
\rDNt |=yxv}tN |wQ |r}rLD |=yQwO
� u=t} Qv s=U

xtOkt
'OW=@ |r}rLD |Swrwty QO |QwO Tqm xm u}= |=Q@ 2MwQ@ RD}y V} QOQi w 1=}D= pm}=t 1961 p=U
QHvt xm OwW =[Q= |y}O@ \QW CU}=@|t 'OW=@ |r}rLD |QwO xmv}= |=Q@ "OvOQm =O}B l} SwrwB wD \QW
OwW|t p}tLD G=y x} Q_v R= xm \rDNt xUOvy R= |]QW QiY VN@ QO "OW Oy=wN G=y TOL x@
QwO uOw@ |r}rLD 3l} SwrwB wD `v=t |rY= |=yxO}= x@ =Q xr=kt s_a= VN@ =t= 'OQm s}y=wN |UQQ@ =Q

"O=O s}y=wN X=YDN=
X R= \rDNt |r}rLD '|Oa@ k 'Q}PB=vp} wLD 'xDU@ |=[iQ} R Y w \rDNt xv}tN X O}vm ZQi
l} |r}rLD QwO "Ow@ Oy=wNX QO 2k Oa@ R= K}LY ?} Q[ =@ |Swrwty Tqm Y CQwY u}= QO "OW=@
Tqm "CU= xOWh} QaD q=@ Ovv=t Yi w K}LY OOa ni xmCU=PniYi '|QwY |y=vDt |]N?}mQD
|Swrwty Tqm xQ=mv=wB u=owO u |Swrwtywm Tqm Qo = "s}yO|t u=WvPniyi =@ =Q QwO u}= |Swrwty

"OW s=Hv= |v=yWyW O=OQyt QDmO Q_vQ} R |[=} Q w |Q_v l} R}i C=k}kLD RmQt C}=tL =@ j}kLD u}= �
1) M. Atiyah 2) F. Hirzebruch 3) topological obstruction
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l} SwrwB wD |av=t xr=kt u}= QO s}y=wN|t "CU= |r}rLD |Swrwtywm Tqm u s}} wo|t 'OW=@ |r}rLD
u |wQ O}=@|t xm OvDUy |YNWt |Swrwtywm |=yQorta =y\QW u}= "s}vm =O}B u uOw@ |r}rLD |=Q@
xm |DQwY QO xm OvW=@ xDW=O |ov}mD Ovv=wD|t Yi O}vm xHwD "Sq3u = 0 p=Ft u=wva x@ 'OvwW QiY
"Sq2k+1u = 0 'k Qy |=Q@ CU}=@|t xm OQm C@=F �6� 1swD xvQ s}vm xi=[= =Q uOw@ xv}tNQ} R \QW
'u 2 H2q(X;Z)|SwrwtywmTqmuOw@\rDNt|r}rLD|=Q@ sRq\QW'OW=@ 2Qrym xv}tNX Qo =
xv}tN X Qo = xm OR TOL G=y "OW=@ (q; q) ẁv R= 3G=y -x} RHD QO CU}=@|t xm CU= u}= OW=@
TOL xm O=O s}y=wN K}[wD xr=kt u}= QO q � 2 |=Q@ "CUy R}v |i=m \QW u}= OW=@ |Q@H |Wvmi=

"OW=@ CUQO Q QO ?}=Q[ =@ CU= umtt =t= "CU}v Q=QkQ@ C}rm u}= =@

G=y TOL Q@ |Ot;QO 0
CU= sRq 'CU= QwO uOw@ |r}rLD |=Q@ l} SwrwB wD `v=t uOQm =O}B xm |rY= ẁ[wt x@ uDN=OQB R= p@k
xO=iDU= =@ CQwY u}= QO 'OW=@ Qrym xv}tN l} X O}vm ZQi "s}vm C@LY G=y TOL xQ=@ QO |tm

%s} Q=O G=y x} RHD R=
Hk(X;C) =

M
p+q=k

Hp;q(X)

