt u=wD|t |oO=U x@
"MSO(2) = CP1 'MO(1) = RP1 w �1 Oa@ |=Q@

"OvDUy 1u}rlt nQ@vr}; |=y=[i MSO(2) 'MO(1) 'MSO(1) `k=w QO TB

"CU= Ov@ty �(n� 1) 'F �= Rn Q=D =@ � |Q=OQ@ hqm R= M(�) swD `tDHt %sr 3�3�1

1 � j < n |=Q@ �j(M(�)) = 0

u}vJty w

�n(M(�)) '

8>>><>>>:
Z OW=@ Q}PBCyH � Qo =
Z2 OW=@v Q}PBCyH � Qo =

lD QO B |=ypwrU ?Q[ xm Qw] u}= 'OQw; CUO x@ B x}=B |wQ R= u=wD|t =Q M(�) |rwrU Q=DN=U %C=@F=
I}y uwJ "s} Q=O R}v M(�) QO �0 |Oa@ �0 pwrU l} =yv}= R= Q}e x@ xD@r= " ~E QO F �= Dn |Oa@ �n pwrU
"j < n |=Q@ �j(M(�)) = 0 s} Q=O 2I} wQwy x}[k R= xO=iDU= =@ M(�) Q=DN=U QO n R= QDtm Oa@ =@ pwrU
|Oa@ � 0 pwrU 1 =yvD B |rwrU Q=DN=U QO OQm ZQi u=wD|t Ov@ty B uwJ s}UQ|t swO |=aO= x@ p=L
�0 pwrU =yvD R= M(�) |Oa@ n pwrU =yvD OW xQ=W= q=@ QO xm M(�) |rwrU Q=DN=U x@ xHwD =@ TB "s} Q=O
Q_v QO xDU@ |Q}Ut OW=@v Q}PBCyH � Qo = "Ow@ Oy=wN |QwO Hn(M(�)) xH}Dv QO "O};|t CUO x@ B |Oa@
�1 |Oa@ �1 pwrU u}= Ov=OQoQ@ Q}Ut pw] QO =Q F = Rn T=tt Q=D CyH xm �0 2 B x]kv pwL s} Q}o|t
QO 2�n = @(�n+1) s} Q=O "M(�) |Ov@pwrU QO P�1(�) = '(�1) = �n+1 O} Q}o@ Q_v QO B QO =Q
=@ =aO= TB OW Oy=wN QiY M(�) QO P�1(�j) |Oa@ �n+ 1 pwrU RQt OW=@ Q}PBCyH � Qo = xm |DQwY

�"OwW|t pY=L I} wQwy R= xO=iDU=
"CU= |B wDwty x@ sU}OQ@m xr�Ut p}O@D swD |=yQ=m G}=Dv u} QDtyt R= |m} s}Dio xm Qw] u=ty p=L

1) Eilenberg-Maclane 2) Hurewicz
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'OvDUyCN} Qm} MSO(n)'MO(n) Q=O}=B|B wDwty xwQo =@ 
SO
i w 
O

i sU}OQ@m xwQo %x}[k 4�3�1
|va}

�n+i(MO(n)) ' 
O
i �n+i(SO(n)) ' 
SO

i

CQwY u}= QO xm G = feg |=Q@ s}OQm C@=F sQi x@ RyHt sU}OQ@ QO xm |R}J `k=w QO� i < n � 1 |=Q@
�"�n+i(Mfeg) = �n+i(Sn)

u}vJ s}v=O|t� "CU= Rn+i xv}tNQ} R u=wva x@ 'n� 1 > i Oa@ =@ xDU@ Q=wty xv}tN M i O}vm ZQi %C=@F=
Cr=L u}= QO |vOv=Wv wO Qy s}v=O|t u}vJty "CU= Q}PBu=mt= |vD} w uOv=Wv |=yx}[k R= xO=iDU= =@ uOv=Wv
"s}yO|t u=Wv � =@ =Q Tqm u}= xm OwW|t XNWt =Dm} Qw] x@ Owta hqm Tqm xH}Dv QO �"OvDUy AwDwR}=

CW=ov \UwD � uO}Wm ?ka R= � xm Rn Q=D =@ OW=@ BO(n) |wQ |v=yH hqm �̂ O}vm ZQi

 : M i �! BO(n)

R= QDtm pw] =@ |=yQ=OQ@ p=L "s}yO|t u=Wv  ̂ =@ =Q OwW|t =kr= �̂ w � u}@ xm |DW=ov "CU= xOt; CUO x@
Ovm|t =t x@ =Q ltm u}= 'CiQo Q_v QO Sn+i � Rn+i QO M i R= N |o}=Uty u=wva x@ u=wD|t =Q � QO OL=w
=Q Sn+i R= N ptmt "s} Q}o@ Q_v QO E R= ~E |=[iQ} R x@ M i R= N |o}=Uty R= |DW=ov u=wva x@ =Q  ̂ xm

%s} Qw;|t CUO x@  ̂ R= |DW=ov xH}Dv QO s}DUQi|t M(�) QO �0 x]kv x@

f : Sn+i �!M(�̂) = MO(n)

M i = f�1(BO(n)) w CU= `]=kDtM(�̂) � BO(n) x@ f O}O u=wD|t p@k VN@ |=ypqODU= Ovv=t R=@
x@ df CLD x QO Sn+i x@ Rn+i

x T=tt |=[i Q} wYD M i = f�1(BO(n)) 3 x Qy QO Qo}O CQ=@a x@
"CU= `]=kDt f(x) QO M(�̂) � BO(n) T=tt xLiY

W i+1 xv}tN OQ=O OwHw |va} OvDUy Cv=OQ@m xm OvW=@ Q=wty w xDU@ xv}tN wOM i1 wM i0 O}vm ZQi p=L
QO M i0 xm |Qw] s}v=Wv@ Rn+i � I QO =Q W i+1 s}v=wD|t =t "�=RHt `=tDH=� @W i+1 = M i0 [M i1 xm
"OwW l}ORv Owta Qw] x@ RQt wO u}= x@ W i+1 xm |Qw] 'Rn+i � f1g QO M i1 w OQ}o@ Q=Qk Rn+i � f0g
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|B wDwty xm 's} Qw;|t CUO x@ =Q Sn+i � I �!M(�̂) %CW=ov q=@ QO swD � u}o =} QDvB Q=DN=U Ovv=t ,=k}kO
%CW=ov wO u}@ CU=

f0 : Sn+i �!M(�̂) f1 : Sn+i �!M(�̂)

i < n� 1 |=Q@ s} Qw;|t CUO x@ |i} QaD VwN CW=ov TB


O
i �! �n+i (MO(n))

=@ u=wD|t =Q |B wDwty w[a Qy uwJ uWwQ R}v u; |}=WwB w O};|t CUO x@ q=@ EL@ R= u; uOw@ l} x@ l} xm
w[a xv}tN s}OQm C@=F sU}OQ@ s} Qi QO xJv; Ovv=t ,=k}kO M i = f�1(BO(n)) w OR ?} QkD Q=wty |DW=ov

CW=ov |=Q@ q=@ |=yhQL x@=Wt "CU= Q_vOQwt 
O
i


SO
i �! �n+i(MO(n))

�"OR u=wD|t

(M i �Mn+i) CU= V}=tv p@=k xDU@ xv}tNQ} R \UwD x 2 Hi(Mn+i;Z2) �i� %x}[k 5�3�1
'(1) xm 'f�'(1) = Dx xm |Qw] x@ OW=@ xDW=O OwHw f : Mn+i �!MO(n) CW=ov Qo = \ki w Qo =

"CU= xQ=mv=wB |v=owO D w swD Tqm
CW=ov Qo = \ki w Qo = CU= V}=tv p@=k Mn+i � M i xv}tNQ} R \UwD x 2 Hi(Mn+i;Z) (ii)

"f�'(1) = Dx xm OwW Ci=} f : Mn+i �!MSO(n)

VOwta hqm xm Mn+i �M i xv}tNQ} R \UwD �"CU= Q}PBCyH Mn+i� x 2 Hi(Mn+i;Z) (iii)

"f�'(1) = Dx xm f : Mn+i �! Sn CW=ov Qo = \ki w Qo = CU= V}=tv p@=k "CU= |y}O@
"O=O s}y=wN K}[wD =Q (i) C=@F= |=yxO}= "OvDUy sy x@=Wt ,=k}kO CtUk xU Qy C=@F=

p@k x}[k Ovv=t Mn+i QO M i Owta hqm "OW=@ i Oa@ =@ xv}tNQ} R M i � Mn+i O}vm ZQi �i� %C=@F=
lD x@ =Q M i |=xrwr |o}=Uty ptmt f CW=ov "OwW|t f : Mn+i �!MO(n) Ovv=t |DW=ov x@ QHvt
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"�xOt; CUO x@ ~E �! BO hqm QO @ ~E Z=@kv= R= �0 x]kv� OQ@|t MO(n) swD `tDHt QO �0 x]kv
x@ =Q Owta hqm f uwJ xH}Dv QO OwW|t Mn+i QO M i Owta hqm swD Tqm M i xQ=mv=wB u=owO s}v=O|t

s} Q=O xH}Dv QO OQ@|t BO(n) Owta hqm

f�'(1) = D[M i] (1)

"CU= swD CW=ov ' : H0(BO(n);Z2) �! Hn(MO(n);Z2) xm
"f : Mn+i �! MO(n) CQwY u}= QO Ovm =[Q= =Q (i) \QW x 2 Mi(Mn+i;Z2) Qo = TmaQ@
f�1(BO(n)) "CU= `]=kDt BO(n) Q@ f xm OQm ZQi `]=kD |=yx}[k R= xO=iDU= =@ u=wD|t s}v=O|t
xH}Dv QO CU= jO=Y R}v xv}tN u}= |=Q@ �1� xrO=at u}vJty w CU= xDU@ xm Mn+i R= |Oa@ �i xv}tNQ} R

� "x = [M i]

"s} Qw;|t Q} R QO =Q |[a@ xm OQ=O |}=@} R G}=Dv x}[k u}=

M i+1 �M i xDU@ xv}tNQ} R \UwD Hi(M i+1;Z2) R= x w[a Qy w i Qy |=Q@ �i� %xH}Dv 6�3�1
"CU= V}=tv p@=k

Q}PBCyH M i+2 w M i+1 � x 2 Hi(M i+2;Z) w x 2 Hi(M i+1;Z) w[a Qy w 'i Qy |=Q@ (ii)

"OvDUy V}=tv p@=k Q}PBCyH w xDU@ xv}tNQ} R \UwD �OvDUy

xH}Dv QO [X;K[�; n]] = Hn(X;�) s}v=O|t |vD} w x}[k R= %C=@F=

H1(M i+1;Z2) �= [M i+1;K(Z2; 1)]

| D W= o v | B w Dw t y Tq m = @ Q _= v D t Dx 2 H1(M i+1;Z2) xQ= m v=w B | v= owO R= xO= i D U= = @
"CU= H1(K[Z2; 1];Z2) |O=}v@ Tqm =Hv}= QO u "f�u = Dx xm CU= f : M i+1 �! K(Z2; 1)

"OW C@=F smL p@k x}[k w K(Z2; 1) �= MO(1) xm u; x@ xHwD =@ xm
C@=F smL x@=Wt Qw] x@ MSO(1) = K(Z; 1) w MSO(2) = K(Z; 2) uwJ R}v |Oa@ CtUk

�"OwW|t
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=Q VDQwY xm s}vm xO=iDU= |B wDwty x} Q_v QO 1Q*U u=DQ=m syt x}[k R= s}y=wN|t |Oa@ xH}Dv u=}@ p@k
"svm|t xQ=W=

|y}O@ n > 1 |=Q@ �n |wQ �1 pta |va}� X |r@; |=[i |=Q@ %�QU � u=DQ=m � x}[k 7�3�1
|va} OW=@ OQi Oa@ QO |HQ=N Q@H w GwR Oa@ QO |=xrtHOvJ Q@H |QwUv=D ?Q[ H�(X;Q) xm �"CU=
=@ xm CU= |Q=OQ@ |=[i R}v ��(X) 
 Q CQwY u}= QO H�(X;Q) �= Q[X1; : : : ] 
 �[y1; : : : ]

|R=U |a[wt� XQ Qo}O CQ=@a x@ R=@ "dim �yi = dim yi 'dim �xi = dimxi xm OwW|t O}rwD f�xi; �yig
"CU= |B wDwty RQ=sy u}rlt � nQ@vr}; |=y=[i ?Q[ =@ �Q QO X

OOa � OQ=O OwHw CQwY u}= QO "i < n � 1 xm x 2 Hi(Mn+i;Z) O}vm ZQi %xH}Dv 8�3�1
"CU= V}=tv p@=k M i �Mn+i xv}tNQ} R \UwD �x xm QiY=v K}LY

�(n � 1) 'X Qo = O} wo|t (Serre) QU R= |=x}[k "CU= Ov@ty �(n � 1) 'MSO(n) s}v=O|t %C=@F=
q < 2n � 1 |=Q@ �I} wQwy CW=ov� H : �q(X) 
 Q �! Hq(X) 
 Q CQwY u}= QO OW=@ Ov@ty
nQ@v}; |=y=[i ?Q[ =@ CU= |B wDwty RQ=sy '2n� 1 R= QDtm Oa@ =D MSO(n) xH}Dv QO "CU= |DN} Qm}
CQwY x@ O=a@= u}= QO MSO(n) uwJ p@k C=@F= Ovv=t xH}Dv QO "mj � n xm CU= K(�j ;mj) u}r lt

� "OwW|t pY=L smL p@k xH}Dv QO K(Z; 2) w K(Z; 1) Ovv=t CU= K(�;m)

K}LY OOa OQ=O OwHw Hi(X;Z) 3 x Qy |=Q@ OW=@ |y=vDt |rwrU `tDHt X Qo = %xH}Dv 9�3�1
g�[M i] = �x xm g : M i �! X OQ=O OwHw|va} 'CU= uwoy@D sU}OQ@ CQwY x@V}=tvp@=k�x xm� QiY=v

�"Ovm|t Q=m � = 1 OW=@ xDW=Ov OQi x@DQt ?=D |oDUv=ty xwQo xm xO=O u=Wv 2hwm} wv�

U x@ O}vm Qw]k RN+i QO =Q X "s}v=Wv|t nQR@ |i=m QOk x@ N |=Q@ RN+i |=[i QO =Q X =OD@= QO %C=@F=
QO Hi(U) QO u=wD|t =Q x Tqm 'Hi(U) = Hi(X) uwJ "U � X OwW VmwD X x@ U w U � X xm
1) Cartan-Serre 2) Novikov
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w OQ@|t x]kv l} x@ =Q @U xm f : (U; @U) �!MSO(n) |DW=ov |r@k xH}Dv R= xO=iDU= =@ "CiQo Q_v

f�('(1)) = D(�x) = D[M i]

�"U �M i xv}tNQ} R w OQivt=v K}LY � |=Q@
"O};|t CUO x@ Q} R xH}Dv |oO=U x@ s=mL= u}= xty R= xO=iDU= =@ p=L

u}@ |a}@] |DN} Qty %xH}Dv 10�3�1

SO
i (X;Y )
Q �! Hi(X;Y;Q)

"CU= =WwB |oDUv=ty xwQo u}t=i x@ �?=D xv=t}B x@� sU}OQ@ xwQo u}t=i u}@
�G = O =} SO� H�(BG(n);Q) Q=DN=U xm |DQwY QO s=mL= w swD |DN} Qm} x}[k R= xO=iDU= =@ p=L

�1|i}] xr=@vO ltm x@� CU= xOW xDN=vW l}Uqm xwQo |=Q@ Q ?}=Q[ =@ |oDUv=tyO=B xwQo =t=
H�(BSO(2k);Q) = Q[p1; : : : ; pk�1; X] deg pi = 4i

degX = 2k pk = X2

H�(BSO(2k + 1);Q) = Q[p1; : : : ; pk] deg pi = 4i
H�(BU(k);Q) = Q[c1; : : : ; ck] deg ci = 2i

"CU= 2uQJ Tqm ci 'u}o =} QDvB Tqm pi w Qr} w= Tqm X `k=w QO q=@ QO xm
%s} Q=O swD |DN} Qm} R= xO=iDU= =@ p=L

' : H i(BSO(n);Q) '�! Hn+i(MSO(n);Q)

|DQwY QO 'n > j 6= 4k Hn+j(MSO(n);Q) = 0 s} Q=O 'CU}v =yk pmW x@ xm j < n |=Q@ xH}Dv QO
O=OaD Q@=Q@ V=x@DQ '(H4k(BSO(n);Q) ')Hn+4k(MSO(n);Q) Q=O}=B xwQo 'n > j = 4k |=Q@ xm
|=xrtHlD R= |=x}=B H4k(BSO(n);Q) |Q=OQ@ |=[i "CU= k OOa R= k = m1 + � � �+mq |=yR=Qi=

"deg z = 4(m1 + � � �+mq) xm pi u}o =} QDvB |=yTqm R= z = pm1pm2 : : : pmq
1) Spectral Sequence 2) Chern class
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"CU= |y}O@ j 6= 4k |=Q@ 
SO
j 
Q �?=D xv=t}B x@� =} wo sU}OQ@m xwQo �i� %x}[k 11�3�1


SO
j 
Q = 0 j 6= 4k

O=OaD Q@=Q@ �Q |wQ |Q=OQ@ |=[i u=wva x@ VOa@ =} w� 
SO4k 
 Q xwQo x@DQ k = 1; 2; : : : |=Q@ (ii)

CQwY x@ xm |}=yQ=OQ@ |va}� xDU@ |Oa@ �4k xv}tN R= �Q=O}=B� xYNWt |=yOOa R= |]N pkDUt |=yQ=OQ@
xm pi 2 H4i(M4k;Q) u}o =} QDvB |=yTqm R= �XNWt x@DQ l} R=� pm1pm2 : : : pmq |=yxrtHlD

"Pq
i=1mi = K

u}vJty wQU � u=DQ=m x}[k R= xO=iDU= =@ xQ=@ wO CU= Ov@ty �(n � 1) 'MSO(n) `tDHt uwJ %C=@F=
%s} Q=O QU x}[k

�j(MSO(n))
Q ' Hj(MSO(n);Q) = (' Hj(MSO(n);Q) (I)

|B wDwty w 
SO
i x]@=Q u}vJty w H�(BSO(n);Q) Q=DN=U w swD |DN} Qm} R= Qo = "j < 2n � 1 |=Q@

%s}vm xO=iDU= MSO(n)

�n+i(MSO(n)) ' 
SO
i i < n� 1 (II)

I; II =)F : 
SO
i 
Q ' H i(BSO(n);Q) i < n� 1

u}vJty w i 6= 4k |=Q@ 
SO
i 
 Q = 0 xm CU= uWwQ H i(BSO(n);Q) Q=DN=U x@ xHwD =@ xH}Dv QO

xYNWt |=yOOa Qo = xm s}yO u=Wv O}=@ p=L "CU= k |a}@] OOa |=yR=Qi= O=OaD Q@=Q@ 
SO4k 
 Q x@DQ
Qy |=Q@ TB CU= |DN} Qm} F uwJ "
SO

i 
 Q QO[M i] = 0 CQwY u}= QO OwW QiY M i xDU@ xv}tN
xDU@ 'Q}PBCyH xv}tN Qy w w 2 H i(BSO(n);Q)

(w;F [Mi]�) = (F �w; [M i])

CU= Q=OCyH sU}OQ@m QO u; Tqm OwYkt [M i] l} q=@ x]@=Q QO O}vm xHwD "OvDUy M i xYNWt O=Oa= xm
�|Q=OQ@ |=[i QO |v=owO p}rO x@� =Q F [Mi] x]@=Q u}= uwJ "CU= xv}tN |O=}v@ Tqm OwYkt [Mi] l} w

�"
SO
i 
Q QO [M i] = 0 OyO|t xH}Dv M i xYNWt O=Oa= uOW QiY xH}Dv QO Ovm|t XNWt
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Qo = O} wo|t =yDvt s}OQw; xtOkt QO xm Ow@ xOQm C@=F u}o =} QDvB xm CU= |tmL TmaQ@ ,=k}kO q=@ smL
x@ xm O}O s}y=wN |Oa@ |=yVN@ QO =t= "Ow@ Oy=wN QiY 
SO

i ?=D xv=t}B x@ OwW QiY �Q=O}=B� xYNWt O=Oa=
"OW C@=F p=w \UwD |rw OW xOR TOL swD \UwD =OD@= u}= `k=w QO CU}v |R=}v R}v ?=D xv=t}B


SO� 
Q Q=DN=U |=yOQ@ Q=m x@ xQ=W= 4�1
u=Wv x}[k sU= x@ syt Q=}U@ x}[k wO 'Ow@ xOQm C@=F 1956 p=U QO swD xm |}=yx}[k R= xO=iDU= =@ MwQ@ RQ}y
MwQ@ RQ}y u=Wv x}[k |rY= xO}= CtUk u}= QO =t xm "OQm C@=F =Q 1MQ � u=t} Q � MwQ@ RQ}y x}[k w MwQ@ RQ}y

"Cio s}y=wN =Q
xrtHOvJ xm s}v=O|t "|a}@] CyH =@M4 = CP 2 O}vm ZQi "s}yO|t K}[wD =Q swD xOy=Wt |=OD@= QO

Q@=Q@ CP 2 u}o =} QDvB Tqm xYNWt

p(z) = (1 + z2t2)3 = 1 + p1z2

"p1(CP 2) = 3 xH}Dv QO "OwW xDiQo Q_v QOH2(CP 2;Q) QO|DkwCU=H2(CP 2;Z) xwQo Orwt t =Hv}= QO xm
x@U=Lt CP 4 |=Q@ =Q u}o =} QDvB xYNWt O=Oa= s}y=wN|t p@k pFt xQ=@ wO wM81 = CP 4 O}vm ZQi p=L