"CU= 4(p; q) ẁv R= l}vwtQ=y |=y sQi T=rm Hp;q(X) q=@ QO
(p; q) sQi "OW=@ pwtW CW=ov i : Z ! X w OW=@ X R= \rDNt xv}tNQ} R Z O}vm ZQi
C=YDNt u=wD|t Z R= x=wNrO |x]kv pwL "CiQo p=QoDv= Z |wQ x@ 5uO}Wm =w =@ u=wD|t =Q � x=wNrO
'p > k Qo = "OwW xO=O zk+1 = � � � = zn = 0 C=rO=at =@ Z ,=a[wt xm OQm ?=NDv= =Q z1; : : : ; zn
1) Ren�e Thom 2) K�ahler Manifold 3) Hodge decomposition
?Q[ R= xm |r}Uv=Qi}O |=ysQi |]N ?}mQD R= |W}=tv z1; : : : ; zn pFt |]rDNt x}=B QO xm |Swrwtywm |=yT=rm �4

"OvwW|t O}rwD 'O};|t CUO@ dzi1 ^ : : : dzip ^ d�zj1 : : : d�zjq QO l}vwtQ=y `@=D l}
5) pullback
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q > k Qo =x@=Wt Qw]@ "OwW|t xO}Wm =w QiY x@ zi xm Ow@ Oy=wN dzi pt=W �CU}=@|t CQwYv}= QO
"OwW|t QiY p=QoDv= (p; q) 6= (k; k) Qo = TB "OvwW|t xO}Wm =w QiY x@ � R}v

=@ =Q Z xQ=mv=wB u=owO Qo = "CU= � =@ Z |Swrwty T=rm 1|v=tm ?Q[ Q@=Q@ p=QoDv= Q=Okt |iQ] R=
CUO@ R}vX |U=U= T=rm |wQ � w [Z] 2|w=v ?Q[ uO=O QF= =@ u=wD|t =Q p=QoDv= u}= 's}yO u=Wv [Z]

pY=L QiY 's}vm |w=v ?Q[ (p; q) 6= (k; k) ẁv R= Tqm QO =Q [Z] Qo = q=@ x@U=Lt x@ xHwD =@ "OQw;
Tqm'H2n(X;C) = Hn;n(X) |va} 'CU= |y}O@ xHQO u} QDW}@ QO G=y x} RHD uwJ "OwW|t
xOQm KQ\t G=y xm |a}@\ p=wU p=L "OW=@ (n � k; n � k) ẁv R= CU}=@|t [Z] |Swrwtywm
=kr= Z \rDNt xv}tNQ} R u=owO R= Hk;k(X) QO |Swrwtywm |=yTqm s=Om xm CU= u}= CU=

#OwW|t
"s}t=v|t G=y Tqm =Q OvQ=O Q=Qk H2k(X;Q)\Hk;k(X) xwQo QO xm |} Swrwtywm |=yTqm

R= =} wo ?}=Q[ =@ |]N ?}mQD R= X \rDNt |Wvmi= xv}tN QO G=y Tqm Qy %G=y TOL
"O};|t CUO@ 'OwW|t =kr= \rDNt |=yxv}tNQ} R R= xm |} Swrwtywm |=yTqm

p=Ft MwQ@ RD}y w =}D= |=yxO}= R= xO=iDU= =@ xr=kt u}= QO xm Ow@ Z QO ?}=Q[ =@ TOL u}= =OD@=
"CN=U s}y=wN Cr=L u}= QO TOL OQ QO |[kv

"CU= 3 RDWir x@ ?wYvt G=y TOL |=DU=Q QO XN=W xH}Dv u}rw=

K}LY?}=Q[ =@|]N?}mQD R=H2(X;Z)\H1;1(X) w[a Qy %RDWir�(1; 1) Tqm x}[k
"O};|t CUO@ 'OwW|t =kr= 1 Oa@ Xkv =@ \rDNt |=yxv}tNQ} R R= xm |} Swrwtywm |=yT=rm R=

"OQ=O OwHw 4 xi=@ |Swrwtywm R= xO=iDU= =@ |=xO=U C=@F=
1) cap product 2) cup product 3) Lefschetz 4) Sheaf cohomology
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Q=Owtv =y|Swrwtywm 3 uOw@ |a}@] Q]=N x@ 2w@rwO w 1 s=QwO 'G=y |Qw�D x@ xHwD =@ %C=@F=
%CU= Q=QkQ@ Q} R |}=Hx@=H

Hp(X;Z) i��! Hp(X;O)??y ??y
Hp
dR(M;C)

�0;p�! H0;p(X;O)

xDUOty xm � l}vwtQ=y sQi Vvmi= �0;p w CU= xv}tN |wQ hQwtwry |=yCW=ov xi=@ O =r=@ QO
"CU= G=y x} RHD (0; p) xirwt |wQ �s}yO QF= V} wQ =Q �0;p s}y=wN|t xm CU= |YNWt sQi u=ty
=r=@ |}=Hx@=H Q=Owtv x@ xHwD =@ CQwY u}= QO x 2 H1;1(X)\H2(X;Z) O}vm ZQi p=L