"s}vm
p(z) = 1 + p1z2 + p2z4 = (1 + z2t2)5 = 1 + 5t2 + 10t4z4

"OwW xDiQo Q_v QO H2(CP 4;Q) QO xm CU= H2(CP 4;Z) Orwt t R=@ =Hv}= QO xm

p21 = 25 p2 = 10

u}o =} QDvB |=xrtHOvJ Cr=L u}= QO M82 = CP 2 � CP 2 O}vm ZQi Q=@ u}=

p(z) = 1 + p1z2 + p2z4 = (1 + t21z2)3(1 + t22z2)3

= 1 + 3(t21 + t22)z2 + qt21t22z4

1) Hirzebruch-Riemann-Roch Theorem
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s}v=O|t uwJ "Ov=xOW xDiQo Q_v QO H2(CP 2;Q) QO xm OvDUy H2(CP 2;Z) |=yOrwt ti =Hv}= QO xm
%OwW|t M82 xYNWt O=Oa= TB "(t21 + t22)2 = 2t21t22 xH}Dv QO �Oa@ Q]=N x@� (t21)2 = (t2)2 = 0

p21 = 18 p2 = 9

"CU= l} V=x@DQ xm CU= 
SO4 
Q Orwt [CP 2] 'k = 1 |Dkw 
SO4k 
Q Q=DN=U x@ s}OQoQ@ p=L
O}rwD [CP 2] \UwD 
SO4 
Q QO |Oa@ �4 |=yxv}tN x}k@ uwJ w �(CP 2) = 1 w p1(CP 2) = 3 uwJ
CU= CUQO � = 13p1 x]@=Q |Oa@ 4 xv}tN Qy |=Q@ TB 3� = p1 %s} Q=O CP 2 |=Q@ uwJ xH}Dv QO OvwW|t
q=@ C=@U=Lt x@ xHwD =@ |Oa@ �8 Cr=L QO "CU= MwQ@ RQ}y u=Wv X=N Cr=L w OQ=O CQyW swD x]@=Q x@ xm

%s} Q=O
CP 2 � CP 2 CP 4

p21 : 18 25
p2 : 9 10
� ; 1 1

Qo = TB Ovm|t O}rwD =Q xwQo u}= [CP 2 �CP 2] w [CP 4] Orwt wO xm s}v=O|t 
SO8 
Q Q=DN=U j@] uwJ
xm OQm lJ u=wD|t |oO=U x@ "CU= jO=Y |Oa@ �8 |=yxv}tN |=Q@ OW=@ Q=QkQ@ Orwt wO u}= |=Q@ |=x]@=Q

%Ovm|t jOY =yv; |wO Qy |=Q@ Q} R x]@=Q

� =
1
45(7p2 � p21)

u=wD|t =Q � xm OW xHwDt xO}= u}= =@ swD |rm Qw] x@ "CU= Q@Dat q=@ |=yhQL j@] |Oa@ �8 xv}tN Qy |=Q@ xm
"OQm |iQat =Q |=xrtHOvJ u}= MwQ@ RQ}y =t= CWwv u}o =} QDvB |=yTqm R= |=xrtHOvJ ?ULQ@

|=yQ}eDt ?ULQ@ xrtHOvJ R= |=xr=@vO fKjg O}vm ZQi "Ow@ |@ Q[ |=yxr=@vO R= xO=iDU= MwQ@ RQ}y |xO}=
%Q} R |w=UD Qo = CU= |@ Q[ xr=@vO fKjg s}} wo|t "OW=@ j xHQO R= uoty Kj w K0 = 1 xm OvW=@ pi

1 + p1z + p2z2 + � � � = (1 + p01z1 + p02z2 + : : : )(1 + p001z + p002z2 + : : : )
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%OyO xH}Dv =Q Q} R |w=UD
1X
j=0

Kj(p1; : : : ; pj)zj = (
1X
i=0

Ki(p0i; : : : ; p0i)zi)(
1X
j=0

Kj(p001; : : : ; p00j )zj)

%s}U} wv|t xYqN Qw] x@

K(
X

pizi) =
1X
j=0

Kj(p1; : : : ; pj)zj

xm OwW|t xH}Dv |D=tOkt Qw] x@ "CU= fKjg |@ Q[ xr=@vO xYNWt |=xrtHOvJ K(1 + z) xrtHOvJ x@
xYNWt |=xrtHOvJ MwQ@ RQ}y "Ovm|t u}at =Q |@ Q[ xr=@vO xYNWt |=xrtHOvJ

K(1 + z) = Q(z) =
p
z

tanh
p
z

= 1 +
1X
k=1

(�1)k�1 22k
(2k)!

Bkzk

"OwW|t ẁQW =y|=xrtHOvJ u}= =@ q=@ xYNWt |=xrtHOvJ |@ Q[ xr=@vO "OvDUy |rwvQ@ O=Oa= Bk xm

L1 =
1
3p1;

L2 =
1
45(7p2 � p21);

L3 =
1

32 � 5 � 7(62p3 � 13p2p1 + 2p31)

L4 =
1

34 � 53 � 7(381p4 � 71p3p1 � 19p22 + 22p2p21 � 3p41)


SO4k 
Q |=yOrwt |wQ VQF= |@ Q[ xr=@vO fLkg xm O=O u=Wv MwQ@ RQ}y "CU= =vW; =t |=Q@ u; pw= xrtH wO xm
QO w CU= |Wvmi= |=[i u=Wv u=ty xm OwW|t 1 O};|t CUO x@ i < k '[CP 2i] ?Q[ w [CP 2k] =@ xm

"OW pY=L Q} R x}[k xH}Dv

|]N ?}mQD CQwY x@ M4k Q}PBCyH xOQWi xv}tN �(M4k) %�MwQ@ RQ}y u=Wv� x}[k 1�4�1
CQwY u}= QO OW=@ p

z
tanh

p
z xYNWt |QU '|@ Q[ xr=@vO fLjg Qo = "CU= VQ=tW p@=k u}o =} QDvB O=Oa=

�(M4k) = Lk(p1; : : : ; pk)[M4k]:
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swD |=[i |BwDwty Q=DN=U %swD x}[k

MO(n) Q=O}=B |BwDwty Q=DN=U 1�2
|Swrwty Tqm xm s}yO X}NWD xm CU= u; sU}OQ@m QO |rY= p=w�U OW xQ=W= xDWPo pYi QO xm Qw] u=ty

#xv =} CUy V}=tv p@=k uwoy@D sU}OQ@ =} w xv}tNQ} R \UwD x=wNrO

C@UvV}=tv p@=k 'A |SwrwB wD |=[i R= u 2 Hk(A) |oDUv=tyO=B Tqm s}} wo|t %h} QaD 1�1�2
G xwQo |=Q@ swD |=[i M(G)� f : A �!M(G) CW=ov Qo = CU= Q}PB V}=tv �G =} w O(K) � G

"OQ@@ u x@ =Q 'U 'M(G) QO swD Tqm 'f� xm OW=@ xDW=O OwHw �CU=
"s}OQm C@=F =Q Q} R syt x}[k =t xDWPo pYi QO

OW=@ V}=tv p@=k Wn�k xv}tN \UwD 'k > 0 'z 2 Hn�k(V n) Tqm xm u}= |=Q@ %x}[k 2�1�2
Q}PBV}=tv �G 'z xm CU= u; |i=m w sRq \QW OW=@ G |Q=DN=U xwQo |=Q=O Wn+k Owta hqm xm |Qw] x@
\UwD V}=tv p@=k V n Q=OCyH xv}tN R= z 2 Hn+k(V n;Z) xm u}= |=Q@ x}[k x@ xHwD=@ xH}Dv QO "OW=@

23



24 swD |=[i |B wDwty Q=DN=U %swD x}[k 2 pYi

x@ Oy=wN@ z 2 Hn�k(V n;Z2) Qo = "OW=@ V}=tv p@=k =yu=QwO xwQo x@ C@Uv z CU}=@|t OW=@ xv}tNQ} R
"OW=@ V}=tv p@=k Ot=aDt xwQo x@ C@Uv z |DU}=@|t OW=@ V}=tv p@=k xv}tNQ} R u=wva

'1u=tU=Qo xv}tN Qo = "s}vm |}=U=vW =Q M(SO(k)) w M(O(k)) |B wDwty Q=DN=U s}vm|t |aU p=L
Gk s}v=O|t |v=yH |=yhqm x} Q_v R= 's}yO V}=tv Gk =@ =Q 'R1 |UO}rk= |=[i QO |Oa@ k |=yxLiY
Q_v QO Q=OCyH |Oa@ k |=yxLiY =Q Ĝk "CU= Ot=aDt xwQo O(k) xm CU= BO(k) |Ov@xDUO |=[i u=ty
xLiY Qy x@ Qo = "CU= x}qwO |WWwB |=[i Ĝk �! Gk "CU= BSO(k) |Ov@xDUO |=[i u=ty xm O} Q}o@
ESO(k) |=yhqm |=[i O}yO C@Uv 'OwW|t Sk�1 xm ' R1 QO OL=w xQm =@ =Q u; l =QDW= Ĝk QO |Oa@ k
QO OL=w |=yQ=OQ@ w Q=OCyH |Oa@ k |=yxLiY -xty GwR |=[i u=wva x@ u=wD|t =Q ESO(k) TB "OwW|t
OQ=O Q=Qk GwR |Oa@ k xLiY QO xm |Oa@ �(k � 1) xLiY |v}vJ u}= GwR Qy x@ "CiQo Q_v QO 'xLiY u}=
S1 Q=D =@ Ĝk�1 |wQ |Q=D hqm u=wva x@ =Q ESO(k) Q=DN=U u}= "O} Q}o@ Q_v QO CU= Owta GwR Q=OQ@ Q@ w
|=[i x@ "CU= Ĝk�1 =@ |B wDwty RQ=sy ESO(k) xH}Dv QO CU= Q}PBZ=@kv= S1 s}v=O|t uwJ "OyO|t u=Wv
CW=ov \UwD xOt; CUO x@ xv=wDU= ASO(k) O}vm ZQi "OQm x=ov R}v |Qo}O Qw] u=wD|t M(SO(k)) swD
QO "OwW|t M(SO(k)) s}vm XNWt =Q ESO(k) xm ASO(k) RQt Qo = p=L OW=@ ESO(k) �! BSO(k)

" Ĝk�1 �! Ĝk CW=ov =@ CU= |B wDwty RQ=sy ESO(k) �! ASO(k) pwtW CW=ov xH}Dv

|oDUv=tyO=B xwQo u=wD|t C@Ft |=yOa@ |=Q@ q=@ C=L}[wD x@ xHwD =@ %M(SO(k)) |oDUv=tyO=B xwQo
Q} R j}kO xr=@vO R= =Q Q@H u}= xm "CiQo Q_v QO |m} H�(Ĝk; Ĝk�1) |oDUv=ty Q@H =@ H�(M(SO(k)))

%s} Qw;|t CUO x@ C=@U=Lt |=Q@

: : : �! Hr(Ĝk)
i��! Hr(Ĝk�1) ���! Hr+1(Ĝk; Ĝk�1) �! Hr+1(Ĝk) �! : : :

|oDUv=tyO=B Q@H s}v=O|t OW xQ=W= R}v p@k pYi QO xm Qw] u=ty %2 xv=t}B x@ |oDUv=tyO=B xwQo
xaH=Qt QJy ?=Dm x@ p=Ft u=wva x@� "wk; : : : ; w2; w1 |=yQ}eDt ?ULQ@ |=xrtHOvJ Q@H H�(Ĝk;Z2)

"CU= |vD} w � pi}DW= s=�i Tqm wi xm �"O}vm
1) Grassmann manifold
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Q@H =@ CN} Qm} H�(Ĝk; Ĝk�1) TB 'OwW|t xDW=ov VOwN x@ i� CW=ov =@ wi q=@ j}kO -xr=@vO QO
"OwW|t O}rwD wk =@ xm H�(Ĝk;Z2) QO CU= |=xrtHOvJ

R}v Ĝk |=Q@ p xv=t}B x@ |oDUv=tyO=B xwQo x@U=Lt R=@ %OQi pw= p |=Q@ p xv=t}B x@ |oDUv=tyO=B xwQo
%CU= Q} R Cr=L wO pwtWt xm CU= l}Uqm

p4m; : : : ; pn; p1 |=yOrwt =@|=xrtHOvJ Q@HH�(Ĝk;Zp)Cr=Lu}= QO "k = 2m+1 'OW=@ OQik Qo = �1
�"OvDUy u}o =} QDvB |=yTqm u=ty =yOrwt u}=� "CU= 4 Q@ Q}PBVN@ |=yOa@ R=

Tqm w p4m�4; : : : ; p4 |=yOrwt =@ |=xrtHOvJ Q@H H�(Ĝk;Zp) "k = 2m OW=@ GwR k Qo = �2
�"CU= Qr} w= Tqm X2m w u}o =} QDvB |=yTqm =ypi� "CU= X2m |O=}v@

"O}vm u} Ro}=H =Q Gk 'Ĝk |=H x@ \ki M(SO(k)) xwQo Ovv=t %M(O(k)) |oDUv=tyO=B xwQo
Q}eDt =@ H�(Gk;Z2) |=xrtHOvJ Q@H Cw=iD u}= =@ \ki p@k Ovv=t R=@ %2 xv=t}B x@ |oDUv=tyO=B xwQo
"CU= H�(Gk;Z2) QO wk \UwD xOW O}rwD p;xO}= H�(Gk; Gk�1) w OwW|t O}rwD wk: : : w w2 w w1

GwR k |=Q@ "OvDUy u=Um} H�(Ĝk;Zp) w H�(Gk;Zp) OQi k |=Q@ %p xv=t}B x@ |oDUv=tyO=B xwQo
"CU= (Xk)2 w p4m�4; : : : ; p4 |=yOrwt =@ |=xrtHOvJ Q@H H�(Gk;Zp)

QO X2m \UwD xOW O}rwD p;xO}= =@ CU= CN} Qm} H�(Ĝk; Ĝk�1) GwR k |=Q@ p xv=t}B x@ xH}Dv QO
QwmPt j}kO xr=@vO QO RQt CW=ov �� "CU= �(X2m) Orwt =@ 1|HQ=N Q@H =@ OQi k Cr=L QO w H�(Ĝk;Zp)
GwR k |=Q@ w 'r > 0 Qy |=Q@ Hr(Gk; Gk�1;Zp) = 0 'k = 2m+ 1 OQi k |=Q@ x@=Wt Qw] x@ �"CU=

"CU= (X2m)2 \UwD xOW O}rwD p;xO}= CN} Qm} H�(Gk; Gk�1) "k = 2m

O
i CN} Qm} ?}DQD x@ i < k |Dkw �k+i(MSO(k)) w �k+i(MO(k)) s}O=O u=Wv xDWPo pYi QO

k R= pkDUt nQR@ |=yK |=Q@ �k+i(MSO(k)) w �k+i(MO(k)) xm CU= |vat u}= x@ xm CU= 
SO
i w
"CU=

pYi QO =Q =yv; R= |[a@ xm Ow@ s}y=wN |B wDwty x} Q_v QO 2Q*U j}ta w syt |=yx}[k OvtR=}v xt=O= QO
xm CU= H�(K(Z2; n);Z2) |oDUv=tyO=B Q@H Q=DN=U QU syt |=yx}[k R= |m} "s}OQm xQ=W= xDWPo
1) Exterior algebra 2) Serre
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=@ Hk+h(K(Z2; k);Z2) Qo}O CQ=@a x@ 'CU= 1O=Qv}DU= QQmt |=y`@ Qt |=yOrwt =@ |=xrtHOvJ Q@H
=t= "CU= Hk(K(Z2; k);Z2) |O=}v@ Tqm i xm OwW|t O}rwD Pm im = h xm Sqi1Sqi2 : : : Sqir(i)

%OvDUy Q} R CQwY x@ OvQ=O s=v pw@k p@=k QQmt |=y`@ Qt xm xwQo u}= |=Q@ x}=B l}

Sqi1Sqi2 : : : Sqir(i); i1 � 2i2; i2 � 2i3; : : : ; ir�1 � 2ir

"CU= pw@k p@=k p=@vO I = (i1; : : : ; ir) xm s}yO|t u=Wv SqI =@ xYqN Qw] x@ QQmt O=Qv}DU= |=y`@ Qt xm
"CU= 2m � 1 CQwY x@ O=Oa= x@ h |=yR=Qi= O=OaD 'c(h) 'Q@=Q@ 'Hk+h(K(Z2; k);Z2) xwQo x@DQ

|vD} w � pi}DW= Tqm s}v=O|t =t= OwW|t O}rwD |vD} w � pi}DW= |=yTqm =@ xm Gk |oDUv=tyO=B xwQo
"OvDUy H1(RP1;Z2) |=yOrwt =yti xm CU= ti |=yQ}eDt R= uQ=kDt `@=wD wi

RP1 � RP1 � : : :� RP1| {z }
x@DQt k

,! Gk:

C=@F= |=Q@ (Wu) x]@=Q "OvwW|t =ywi '=yti uQ=kDt `@=wD w OwW|t =kr= |oDUv=tyO=B xwQo |wQ xm |DW=ov xm
%CU= Q} R CQwY x@ xm Ovm|t ltm =t x@ Orwt |]N pqkDU=

Sqrwi =
X�

r � i+ t� 1
t

�
wr�twi+t

wk |wQ xm �Pm im = h � k |va}� k QDtm xHQO ẁtHt R= SqI R= |]N ?}mQD Qy %sr 3�1�2
"OW=@ QiY OLDt CU}=@|t &OwW|t QiY

l} Qi 2 Hh(Gk) xm SqI(wk) = wkQi OW=@v xJ OW=@ pw@k p@=k xr=@vO I xJ O}vm xHwD %C=@F=
QO wk \UwD xOW O}rwD p;xO}= w[a R}v SqIwk xH}Dv QO "CU= wi |=yQ}eDt R= h xHQO =@ |=xrtHOvJ

"CU= H�(Gk)
w OW=@ pw@k p@=k xr=@vO I O}vm ZQi

SqIwk = wkQI (I)

1) Itterated Steenrod squares
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"QI = wi1 : : : wir+ QDu}}=B x@DQt |=xrtHlD �Lexicographic ?}DQD x@ xHwD =@� xm
TB Sqiwk = wkwi s}v=O|t Wu x]@=Q R= r = 1 Qo = "s}vm|t C@=F =Q smL r |wQ <=QkDU= =@

CQwY u}= QO 'OW=@ Q=QkQ@ r � 1 |=Q@ �1� x]@=Q O}vm ZQi "Q� i = wi

SqIwk = Sqi1(Sqi2 : : : Sqirwk) = Sqi1(wk:p)

"wi2 : : : wir+ �=yQDmJwm x@DQt� |=xrtHlD =@ xm CU= |=xrtHOvJ p xm

Sqi1i (wk:p) =
X

0�m�i1
Sqm(p):Sqi�mwk =

X
0�m�i1

Sqm(p):wi�mwk

xm SqIwk = wkQI TB
QI =

X
0�m�i1

Sqm(p):wi1�m

|D=Q=@a u}= Q@ xwqa w wi1wi2 : : : wir+ �QDmJwm x@DQ =@ xrtH� pmW x@ pwi1 xm m = 0 Qo = `tH u}= QO
x@ xHwD =@ u}vJty w OvDUy wi1 R= QDoQR@ x@DQt =@ |}=ywi pt=W m > 0 xm OvwW|t Qy=_ Sqm(p) QO xm
xm CU= |}=ywi pt=W Sqm(p) ,=D}=yv "OwW|t 'CU= i < 2s xm wi Tqm pt=W \ki Sqmws 'wu x]@=Q

"CU= wi1 : : : wir R= QDmJwm xH}Dv QO w i < 2i2 � i1
Hk+h(Gk) xwQo QO Ovm|t Q}}eD h xHQO ẁtHt=@ pw@k p@=k xr=@vO |wQ I |Dkw SqIwk s}OQmC@=F =tTB
u=}@ p@=k =yQDmJwm ?ULQ@ uwJ s} Q}o@ =Q st}Um =t x@DQ R= |=xrtHlD u; Qo = xH}Dv QO "OvDUy |]N pkDUt

�"OwW|t C@=F smL xH}Dv QO w CU= Zk=vD CU=
"CW=O s}y=wN s}vm u} Ro}=H =Q =yti ?ULQ@ uQ=kDt `@=wD R= =ywi |=H x@ Qo = TB

QDtm xHQO =@ Ovm|t Q}}eD pw@k p@=k |=yxr=@vO -xty |wQ I |Dkw SqI(t1; : : : ; tk) Tqm %sr 4�1�2
"OvDUy |]N pkDUt k R=

QO wk \UwD xOW O}rwD p;xO}= xm 's}Dio M(O(k)) |oDUv=tyO=B xwQo OQwt QO xm xJv; x@ xHwD =@
=@ |va} CWwv =y ti ?UL Q@ =Q p;mxO}= u}= u=wD|t 'CU= Hh(�k;Z2)X

(t1)�1+1(t2)�2+1 : : : (tr)�r+1tr+1 : : : tk
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"OwW O}rwD |vQ=kDt CQ=@a =D CU= =yCWo}=H xty |wQ `tH u}= w CU= h Q@=Q@ =y�i `tH xm

x@ "OW=@ 2m CQwY x@ =} QiY Vv=wD Qo = CU= |}=DwO p |=xrtHOvJ QO ti s}} wo|t %h} QaD 5�1�2
"CU= |}=DwO R}v Sqip QO OW=@ |}=DwO p QO ti xm CiQo xH}Dv u=wD|t 1s*O; x]@=Q R= xO=iDU= =@ |oO=U

"CU= |}=DwOQ}e |=yQ}eDt pt=W |=xrtHlD ta11 : : : tarr |}=DwOQ}e QwDm =i R= =t OwYkt %swD ?}DQD x]@=Q
|wQ =Q (Q) ?}DQD x]@=Q 'v =@ =Q =yv; xHQO ẁtHt w s}yO|t V}=tv u =@ =Q |}=DwOQ}e |=yQ}eDt O=OaD
(Q) x@ C@Uv CU= QDnQR@ Y |=xrtHlD R= X |=xrtHlD s}} wo|t xm s} Q=Po|t ?}DQD u}= x@ |=xrtHlD

"v(X) < v(Y ) w u(X) = u(Y ) =} w u(X) > u(Y ) Qo =
Q} R Tqm k � h Qy |=Q@

Xh
w =

X
(t1)a1+1 : : : (tr)ar+1tr+1 : : : tk (I)

V}=tv d(h) =@ =Q =yR=Qi= u}= O=OaD "CU= |}=DwOQ}e |=yOvwatH =@ h R= |y=wNrO R=Qi= w = fa1; : : : ; akg xm
"s}yO|t

%O} Q}o@ Q_v QO =Q Q} R |=yTqm 'k � m Oa@ Qy |=Q@
Xm
wm ; Sq

1Xm�1
wm�1 ; Sq

2Xm�2
wm�2 ; : : : ; Sq

Ihwhwn ; : : : ; Sq
Iwk

pkDUt CqtH u}= s}vm|t C@=F "CU= h R= |}=DwOQ}e R=Qi= wh w (m� h) xHQO =@ pw@k p@=k xrtH SqIh xm
"OvDUy |]N

CUO x@ Q} R CqtH x}@W |DqtH s}yO QF= |wQ =Q SqI w s} Q}o@ Q_vQO =Q I R= |=xrtHlD l} Qo =
%s} Qw;|tX

Sw

(t1)a1+1 : : : (tr)ar+1SqI(tr+1 : : : tk) (II)

"Ovm|t Q}}eD 'CU= sRq w R=Qi= |=Q@ q=@ CQ=@a uOW uQ=kDt |=Q@ xm Sw |=yCWo}=H s=tD |wQ `tH xm
u T}Ov=

SqI((t1)a1+1(t2)a2+1 : : : (tr)ar+1tr+1 : : : tk)
1) Adem
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OwHw Cr=L wO k = r |=Q@ "OvDUy |}=DwO (tr+1; : : : ; tk) |=yQ}eDt s}v=O|t uwJ 'CU= r |w=Ut =} QDtm
"OQ=O

%pw= Cr=L
((t1)a1+1(t2)a2+1 : : : (tr)ar+1)SqI(tr+1 : : : tk) (III)

%swO Cr=L
SqI

0
(t1)a1+1(t2)a2+1 : : : (tr)ar+1:SqI00(tr+1 : : : tk)

x]@=Q =@ III CqtH xH}Dv QO "CU= QDoQR@ r + h R= ,=O}m = v swO Cr=L QO w v = u + h pw= Cr=L QO
Qy "OwW|tv QiY III CqtH R= s=Om I}y u}vJty "OvDUy SqIXh

w |=xrtHOvJ CqtH R= QDoQR@ (Q) ?}DQD
R}v (t1)a1+1 : : : (tr)ar+1 |}=DwOQ}e QwDm =i uOQm uQ=kDt |=Q@ CU= sRq I QO ti |=yQ}eDt |=Q@ xm |DWo}=H
xH}Dv QO 'OwW|tv O}rwD |}=DwOQ}e QwDm =i s}yO Q}}eD Sw |=yCWo}=H xty |wQ =Q III Qo =xH}Dv QO "CU= sRq
TB 'CU}v V}=tv p@=k �(Q) x]@=Q x@ C@Uv� V}=yQDmJwm ?ULQ@ |=xrtH I}y uwJ "CU= QiY=v =yv; `tH
CqtH xm 'SqIXh

w pt=W xm |DqtH u}@ |]N |oDU@=w 'OvW=@ |]N xDU@=w Ovy=wN@ QwmPt CqtH Qo =
R= |]N |oDU@=w TB "CU= Q=QkQ@ CU= h u=WxHQO w 'v = r + hT}Ov= w OvQ=O u = r T}Ov= =yv; wQW}B

"CU= Xh
w Tqm pt=W xm P� c�Sq

I�Xh
w = 0 ẁv

%s} Q=O 's}U} wv@ (Q) ?}DQD ?ULQ@ =Q |]N |oDU@=w x]@=Q u}= wQW}B ?} Q[ Qo =
X

c�(t1)a1+1(t2)a2+1 : : : (tr)ar+1SqI�(tr+1 : : : tk) = 0

"OwW QiY u=WatH O}=@ 'OvDUy (t1)a1+1 : : : (tr)ar+1 pt=W xm |}=yv; xty

(t1)a1+1(t2)a2+1 : : : (tr)ar+1X
�

c�SqI�(tr+1 : : : tk) = 0

u=WxHQO ẁtHt xm |}=y I xty |=Q@ SqI(tr+1 : : : tk) = 0 xty CU}=@|t x}[k R= p@k sr x@ xHwD =@ =t=
QiY c� ?}=Q[ TB "ODi=|t j=iD= u}= m � k w h � 2r |=Q@ xm 'OwQ|tv QD=Qi k � r R= m � h |va}

"OvDUy |]N pkDUt QwmPt CqtH xty xH}Dv QO w "OvDUy
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"CU= =yOvwatH x@ m |=yR=Qi= O=OaD Q@=Q@ 'wk \UwD xOW O}rwD p;xO}= x@DQ |va} 'Hk+m(MO(k)) x@DQ
u=wD|t |oO=U x@Ph�m c(m� h)d(h) =@ CU= Q@=Q@ s}OQm =O}B =t xm |]N pkDUt CqtH O=OaD |iQ] R=

%O}O
p(m) =

X
h�m

c(m� h)d(h)

|=yOvwatH R= h R=Qi= w 2m � 1 CQwY x@ |=yOvwatH x@ m� h R=Qi= %R=Qi= wO m R=Qi= Qy x@ xm CU= uWwQ
TB "O=O C@Uv u=wD|t =Q xOv=t |k=@

Xm
wm ; Sq

1X1
wm�1 ; : : : ; Sq

IhXh
wh ; : : : ; Sq

Iwk (IV)

"OvyO|t p}mWD Hk+m(MO(k)) |=Q@ |=x}=B
CW=ov Xh

w Tqm Qy x@

Fw : MO(k) �! K(Z2; k + h)

'?Q[ x@ MO(k) R= =Q F CW=ov Fw xawtHt "s}yO|t C@Uv =Q F �w(i) = Xh
w xm |Qw] x@

Y = K(Z2; k)�K(Z2; k + 2)�K(Z2; k + h)d(h) � : : :�K(Z2; 2k)d(k)

"OwW|t h} QaD
F � |}=kr= CW=ov TB 'OyO|t p}mWD Hk+h(MO(k)) |oDUv=tyO=B xwQo |=Q@ |=x}=B IV uwJ
�2 Y |oDUv=tyO=B xwQo s}v=O|t "m � k |=Q@ Hk+m(MO(k)) x@ Hk+m(Y;Z2) u}@ CU= |DN} Qm}
|=Q@ MO(k) |oDUv=tyO=B xwQo u}vJty w CU= |y}O@ Zp ?}=Q[ =@ |oDUv=tyO=B xwQo xH}Dv QO CU= xwQo
xH}Dv QO "CU= l} x@ l} 2k Oa@ QO w |DN} Qm} 2k R= QDtm O=a@= QO F � TB "CU= |y}O@ 2k R= QDtm O=a@=
xm MO(k) |Ov@pwrU x@ Y |Oa@ �2k pwrU R= g CW=ov OQ=O OwHw |B wDwty x} Q_v QO 1OyD}=w x}[k x@=v@

"CU= AwDwty MO(k) pwrU �(2k � 1) |v=ty =@ g � F
"s}vm|t xYqN x}[k OvJ QO =Q q=@ hQL xYqN

1) Whitehead
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� nQ@vr}; |=[i ?Q[ xm Y |=[i =@ |v=Um} |B wDwty ẁv �2k 'MO(k) |=[i %x}[k 6�1�2
"OQ=O CU= u}rlt

d(h) s}kDUt `tH =@ CN} Qm} h < k |Dkw �k+h(MO(k)) Q=O}=B |B wDwty xwQo %xH}Dv 7�1�2
"CU= Z2 xwQo

"s}=xOQm O}OLDK(Z2; k) x@ =Q CU=MO(k) pwrU �2k |wQ F |B wDwty uwQ=w xm g CW=ov O}vm ZQi

|=[i |Ov@pwrU x@ K(Z2; k) |Ov@pwrU |Oa@ �2k CrmU= R= g CW=ov OQ=O OwHw %xH}Dv 8�1�2
�"CU= u}r lt � nQ@vr}; |=[i |O=}v@ Tqm i w swD Tqm U xm � g�(U) = i xm |Qw] x@ MO(k) swD
OwHw f : A �! K(Z2; k) CW=ov s}v=O|t 'A |=[i Qy |=Q@ u 2 Hk(A;Z2) Tqm Qy |=Q@ uwJ

xH}Dv QO TB "u = f�(i) xm OQ=O

�O(k) '2k |w=Ut QDtm Oa@ =@ |=[i Qy R= 2 xv=t}B x@ |Oa@ k |oDUv=ty O=B Tqm Qy %xH}Dv 9�1�2
"CU= Q}PBV}=tv

lJwm |=yk |=Q@ MO(k) |UQQ@ 2�2
x@U=Lt =QMO(2) |=[i |oDUv=tyO=B xwQo "Ow@K(Z2; 1) =} RP1 uwJMO(1) xm s}O}OV}B pYi QO

"s}vm|t
1"s}yO|t u=Wv U =@ w CU= |O=}v@ Tqm u=ty xm OQ=O OwHw 2 xv=t}B x@ Tqm %2 Oa@ QO

"CU= 3 Oa@ QO Orwt Sq1U = Uw1 K}LY Tqm %3 Oa@ QO
"CU= U2 u=ty 2 xv=t}B x@ X Tqm "OvDUy Orwt Uw21 xv=t}B x@ Tqm w X K}LY Tqm %4 Oa@ QO

wH2 = (U) CQwY u}= QO U = w2 "CU=H�(G2;Z2) QO w2 \UwD xOW O}rwD p;xO}=H�(MO(2);Z2) O}vm xHwD �1
H3(k(Z2; 2);Z2) = Sq1(i) s}v=O|t Q*U x}[k R= xO=iDU= =@ "H5 = (Uw31; U 2w1) wH4 = (U 2; Uw21) wH3 = (Uw1)

"Sq1(Uw21) = Uw31 w Sq1U = Uw1 w F �(i) = U w
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2 x@DQt =@ K}LY Tqm %5 Oa@ QO

Sq1(Uw21) = Uw31

"U2w1 '2 xv=t}B x@ Tqm 's} Q=O
%OwW|t =kr= Qw] u}= ?}=Q[ =@ |oDUv=tyO=B xwQo QO F : MO(2) �! K(Z2; 2) |a}@] CW=ov TB

F �(i) = U ; F �(Sq1i) = Uw1; F �(Sq2i) = U2

F �(Sq2Sq1i) = Sq2(Uw1) = U2w1 + Uw31; F �(i:Sq1i) = U2w1

|DL=Q |=Q@ "s}yO|t V}=tv K =@ =Q u; 'O} Q}o@ Q_v QO =Q OwW|t xDN=U F CW=ov \UwD xm |=xv=wDU=
CW=ov u=wva x@ =Q F w OQm x=ov K |=[iQ} R u=wva x@ u=wD|t =Q M s}yO|t V}=tv M =@ sy =Q MO(2)

TB "k QO M pwtWt

r > 5 |=Q@ Hr(K;M;Zp) = 0
p Qy |=Q@ H5(K;M;Zp) = Zp

%s} Q=O xQ=mv=wB |v=owO 'xH}Dv QO
r < 5 |=Q@ Hr(K;M;Zp) = 0
p Qy |=Q@ H5(K;M;Zp) = Zp

%s} Q=O I} wQwy x}[k |@Uv Cr=L w 1|v=yH ?}=Q[ R= xO=iDU= =@ xH}Dv QO
�4(K;M) = 0 �5(K;M) = Z

"�4(M) = Z w �3(M) = 0 xH}Dv QO w
s}y=wN@ Qo = "OwW|t h} QaD K |Ov@pwrU |Oa@ 4 CrmU= |wQ 'CU= F |B wDwty uwQ=w xm g CW=ov
x@ Tqm u}= '`v=t x} Q_v x@ xHwD =@ "�4(M) = Z xwQo QO 2|av=t 's}yO VQDUo |Oa@ 5 CrmU= x@ =Q g
|B wDwty xwQo u}twO x@ \w@ Qt xm 3u}rlt � nQ@vr}; |=OQw=v u=ty w OQ=O jraD H5(k(Z2; 2);Z1) xwQo
1) Universal Coe�cient Theorem 2) Obstruction 3) Eilenberg-MacLane invariant
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CW=ov |JwB Tqm u}= "CU= M |y}O@=v

F � : H5(K(Z2; 2);Z) �! H5(M;Z)

CW=ov � w 1u}o =} QDvB `@ Qt p(i) '14�p(i) =@ xm CU= 4 x@DQt |QwO H5(Z2; 2;Z) xwQo "Ovm|t O}rwD =Q
O}rwD Sq1(Uw21) K}LY Tqm xm CU= 2 x@DQt |QwO xwQo H5(M;Z) "OwW|t O}rwD 'CU= 2u}=DUWm =@
xwQo Orwt F � xm s}yO|t u=Wv 2 xv=t}B x@ "CU= Uw21 u=ty O}vm O}OLD 2 xv=t}B x@ Tqm u}= Qo = "OwW|t
'i Tqm xOv}=tv xm OW=@ |QwOO=B u O}vm ZQi "CU= CUQO smL xv=t}B Qy QO w OQ@|t swO xwQo Orwt x@ =Q pw=

xH}Dv QO �p(u) = u ^ u+ u ^1 �u u}o =} QDvB `@ Qt� "OW=@ Sq1i xOv}=tv wQO O=B v = 12�p(u)

�p(u) = �u ^ u+ u ^ �u+ �u ^1 �u+ u ^ �u� �u ^ u

"s}vm|t O}OLD 2 xv=t}B x@ w s}UkD 4 Q@
1
4�p(u) = u ^ � + � ^1 � = i:Sq0i+ Sq2Sq0�

x@ =Q Tqm u}= F � |DN} Qty xH}Dv QO

U2w1 + U2w1 + Uw31 = Uw31:

12�p(i) 'F � xH}Dv QO CU= 2 x@DQt H5(M;Z) Orwt uwJ "OQ@|t '2 xv=t}B x@ H5(M;Z) xwQo Orwt |va}
CU= 2 x@DQt Tqm u}= uwJ O}vm xHwD� "s}DWo|t u; |B xm CU= `vt Tqm u=ty Tqm u}= "OQ@|t QiY x@ =Q

�"O=O u=Wv Sqi CQwY x@ =Q u; u=wD|tv xH}Dv QO w OwW|t QiY s}vm O}OLD Z2 x@ Qo =
"s}vm|t xYqN Q} R x}[k QO xOt; CUO x@ G}=Dv ,=D}=yv

'OW=@ Q}PBV}=tv � O(n) 'A |Oa@�5 |=[i R= x 2 H2(A;Z2) Tqm xm u; |=Q@ %x}[k 1�2�2
�"CU= u}o =} QDvB `@ Qt p(x) � "OwW QiY Q@=Q@ 12�p(x) xm CU= u; |i=m w sRq \QW

1) Pontrjagin 2) Bockstein homomorphism
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Q=DN=U OQwt QO xm |tmL x@ xHwD =@ "s}vm|t |UQQ@ =QMO(3) swD |=[i Q=DN=U |va} k = 3 |=Q@ p=L
?Q[ xm Y |=[i =@ MO(3) =yvD xv xm O=O u=Wv C=@U=Lt =@ u=wD|t k = 3 |=Q@ 's}OQm C@=F MO(k)

"CU= |JwB |=Q=O F � '8 Oa@ QO |rw "CU= |DN} Qm} F � R}v 7 QO xmr@ 6 Oa@ =D Ow@ u}rlt � nQ@vr}; |=y=[i
F �(i) = U %3 Oa@ QO

F �(Sq1i) = Uw1 %4 Oa@ QO
F �(Sq2i) = Uw2 %5 Oa@ QO
F �(X2) = Uw21 �O}OH Orwt�

F �(Sq3i) = U2;F �(Sq2Sq1i) = U(w2w1 + w31) %6 Oa@ QO

F �(Sq1X2) = Uw31

F �(i; Sq1i) = U2w1 %7 Oa@ QO

F �(Sq2X2) = U(w2(w1)2 + (w1)4)

8 Oa@ QO F � =t= " F �(X22) = Uw22 w F �(X4) = U(w1)4 xm s} Q=O R}v O}OH Orwt wO '7 Oa@ QO
"CU= Q} R x}[k q=@ |=yhQL xH}Dv TB "F �(Sq3X2 + (Sq1i)2 +Sq1X4) = 0 uwJ "CU}v |DN} Qm}

"CU= Q}PBV}=tv �O(n) '8 R= QDtm Oa@ =@ |=[i R= Z2 ?} Q[ =@ |Oa@ xU Tqm Qy %x}[k 2�2�2
g CW=ov k > 1 |=Q@ %s}v=UQ|t u=}=B x@ xDmv u}= =@ =Q VN@ u}=

g : K(Z2; k) �!MO(k)

u=wva K(Z2; k) |oDUv=tyO=B xwQo OQwt QO QU x}[k xm Qw] u=ty uwJ "OQ=Ov OwHw 'OW=@ F |B wDwty uwQ=w
Q@H 'Gk 'u=tU=Qo xv}tN |oDUv=tyO=B Q@H xm |DQwY QO Q}eDt |y=vDt=v =@ CU= |=xrtHOvJ Q@H Ovm|t
H�(MO(k)) Q@H x@DQ R= H�(Z2; k) Q@H x@DQ q=@ O=a@= |=Q@ xH}Dv QO CU= Q}eDt |y=vDt =@ |=xrtHOvJ
OwHw 'OW=@ |B wDwty uwQ=w xm g CW=ov xm OyO|t xH}Dv u}= xm OQ=O |y}O@=v |JwB F �TB 'CU= QDW}@ ,=O}m =

"OQ=Ov
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k |oDUv=tyO=B Tqm w �2k R= QDoQR@� nQR@ |i=m QOk@ Oa@ =@ |}=[i 'k > 1 Qy |=Q@ %xH}Dv 3�2�2
"CU}v Q}PBV}=tv �O(n) xm OQ=O OwHw Z2 QO ?} Q[ =@ |Oa@

MSO(k) Q=DN=U |UQQ@ 3�2
MO(k) "CU= |QDxO}J}B |=[iMSO(k) =t= s}OQm =O}B |OwOL =DMO(k) swD |=[i |B wDwty Q=DN=U =@
OQwt QO =t= "Ow@ u}rlt � nQ@vr}; |=y=[i ?Q[ xm s}OQm |B wDwty RQ=sy XNWt |Oa@ =D |}=[i =@ =Q
|=y=[i R= wDQOwD |Q=D |=yhqm CU= u; MSO(k) |oO}J}B p}rO "O=O s=Hv= =Q Q=m u}= u=wD|tv MSO(k)

|=Q@ k + i Oa@ =D `tDHt �CW l} =@ =Q MSO(k) s}vm|t |aU VN@ u}= QO "CU= u}rlt � nQ@vr};
"s}vm |B wDwty RQ=sy v � i

Q_v QO =Q K(Z; k + 5) x}=B =@ w K(Z; k + 4) Q=D =@ 2|Q}Ut |Q=D hqm %K 1Q@r} R |yHwOvJ h} QaD
OQ=O OwHw K(Z; k+ 5) x@ K(Z; k) R= f CW=ov "OW=@ K(Z; k+ 5) |=x}=B Tqm u O}vm ZQi "O} Q}o@
xHQO xm 3 xv=t}B x@ O=Qv}DU= Qorta P k xm CU= �P 1 u=ty St53 R= Qw_vt� f�(u) = St53(v) xm |Qw] x@
xHQO xm CU= |Qorta �P 1 |DL=Q |=Q@ "CU= u}DWm =@ Qorta � w OyO|t V}=Ri= 2k(3� 1) xR=Ov= x@ =Q
=yv; pw= QO u}DWm =@ Qorta xm O=Qv}DU= |=yQorta xm O}vm xHwD �"s}yO|t V}=tv St53 =@ OyO|t V}=Ri= 5 =Q
|Q=D |=[i K O}vm ZQi "pw= OOa xv=t}B x@ |=H x@ CiQo Q_vQO K}LY |=yQorta u=wva x@ u=wD|t =Q 'CU=
xm CU= Hk+5(K(Z; k);Z) QO K u}rlt � nQ@vr}; |=OQw=v "OwW|t =kr= K(Z; k) |wQ f R= xm OW=@
pwrU R= F : M �! K pFt |DW=ov VQDUo |=Q@ |i=m w sRq \QW "Ow@ Oy=wN St53(v) Tqm ,=YNWt

"OW=@ |y}O@ 'CU= F � CLD i Tqm Q} wYD x 'St53(x) xm CU= u; 'M pm x@ |Oa@ k + 4

1) Silber polyhedron 2) path �bration
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K |oDUv=ty O=B
"(F 3)�(i) = 3i xm CU= VOwN x@ K(Z; k) R= |DW=ov F 3 O}vm ZQi %2 xv=t}B x@ |oDUv=ty O=B
� nQ@vr}; |=OQw=v uwJ "OwW|t K(Z; k)�K(Z; k + 4) 'F 3 \UwD 'K xOW xO}Wm ?ka |Q=D |=[i

"OW Oy=wN QiY Q@=Q@ =[i u}= u}rlt

(F 3)�(St53(i)) = St53(F 3(i)) = St53(3i) = 0

G� CW=ov "OQ@|t K x@ =Q K(Z; k)�K(Z; k + 4) |=[i 'K(Z; k + 4) |wQ Tqm R= G xH}Dv QO
K(Z; k)�K(Z; k + 5) |y}O@ |Q=D |=[i |i}] xr=@vO w K |Q=D |=[i 1|i}] xr=@vO u}@ |DN} Qty
H�(K(Z; k);Z2) Q@H R= |DN} QOwN (F 3)� u}= Q@ xwqa "CU= |DN} Qm} =yv; E2�� |=yxir-wt u}@ xm OyO|t
|=[i |i}] xr=@vO uwJ ?}DQD u}ty x@ "CU= |y}O@ E2�� xir-wt |wQ d2 2|Q)r jDWt xH}Dv QO TB "CU=
CN} Qm}H�(K;Z2) xH}Dv QO TB "OvDUy |y}O@ R}v =yjDWt x}k@ xH}Dv QO CU= |y}O@ R}v E2�� R= Oa@ ?Q[