%s} Q=O
i�(x) = 0

%Q} R |=yxi=@ x=Dwm j}kO xr=@vO x@ xm |} Swrwtywm Ovr@ j}kO xr=@vO R=

0! Z! O ! O� ! 0

'�OvwW|tv QiY =H I}y xm CU= |iQwtwrwy `@=wD xi=@ O�� OwW|t xO=O C@Uv

H1(X;O�) �! H2(X;Z) �! H2(X;O) �! � � �

|=yhqm xwQo =@ Q_=vDt xwQo u}= =t= "OW=@ xOt; H1(X;O�) R= CU}=@|t x OwW|t xH}Dv
u}rw= uwJ =t= "x = c1(L) xm OQ=O OwHw L |]N hqm 'RQt CW=ov x@ xHwD =@ TB CU= |]N
|y}O@ smL 'CU= hqm u; R= 4|awv `]kt l} |=yQiY xQ=mv=wB u=owO '|]N hqm Qy uQJ Tqm

� "OwW|t
K[=w OQm s}y=wN u=}@ =Q u; R= �$�|=xO=U CQwY xt=O= QO xm 5RDWir CNU x}[k R= xO=iDU= =@
1) de Rham 2) Dolbeault 3) naturality 4) generic 5) Hard Lefschetz Theorem
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"CU= jO=Y R}v 2n� p xHQO |=Q@ 'OW=@ jO=Y p xHQO G=y Tqm |=Q@ G=y TOL Qo = xm CU=
xLiYQ@= =@ X `]=kD X R= xLiYQ@= `]kt R= Qw_vt "OW=@ \rDNt |Wvmi= xv}tN X xm O}vm ZQi
%s}vm|t h} QaD Q} R CQwY x@ =Q L Qorta w s}yO|tu=Wv � =@ =QX xLiYQ@= `]kt u=owO "CU= |awv

Lz = z � �; z 2 H i(X;C)

%k Qy |=Q@ Lk Qorta %RDWir CNU x}[k

Lk : Hn�k(X;C) �! Hn+k(X;C)

"CU= |DN} Qm}
G=y Tqm |=Q@ G=y TOL RDWir CNU x}[k w RDWir�(1; 1) Tqm x}[k x@ xHwD =@ TB

"CU= Q=QkQ@ R}v 2n� 2 xHQO
u=wva QwO l} uOw@ |r}rLD |=Q@ G=y xm |av=t K}[wD w \rDNt xUOvy R= xtOkt u}= =@ p=L
?}=Q[ |Dkw G=y TOL |=Q@ =D Ovm|t ltm =t x@ xm s}vm|t =O}B |tyt l} SwrwB wD `v=t xt=O= QO 'OQm

"s} R=U@ Zkv p=Ft'OW=@ Z QO

2`v=t x} Q_v w1uQJ xYNWt 1
-xYNWt "s}vm|t u=wva |Qw�D �K |=Q@ =Q `v=t |x} Q_v uQJ xYNWt R= xO=iDU= =@ VN@ u}= QO
H�;even(X;Q) w �X |wQ |Q=OQ@ hqm 3l}OvDwQo xwQo � K(X) u}@ |=xkrL |DN} Qty uQJ
hqm Qy |=Q@ "OwW|t H�(S2n;Z) 'ch 'uQJ xYNWt Q} wYD CQwY u}= QO X = S2n Qo = "CU=
1) Chern character 2) Obstruction theory

"O};|t CUO@ f R= xm CU= |iqm Ef �3
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%s} Q=O S2n |wQ E
ch(E) = rank(E) +

cn(E)
(n� 1)!

s}v=O|t p}Uv=Qi}O |SwrwB wD R= "OW=@ ' |QU=DQU `]kt =@ S2n |wQ Cn hqm 'E O}vm ZQi
%CW=ov \UwD S2n |wQ Cn hqm "CU= ' |=yQiY |wQ `tH xm cn(E)[S2n] =

P
p indexp'

f : S2n�1 �! GL(n;C)

"OwW|t xO=O 'CU= �2n�1(GL(n;C)) w[a `k=w QO xm

f : x �! (f1(X); : : : ; fn(X)) 2 GL(n;C)