"CU= K(Z; k)�K(Z; k + 4) |oDUv=tyO=B Q@H =@
QO TB CU= jO=Y R}v 5 R= QDoQR@ pw= p |=Q@ q=@ Ovv=t pqODU= %5 � p |=Q@ p xv=t}B x@ |oDUv=ty O=B
x@ K(Z; k) �K(Z; k + 5) |oDUv=tyO=B Q@H =@ CU= CN} Qm} H�(K;Zp) Q@H R}v p xv=t}B x@ xH}Dv

"p xv=t}B
'� |wQ 3|J}B QU CW=ov R= OW=@ K(Z; k + 4) |=x}=B Tqm � O}vm ZQi %3 xv=t}B x@ |oDUv=ty O=B
Tqm x@ St53(�); St93(i) = St43St53(i) x@ |J}B QU CW=ov \UwD St43� Tqm TB "OwW|t St53(i)

%OwW|t O}rwD Q} R |=yOrwt \UwD H�(K;Zp) |oDUv=tyO=B Q@H xH}Dv QO "OwQ|t St53St53(i) = 0
"CU= i |O=}v@ Tqm Orwt �k Oa@ QO

"CU= St43(i) |O=}v@ Tqm Orwt �k + 4 Oa@ QO
"CU= St83(i) Tqm �k + 8 Oa@ QO
"CU= St53(�) Tqm �k + 9 Oa@ QO

1) Spectral sequence 2) Leray di�erential 3) Transgression
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u}r lt � nQ@vr}; |=[i QO K |=[i ?Q[ s}vm|t h} QaD =Q Y |=[i %MSO(k) =@ RQ=sy |=[i
"s}vm|t h} QaD Q} R CQwY x@ F : MSO(k) �! Y CW=ov "OW=@ K(Z2; k + 5)

St53U = 0 uwJ "f�(i) = U xm |Qw] x@ OQ=O OwHwK x@MSO(k) |Oa@ k+4 pwrU R= f CW=ov
=Q f TB �"OQ=Ov 3 x@DQt ?=D s}v=O|t xm Ov}Wv|t Ĝk |oDUv=tyO=B QO MSO(k) |oDUv=tyO=B uwJ�

|DW=ov x@ u=wD|t
f : MSO(k) �! K

x m |Qw ] x @ OQ=O Ow Hw g : MSO(k) �! K(Z2; k + 5) C W= o v Q o }O hQ ] R= "OQ=O Ow Hw
=Q F : MSO(k) �! Y CW=ov g; f "CU= K(Z2; k + 5) |=x}=B Tqm i0 xm g�(i0) = UW2W3

"Ovvm|t h} QaD
|oDUv=tyO=B Q@H Orwt Q} wYD v O}vm ZQi "O} Q}o@ Q_v QO =Q j � 8 xm k + j Oa@ %2 xv=t}B x@ x@U=Lt

%s} Q=O "OW=@ H�(K;Z2) � H�(Z;K;Z)
H�(Z; k + 4;Z2) QO K(Z; k + 4)
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j = 0; F �(i) = U

j = 1; F �(0) = 0
j = 2; F �(Sq2i) = Uw2
j = 3; F �(Sq3i) = Uw3
j = 4; F �(Sq4i) = Uw4

F �(U) = U(w2)2

j = 0; F �(Sq5i) = Uw5
F �(i0) = Uw2w3

j = 6; F �(Sq6i) = Uw6
F �(Sq4Sq2i) = U(w2w4 + w23 + w32)

F �(Sq2v) = U(w32 + w23)

F �(Sq1i0) = Uw23
j = 7; F �(Sq7i) = Uw7

F �(Sq5Sq2i) = U(w5w2 + w4w3 + w3(w2)2)

F �(Sq3v) = Uw3(w2)2

F �(Sq2i0) = Uw2(w5 + w3w2)

j = 8; F �(Sq8i) = Uw8
F �(Sq6Sq2i) = U(w6w2 + w5w3 + w4(w2)2)

F �(Sq4v) = U(w4(w2)2 + w2(w3)2 + w42)

F �(Sq3i0) = Uw5w3
F �(Sq2Sq1i0) = Uw2(w3)2

pkDUt xOt; q=@ QO xm H�(MSO(k);Z2) Q@H |=[a= 8 � j |=Q@ xm OQm |UQQ@ u=wD|t |oO=U x@
|DN} Qm} 7 � j |=Q@ F �TB "OvyO|t p}mWD Hk+j(MSO(k);Z) |=Q@ x}=B l} 7 � j |=Q@ w Ov=|]N

"CU= l} x@ l} 8 = j |=Q@
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"OwW|t hPL |oDUv=ty O=B wO xv=t}B u}= x@ Y QO K(Z2; k + 5) QwDm =i %3 xv=t}B x@ x@U=Lt

j = 0; F �(i) = U

j = 4; F �(St43i) = Up4

j = 8; F �(St83i) = U((p4)2 + 2p8)

%5 xv=t}B x@ x@U=Lt

j = 0; F �(i) = U; F �(v) = Up4; F �(St85i) = U(p24 � 2p8):

%5 < p |=Q@ p xv=t}B x@ x@U=Lt

j = 0; F �(i) = U

j = 4; F �(v) = Up4

j = 8; F �(0) = 0

OwHw Hk+j(MSO(k)) w Hk+j(Y ) u}@ |DN} Qm} 7 � j QO R}v 3 � p |=Q@ Zp QO ?}=Q[ =@ xH}Dv QO
|=ypwrU =D =[i wO u}= s}v=O|t I} wQwy x}[k x@ xHwD =@ OvDUy xO=U Ov@ty |=[i Y wMSO(k) uwJ OQ=O

"s}vm|t xYqN x}[k wO QO =Q q=@ G}=Dv "OvDUy RQ=sy u=W}Oa@ k + 7

%CU= Q} R CQwY x@ �k+j(MSO(k)) |B wDwty xwQo 7 � j |=Q@ %x}[k 1�3�2

�k+1 = �k+2 = �k+3 = 0
�k+4 = Z; �k+5 = Z2 �k+6 = �k+7 = 0

?=D xwQo xv=t}B x@ |Oa@ �k+ 8 |=[i R= 'x 'K}LY |oDUv=tyO=B Tqm k > 8 |=Q@ %x}[k 2�3�2
"St53x = 0 Qo = =yvD w Qo = CU= Q}PBV}=tv
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Q}PBV}=tvQ}e |Oa@ �7 |oDUv=tyO=B Tqm 4�2
VmwD K x@ xm O} Q}o@ Q_v QO K pwL |R=@ =Q U "CU= xDUWv Rn QO xm |y=vDt |yHwOvJ K O}vm ZQi
|=Q@ "Hn�r(U) w Hr(K) u}@ X |DN} Qm} OQ=O OwHw 'xQ=mv=wB |v=owO R= xO=iDU= =@ CQwY u}= QO 'OwW|t

CQwY x@ =Q Vpi : Hr(K;Zp) �! Hr�i(K;Z) |DN} Qty 'GwR i Qy

Vpi = X�1StipX

"s}O=O s=Hv= V}B VN@ QO xm O=Qv}DU= Qorta R= CU= |U} wv xYqN u=ty Stip xm OwW|t h} QaD
CQwY x@ OQi i |=Q@ Stip x@ xOW xO=O C@Uv Vpi

Vp2r+1 = Vp1 � Vp2r

"(1
p�) 'CU= u}=DWm =@ |DN} Qty Vp1 xm OwW|t h} QaD

xaH=Qt O}v=wD|t O=Qv}DU= xDWwv |oDUv=tyO=B |=yQorta ?=Dm x@ =yv; C=@F= |=Q@ xm CU= |Y=wN |=Q=O Vpi
"O}vm

"CU}v \w@ Qt Rn QO K uOv=Wv x@ |va} 'CU= l} SwrwB wD |=OQw=v Vpi �1
"OwW|t =Hx@=H 'OwW|t <=kr= f : K �! K 0 \UwD xm f� |DN} Qty =@ Vpi �2

O } v m ZQ i ,= Y NW t "O=O V }= t v Stip x @ C @U v Vpi Q o r t a s } v=w D| t Zp u=O } t |wQ �3
x]@=Q QO OQi i T}Ov= =@ Qip |DN} Qty "OW=@ Vpi u=owO |DN} Qty Qip : Hr�i(K;Zp) �! Hr(K;Zp)

Ovvm|t jOY Q} RX
i

Qm�ip Stip = 0 m; i � 0 (2(p� 1)xv=t}B x@) Q�p = 1

%OwW|t h} QaD Qw] u}= GwR i =@ 'Qip |wQ R= OQi |=yi |=Q@ Qip |DN} Qty

Q2r+1
p = Q2r

p �Q1
p

"CU= u}=DWm =@ |DN} Qty Q1
p xm
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%s} Q=O lJwm i OvJ |=Q@ p=Ft u=wva x@

Q43 = �St43 Q53 = �St43 �Q13 = St13St13

|oDUv=tyO=B xwQo uwJ 'OwW QiY St2i(p�1)+1
p (v) CU}=@|t OW=@ Q}PBV}=tv v |oDUv=tyO=B Tqm Qo =

xOQWi xv}tN |U=U= Tqm Q} wYD z |B wDwty Tqm Qo = Cio u=wD|t x@=Wt Qw] x@ xH}Dv QO 'OQ=Ov ?=D �p 'Ĝk
"OwW QiY OQi p |=Q@ Vpi (v) xH}Dv QO w St2i(p�1)

p (X (v)) CU}=@|t OW=@ |Qo}O Q}PBjDWt w

"CU= QiY=v K(Z3; r) R= St53St13(i) |oDUv=tyO=B Tqm 'r � 2 |=Q@ %sr 1�4�2
m > n |=Q@ K(Z3;m) QO OW=@ QiY=v K(Z3; n) QO St53St13(i) Qo = xm O}vm xHwD =OD@= QO %C=@F=
|i=m xH}Dv QO "OwW|t =Hx@=H uw}Uv=BUwU =@ O=Qv}DU= Qorta Ctqa R= Q_v `]k uwJ "Ow@ Oy=wN QiY=v R}v
u; s}kDUt C=@F= |rw $CU= CUQO Ck}kL u}= "CU= QiY=v K(Z3; 2) QO St53St13(i) s}vm C@=F CU=
s}vm xHwD "s}vm u} Ro}=H =Q K(Z3; 1) R= |m} wO ?Q[ K(Z3; 2) |=H x@ s} Qw@Ht "CU}v |=xO=U Q=m
u}= QO 'OW=@ f�(i) = v1v2 xm f : K(Z3; 1) � K(Z3; 1) �! K(Z3; 2) xDUw}B CW=ov f Qo =
|Bm wO |O=}v@ |=yTqm �2; �1� "St53St13(i) 6= 0 TB f�St53St13(i) = St53St13(v1v2) 6= 0 CQwY
"OvDUy 2 Oa@ QO |oDUv=tyO=B xwQo |=yOrwt u2 = St13�2 w u1 = St13�1 �"OvDUy K(Z3; 1) |=y=[i R=

St53St13(�1:�2) = St13St43(u1:�2 � �1u2)

= St13((u1)3:v2 � (u2)3:v1) = (u1)3u2 � u1:(u2)3 6= 0

�"OW C@=F sr xH}Dv QO
K}LY |oDUv=tyO=B Tqm uwJ

St53St13(i) 2 Hr+6(Z3; 3;Z) r � 2

QO u; Qr=mU= ?Q[ xm OQ=O OwHw z 2 Hr+5(Z3; r;Z) Tqm uDiQo u=owO R= xO=iDU= =@ xH}Dv QO "CU= QiY=v
V35 (z) 6= 0 xH}Dv QO < V35 (z); i > 6= 0 TB "< Z;Q53(i) 6= 0 |va} &CU= QiY=v St43St13(i) Tqm

"s}vm|t xYqN Q} R x}[k QO =Q q=@ |=yhQL
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u=wD|tv =Q u; xm OQ=O OwHw |oDUv=tyO=B Tqm 'x=wNrO |yHw OvJ QO 7 � r Oa@ Qy QO %x}[k 2�4�2
"CWwv |Qo}O Q=wty w xOQWi xv}tN |=x}=B Tqm xDUw}B Q} wYD u=wva x@

2 -xv=t}B x@ sU}OQ@m Tqm 'N� 5�2
%u}rlt � nQ@vr}; |=y=[i ?Q[ =@ MO(n) '2n R= QDtm O=a@= |=Q@ s}v=O|t p@k |=yVN@ R= xm Qw] u=ty

Y = K(Z2; n)�K(Z2; n+ 2)� : : :� (K(Z2; n+ h))d(n) � : : : ; h � n

xH}Dv QO "CU= 'OW=@v 2m� 1 CQwY x@ |OvwatH I}y |va} 'h |}=DwOQ}e =yR=Qi= O=OaD d(n) q=@ QO xm CU=
%s}OQm C@=F xDWPo |=yVN@ QO =t

"CU= Z3 =@ CN} Qm} xwQo d(k) s}kDUt `tH Nk 'k Oa@ Qy |=Q@ %x}[k 1�5�2
CW=ov 'OW=@ k R= |}=DwOQ}e R=Qi= (w) O}vm ZQi

Fw : MO(n) �! K(Z2; k + n)

`@=D =@ Q_=vD xm CU= Hk+h(MO(n)) QO |oDUv=tyO=B Tqm Xw "OW=@ F �w(i) = Xu xm O} Q}o@ Q_v QO =Q
uQ=kDtX

(t1)a1+1 : : : (tr)ar+1tr+1 : : : tn

O}vm ZQi "CU= k OOa R= |}=DwO Q}e R=Qi= (ai) xm

Yw =
X

(t1)a1 : : : (tr)ar

|DN} Qm} 'G� "Xw = '�G(Yw) TB "OW=@ Hk(Gk;Z2) QO swD |DN} Qm} =@ Q_=vDt |oDUv=ty O=B w[a
�"CU= swD

xm OW=@ MO(n) x@ Sn+k R= |DW=ov fw1 O}yO Q=Qk

f�w1F
�
w(i) = �w1

w (s) (I)
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fw0 |B wDwty Tqm xm CU= uWwQ "CU= QmvwQm |=DrO �w1
w w Hk+n(sk+n;Z2) xwQo |O=}v@ Tqm s q=@ QO

Gn Q@ fw1 xm OQm ZQi u=wD|t 1 pYi |=ypqODU= Ovv=ty "OvyO|t p}mWD �k+n(MO(n)) |=Q@ x}=B l}
|o}=Uty "OW=@ fw1 CLD Gn uwQ=w Q} wYD Vw1 O}vm ZQi "CU= `]=kDt 'CU= MO(n) xawtHtQ} R xm
hqm u}= swD CW=ov '� : H�k(Vw1) �! Hr(N) CW=ov "O} Q}o@ Q_vQO =Q Sn+k QO Vw1 pwL N xrwr
=Q Y 1

w Tqm "s}yO|t V}=tv Y 1
w =@ =Q f�w1 CW=ov CLD Vw1 |oDUv=tyO=B xwQo QO Yw Q} wYD "CU= |Owta

xH}Dv QO "O=O V}=tv Sn+k QO Vw1 Owta hqm �wi |vD} w � pi}DW= xYNWt |=yTqm R= xO=iDU= =@ u=wD|t
%swD CW=ov 1uOw@ |a}@] C}Y=N xO=iDU= =@

'�(Yw1) = '�f�w1(Yw) = f�w1'�G(Yw) = f�w1(Xw) = �ww1(s) (II)

R= "CU= Vw |O=}v@ Tqm |wQ �wi R= k xHQO |=yxrtHOvJ QF= 'Vw Owta hqm xYNWt |=yTqm
|]N ?}mQD "CU}v AwDwty IwB xm f : Sn+k �!MO(n) pFt |DW=ov Qy |=Q@ s} Q}o|t xH}Dv II |w=UD
Tqm l} pk=OL xH}Dv QO "CU= QiY=v 'H�(Sn+k;Z2) Q@H QO f� CLD =yv; Q} wYD xm OQ=O OwHw Xw R=

%s}OQm C@=F 2 xv=t}B x@ =Q u}o =} QDvB x}[k uwQ=w xH}Dv QO "CU= QiY=v V Owta hqm xYNWt

xv}tN u}= CQwY u}= QO OW=@ QiY Q@=Q@ V k xv}tN |vD} w � pi}DW= |=yTqm xty Qo = %x}[k 2�5�2
"CU= Cv=OQ@m � IwB 2 xv=t}B x@

1) Naturality



3 pYi

swD TOL C=@F= w u}rNQ j}kO xr=@vO
CU= |=xrtHOvJ Q@H `k=w QO %OW XNWt swD \UwD N xkrL Q=DN=U 's}Dio xDWPo pYi QO xm Qw] u=ty
Tqm u}t= �i 'wi Qo = "OwW|t O}rwD 'CU}v 2j � 1 CQwY x@ xm i Oa@ QO xi |=yOrwt =@ xm 2 xv=t}B x@
O}yO Q=Qk "CU= V}=tv p@=k ti |=yQ}eDt R= uQ=kDt |=y|=xrtHOvJ CQwY x@ s}v=O|t 'OW=@ |vD} w � pi}DW=
CiQo Q_v QO u=wD|t N Orwt u=wva x@ |Oa@ k xv}tN Mk p=L "OW=@Pi t

k
i |=xrtHOvJ sk(w1; : : : ; wk)

Oa@ QO R}v 1OrwO w GwR Oa@ QO RP2n |k}kL |Wvmi= |=[i xm O=O u=Wv swD " sk[Mk] = 1 xm |DQwY QO
O} wo|t xm 's}vm|t ZQi =Q 2Qvr}t x}[k =t pYi u}= QO "OQw; s}y=wN xt=O= QO xm OQm |iQat |}=yOrwt OQi
|i}] xr=@vO x@ OQi ?=D OwHw sOa C=@F= |=Q@ uwJ s}vm|t C=@F= Oa@ pYi QO w 'OQ=Ov OQi x@DQt ?=D 
 xkrL
|tmL u} QDtyt "s}vm |UQQ@ =Q 2i x@DQt ?=D CU}=@|t 
 Q=DN=U X}NWD |=Q@ xH}Dv QO 's} Q=O R=}v 3Rt=O;
XNW "CU= r : 
 �! N CyH |Wwt=Qi |a}@] CW=ov xQ=@ QO u}rNQ \UwD 'xOW KQ]t xQ=@ u}= QO xm

%OQ=O OwHw Q} R x=Dwm j}kO xr=@vO O=O u=Wv u}rNQ


 �2�! 
 r�! N

1) Dold 2) Milnor 3) Adams Spectral Sequence
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OrwO \UwD xm CW=O p=mW= 2 x@DQt OQwt QO u}rNQ -x@U=Lt xD@r= �"CU= x �! 2x pw= |DN} Qty R= Qw_vt�
"OW hQ]Q@

%CN=OQB s}y=wN Q} R s=mL= x@ =t pYi u}= QO

"
 QO 4 x@DQt ?=D OwHw sOa C=@F= u; ltm x@ w u}rNQ j}kO xr=@vO �1

R}J l} =yv; u}o =} QDvB w |vD} w � pi}DW= O=Oa= xm OvDUy Cv=OQ@m 
 QO xm |DQwY QO \ki xv}tN wO �2
"�swD TOL� "OW=@

@1;M x}rw= |=y|oS}w w h} QaD 1�3

2 xv=t}B x@ K}LY ?Q[ =@ Tqm O}OLD u; w1 |vD} w � pi}DW= Tqm xm 'OW=@ xDU@ xv}tN Mn O}vm ZQi
S1 |O=}v@ Tqm u Qo = "f : Mn �! K(Z; 1) = S1 CW=ov =@ CU= Q_=vDt K}LY Tqm u}= "CU=
QO xm OvDUy Q_=vDt H1(X;Z2) =@ X |wQ |Q=D hqm �Z2 s}v=O|t " f�(u) = w1 CQwY u}= QO OW=@
TB hqm `k=w QO Z2 xwQo =@ w1 =@ Q_=vDt hqm xH}Dv QO "CU= K(Z2; 1) x@ X R= CW=ov RQ= sy `k=w

"CU= f x}qwO VWwB R= f \UwD xO}Wm
Vn�1 = f�1(0) xH}Dv QO "CU= f |=Q@ |OOa Q=Okt 0 wCU= Q=wty f OQm ZQi u=wD|t pw= pYi Ovv=t
xH}Dv QO "CU= xOW =kr= S1 QO 0 Owta hqm R= Vn�1 Owta hqm uwJ "CU= Mn R= Q}PBjDWt xv}tNQ} R
xH}Dv QO �"Ov=xOW j@]vt sy Q@ 1 w 0 xm s}vm|t x=ov [0; 1] xR=@ u=wva x@ =Q S1 =t� "CU= |y}O@ Owta hqm
TB "CU= |y}O@ xm CU= xOW =kr= (0; 1) |wQ hqm R= M � V |wQ 'w1 =@ Q_=vDt hqm |va} 'CyH hqm
CU= xOW =kr= w1(M) R= f uwJ "CU= V RQt =@ Q}PBCyH 'CU= lJwm sRq QOk x@ � xm 'f�1[0; �) xv}tN

"CU= w1(M) u=ty 2 xv=t}B x@ M QO v u=owO TB v = f�1(0) w

"2Vn�1 � 0 Qo = \ki w Qo = 'OQw; CUO x@ q=@ VwQ R= u=wD|t =Q Vn�1 xv}tN %sr 1�1�3
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M �V "O};|t CUO x@ RQt =@M 0 xv}tN 'O} Q@@ V |wQ R= =QM Ow@ xOt; CUO x@ q=@ VwQ R= v Qo = %C=@F=
|BmwO R= M 0 RQt TB "CU= |y}O@ M QO V Owta hqm uwJ "Ow@ Oy=wN u}vJ R}v M 0 TB CU= Q}PBCyH
TB "@M 0 = 2V xH}Dv QO w Ovm|t =kr= CyH M 0 w V |wQ M � V |wQ CyH "CU= xOW p}mWD v