Q@=Q@ CW=ov u}= xHQO "CU= VOwN x@ S2n�1 R= xm Ovm|t =kr= =Q x �! f1(X)
kf1(X)k CW=ov f

CUO x@ =Q Z �= �2n�1(GL(N;C)) |DN} Qu=Uty nQR@ |=yN |=Q@ xm 'CU= cn(Ef )[S2n]

"OyO|t
Qo = "2 dimE = dimX = 2k u}vJty 'OW=@ X `tDHt �CW |wQ |iqm E O}vm ZQi
2klU}O Qy |wQ E CQwY u}= QO "EjX2k�1 = Ik |va} OW=@ |y}O@ |Oa@ 2k�1 pwrU |wQ E
|wQ |R=U|y}O@ wO u}= xU}=kt R= "CU= |y}O@ R}v 'OR=U@ =QX2k =D O@UJ|tX2k�1 x@ xm e2k |Oa@
�2k�1(GL(k;C)) R= |w[a `k=w QO xm �E : S2k�1 �! GL(k;C) |DW=ov S2k�1 = @e2k

'C2k(X;Z) = C2k(X; �2k�1(GL(k;C))) Q}HvR O=B xwQo QO �E w[a "O};|t CUOx@ 'CU=
'�2k�1(GL(K;C)) QO s}OQm h} QaD QDq=@ xm �E w[a u=ty e2k |wQ xm s}vm|t h} QaD Qw] u}=
u=wD|t R}v dimCE > k xm |DQwY QO "(k � 1)!�E = ck(E) xm OwW|t xO}O |oO=U x@ "OW=@
Cra� s}yO|t V}=tv E 0 =@ =Q hqm u; xm Ci=mW 'OW=@ k VOa@ xm |iqm w |y}O@ hqm x@ =Q E
�E 2 C2k(X; �2k�1(GL(dimE;C))) Cr=L u}= QO xm �CU= xr=kt u}= hOy R= QD=Qi =aO= u}=

"CU= Q=QkQ@ (k � 1)!�E = ck(E) -x]@=Q xQ=@ wO w
6



Vecr(X2k) |Q=OQ@ hqm s}v=wD|t nQR@|i=m QOkx@ r |=Q@ "� 2 C2k(X;Z) O}vm ZQi p=L
xm s}vm =O}B |Qw] =Q

(k � 1)!� = ck(E)

@e2k |wQ R= xm 'e2k w |Oa@ �2k pwrU Qy |wQ u}vJty w OW=@ |y}O@X2k�1 Q@ E O}OLD O}vm ZQi
=kr= �2k�1(GL(r;C)) QO |w[a |R=U|y}O@ wO u}= xU}=kt "CU= |y}O@ R}v O@UJ|t X2k�1 x@

%s}v=O|t OW xDio xm xJv; x@ xHwD =@ "CU= �(e2k) u=ty xm Ovm|t

(k � 1)!� = ck(E)jX2k

%|Ov@xOQ CW=ov \UwD E hqm

 : X2k �! Grass(r; 2r)

Q } H vRO= B xwQ o QO C U= |w [ a X2k+1 x @  VQ D U o |=Q @ ` v= t "1O };| t C UO x @
uw J "� = �� s } yO| t u= W v � = @ =Q u; x m C2k+1(X2k+1; �2k(Grass(r; 2r)))
"C U= xO W h } Q a D  j@e2k+1 \ Uw D x m �2k(Grass(r; 2r)) R= |w[a = � (e2k+1)

O= B � Q o = T B "O=O VQ D U o e2k+1 pw rU x @ u=w D @ =Q  Q o = = y v D w Q o = � (e2k+1) = 0
"O=O VQDUo X2k+1 x@ u=wD|t =Q  'OW=@ QwO

"OQm Q}@aD xwQo �k QO u=wD|t Q}HvRO=B u=wva x@ =Q � 

� (e2k+1) = E � Irj@e2k+1 2 ~K(S2k)

|JwB QO E � Ir uwJ 'Qo}O hQ] R= "CU= u=}v=tU=Qo x@  VQDUo |=Q@ `v=t Kw[w x@ xm
QO |w[a u=wva x@ u; x@ u=wD|t TB OQ}o|t Q=Qk K(X2k) �! K(X2k�1) |a}@] CW=ov

"OvDUy C2r QO |Oa@ r |]N |=y=[iQ} R 'u=}v=tU=Qo xv}tN ' Grass(r; 2r) �1
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R= xm CU= ~K(S2k) R= |w[a �(e2k) p=L "OQm x=ov ~K(X2k=X2k�1) = K(X2k; X2k�1)

CW=ov \UwD E � Ir 1uO}Wm =w
e2k
@e2k �!