"2V � 0
xv}tNM O}vm ZQi "OW=@ 2V u; RQt xm OW=@ Q}PBCyH xv}tNM 0 w 2V � 0 O}vm ZQi TmaQ@ p=L
M x@ M 0 |wQ R= |Q}PBjDWt Q=DN=U u=wD|t |oO=U x@ "OvW=@ sy x@ M 0 QO V |Bm wO uOv=@UJ R= pY=L

"OQm =kr=
|Qw] l} QDt u}= OQm ZQi u=wD|t u}vJty "M 0 |wQ �0 w OW=@ M |wQ Q}PBjDWt l} QDt � O}vm ZQi
f1 : M 0 �! [0; 1] s}vm|t h} QaD "OW=@ |w=Ut QDW}@ l} R=M 0 QO 'V2 w V1 'V |BmwO xrY=i xm OR}q=tQv

%xm

�0(x; V1) <
1
2 Qo = f1(x) = �0(x; V1)

�0(x; V2) <
1
2 Qo = f1(x) = 1� �0(x; V2)

CQwY u}= Q}e QO f1(x) =
1
2

|m} =Q OwW|t 1 w 0 ?}DQD x@ xm V2 w V1 |wQ xm Ovm|t =kr= f : M �! S1 CW=ov f1 CW=ov |wQ R=
=kr= =Q M CyH hqm 'S1 x}q wO VWwB 'f�1(0) = V w CU= Q}PBjDWt V |o}=Uty QO f "s} Q}o|t
CU= K}LY ?}=Q[ =@ Tqm O}OLD u uwJ "w1(M) = f�(u) TB CU= |y}O@ V Owta hqm "Ovm|t

� "CU= xOW pY=L QwmPt VwQ R= V TB "CU= u}vJ R}v w1 TB
w � w � O}vm ZQi "OW=@ pwtW CW=ov i : V ,! M w OvW=@ p@k Ovv=t Vn�1 w Mn O}vm ZQi
`tH R= xO=iDU= =@ TB i�� = � � � uwJ "OvW=@ M QO v Owta hqm w v w M Q@ T=tt |=yhqm �
=} w i�w(�) = w(�) xH}Dv QO w w(�) = 1 TB "CU= |y}O@ hqm � =t= "i�w(�) = w(�)w(�) |vD} w

"i�w(M) = w(v)

=Q x |wQ y QF= CQwY u}= QO y 2 Hr(X;Z2) w x 2 Hr(X;Z2) w x=wNrO l} SwrwB wD |=[i X Qo =
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"s}yO|t V}=tv < y; x > =@
"wawb : : : wc = wI s}U} wv|t "OW=@ n� 1 R=Qi= I = (a; b; : : : ; c) O}vm ZQi

"< wI(v); v >=< wI(M)w1(M);M > %sr 2�1�3
%C=@F=

< wI(V ); V > =< i�wI(M); V >

=< wI(M); i�V >

=< wI(M); w1(M) _M >

"CU= w1(M) u=owO i�(V ) uwJ i�v = w1(M) _M "CU= 1|Uwk ?Q[ _ R= Qw_vt xm

< wI(M); w1(M) _M >=< wI(M) _ w1(M);M > : �

Tqm 'Ovvm|t XNWt 2 xv=t}B x@ =Q sU}OQ@m Tqm |vD} w � pi}DW= O=Oa= uwJ xm OwW|t xH}Dv sr R=
M O}vm ZQi u}vJty "fV g = @1fMg s}vm|t h} QaD "OQm Oy=wN XNWt =Q fV g Tqm 'fMg
@1 : M �! N Q} wYD w r(
) �M � N O}vm xHwD "OW=@ fMg pmW x@ Tqm xty R= N -xawtHtQ} R
xm CU= K[=w "Ovm|t =kr= r(
) x@ M R= |DW=ov @1 w CU= Q}PBCyH V uwJ 'CU= r(
) QO pwtWt

"CU= QiY @1r : 
 �! N CW=ov

"CU= M jDWt @1 w N Q@HQ} R M %sr 3�1�3
xDU@ `tH pta CLD Ov};|t CUO x@ K}LY |=yUqm O}OLD R= w1(M) xm |}=yxv}tN xawtHt %C=@F=
?Q[ x}[k T=U=Q@ TB CU= TM 0; TM T=tt hqm s}kDUt `tH M;M 0 T=tt hqm uwJ "OvDUy

%s} Q=O |vD} w
w1(M �M 0) = w1(M)
 1 + 1
 w0(M 0)

1) cap product
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"CU= 2 xv=t}B x@ u
 1 + 1
 u0 O}OLD R}v w1(M �M 0) Tqm TB
CU= xOW h} QaD Qw] u}= xm � : B �! B 
B w wi |=yOrwt =@ |=xrtHOvJ Q@H B O}vm ZQi
k xHQO |=yxrtH QF= u}@t X(M) 'OW=@ xv}tN l} Mk 'X 2 B Qo = "�(wi) =

P
j+k=iw

i 
 wk
h} QaD s}v=wD|t H�(M;Z2)
H�(M;Z2) = H�(M �M 0;Z2) uwJ "CU= M |O=}v@ Tqm |wQ

%s}vm
X 
 Y (M;M 0) = X(M)
 Y (M 0)

%s} Q=O |vD} w ?Q[ T=U=Q@ uwJ

w(M �M 0) = (w(M)
 1)(1
 w(M 0)) = w(M)
 w(M 0)

'B R= X Qy |=Q@
X(M �M 0) = �(X)(M;M 0) (I)

%s}U} wv@ Q} R CQwY x@ =Q |r@k sr s}v=wD|t |Q=Po Ctqa u}= =@ "CU= Q=QkQ@

X(@1M) = w1X(M) (II)

%s} Q=O II,I R= xO=iDU= =@

X(@1(M �M 0)) = w1X(M �M 0)
= �(w1X)(M;M 0)

= (w1 
 1)�X(M;M 0) + (1
 w1)�X(M;M 0)

= �X(@1;M 0) + �X(M;@1M 0)

= X(@1M �M 0) +X(M � @1M 0)

QO 'OW Ovy=wN |m} @1M �M 0 +M � @1M 0 w @1(M �M 0) |wQ X pi}DW= O=Oa= xty xH}Dv QO
�"CU= jDWt @1 TB "OvDUy Cv=OQ@m 2 xv=t}B x@ wO u}= xH}Dv
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Q(m;n) w P (m;n) 'OrwO |=yxv}tN 2�3
uoty C=YDNt =@ \rDNt |Wvmi= |=[i CP (n) w Rm+1 QO Pm0 x2

i = 1 u}@ Sm O}vm ZQi
Sm � CP (n) |wQ (x; z) �! (�x; �z) pta Q=Ot |=[i p(m;n) OrwO xv}tN "OW=@ (z0; : : : ; zn)

"Ovm|t pY=L =Q CP (n) Q=D =@ � : P (m;n) �! RP (m) |Q=D CW=ov (x; z) �! x Vvmi= "CU=
pta `k=w QO� q=@ pta =@ (x; z) �! (Tx; z) pta "OW=@ xm = 0 xLiY x@ C@Uv Q} wYD T O}vm ZQi
w OQi m xm |Dr=L QO "s}t=v|t A =Q u; xm Ovm|t =kr= Q=Ot |=[i |wQ |DN} QOwN T "CU= Q=oR=U �Z2 xwQo

"Ovm|t Tma =Q u; CyH A w Q}PBCyH P (m;n) OW=@ GwR n
|m} p 2 P (m;n) Qy |=Q@ (p; 0) ! (Ap; 1) xm P (m;n)� [0; 1] xv}tN R= =QQ(m;n) |=[i
xm Ovm|t =kr= =Q � : Q(m;n) �! S1 |Q=DCW=ov (x; z; t) �! t Q} wYDCW=ov "s} Qw;|tCUO x@ 's}OQm
 : Q(m;n) �! Q(m; 0) |Q=D CW=ov R}v (x; z; t) �! (x; t) Q} wYD CW=ov "CU= P (m;n) VQ=D
CW=ov \UwD  |=Q@ Q(m; 0) �! RP (m+ 1) 1|Ov@xDUO CW=ov ,=D}=yv "Ovm|t =kr= CP (n) Q=D =@ =Q

%OwW|t h} QaD Qw] u}= xm OwW|t xO}WwB � : Q(m;n) �! P (m+ 1; n)

(x; z; t) �! (x0; : : : ; xm�1 cos�t; xm sin�t)

jOY Q} R |=yx]@=Q QO xm OQ=O 2w1w1 Oa@ QO d; c; x Orwt xU H�(Q(m;n);Z2) %sr 1�2�3
%Ovvm|t

x2 = 0; cm+1 = cmx; dn+1 = 0

xm OQ=O d; c O rwt wO xm OW XNWt O rwO \Uw D 2 x v=t } B x @ P (m;n) |oDU v=tyO= B xwQo %C= @ F=
xty CU }= @|t Oa @ j @=] D Q]=N x @ xm OR=U|t =Q |i}] xr=@ vO � |Q= D CW=o v "cm+1 = dn+1 = 0
-xr}Uw x@ x Qo = "�"CU= QiY=v E1;0

2 w E0;0
2 QO \ki H�(S1) xkrL uwJ� OW=@ QiY |i}] xr=@vO |=yjDWt

"s}yO|t u=Wv hwQL u}ty =@ =yv; xm Ovvm|t =kr= |}=yTqm d; c w OW=@ xOW =kr= H1(S1) R= u Orwt R= �
fcrdst" : 0 � r � m; 0 � s � n; 0 � " � 1g |atH x}=B H�(Q(m;n)) w H�(P (m;n)) |=Q@
1) Classifying map
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xOW =kr= H�(P (m + 1; n)) QO d Tqm R= � \UwD d ZQi "x2 = ��(u2) = 0 u}= Q@ xwqa "CU=
dn+1 = 0 'P (m+ 1; n) QO uwJ "OwW|t =kr= P (m;n) xv}tNQ} R |wQ d Tqm CQwY u}= QO "OW=@

"CU= Qw] u}ty R}v Q(m;n) QO TB
\UwD c s}vm|t h} QaD n = 0 Cr=L QO "s}vm x@U=Lt =Q cm+1 w s}vm h} QaD =Q c CU= |i=m \ki p=L
QFm =OL xm cm+1 Tqm xH}Dv QO 1 xHQO R= CU= |DW=ov � "OW=@ xOW =kr= RP (m+ 1) QO c Tqm R= �
TB '��(cm+1) = cm+1; ��(c) = c s}v=O|t "OQ@|t Q(m; 0) R= cmx x@ OQ=O RP (m+ 1) QO =Q Oa@
'CU= xOW =kr=  CW=ov \UwD xm OW=@ |Uqm 's}vm|t h} QaD |rm Cr=L QO "Q(m; 0) QO cm+1 = cmx

�"OW Oy=wN ^iL R}v cm+1 = cmx x]@=Q TB CU= u}vJ R}v x uwJ

%=@ CU= Q@=Q@ m > 0 |=Q@ Q(m;n) |vD} w � pi}DW= Tqm %sr 2�2�3

(1 + c+ x)(1 + c)m�1(1 + c+ d)n�1:

RP (m�1)�S1pmW x@|=xv}tNQ} R 'Q(m; 0) 'n = 0|Dkw "s}vm|tC@=Fn|wQ<=QkDU= x@ =QsmL %C=@F=
u=owO TB 'OQ=O RP (0)� S1 w RP (1)� 0 |=yQwO =@ 1 `]=kD OOa xv}tNQ} R u}= "OQ=O 1 Oa@ Xkv R=

=t= "CU= 1 + c+ x Owta hqm |vD} w � pi}DW= Tqm xH}Dv QO "CU= c+ x |oDUv=tyO=B Tqm

w(RP (m� 1)� S1) = (1 + c)m

TB "Q(m; 0) QO Pm�1(R)� S1 pwtW CW=ov j O}vm ZQi

j�(w(Q(m; 0))) = (1 + c+ x)(1 + c)m

%s}vm h} QaD Qo = xH}Dv QO

D = w(Q(m; 0))� (1 + c+ x)(1 + c)m

"CU= cm ?Q[t D xH}Dv QO j�D = 0
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|y}O@ VOwta hqm xm OQ=O 1 Oa@ Xkv R= RP (m) = P (m; 0) pmW x@ |=xv}tNQ} R Q(m; 0)

'OW=@ Q(m; 0) QO RP (m) pwtW CW=ov i Qo = 'w(RP (m)) = (1 + c)m+1 s}v=O|t uwJ "CU=

i�(w(Q(m; 0))) = (1 + c)m+1 = i�((1 + c+ x)(1 + c)m)

Q}e x@ |vD} w � pi}DW= |=yTqm xty TB "CU= cmx ?Q[t xH}Dv QO w x ?Q[t D TB i�D = 0 TB
Qr} w= OOa uwJ |r@k sr x@ xHwD =@ xm CU= Qr} w= Tqm u=ty xv}tN Oa@ =@ Tqm "s}v=O|t xv}tN Oa@ =@ Tqm

"wm+1 = 0 TB CU= QiY Q@=Q@ Q(m; 0)

s}vm|t h} QaD x@=Wt Qw] x@ ,qt=m "OW=@ Q=QkQ@ n� 1 |=Q@ <=QkDU= smL O}vm ZQi p=L
D = w(Q(m;n))� (1 + c+ x)(1 + c)m+1(1 + c+ d)n+1

QO =Q P (m� 1; n)� S1 xv}tNQ} R Qo = w x Q@ CU}=@|t D 's} Q}o@ Q_v QO =Q P (m;n)� 0 xv}tN Qo =
=Q st}Um =t Oa@ =@ Tqm w OW=@ Q}PBVN@ dn Q@ CU}=@|t Q(m;n� 1) xv}tNQ} R Qo = w cm Q@ s} Q}o@ Q_v

�"s}vm|t |UQQ@ p@k Ovv=t sy

M00 |=xrtHOvJ Q@H 3�3
P (m;n) CyH A w CU= Q}PBCyH P (m;n) OW xQ=W= xm Qw] u=ty 'OW=@ GwR n w OQi m xm |Dr=L QO
"OwW|t =kr= S1 |oDUv=tyO=B Q@H QO u Tqm R= � CW=ov \UwD xm w1(Q(m;n)) = x "Ovm|t Zwa =Q
O}vm ZQi xm OQm h} QaD Qw] u}= Q(m;n) w P (m;n) R= xO=iDU= =@ =Q N xkrL |Oa@ OQi |=yOrwt OrwO

Tqm N QO X2k�1 "s 6= 0 xm k = 2r�1(2s+ 1) "CU}v 2 u=wD k xm CU= |OQi OOa 2k � 1

V2k�1 = P (2r � 1; 2rs)

Tqm N QO X2k 's}vm|t h} QaD |y@=Wt \}=QW CLD "CU=

M2k = Q(2r � 1; 2rs)

"OW=@
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"OvDUy Q}PB=vx} RHD QY=va N QO X2k %sr 1�3�3
s}U} wv|t |QwY Qw] x@ "s2k(M2k) = 1 s}yO u=Wv CU= |i=m s}Dio xtOkt QO xJv; x@ xHwD=@ %C=@F=

uwJ CQwY u}= QO "1 + c+ d = (1 + �)(1 + �)

w(Q(m;n)) = (1 + c+ x)(1 + c)m�1(1 + �)n+1(1 + �)n+1

"s} Q}o@ �Q=@ n+ 1� �; � '�Q=@ m� 1� c 'c+ x 's}v=wD|t =Q OvDUy =yv; R= |vQ=kDt `@=wD wi xm tj |=yQ}eDt
"2k = m+ 2n+ 1 '0 < n w CU= GwR n w OQi m O}vm xHwD

s2k(Q(m;n)) = (c+ x)m+2n+1 + (m� 1)cm+2n+1 + (n+ 1)(�m+2n+1 + �m+2n+1)

= �m+2n+1 + �m+2n+1

OwW|t xH}Dv |oO=U x@ r |wQ <=QkDU= =@ p=L

sr+1
2� (u+ v)sr + (uv)sr�1

'sr = ur + vr q=@ QO xm

sr
2� X

0�s< r
2

�
r � 2s� 1

s

�
(u+ v)r�2s(uv)s

TB

s2k(Q(m;n)) =
X
s

�
m+ 2n� 2s

s

�
cm+2n�2s+1ds

=
�
m
n

�
cm+1dn

s2k[M2k] =
�
m
n

�
=
�2r � 1

2rs
� 2� 1: �

2j � 1 sQi x@ |=yi R= Q}e x@ O=a@= xty |=Q@ Xi xH}Dv QO "OW=@ N QO RP (2j) Tqm X2j O}yO Q=Qk
"OvyO|t p}mWD x}=B N |=Q@ swD j@] TB "OvDUy Q}PB=vx} RHD xOW h} QaD
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"CP (n) �2 (RP (n))2 %sr 2�3�3
Q@=Q@ wO O=a@= QO =yDvt RP (n) =@ CP (n) �2 xv=t}B x@� xYNWt |=yTqm w |oDUv=tyO=B xwQo %C=@F=
|=Q@ "O};|t CUO x@ Oa@ uOQm Q@=Q@ wO =@ RP (n) R= CP (n) |vD} w � pi}DW= O=Oa= xH}Dv QO "OvDUy CN} Qm}

%s}vm ?=UL |vD} w ?Q[ =@ s}v=wD|t =Q M2 |vD} w � pi}DW= O=Oa= ' M xv}tN Qy

wk(M2) =
X
i+j=k

wi(M)
 wj(M)

Oa@ uOQm Q@=Q@ wO R= M2 |vD} w � pi}DW= O=Oa= xH}Dv QO OvwW|t hPL i 6= j CqtH xty Oa@ Q]=N x@ xm
�"Ov};|t CUO x@ M |vD} w � pi}DW= O=Oa=

X22j q=@ sr x@ xHwD=@ "OvQ=O jraD M x@ X2k w �CU= V}=tv p@=k Q}PBCyH Tqm \UwD uwJ� X2k�1

|wQ "CU= 'OwW|t O}rwD =[a= u}= \UwD xm M00 |=xrtHOvJ Q@H pt=W M xH}Dv QO "OQ=O jraD M x@ R}v
%OwW|t XNWt =yOrwt |wQ VQ=Okt \UwD @1 jDWt Q@H u}=

@1X2k�1 = 0
@1X2k = X2k�1
@1X2j = 0

9>>>=>>>; �CU}v 2 u=wD pmW x@ k�

ẁQW (w1)2 pt=a =@ xm |vD} w � pi}DW= O=Oa= xty xm OW=@ N QO |=yTqm -xawtHt M0 s}vm|t h} QaD
'OW=@ xOW O}OLD K}LY Tqm R= w1 xm |DQwY QO uwJ "OwW QiY |O=}v@ Tqm |wQ u=WQF= "OwW|t

"M00 = M0 O=O s}y=wN u=Wv Oa@ |=yVN@ QO "M00 �M �M0 s} Q=O TB "(w1)2 = 0

ker @1
Im @1 w M |UQQ@ 4�3

s}vm|t h} QaD "CU= MO(n) Q=DN=U X}NWD QO xDWPo pYi Ovv=t VN@ u}= QO |Q=PoCtqa

s(a1; : : : ; ar) =
X
uQ=kDt

ta11 : : : tarr

O}vm ZQi "CU}v 2j � 1 CQwY x@ =yai R= s=Om I}y xm CU= h =
P
ai R= |R=Qi= (a1; : : : ; ar) xm

x@ Hm+n(MO(n)) R= |DN} Qm} wnS �! wn+1S O}vm xHwD CQwY u}= QO S = s(a1; : : : ; ar)
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TB "CU= Q=oR=U �2 xv=t}B x@ O=Qv}DU= Q@H� A2 pta =@ xm m � n |=Q@ Hm+n+1(MO(n + 1))

n R= pkDUt B |wQ A pta u=wD|t xH}Dv QO "CU= Bm x@ Hm+n(MO(n)) R= |DN} Qm} wnS �! S

"CU= O=R; pwOt �A2 l} B %xm OQm xtHQD Qw] u}= q=@ xH}Dv u=wD|t "OQm h} QaD
=yu}= xm O}vm xHwD w 's(a1; : : : ; ar) = s(I) s}U} wv|t 'OW=@ R=Qi= I = (a1; : : : ; ar) O}vm ZQi
f�(I)g x}=B u=owO fs(I)g x}=B xm OW=@ B R= GQOt u=owO C O}vm ZQi "OvyO|t p}mWD B |=Q@ |=x}=B
x@ "CU= xOt; CUO x@ J w I |=yR=Qi= sy x@ uOv=@UJ R= IJ xm �(IJ) = �(I)�(J) ?Q[ C QO "CU=
O}vm ZQi "�(i) |=yOrwt =@ CU= |=xrtHOvJ Q@H C "CU= B |wQ � u=owO ?Q[ u}= OwW|t xO}O |DL=Q

"s}yO|t V}=tv @2 =@ C QO =Q Vv=owO w �2 =@ =Q B QO (w1)2 = s(2) QO uOQm ?Q[

%Ovm|t jOY Q} R \@=wQ QO xm CU= jDWt C QO @2 %sr 1�4�3
@2�(1) = 0 @2�(2) = 0 @2�(i) = �(i� 2)

ZQi "CU= @1 uOw@ jDWt C=@F= Ovv=t ,=k}kO � C@Uv (w1)2 uOw@ 1|}=OD@= x@ xHwD =@ jDWt C=@F= %C=@F=
"CU= xOW Qy=_ Q=@ �j R=Qi= u}= QO j xm CU= u; I = (1�12�2 : : : r�r) R=Qi= R= Qw_vt O}vm

%s} Q=O TB

�2S(1�12�2 : : : r�r) = (�2 + 1)S(1�12�2+1 : : : r�r)

+
X
i�1

(�i+2 + 1)S(1�12�2 : : : i�i�1(i+ 1)�i+1(i+ 2)�i+2+1 : : : r�r)

%s} Q=O uDiQo u=owO =@ xH}Dv QO

@2�(1�12�2 : : : r�r) = �2�(1�12�2�1 : : : r�r)

+
X
i�1

�i+2�(1�1 : : : i�i+1(i+ 1)�i+1(i+ 2)�i+2�1 : : : r�r)

�"Ovm|t jOY xOW =aO= x]@=Q QO @2 'C ?Q[ h} QaD x@ xHwD =@ xH}Dv QO
"s}vm|t ?=UL =Q ker @2 uwvm = p@k sr QO @2 x]@=[ x@ xHwD =@

1) primitive
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=@ �(i) `tH xm CU= 'CU}v 2 u=wD pmW x@ xm i Qy |=Q@ �i Ovv=t |w[a pt=W ker @2 %sr 2�4�3
"CU= C Q}PBx} RHD QY=va
%s}vm|t h} QaD %C=@F=

�2i+1 = �(2i+ 1) + �(2)�(2i� 1) + � � �+ �(2i)�(1) i � 0

w �k2(�) = 0 '� = �(2i� 2k)�(4k � 2i� 2) s}vm|t h} QaD 'GwR xHQO |=Q@

�2(�2(2i� 2k)�(4k � 2i)) = �(2i� 2k)�

= @2(�(2i� 2k + 2)� + �(2i� 2k + 4)@2�

+ � � �+ �(2i)@k�12 (�))

Q@=Q@ X QO �(2i) ?Q[ xm CWwv @2X = 0 CQwY x@ u=wD|t =Q q=@ xrO=at

@k�12 � = @k�12 (�(2i� 2k)�(4k � 2i� 2)) =
�2k � i� 1

i� k
�

xm &k = 2r+1s s}yO|t Q=Qk 1 � s w 0 � r 'i = 2r(2s+ 1) Qo = "�p@k sr w 1R}v@}q uwv=k x@ xHwD =@�
"OW=@ xOt; CUO x@ X u}ty �2i s}vm|t h} QaD w CU= 1 ?Q[ CQwY u}= QO

ker @2 "CU= =WwB @2 TB "CU= l} x@ l} xm 'CU= B xrtHOvJ Q@H QO (w1)2 QO ?Q[ '�2 p=L
"0 < j |=Q@ �2(2j) w �(1) pt=W u}= Q@ xwqa w OvDU}v 2 R= |v=wD pmW x@ xm |}=yi |=Q@ CU= �i pt=W
GQOt |Q=OQ@ |=[i V Qo = "OQ=O Orwt 2 R= Q}e w |Oa@ Qy QO xm OvyO|t p}mWD =Q Q@HQ} R l} xH}Dv QO TB
=WwB @r uwJ "dn(V ) = dim(Vn) s}U} wv|t |DL=Q |=Q@ w OW=@ V 'n xHQO xir-wt Vn O}yO Q=Qk 'OW=@
x@ Oa@ Qy QO xm CU= |=xrtHOvJ Q@H Q xm dn(ker @2) = dn(C) � dn�2(C) = dn(Q) TB 'CU=

"CU= ker @2 u; s=tD xH}Dv QO TB "OQ=O Orwt l} 2 R= Q}e
QO ?Q[ =@ ?}DQD u}= "OW=@ xOW =kr= 'OQ=O OwHw s(I) |wQ xm swD ?}DQD u=ty @(I) |wQ O}vm ZQi
=@ uwJ R}v GwR |=yi |=Q@ "CU= uWwQ OQi |=yi |=Q@ �i = �(i)+ �QDq=@ xHQO� x]@=Q p=L "CU= Q=oR=U C

1) Leibnitz
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=Q =yv; h}YwD q=@ QO xm OvDUy ker @2 Orwt xm |}=y|=xrtH lD xH}Dv QO "CU= Q=QkQ@ 'OwW|t R=e; �(2k)

sr ?r=k QO q=@ G}=Dv '�2(2j) w �(1) 'CU}v 2 R= |v=wD i l �(i) R= |}=yxrtHlD =@ OvDUy Q_=vDt 's}OQm
"s}vm|t xYqN

QO "OW=@ xOW Qy=] GwR u=wD =@ u; QO �(2j) xm OW=@ �(i) R= |=xrtH lD m O}vm ZQi %sr 3�4�3
"m R= QDoQR@ CqtH xwqa x@ CU= m pt=W xm OQ=O OwHw ker @2 R= |w[a CQwY u}=

CQwY u}= QO "OW=@ x CqtH u} QDoQR@ R= |m} s(I) w Im �2 R= |w[a x O}vm ZQi %sr 4�4�3
"CU= xOW Qy=_ Q=@ OQi I QO xm 1 � j '2j OQ=O OwHw

"OW=@ xOt; Q=@ GwR I QO 2j Qy O}vm ZQi "OwW|t xH}Dv uDiQo u=owO =@ |r@k sr R= sr u}= %C=@F=
uwJ QDoQR@ CqtH xwqa x@ CU= �(I) pt=W xm OQ=O OwHw ker @2 R= X Ovv=t |w[a '10 sr x@ xHwD =@

xH}Dv QO x = �2y =t= < x;X >= 1 TB OvDUy sy u=owO �(I) w S(I)

< x;X >=< �2y;X >=< y; @2X >= 0

�"CU= Zk=vD xm

CQwY u}= QO "OW=@ xOW Qy=_ |OQi O=OaD x@ 1 � j |=Q@ 2j u; QO xm OW=@ |R=Qi= I Qo = %sr 5�4�3
"CU= QDmJwm CqtH xwqa x@ s(I) Q@=Q@ xm OQ=O OwHw Im �2 R= |w[a

Qo = "CU= q=@ sQi x@ n R=Qi= O=OaD Q@=Q@ dn(Im �2) "O};|t pY=L Oa@ p}rLD =@ |r@k sr R= sy sr u}= %C=@F=
Gn(Im �2) =t= 'dn = (G(Im �2)) = dn(Im �2) 's}yO@ V}=tv G(B) =@ =Q B x@ ?wUvt GQOt Q@H
R}v |w=Ut O=a@= |=Q=O xm "CU= pwtWt 'CU= sr CQwY sQi x@ I xm s(I) \UwD xOW O}rwD |Q=OQ@ |=[i QO

�"OwW|t C@=F sr xH}Dv QO w Ovvm|t O}rwD =Q =[i pm =[a= u}= TB 'OvDUy
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%H�(BO(n)) QO xm u}= |=Q@ "CU= B pwOtQ} R �A2 l} �2B = (w1)2B p=L

Sq(w1)2 = (w1)2 + (w1)2

Sqi(x(w1)2) = (w1)2Sqix+ (w1)4Sqi�2x

|va} =yv; l =QDW= xH}Dv QO w H�(MO(n)) R= pwOtQ} R l} (w1)2 \UwD xOW O}rwD p;xO}= xH}Dv QO
"Ow@ Oy=wN u}vJ R}v �2H�(MO(n))

"CU= B pwOt �A2 R= O=R; s}kDUt OvwatH (w1)2B %x}[k 6�4�3

O} wo|t p@k sr "CU= Q}}eD p@=k =yQDmJwm x@DQt \UwD x}=B w[a Qy w s}v=O|t =Q B pwOt �A2 x}=B =t %C=@F=
u; R= O=R; pwOtQ} R �A xH}Dv QO w OvDi}v (w1)2B QO xm O=O Q}}eD |Qw] u=wD|t =Q x}=B |=[a= R= |r}N xm
CQwY u}= QO OwW|t (w1)2B pm pwOtQ} R u}= =QJ s}} wo@ Qo = "CU= B R= s}kDUt OvwatH xm Ovvm O}rwD =Q

�"CU= Oa@ xU}=kt R= p@k |=ysr |QU |=yxO}= Ovv=t sy Q=m u}= xm "OW Oy=wN C=@F= x}[k
u=owO u=wva x@ u=wD|t =Q N swD x@ xHwD =@ xH}Dv QO OvW=@ A2 R= C@Ft Oa@ =@ |=[a= A+2 O}vm ZQi
u=owO u=wva x@ xH}Dv QO w CiQo Q_v QO (w1)2B R=UJwB u=wva x@ =Q M0 =t "OQm x=ov B

A+
2 B

|Q=OQ@ |=[i
pwOt �A2 x}=B =@ Oa@ Qy QO =[i u}= |]N pkDUt |=[a= O=OaD xH}Dv QO 'OQm x=ov u; x@ B

(A+
2 B+(w1)2B)

x@DQt GwR 2 u=wD xm OvwW|t XNWt |}=DwOQ}e |=yR=Qi= =@ pw= Cr=L QO x}=B u}= "CU= |m} B
(w1)2B O=R;

pmW x@ xm i Oa@ Qy QO xi |=yQ}eDt R= |=xrtH lD =@ OvDUy �1�1� Q_=vD QO =yR=Qi= u}= xm CU= xOW Qy=_
"M00 = M = M0 TB OvQ=O Oa@ l} M0 w M00 |Q=OQ@ |=[i QO xH}Dv QO "� i 6= 2 w� CU}v 2j � 1

"CU= X22k R= |=xrtHOvJ Q@H ker @1
Im @1 �i� %sr 7�4�3

V}=tv p@=k 2 xv=t}B x@ CP (2n) R= |=xrtHOvJ \UwD =Dm} Qw] x@ |=xrtHOvJ Q@H u}= w[a Qy (ii)

"CU=
"CU= 2 xv=t}B x@ u}o =} QDvB O=Oa= |=[i |Q=OQ@ |=[i u}= u=owO (iii)
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%CU= Q} R |=yQ@H |QwUv=D ?Q[ M pwOt %C=@F=
CQwY x@ xm |}=yk |=Q@ @1X2k�1 = 0 w @1X2k = X2k�1 xm X2k�1 w X2k R= |=xrtHOvJ (a)

"OvDU}v 2 u=wD
"@1X22j = 0 xm X22j R= |=xrtHOvJ (b)

xH}Dv QO "OwW|t VOwN (b) |oDUv=ty w X22k R= |=xrtHOvJ Q@H OwW|t @1 C@Uv (a) |oDUv=ty
ker @1 |wQ |]N `@=D xH}Dv QO OvDUy |vD} w � pi}DW= O=Oa= u=ty '2 xv=t}B w u}o =} QDvB O=Oa= "OW C@=F (i)

O=Oa= TB "CU= V}=tv p@=k 'CU= 2 x@DQt 
 QO xm Q}PBCyH xv}tN \UwD Im @1 |=[a= "Ovvm|t h} QaD
Q}PBCyH CP (2n) ?Q[ "OwW|t =kr= ker @1

Im @1 |wQ |]N `@=D xH}Dv QO "OwW|t QiY xv}tN u}= u}o =} QDvB
u=Wv |Wvmi= |=[i u}o =} QDvB OOa C=@U=Lt x@ xHwD =@ xH}Dv QO "CU= ker @1

Im @1 R= |w[a xH}Dv QO CU=
Q_v R= uwJ OvDUy |]N pkDUt ker @1

Im @1 |=[a= w |]N |=y`@=D u}= xH}Dv QO OvDUy OQi O=Oa= u}= xm OyO|t
�"OW C@=F sr TB OQ=O j@=]D R}v Oa@

xH}DvOvJ w swD TOL C=@F= 5�3
%Ovm|t jOY u}rNQ x=Dwm j}kO xr=@vO QO r : 
 �! N |a}@] CW=ov s}Dio pYi xtOkt QO xm Qw] u=ty


 �2�! 
 r�! N

"OQ=Ov 4 -x@DQt w[a I}y 
 %x}[k 1�5�3
'@1r = 0 uwJ CQwY u}= QO 1 < x Qo = "OW=@ 2x p=t}Um =t xHQO R= 
m R= |w[a c O}vm ZQi %C=@F=
Q@=v@ xH}Dv QO OwW|t QiY u}o =} QDvB O=Oa= xty TB CU= 
 Q=O?=D w[a c uwJ "OQ}o|t Q=Qk ker @1 QO rc
2c0 = 0 xm 
 QO c0 Tqm OQ=O OwHw xH}Dv QO "ODi=|t Im @1 QO |va} OwW|t QiY ker @1

Im @1 QO rc p@k sr
xm d OQ=O OwHw u}rNQ xr=@vO T=U=Q@ "r(c� c0) = 0 w OQ=O 2x -x@DQt c� c0 w 1 < x uwJ rc0 = rc w

�"CU= Zk=vD QO x ?=NDv= =@ xm 2x+1 x@DQt d =t= " c� c0 = 2d
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xDW=O |v=Um} u}o =} QDvB w |vD} w � pi}DW= O=Oa= Qo = \ki w Qo = OvDUy Cv=OQ@m xv}tN wO %xH}Dv 2�5�3
"�swD TOL� "OvW=@

xv}tN wO u}= p[=iD CQwY u}= QO "OW=@ Q=QkQ@ \QW u}= O}vm ZQi "CU= uWwQ \QW u}= CQwQ[ %C=@F=
xH}Dv QO rc = 0 TB CU= u=Um} R}v =yv; |vD} w � pi}DW= O=Oa= uwJ "Ow@ Oy=wN c pFt Q=O ?=D w[a l}
?=D 
 =t= "CU= 
 QO Q=O?=D w[a d w 2d = c xm OQ=O OwHw 
 QO d pFt |w[a u}rNQ j}kO xr=@vO Q@=v@
w 2d = 0 CU}=@|t p@k x}[k Q@=v@ xH}Dv QO �"O=O s}y=wN K}[wD Oa@ pYi QO =Q smL u}=� OQ=Ov OQi x@DQt

�"c = 0 xH}Dv QO

-xr=@vO p=L [V ] = @3[M ] s}U} wv|t "Ovm|t XNWt =Q V Tqm 
 QO M Tqm %x}[k 3�5�3
j}kO


 2�! 


@3 & % r

M

"OQ=O OwHw

'2V � 0 s}v=O|t u}vJty w Ovvm|t XNWt =Q V Tqm 'M |vD} w � pi}DW= O=Oa= s}v=O|t uwJ %C=@F=
"OwW|t u}}aD ,qt=m 
 QO V s}OQm C@=F q=@ QO xm |=x}[k Q@=v@ "OwW|t QiY V u}o =} QDvB O=Oa= xty TB
VvOw@ j}kO 'Q=Owtv x}k@� "s}vm C@=F =Q ker @3 � Im r Q=Owtv uOw@ j}kO |=Q@ CU= |i=m TB @3r = 0 uwJ
\UwD ker @1 QO Im @1 xDUO sy Qy u}vJty "Im @1 � Im r 'CU= Q}PBCyH V uwJ "�s}v=O|t p@k R= =Q
O=Oa= xty uwJ 'ker @3 = ker @1 =t= "ker @1 � Im r "OwW|t XNWt =yCP (2n) R= |=xrtHOvJ
TqmM O}vm ZQi p=L "OW=@ QiY R}v N Qo = =yvD w Qo = CU= QiY 
 QO V Tqm 'OwW|t QiY V u}o =} QDvB
"OW=@ V RQt =@ xv}tN N O}vm ZQi "O} Qw; CUO x@ V |wQ R= uO} Q@=@ M R= =Q M 0 "Ovm XNWt =Q 0 � V
ZQi R=@ "CU= Q}PBCyH N 0 "s} Qw;|t CUO x@ Ov=xO}@UJ M 0 x@ V RQt |wQ R= xm N R= |BmwO w N 0 -xv}tN
@W = M �1+N 0�0 "s}OQm h=Y v�1 QO =Q V}=yxWwo xm OW=@N 0� I QON �1 |BmwOW O}vm

�"M �2 N 0 TB
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"CU= |}=Hx@=H 
 %xH}Dv 4�5�3
=} w 2 x@DQt =yv; R= |m} xm |}=y?Q[ |wQ 
 OyO|t xH}Dv u}= xm 'CU= |}=Hx@=HO=B 
 s}v=O|t %C=@F=

"OvDUy CQwY wO u}ty x@ 
 |=[a= xty q=@ x@ xHwD =@ =t= "CU= |}=Hx@=H 'OvQ=O GwR Oa@

"CU= Q}PB=vCyH N QO Q}PB=vCyH Tqm w Q}PBCyH Tqm ?Q[ %xH}Dv 5�5�3
M QO R}v =yv; ?Q[ TB "CU}v M QO y xm CU= uWwQ "OW=@ y w x ?}DQD x@ =yUqm O}vm ZQi %C=@F=

uwJ CU}v
@1x = 0 @1y 6= 0 =) @1(xy) = x@1y 6= 0

�"ODi=|tv ker @1 = Im r QO xy TB

"CU= Cv=OQ@m Q}PBCyH xv}tN =@ xv}tN Qy %xH}Dv 6�5�3
R= |=xrtHOvJ u=ty Q@=Q@ =yOrwt R= |=xrtHOvJ Qy 2 u=wD TB s}vm|t Q=m 2 xv=t}B x@ w N QO =t uwJ %C=@F=
TB "Qw] u}ty R}v V2n�1 w CU= Q}PBCyH xm CP (2n) �2 (RP (2n))2 uwJ p=L "CU= =yOrwt 2 u=wD

�"OW C@=F smL xH}Dv QO

'OwW|t QiY 'OvQ=O w1 pt=a xm u; |vD} w � pi}DW= O=Oa= xty xm N QO |Uqm Qy %xH}Dv 7�5�3
"CU= Q}PBCyH xv}tN pt=W

s} Q=O xH}Dv QO w @1c = 0 TB CU= M = M0 QO CU}=@|t OW=@ smL CQwY ẁv R= |Uqm c Qo = %C=@F=
�"c = Im r



4 pYi

\rDNt sU}OQ@m w Qvr}t |=yx}[k

Vv=owO w1O=Qv}DU= Q@H 1�4
u=owO hwy Q@H Q=DN=U "CN=OQB s}y=wN 2hwy Q@H u=wva x@ Vv=owO w O=Qv}DU= Q@H Q=DN=U x@ VN@ u}= QO
xr=kt x@ O}v=wD|t O=Qv}DU= Q@H u=owO Q=DN=U s=mL= C=@F= |=Q@ xm OW h}YwD Qvr}t \UwD Q=@ u}rw= O=Qv}DU= Q@H
u; s} Q}o|t Q_v QO CU= x=wNrO pw= OOa xm 'p xv=t}B x@ =Q O=Qv}DU= Q@H uwJ "O}vm xaH=Qt u=wva u}ty =@ Qvr}t

"s}yO|t u=Wv A�p =@ =Q Vv=owO w Ap O=tv =@ |rm Cr=L QO =Q
O=Qv}DU= Qorta s}v=O|t CQwY u}= QO OW=@ l} SwrwB wD |=[i l} W O}vm ZQi

Sqn : Hk(W;Z2) �! Hk+n(W;Z2)

CU= Q} R CQwY x@ O=Qv}DU= Qorta R}v p xv=t}B x@ w OQ=O OwHw

Pn : Hk(W;Zp) �! Hk+2n(p�1)(W;Zp) (2 < p)

"X;Y 2 H�(W;Zp) w x; y 2 H�(W;Z2) s}vm ZQi "s}vm|tCU}r =Q =yv; xm OvQ=O|Y=wN =yQorta u}=
1) Steenrod 2) Hopf algebra
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"CU= |]N �Zp 'Pn w CU= |]N �Z2 'Sqn �1

"P 0 = 1 w Sq0 = 1 �2

"CU= u}=DWm =@ |DN} Qty Sq1 �3

"Pn(X) = 0 CQwY u}= QO 2n > degX Qo = "Sqn(x) = 0 CQwY u}= QO n > deg x Qo = �4

"Pn(X) = Xp CQwY u}= QO 2n = degX Qo = "Sqn(X) = x2 CQwY u}= QO n = deg x Qo = �5

"Pn(XY ) =
Pn

k=0 P k(X)Pn�k(Y ) wSqn(xy) =
Pn

k=0 Sqk(x)Sqn�k(y) �u=DQ=mpwtQi� �6

w  (Sqn(X)) =
Pn

k=0(Sqk 
 Sqn�k)( (X)) OW=@ =[i �H l} W Qo = �7

 (Pn(X)) =
nX
k=0

(P k 
 Pn�k)( (X)):

%2k > h > 0 Qo = �1s*O; -x]@=Q� �8

SqhSqk =

h
2X
i=0

�
k � i� 1
h� 2i

�
Sqh+k�iSqi

%pk > h > 0 Qo =

P hP k =
[hp ]X
i=0

(�1)h+i
�

(p� 1)(k � i)� 1
h� pi

�
P h+k�iP i

%pk > h > 0 Qo =

P h�P k =
[hp ]X
i=0

(�1)h+i
�

(p� 1)(k � i)
h� pi

�
�P h+k�iP i

+
X
i=0

(�1)h+i�1
�

(p� 1)(k � i)� 1
h� pi � 1

�
P h+k�i�P i �CU= u}=DWm =@ |DN} Qty �

%OwW|t h} QaD Q} R CQwY x@ u; ?Q[ O=B xm CU= hwy Q@H l} O=Q}vDU= Q@H
p = 2 |=Q@  (Sqn) =

nX
k=0

Sqk 
 Sqn�k

p > 2 |=Q@  (Pn) =
nX
k=0

P k 
 Pn�k;  (�) = � 
 1 + 1
 �
1) Adem
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?Q[ O=B =@ CU= pwOt O=B �A�p l} H�(W;Zp) TB CU= pwOt �Ap l} H�(W;Zp) uwJ

 : H�(W;Zp) �! A�p 
H�(W;Zp)

"OQm s}y=wN xO=iDU= C=@F= uwO@ =Q Q} R x}[k

"OW=@ O=Qv}DU= Q@H x}=B u=owO �n 2 A�2n�1 O}vm ZQi 'p = 2 |=Q@ %�Qvr}t� x}[k 1�1�4
�n = (Sq2n�1

Sq2n�2
: : : Sq2Sq1)�

"OvW=@ p xv=t}B x@ O=Qv}DU= Q@H x}=B u=owO R}v �n 2 A�2pn�1 w �n 2 A�2(pn�1) O}vm ZQi OQi p |=Q@

�n = (P p
n�1

P p
n�2

: : : P pP )�

�n = (P p
n�1

P p
n�2

: : : P pP�)�

CQwY x@ O=Qv}DU= Q@H u=owO Q=DN=U p = 2 |=Q@ TB

A� = Z2[�1; : : : ; �n; : : : ]

OQi pw= OOa p |=Q@ w

A� = Zp[�1; : : : ; �n; : : : ]
 �(�0; : : : ; �n; : : : )

%Ow@ Oy=wN Q} R CQwY x@ hwy Q@H u}= QO ?Q[ O=B w �0 = 1 s}vm|t ZQi "CU=

p Qy |=Q@  (�n) =
nX
k=0

�p
k

n�k 
 �k

OQi p Qy |=Q@  (�n) = �n 
 1 +
nX
k=0

�p
k

n�k 
 �k: �

"OvDUy QiY x}k@ =D |y=vDt R= Q}e x@ xm OW=@ |ivt=v K}LY O=Oa= R= xr=@vO R = (r1; r2; : : : ) O}vm ZQi
=D |y=vDt R= Q}e x@ xm OvW=@ 1 w 0 R= |=xr=@vO E = ("0; "1; : : : ) w �(R) = �r11 �r22 : : : s}vm|t h} QaD
x}=B f�(E)�(R)g p@k x}[k Q@=v@ CQwY u}= QO �(E) = � "00 � "11 : : : s}vm|t h} QaD "OvDUy QiY x}k@

"OyO|t p}mWD A� |=Q@ |atH
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|=[a= %�Qvr}t� x}[k 2�1�4

Q"00 Q"11 : : : PR

"OyO|t p}mWD A |=Q@ |atH -x}=B "CU= �R = (r1; r2; : : : )� �(R) u=owO PR w �i u=owO Qi xm
"OvyO|t p}mWD 1|HQ=N Q@H w Qk 2 A2pk�1

QjQk +QkQj = 0

%OvwW|t =Hx@=H Q} R xOa=k x@ xHwD =@ PR =@ u}vJty w

PRQk �QkPR = Qk+1PR�(pk;0;::: ) +Qk+2PR�(0;pk;0;::: ) + : : : : �

QO xm  (ek) -xir-wt w H�(RP1;Z2) = Z2f1; e1; : : : ; ek; : : : g(a) %sr 3�1�4

A�k�1 
H1(RP1; ;Z2)

=@ CU= Q@=Q@ OQ}o|t Q=Qk8>>><>>>:
�n 
 e1 k = 2n Qo =
0 CQwY u}= Q}e QO

H�(CP1;Zp)|wQA� pta O=B "H�(CP1;Zp) = Zpf1; a1; : : : ; ak; : : : g s} Q=O 'OW=@ pw=p Qo = (b)

%Ovm|t jOY Q} R x]@=Q QO

 (H�(CP1;Z2)) � Z2[�21 ; : : : ; �2k ; : : : ]
H�(CP1;Z2)

 (H�(CP1;Z2)) � Z2[�1; : : : ; �k; : : : ]
H�(CP1;Zp)
1) exterior algebra
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%=@ CU= Q@=Q@ A�k�2 
H2(CP1;Z2) QO  (ak) -xir-wt w8>>>>>>>><>>>>>>>>:
�2n 
 a1 k = 2n w p = 2 Qo =
�n 
 a1 k = pn w OQi p Qo =
0 CQwY u}= Q}e QO

s } v=O| t "O };| t CUO x @ x @= W t ,q t= m (b) CtU k s } v m| t C @= F =Q (a) CtU k = t %C= @ F=
O}vm xHwD "CU= (wk1)� `k=w QO (a) CtUk QO ek w H�(RP1;Z2) = Z2[w1]

Sq2n�1
Sq2n�2

: : : Sq2Sq1(w1) = w2n1

w k = 2n s } yO| t u= W v k � 2 |wQ <=Q k D U= = @ 'SqI(w1) = wk1 Q o = u } v J t y
"CU= |y}O@ smL k = 2 |=Q@ "I = (2n�1; 2n�2; : : : ; 2; 1)

w SqI = SqJSq1 T B "SqI(w1) = wk1 Q o = OW= @ CUQO k � 1 |=Q @ s mL O } v m ZQ i
R= |v=wD k0 <=QkDU= ZQi =@ "SqJ 0(w1) = (w1)k0 xm J = 2J 0 w k = 2k0 xH}Dv QO "SqJ(w21) = (w1)k

I = (2m; : : : ; 2; 1) w k = 2m+1 xH}Dv QO "J 0 = (2m�1; : : : ; 2; 1) w k0 = 2m O}vm ZQi 'CU= 2
Q@=Q@ w OW=@v 2 R= |v=wD k Qo = CU= QiY Q@=Q@ A�k�1 
H1(RP1;Z2) QO  (ek) -xir-wt ,=D}=yv "

(Sq2n�1
: : : Sq2Sq1)� 
 e1 = �n 
 e1

�"k = 2n |Dkw CU=

"OW=@ H |wQ pwOt O=B l} C w OW=@ k |}=Hx@=H xkrL |wQ hwy Q@H H O}vm ZQi %h} QaD 4�1�4
Qo = Ov} wo|t 1|}=OD@= =Q x 2 C w[a

 (x) = 1
 x

"s}yO|t u=Wv PC =@ =Q C |}=OD@= |=[a= xty
1) primitive
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%s} Q=O A� O=Qv}DU= Q@H |wQ pwOt O=B w Q@H �Z2 u=wva x@ �a� %x}[k 5�1�4

H�(MO;Z2) �= A� 
 PH�(MO;Z2)

xm |Qw] x@ OQ=O OwHw xk 2 Hk(MO;Z2) |=[a=

PH�(MO;Z2) = Z2[xkjk � 2; k 6= 2t � 1]

%s} Q=O A�p |wQ O=Qv}DU= Q@H |wQ pwOt O=B w Q@H �Zp u=wva x@ "OW=@ pw= OOa p Qo = (b)

H�(MU;Z2) = Z2[�21 ; : : : ; �2n; : : : ]
 PH�(MU;Z2)

H�(MU;Zp) = Zp[�1; : : : ; �n; : : : ]
 PH�(MU;Zp) OQi pw= p

xm |Qw] x@ yk 2 H2k(MU;Zp) OQ=O OwHw 'p |=Q@

PH�(MU;Zp) = Zp[ykjk � 1; k 6= pt � 1]

%s} Q=O swD |DN} Qm} R= xO=iDU= =@ "CU= x@=Wt ,qt=m (b) C=@F= "s}vm|t C@=F =Q (a) p@k Ovv=t %C=@F=

�n : H�(BO(n);Z2) �= H�+n(MO(n);Z2)

|wQ |=x}=B ' ~H�(MO(n);Z2) OwW|t xH}Dv 'H�(BO(n);Z2) Q=DN=U w p@k sr R= xO=iDU= =@ xH}Dv QO
|}=Hx@=H Q=Owtv swD CW=ov uOw@ |a}@] R= xO=iDU= =@ "OQ=O n � t |=Q@ �n(ek1 : : : ekt) |=yOrwt R= Z2

%s} Q=O =Q Q} R

Hq�m(BO(m);Z2)
Hr�n(BO(n);Z2) �m
�n�! ~Hq(MO(m);Z2)
 ~Hr(MO(n);Z2)??y ??y
Hq+r�m�n(BO(m)�BO(n);Z2) ��! ~Hq+r(MO(m) ^MO(n);Z2)??y ??y
Hq+r�m�n(BO(m+ n);Z2)

�m+n�! ~Hq+r(MO(m+ n);Z2)
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TB t � n w s � m Qo = xH}Dv QO

�m(eh1 : : : ehs)�n(ek1 : : : ekt) = �m+n(eh1 : : : ehsek1 : : : ekt)

xH}Dv QO w

�n(ek1 : : : ekt) = �1(ek1) : : :�1(ekt)

H�(MO;Z2) = Z2[�1(e1); : : : ;�1(en); : : : ]

O}vm ZQi
S = Z2[xkjk � 2 w OW=@v 2 R= |v=wD k + 1]

f : H�(MO;Z2) �! S CW=ov "OvW=@ |}=OD@= S |=[a= xty w deg xk = k xm OW=@ pwOt O=B �A�l}
%s}vm|t h} QaD Q} R CQwY x@ =Q OW=@ =yQ@H Z2 u}@ |DNQty xm

f(�1(ek)) =

8>>><>>>:
xk OW=@ 2 R= |v=wD k + 1 Qo =
0 CQwY u}= Q}e QO

%O} Q}o@ Q_v QO =Q s}vm|t h} QaD Q} R QO xm =Q A� 
 S w H�(MO;Z2) Q@H u}@ |DN} Qty p=L

 : H�(MO;Z2)  �! A� 
H�(MO;Z2) 1
f�! A� 
 S

xHwD "Ovm|t ^iL =Q pwOt O=B � A� Q=DN=U xm CU= |DW=ov R}v  OvDUy pwOt O=B �A� =yQ@H u}= xU Qy
Orwt Qy Qo = xH}Dv QO "OQ=O Orwt l} C@Ft Oa@ Qy QO xm OvDUy Z2 |wQ |=xrtHOvJ Q@H  OQ@ w xvt=O xm O}vm
w MO(1) = RP1 s}v=O|t "Ow@ Oy=wN |DN} Qm}  'OwW xOQ@ A� 
 S QO Q}PB=vx} RHD |w[a x@  CLD

%OwW|t xH}Dv p@k sr R= "�(er) = er+1

 (�1(e2n�1)) =  (e2n) = �n 
 e1 + � � � = �n 
 �1(1) + : : :

%s} Q=O CQwY u}= QO OW=@v 2 R= |v=wD k + 1 Qo = "(�1(e2n�1)) � �n 
 1 �=yQ}PBx} RHD xv=t}B x@� 'TB

 (�1(ek)) = 1
 �1(ek) + : : :
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�"(�1(ek)) � xk �=yQ}PBx} RHD xv=t}B x@� xH}Dv QO TB

1Rt=O; |i}] xr=@vO 2�4
|=Q@ CN=OQB s}y=wN u; |iQat x@ VN@ u}= QO OQm s}y=wN xO=iDU= Rt=O; |i}] -xr=@vO R= Oa@ VN@ QO uwJ

"O}vm xaH=Qt QJy *ur; xDWwv |i}] xr=@vO ?=Dm O}v=wD|t C=@F= uO}O
l}H�(X;Zp) CQwY u}= QO "OvW=@ C@=F x}=B -x]kv l} =@ |y=vDt `tDHt �CW wO Y wX O}vm ZQi
(X � @Im)[ (x0� Im) Z=@kv= =@ X � Im R= SmX x}q �m uw}Uv=BUwU "CU= GQOt AJ pwOt �A
CW=ov |B wDwty |=yTqm xwQo s}kDUt OL =Q fX;Y gn Q=O}=B xwQo "CU=X x}=B <x]kv x0 xm O};|t CUO x@

"s}vm|t h} QaD Sm+nX �! SmY

|Qw] x@ O};|t CUO x@ p xv=t}B x@ Y wX |=[i R= fEs;tr ; drg |i}] -xr=@vO %�Rt=O;� x}[k 1�2�4
%xm

Es;t2 = Exts;tA (H�(Y;Zp);H�(X;Zp))

xm |Qw] x@
Es;t1 =

Bs;t

Bs+1;t+1

`]=kD "CU= Q=O}=B xwQo R= XNWt 2V}q=B l} fX;Y gn = B1;n � B1;n � Br;n+2 � : : : xm
|oDUv=ty R=Er+1 Qy "CU= p x@C@Uv pw= w |y=vDt x@DQt pt=W xm fX;Y gn R= |ywQoQ} R Q@=Q@TsB

s;n+s

jDWt =@ Er
dr : Es;tr �! Es+r;t+r�1

r

"r �!1 |kw CU= Er OL `k=w QO E1 w
O}yO Q=Qk 'OvW=@ GQOt pwOt �A 'N;M O}vm ZQi xm O};|t CUO x@ Qw] u}= Exts;tA uwoa@=D
x} RHD l} M |=Q@ "OW=@ �t xHQO =@ N x@ M R= |DN} Qty xwQo Homt

A(M;N) = Ext0;tA (M;N)
1) The spectral sequence of Adams 2) Filtration
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%O} Q}o@ Q_v QO 1w}DmSwQB

: : : �! P2 d�! P1 d�! P0 �!M �! 0

%CU= Q} R xr=@vO |oDUv=tyO=B xwQo Exts;tA (M;N) "CU= QiY xHQO d |DN} Qty �A q=@ QO

Homt
A(Ps�1; N) d��! Homt

A(Ps; N) d��! Homt
A(Ps+t; N)

fS0; Y gn Q=O}=B xwQo �|Oa@ QiY xQm �X = S0 xm|Dr=L QO "Es;t1 = Homt
A(Ps; N) Rt=O;|i}] xr=@vO QO

xi}=] swyit "OQm u} Ro}=H =Q 2xi}=] sU= x@ |Q=O}=B |W u=wD|t Y |=H x@ "CU= Y |B wDwty Q=O}=B xwQo u=ty
SYi uw}Uv=BUwU xm (Y1; Y2; : : : ) = Y "CU= =y`tDHt �CW R= xr=@vO w OW h} QaD 3=t}r \UwD Q=@ u}rw=

"CU= xOW xO=O Y xr=@vO x=Qty x@ SYi � Yi+1 uOv=Wv `k=w QO w CU= Yi+1 `tDHtQ} R
%OQm x=ov Y xi}=] u=wva x@ u=wD|t =Q Y |y=vDt `tDHt Qy %p=Ft

Y = (Y; SY; S2Y; : : : )

"CU= xDUWv MSO(n+ 1) QO |a}@] Qw] x@ MSO(n) swD |=[i u}vJty

MSO = (Q=O}=B x]kv;MSO(1);MSO(2); : : : )

\rDNt Cr=L QO w "fS0;MSOgn = 
n swD x}[k j@] xm CU= swD xi}=]

MU = (x}=B x]kv w x}=B x]kv;M(U(1)); SM(1);MU(2); SMU(2); : : : )

"OQm s}y=wN u=wva =Q OW XNWt Qvr}t \UwD xm MU |B wDwty Q=DN=U Oa@ VN@ QO

swD xi}=] |BwDwty Q=DN=U 3�4
=Q 
U� w N� xkrL xH}Dv QO w MU w MO |B wDwty Q=DN=U Rt=O; |i}] xr=@vO R= xO=iDU= =@ =t VN@ u}= QO
u=owO Q=@ wO `k=w QO Rt=O; |i}] xr=@vO E2 x@U=Lt QO "s}vm|t ẁQW 4|oDUv=ty Q@H |tm =@ "s}vm|t x@U=Lt
1) Projective resolution 2) Spectra 3) Lima 4) Homological algebra
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xH}Dv QO w OvDUy xi}=] Y w X =Hv}= QO O}vm xHwD� H�(Y;Zp) w H�(X;Zp) xkrL pw= "CU= sRq uDiQo
"O}; pY=L |oDUv=tyO=B =D s}vm|t x@U=Lt =Q u; u=owO Oa@ �OvDUy xkrL =yv; |oDUv=ty

H�(X;Zp) = Hom(H�(X;Zp);Zp)

H�(Y;Zp) = Hom(H�(Y;Zp);Zp)

%s}vm|t x@U=Lt =Q u; u=owO xQ=@ wO "OW=@ H�(X;Zp) R= x} RHD �A l} F O}vm ZQi

ExtA(H�(X;Zp);H�(Y;Zp)) = H�[HomA(F;H�(Y;Zp))]

"s}vm|t h} QaD =Q 3?=DO=B w 2x} RHD O=B '1QwUvDO=B ?Q[ s}y=it s} wW CL=Q uDiQo u=owO Q=@ OvJ R= xm u}= |=Q@
|wQ V u=owO 'V � w k u=O}t |wQ |QwUv=D ?Q[ |va} 
 O=tv "OW=@ k u=O}t |wQ Q@HO=B A O}vm ZQi
�A AJ l} N w pwOtO=B �A CU=Q l} M Qo = "CU= |Q=OQ@ u=O}t V xm Homk(V; k) |va} k u=O}t

%s}vm|t h} QaD =Q A |wQ N;M QwUvDO=B 'OW=@ pwOtO=B

M�AN = kernel( 
 1� 1
  ) : M 
N �!M 
A
N

"CU= pwOt �A� AJ l} N� w pwOt �A� CU=Q l} M� w Q@H k 'A� 'OvW=@ |y=vDt ẁv R= N;M Qo =

(M�AN)� �= M� 
A� N�

%Ovm|t =kr= =Q Q} R |DN} Qm}  : N �! A
N w  : M �!M 
A CW=ov

M �= M�AA; N �= A�AN

"OvDUy Tor x} RHD u=owO cotor w x} RHDO=B h} QaD
1) contensor product 2) coresolution 3) cotor
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x} RHDO=B �A "OW=@ CU=Q pwOtO=B �Al}M w OW=@ k u=O}t |wQ Q@H O=B l} A Qo = %h} QaD 1�3�4
CU=Q |=ypwOtO=B �A R= x=Dwm j}kO xr=@vO pt=W M R= O=R;

0 �!M ��! F0 �! K1 �! 0
0 �! Kn

�n�! Fn �! Kn+1 �! 0

R= Ovr@ j}kO xr=@vO =@ q=@ |=yxr=@vO uOv=@UJ R= "CU= A R= |YNWt O=OaD s}kDUt `tH Fn '1 � n |=Q@
%s} Qw;|t CUO x@ =ypwOtO=B �A

0 �!M �! F0 �! F1 �! : : : �! Fn
��! Fn+1 �! : : :

%s}vm|t h} QaD OW=@ AJ pwOt O=B �A 'N Qo =
CotorA(M;N) = H�(F�AN)

"OW=@ jDWt x=Qty Q@H �k l} F� w Q@H l} M Qo = "CU= ��A1 jDWt x@ C@Uv |Swrwty `k=w QO xm
"OwW|t =kr= Q@H �k Q=DN=U Cotor�A(M;K) |wQ 'OW=@ =yQ@H u}@ |DN} Qty l} � u}vJty

CQwY u}= QO "OW=@ |y=vDt ẁv R= M w A w M R= O=R; x} RHDO=B �A 'F� Qo = %sr 2�3�4
CotorA(M;K) �= ExtA�(M�;K)

Q_v QO M |=Q@ |y=vDt ẁv R= F� O=R; x} RHDO=B �A s}v=wD|t 'CU= |y=vDt ẁv R= M w A uwJ %C=@F=
TB "CU= M� |=Q@ x} RHD �A� l} F � "CU= j}kO uwoa@=D l} |v=owO uwJ "s} Q}o@

ExtA�(M�;K) = H�(HomA�(F �;K))

= H�(HomA�(F �;HomA�(F �;HomA�(F �;Homk(k; k))]

�= H�(Homk(F � 
A� k; k)] �= H�[(F�Ak)��]

�= H�[F�Ak] = CotorA(M;k):�

"s}vm u=}@ Cotor ?ULQ@ =Q Rt=O; |i}] xr=@vO �E2 =D s}vm|t xO=iDU= sr u}= R=
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xr=@vO QO Er xir-wt "OW=@ |y=vDt ẁv R= H�(X;Zp) xm OW=@ h}] X w pw= OOa p Qo = %xH}Dv 3�3�4
%=@ CU= Q@=Q@ ��X |=Q@ p xv=t}B x@ Rt=O; |i}]

Es;t2 = Cotors;tA�(H�(X;Zp);Zp)

QY=va B+ w Ahwy Q@HQ} R B 's}=xDiQo Q_v QO k u=O}t |wQ xm OW=@ Ov@ty hwy Q@H l} A O}vm ZQi
u}= QO "B CA s}U} wv|t w CU= p=tQv hwy Q@HQ} R B s}} wo|t AB+ = B+A Qo = "OW=@ C@Ft xHQO =@

"Ovm|t =kr= hwy Q@H Q=DN=U R}v Q} R pwOt �A |wQ A hwyQ@H Q=DN=U CQwY

A==B =
A�
AB+

�= k 
B A

CW=ov � : A �! A==B O}vm ZQi "CU= p=tQv A R= hwy Q@HQ} R Qy OW=@ |}=Hx@=H A Qo = O}vm xHwD
"OW=@ Q} wYD

 0 : A  �! A
A �
1�! A==B 
A

"Ovm|t =kr= A |wQ pwOt O=B �A==B Q=DN=U q=@ CW=ov

K�A==BA = kernel[ 0 � 1
 1A : A �! A==B 
B] �= B

"CU= O}it Q=}U@ Rt=O; |i}] xr=@vO QO E2 -xir-wt x@U=Lt QO Q} R sr

R= p=tQv hwy Q@HQ} R B 'k u=O}t |wQ hwy Q@H A Qo = %�1Tw}U}wrw}r 'xkrL Q}}eD� sr 4�3�4
"OW=@ A

CotorA(B; k) �= CotorA==B(k; k)

1) Liulevicius
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'F 0
A �= F�A==BA xH}Dv QO "OW=@ku=O}t R= x} RHD O=B �A==Bl}F = F 0
A==B O}yO Q=Qk %C=@F=
%TB "CU= B �= K�A==BA R= O=R; x} RHDO=B �A

CotorA==B(k; k) = H�[F�A==Bk] = H�[(F 0 
A==B)�A==Bk]

�= H�[F 0 
 k] �= H�[(F 0 
A)�Ak]

�= H�[(F�A==BA)�Ak] = CotorA(B; k):�

VOrwt xm CU= |HQ=N Q@H 'OQm ?=UL =Q CotorC(k; k) u=wD|t xm 'C '|y}O@=v Q@H O=B u} QDxO=U
"CU= |=xrtHOvJ Q@H Cotor Cr=L u}= QO "OW=@ |}=OD@=

|HQ=N Q@H E O}vm ZQi u}vJty "OW=@ |a}@] O=Oa= R= xr=@vO I w u=O}t k O}vm ZQi %sr 5�3�4
"OvwW|t O}rwD R}v xi |}=OD@= |=[a= =@ w OQ=O R}v hwy Q@H Q=DN=U xm k |wQ

E = �(xi j i 2 I)

%TB "OW=@ =yxi R= |y=vDt O=OaD xHQO Qy R= w deg xj � deg xi CQwY u}= QO i < j Qo = O}vm ZQi

CotorE(k; k) = k[yiji 2 I]

%s}vm|t h} QaD Qw] u}= =Q k R= x} RHDO=B �E xm jDWt x=Qty F Q@H %C=@F=
F = FI 
EI = k[yiji 2 I]
 E

%OwW|t h} QaD Qw] u}= =yOrwt |wQ xm OW=@ jDWt d w

d(xi) = yi; d(yi) = 0

w CU= |Q@H |DN} Qty xm 1V}=Ri= CW=ov � : F �! k "d � d = 0 w CU= pwOtO=B �E CW=ov d
h} QaD "OW=@ s=nT}Ov= R= I VQ@ In w I = (i1; : : : ; in; : : : ) O}vm ZQi "i Qy |=Q@ �(xi) = �(yi) = 0
1) augmentation map
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xm s}vm|t h} QaD |Qw] 1 � n |wQ <=QkDU= =@ xm OW=@ 1|Q}HvR |B wDwty sn : FIn �! FIn s}vm|t
w s1(p(yi1)xi1) = 0 s}vm|t h} QaD E = �(xi1) Qo = "�n = �jFIn xm dsn + snd = 1� �n

s1(p(yi1)) = xi1

�
p(yi1)� p(0)

yi1

�
s0 O}vm ZQi "OW=@ xOW h} QaD sn�1 O}vm ZQi n � 2 |=Q@ "s1d + ds1 = 1 � �1 CQwY u}= QO

%s}vm|t h} QaD "OW h} QaD q=@ QO xm OW=@ k[yn]
 �(xn) |wQ �0 x@ 1 R= |B wDwty

sn = sn�1 
 1 + �n�1 
 s0

h} QaD w F k = F kIn s} Q=O nQR@ |i=m QOk x@ n |=Q@ "dsn + snd = 1� �n�1 
 �0 = 1� �n xm uWwQ
"CU= k R= x} RHDO=B l} F w ds+ sd = 1� � "sjFk = sn xm s : F �! F s}vm|t

CotorE(k; k) = H�[F�Ek] = H�(k[yiji 2 I]
 E)�Ek]

�= H�[k(yiji 2 I]
 k] �= k[yiji 2 I]:�

ẁQW Cr=L u} QDxO=U R= "s}vm ?=UL =Q swD xi}=] |B wDwty =D s}vm xO=iDU= Q=R@= u}= xty R= s}v=wD|t p=L
"MO |va} "s}vm|t

CyH uwO@ sU}OQ@ xkrL xm |Qw] x@ n 6= 2t � 1 |=Q@ xn 2 Nn |=yOrwt %�swD� x}[k 6�3�4
%Q@=Q@ =yxv}tN

N� = Z2[xnjn � 2; n 6= 2t � 1]

xr=@vO xH}Dv QO " N� �= ��MO s}v=O|t swD x}[k x@ xHwD =@ w CU= Q@H �Z2 l} N� s}v=O|t %C=@F=
s}v=O|t pYi u}= pw= VN@ |=}=[k x@ xHwD =@ "Ovm|t p}t N� x@ ��MO |=Q@ 2 xv=t}B x@ Rt=O; |i}]

xm H�(MO;Z2) = A� 
 S

S = Z2[xnjn � 2; n 6= 2t � 1]

1) chain homotopy
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TB "CU= A� |wQ |}=OD@= |=yOrwt =@ |=xrtHOvJ Q@H

E2 = CotorA�(H�(MO;Z2);Z2)

�= CotorA�(A�;Z2)
 S �= S

QiY =yjDWt |va} 1OR} Q|t wQi Rt=O; |i}] xr=@vO xH}Dv QO 'CU= QiY l} Swrwty C=HQO xty q=@ QO xm
%OwW|t

N� = E0;�
2 = S: �

%xm n � 1 |=Q@ yn 2 
U2n OQ=O OwHw %�Qvr}t� x}[k 7�3�4


U� = Z[y1; : : : ; yn; : : : ]

=Q p xv=t}B x@ Rt=O; |i}] xr=@vO 'pw= p OOa |=Q@ "
U� �= ��(MU) swD |=yx}[k T=U=Q@ s}v=O|t %C=@F=
%xm H�(MU;Zp) = A0 
 Sp 's}v=O|t pw= VN@ |=yx}[k Q@=v@ "s} Q}o|t Q_v QO ��(MU) |=Q@

A0 =

8>>><>>>:
Z2[�21 ; : : : ; �2n; : : : ] p = 2 Qo =
Zp[�1; : : : ; �n; : : : ] OW=@ OQi p Qo =

w
Sp = Zp[Ynjn � 1; n 6= pt � 1]

%s} Q=O xkrL Q}}eD =@ "deg Yn = 2n xm CU= |}=OD@= �A� |=[a= Q@H

CotorA�(H�(MU;Zp);Zp) �= CotorA�(A0 
 Sp;Zp)
�= CotorA�(A0;Zp)
 Sp
�= CotorA�==A0(Zp;Zp)
 Sp

1) Collapse
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%xm O}vm xHwD

A�==A0 �=

8>>><>>>:
�(�1; : : : ; �n; : : : ) p = 2 Qo =
�(�0; �1; : : : ; �n; : : : ) OW=@ pw= p Qo =

x@ xHwD =@ pw= p Qy |=Q@ xH}Dv QO "OW=@ OQi p Qo = deg �n = 2pn � 1 w p = 2 Qo = deg �n = 2n � 1 xm
%s} Q=O p@k |=ysr

E2 = CotorA�(H�(MU;Zp);Zp)

�= Zp[Q0; : : : ; Qn; : : : ]
 Zp[Ynjn �; n 6= pt � 1]

p = 2 |=Q@ ��(MU) |=Q@ Rt=O; |i}] -xr=@vO "pmW

xty xH}Dv QO CU= QiY =yOQi xHQO QO E2 uwJ "CU= Q0 QO ?Q[ `k=w QO pmW |Owta \w]N
ẁv R= |r@; 
U� u}vJty w CU= O=R; |r@; xwQo (
U� )p uwJ "E2 = E1 xH}Dv QO w "OvDUy QiY C=kDWt
xr=@vO R= "OvW=@ C@Ft xHQO R= 
U� R= |}=[a= I
U� O}vm ZQi "CU= O=R; |r@; R}v 
U� TB CU= |y=vDt

s} Q=O Rt=O; |i}]

�Q}PB=vx} RHD |=[a=� Q
U� = I
U� =(I
U� )2
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Q
U2n Orwt yn 2 
U2n O}vm ZQi "OQ=O Orwt l} GwR xHQO Qy QO xm OvR=U|t GQOt O=R; |r@; xwQo l}
%s}vm|t h} QaD "OW=@

� : M = Z[y01; : : : ; y0n; : : : ] �! 
U�

'xOQm QDr}i M Q@H Q=DN=U s}v=wD|t p Qy |=Q@ "1 � n |=Q@ �(yn) = y0n xm |Qw] 'OW=@ |Q@H |DN} Qty
OQ=O Q=Qk l} uW} QDr}i QO '1 � t Qy |=Q@ n 6= pt � 1 Qo = OQ=O Q=Qk QiY uW} QDr}i QO y0n xm Qw] u}=
1xOW xO=O C@Uv GQOt pwOt |wQ � \UwD xm E0� : E0M �! E1 xH}Dv QO "n = pt � 1 Qo =
ZQi "CU= =WwB � 'n = 0 |=Q@ TB 
U0 = Z uwJ "CU= 1�1 � TB "CU= |DN} Qm} 'CU= xOW =kr=
"OwW Q} wYD Q
U2n Orwt Q@=Q@ k |wQ x O}vm ZQi "x 2 
U2n Qo = "OW=@ Im� QO 2n � t xm 
U

t O}vm
CQwY u}= QO x � kyn = �(w) Qo = "OQ=O Q=Qk <=QkDU= j@] � Q} wYD QO x � kyn 2 (I
U� )2 TB

�"CU= |DN} Qm} xH}Dv QO 'CUy R}v =WwB � TB x = �(ky0n + w)


SO� QO OQi x@DQt ?=D OwHw sOa 4�4
p@k pYi QO xm OQm s}y=wN C@=F =Q Q=OCyH sU}OQ@ QO OQi ?=D OwHw sOa xQ=@ QO Qvr}t x}[k VN@ u}= QO
QO 3Qwt � Qvr}t R= |tmL =OD@= "s}OQm xO=iDU= 
SO� QO =yx@DQt ?=D OwHw sOa |=Q@ x}[k u}= R= 2p=w C=@F= QO

"OQm s}y=wN C@=F hwyQ@H OQwt

OL=w O=B v w OW=@ A |wQ Ov@ty Q@HO=B C 'OW=@ k u=O}t |wQ Ov@ty hwy Q@H A Qo = %x}[k 1�4�4
|DN} Qty �k l} � : GC �! C w OW=@ Q}PB=vx} RHD QY=va x@ |a}@] CW=ov p : C �! GC "OW=@ C
"jaj � m xm a
 x |=[a= xty \UwD xm OW=@ A
GC |=[iQ} R Bm O}vm ZQi "p� = 1GC xm CU=
|DN} Qty �A CQwYv}= QO "OW=@ l} x@ l} jaj � m |=Q@ 'v(a) = av 'v : A �! C CW=ov Qo =
xH}Dv QO w CU= =WwB � 'xwqa x@ "CU= l} x@ l} Bm |wQ �(a
 x) = a(�x) '� : A
GC �! C

"CU= |DN} Qm} m |w=Ut QDtm Oa@ QO
1) associated graded module 2) Wall 3) Milnor-Moore
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%O} Q}o@ Q_vQO =Q Q} R |=y|DN} Qty �A ?}mQD %C=@F=
A
GC ��! C ��! C 
 C 1
p�! C 
GC

%s} Q=O ��(A) =
P
a0 
 a00 xm � a 2 A Qy |=Q@ w y; x 2 C Qy |=Q@

(1
 p)(a:(y 
 x)) = (1
 p)(X a0y 
 a00x) = (1
 p)(ay 
 x)

= ay 
 p(x)

ja00j > 0 |=Q@ p(a00x) = 0 uwJ �OW=@ C 
 C |wQ A pta xOvyO u=Wv : O}vm ZQi�

(1
 p)��(a
 x) = (1
 p)a:(�(�x))

= (1
 p)a:(v 
 �x+ �x
 v +
X

(�x)0 
 (�x)00)

= av 
 x+ b

TB "av 
 x + b 6= 0 s} Q}o|t xH}Dv jaj � m |=Q@ av 6= 0 uwJ "b 2 Sk<jxjC 
 (GC)k xm
'CU= =WwB � s}vm C@=F xm u}= |=Q@ "CU= Qw] u}ty R}v � xH}Dv QO 'CU= l} x@ l} Bm |wQ (1
 p)��
c 2 (C Im �) O}vm ZQi "ci 2 Im � TB "ci = �ei O}yO Q=Qk w O} Q}o@ Q_v QO GC |=Q@ x}=B �k ' fejg
|va} p(c �Pnici) = 0 TB "ni 2 k xm pc =

P
niei s} Q=O "OW=@ p=t}v}t xHQO R= uoty w[a

TB "dimxk < dim c w dim ak > 0 xH}Dv QO "xk 2 C w ak 2 �A 'c �Pnici =
P
akxk

�"c 2 Im � w xk 2 Im �

'v(a) = av w v : A �! C Qo = "Ov=xOWh} QaDp@k x}[k Ovv=tC wA %�Qwt � Qvr}t� xH}Dv 2�4�4
pwOt �Al} C ,=YNWt "OQ=O OwHw A
GC w C pwOt �A u}@ |DN} Qm} CQwY u}= QO "OW=@ l} x@ l}

"CU= O=R;

'x 2 A |}=OD@= w[a Qy |=Q@ v(x) 6= 0 Qo = "Ov=xOW h} QaD p@k Ovv=t C w A -xQ=@ QO %xH}Dv 3�4�4
"CU= O=R; pwOt �A 'c s} Q}o|t xH}Dv w x 6= 0
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"s}vm |}=U=vW =Q H�(MSO;Zp) Q=DN=U =D s}vm|t xO=iDU= s=mL= u}= R= p=L

"CU= O=R; pwOt �ApQ0 l} H�(MSO;Zp) %�Qvr}t� x}[k 4�4�4

%OW=@ |}=Hx@=H Q} R Q=Owtv xm |Qw] OQ=O OwHw �� |=Dm} |DN} Qty %C=@F=
Ap

��! Ap 
 Ap??y ??y
Ap

(Q0)
���! Ap

(Q0) 
 Ap
(Q0)

hwy Q@H u}= |}=OD@= |=[a= |=[i u}= Q@ xwqa "Ovm|t RyHt hwy Q@H Q=DN=U =Q Ap
(Q0) ' �� CW=ov

Q=DN=U u}vJty "�CU= QiY =y=H x}k@ QO w 1 s=i -xir-wt QO xm CU= xr=@vO �i xm � Zp[P�i ji = 1; 2; : : : ]
A�p R= Zp[�1; : : : ; �n; : : : ] Q@HQ} R =@ CN} Qm} pYi u}= 1 VN@ x@ xHwD =@ ( Ap

(Q0))� u=owO hwy Q@H
QO swD Tqm u xm P�i(u) 6= 0 s}vm C@=F "CU= |i=m Qwt � Qvr}t xH}Dv x@ xHwD =@ x}[k C=@F= |=Q@ "CU=

"CU= H�(MSO;Zp)

CP1 R } v � sw D |=[i s} v=O|t "OW= @ CP1 |wQ | vw v= m |Oa @ �1 |Q=OQ @ hq m � O} v m ZQi
s } v m|t C @= F <=Q k DU= = @ "OW= @ H�(CP1;Zp) = Zp O rwt x := u� O } v m ZQ i u} vJty "CU=
"OQ=O |v=yH C}Y=N u uwJ P�i(u) 6= 0 xm OyO|t xH}Dv u}= w �P�i(x) 6= 0 TB� P�i(x) = xpi

%s} Q=O p=L P�n(x) = xpn O}vm ZQi "P�1(x) = P 1(x) = xp s} Q=O

P�n+1(x) = [P p
n
; P�n ](x) = P p

n
P�n(x)� P�nP p

n
(x)

= P p
n
(xpn) = xp

n+1

�"OW C@=F smL xH}Dv QO

=@ O=R; pwOt � A
(Q0) 'H�(X;Zp) xm OW=@ |y=vDt ẁv R= h}] l} X Qo = %�Qvr}t� x}[k 5�4�4

"OQ=Ov p x@DQt ?=D X |B wDwty xwQo OW=@ GwR xHQO =@ |=yOrwt
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xHQO CW=ov =@ S1 xQ}=O x@ e2 |Oa@ 2 pwrU uOv=@UJ R= xm |Oa@ 2 pwrU `tDHt 'Ep O}vm ZQi %C=@F=
%O};|t CUO x@ Q} R 1|Ov@ Q=D O=B "OW=@ 'O};|t CUO x@ p

S1 �! Ep �! S2

%s} Qw;|t CUO x@ X QO 2|W@ wm ?Q[ R= Oa@

��(X) p�! ��(X) ��! ��(X ^ Ep)

|DN} Qm} ?=D xv=t}B x@ ��(X) �! ~H�(X;Z) |DN} Qty s}v=O|t xi}=] OQwt QO I} wQwy x}[k x@ xHwD =@
'Zp |wQ |Q=OQ@ |=[i x@ l} x@ l} Qw] x@ =Q (��(X)=torsion)
 Zp �= ~H�(X;Z)
 Zp '� "CU=

"OQ=ov|t ��(X ^ Ep) � P�
=WwB � s}yO u=Wv CU}=@|t |va} P� = ��(X ^Ep) CU}=@|t OW=@ CUQO Oy=wN@ x}[k |=aO= Qo =
w Ow@ Oy=wN l} x@ l} p QO ?Q[ CQwY u}= QO uwJ� "CU= Zp |wQ |Q=OQ@ |=[i ��(X ^Ep) w CU=

"P� = ��(X ^ Ep) s}vm C@=F s}vm|t VqD TB �"OwW|t C@=F smL
%=aO=

~H�(X ^ Ep;Zp) �= ~H�(X;Zp)
 Zpfu;Q0ug

O=R; pwOt �ApF u}vJty w dimu = 1 '�CU= u; pN=O |=[a= \UwD xOW O}rwD |Q=OQ@ |=[i f g R= Qw_vt
u=wva x@ ~H�(X;Zp) |=Q@ |=x}=B fx�g Qo = "CU= i > 0 'Qi \UwD xOW O}rwD xiQ] wO p;xO}= F xm CU=
"Ow@ Oy=wN pwOt � Ap

F u=wva x@ ~H�(X ^Ep;Zp) |=Q@ |=x}=B fx�
ug CQwY u}= QO 'OW=@ pwOt � Ap
(Q0)

3C vw m pw tQ i x @ x Hw D = @ w Zpf1; u;Q0ug �= H�(Ep;Zp) O } v m x Hw D '= aO= C= @ F= |=Q @
'Q0(x
 u) = x
Q0u "�CU= |=x}=B x]kv �� xOW =aO= xm CU= |R}J u=ty H�(X �Ep; X��Zp)
"�CU= |a}@] O=Oa= R= |=xr=@vO R� Ovm|t XNWt =Q O=Qv}DU= Q@H pta 'PR(x 
 u) = PRx 
 u
pwOt �ApF TB 'OwW|t =Hx@=H ~H�(X ^ Ep;Zp) QO PR =@ Q0 w Qk+1 = P pkQk �QkP pk uwJ
1) co�bration 2) Smash product 3) Kunneth formula



81 \rDNt sU}OQ@m w Qvr}t |=yx}[k 4 pYi

xwQo |=Q @ Zp |wQ |=x }=B fPRx� 
 Q"0ug w CU= '" = 0; 1 'Q"0PR CQwY x @ Ap
F |=Q @ x }=B "CU=

"OvyO|t p}mWD |oDUv=tyO=B
\UwD xOW O}rwD |Q=OQ@ |=[i Vs O}vm ZQi "l(R) =

P
ri O}yO Q=Qk R = (r1; r2; : : : ) xr=@vO |=Q@

l} ds : Ms �! Ms�1 w Ms = Ap 
 Vs s}vm|t h} QaD "l(R) = s xm OW=@ Zp |wQ R |=yxr=@vO
%xm CU= +1 xHQO R= |DN} Qty Ap

ds(1
R) =
1X
j=1

Qj 
 (R��j)

" d0(1
 (0; 0; : : : )) = 1 %s}vm|t h} QaD Qw] u}= =Q d0 : M0 �! Ap
F w

xr=@vO %=aO=

: : : �!Ms
ds�!Ms�1 �! : : : �!M0 d0�! Ap

F
�! 0

"CU= j}kO
%s} Q=O "OW=@ 0 < i |=Q@ Qi \UwD xOW O}rwD 1|HQ=N Q@H B O}vm ZQi %=aO= u}= C=@F= |=Q@

: : : �! B 
 Vs ds�! B 
 Vs�1 �! : : : �! B 
 V0 d0�! Zp �! 0

"s} Qw;|t CUO x@ |HQ=N |=yQ@H =@ Zp u=O}t R= x} RHD l} xH}Dv QO w OvDUy j}kO p@k Ovv=t =y|DN} Qty xm
"OyO|t j}kO xr=@vO Ap QO uOQm QwUvD "ApF �= Ap 
B Zp w CU= O=R; pwOt �B l} Ap uwJ

|=[i T w OW=@ pwOt � Ap
(Q0) u=wva x@ ~H�(X;Zp) |=Q@ x}=B l} '� 2 I 'fx�g O}vm ZQi p=L

GQ@ =D s}vm|t xO=iDU= =Q OW xDN=U Ap
F |=Q@ q=@ QO xm |=x} RHD "OW=@ x� 
 u x}=B =@ Zp |wQ GQOt |Q=OQ@

3|Ov@ Q=D xr=@vO XNWt Qw] x@ "s} R=U@ X ^ Ep |=Q@ xOW KqY= 2hwm}vDUB

Yi+1??y�i
Yi

fi�! K(T 
 Vi)
1) exterior algebra 2) Postnikov tower 3) �bration
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'Y0 = X ^ Ep q=@ QO "CU= xOW =kr= Q}Ut |Ov@ Q=D R= xm

T 
 ker(di�1) �= ~H�(Yi;Zp) �= T 
 image(di)

xr=@vO\UwDX ^Ep |B wDwty xH}Dv QO "CU= xOW =kr= 1
di R= f�i w T 
Mi = ~H�(K(T 
Vi);Zp) w
"��(X^Ep) � P� = �s(T
Vs) Qo}OhQ] R= "CU= xOt;CUO x@Zp|wQT
Vi|Q=OQ@ |=y=[ij}kO

�"��(X ^ Ep) = P� s} Q=O Oa@ x@ xHwD =@ xH}Dv QO
"O};|t CUO x@ Q} R -xH}Dv p@k x}[k wO x@ xHwD =@

"OQ=Ov OQi x@DQt ?=D 
i = �i(MSO) sU}OQ@m xwQo %�Qvr}t� x}[k 6�4�4
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Abstract

Bordism was introduced By Poincare in 1895 in his famous paper "Analysis Situs"

as classifying manifolds. Classifying of surfaces implies that the cobordism ring in

dimension 2 is trivial if we restrict ourselves to orientable surfaces and is Z2 if we

don't care the orientation. In dimension 3, Rohlin showed that every 3-manifold is

boundary of some 4-manifold which means that the cobordism ring in this dimension

is trivial. The concept of Bordism lay dormant until 1954 when Thom constructed

a sequence of spaces (The spectrum MO) and showed that the direct limit of homo-

topy groups of these spaces is isomorphic to the bordism ring N� of all closed smooth

manifolds. He was also able to compute ��(MO) as a polynomial algebra with gen-

erator in each positive degree not of the form 2i � 1. Simultaneously, Pontrjagin

showed in 1955 that bordism ring of framed manifolds is isomorphic to graded ring

of stable homotopy of spheres.this work led to computation of bordism ring with

other structure. Thom showed that oriented cobordism ring mod torsion is com-

pletely determined by Pontrjagin classes. Hirzebruch uses this structure to prove

the theorem which is entitled nowadays "Hirzebruch' Signature Theorem". In 1960,

Wall computed bordism ring 
SO� of all oriented manifolds. In the same year, Milnor

showed that bordism ring 
U� of closed manifolds with a complex structure on their

stable normal bundles to be a polynomial algebra over integers with a generator in

each positive even degree. In this thesis, I determine cobordism ring with framed,

oriented , unoriented, complex structure on stable normal bundle.

Key Words: Thom spaces, Steenrod algebra, Adams' spectral sequence.
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