X2k
X2k�1

"� = �� xH}Dv QO "CU= xOW =kr=

2MwQ@ RD}y � =}D= |i}] xr=@vO 2
Qw] x@ s} Q=O R=}v =yv; x@ xt=O= QO xm =Q MwQ@ RD}y � =}D= |i}] -xr=@vO -xQ=@ QO |t=mL= VN@ u}= QO
"O}vm xaH=Qt �2� -xr=kt x@ MwQ@ RD}y � =}D= |i}] xr=@vO CN=U RQ] xar=]t |=Q@ "s}vm|t u=}@ xYqN

xm OQ=O OwHw fEr; drg |i}] -xr=@vO X |y=vDt `tDHt �CW |=Q@ %1"2 x}[k

Ep;q
2 = Hp(X;Kq(point))

w
Ep;q1 =

FpKp+q(X)
Fp+1Kp+q(X)

"CU= Kj(X) R= 3|W}q=B FpKj(X) q=@ QO xm

FpKj(X) = ker(Kj(X) �! Kj(Xp�1))

"OvwW|t =Hx@=H 4j}raD =@ |i}] xr=@vO u}= |=yjDWt w
1) pullback 2) The Atiyah-Hirzebruch Spectral Sequence 3) Filtration 4) Suspension
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s}vm|t h} QaD p � q xm p; q K}LY OOa Qy |=Q@

K(p; q) =
1X
�1

Kn(Xp; Xq)

xm Ep;q
r = Zp;qr

Bp;qr
CQwY u}= QO

Bp;q
r = ker(Kp+q(p; p� 1) �! Kp+q(p; p� r))

Zp;q
r = ker(Kp+q(p; p� 1) ��! Kp+q+1(p+ r � 1; p))

%1C=@ ?w=vD x}[k R= xO=iDU= =@ CQwY u}= QO

Ep;q
1 = Kp+q(Xp; Xp�1) =

8>>><>>>:
Cp(X;Z) OW=@ GwR q Qo =
0 OW=@ OQi q Qo =

GwR q Qo = 'CU= Cp(X;Z) ��! Cp+1(X;Z) RQt O=B CW=ov u=ty �|i}] xr=@vO pw= jDWt� d1

%s} Q=O GwR q |=Q@ TB "OW=@

Ep;q
1 = Kp+q(Xp; Xp�1) �= Cp(X;Z) �= Hp(Xp; Xp�1)

%Cr=L u}= QO uQJ -xYNWt CW=ov s}v=O|t =t=

ch : Kp(Xp; Xp�1)
�=�! Hp(Xp; Xp�1)

%s} Q=O |i}] xr=@vO xLiY u}twO QO "CU= |DN} Qm}

E2p;0
2

�=�! H2p(X;Z)

%CU= xOW xO=O Q} R CQwY x@ xm

� 2 Z2p;0
2 = ker(K2p(X2p; X2p�1) �! K2p+1(X2p+1; X2p))

1) Bott periodicity formula

9



p@=k w |y}O@ X2p�1 |wQ xm CU= X2p |wQ Cr Q=D =@ hqm 'E &CU= [E] � [Ir] pmW x@ �
=@ CU= pO=at X2p+1 x@ VQDUo s}v=O|t p@k VN@ ?r=]t x@ xHwD =@ "CU= X2p+1 x@ VQDUo

"1� chp(E) uOW QiY
chp : K(X2p; X2p�1) �! H2p(X2p; X2p�1)

xr=@vO QO O@= =D � w[a "H2p(X;Z) = H2p(X2p+1;Z) 3 [chp �] =@ CU= Q_=vD QO � xH}Dv QO
Qo = =yvD w Qo = Ov=t|t |k=@ |i}]

� 2 ker(K2p(X2p; X2p�1) �! K2p+1(X;X2p))

%s} Q=O TB "O=O VQDUo X pm x@ u=wD@ =Q � |va}

OW=@ xDW=O OwHw Qo = =yvD w Qo = '8k � 0; d2k+1� = 0 s} Q=O � 2 H2p(X;Z) %2"2 x}[k
w CU= |y}O@ X2p�1 |wQ xm K(X) 3 �

: ch(�) = � + QDq=@ -x@DQt |=yTqm

2sHUvt xi=@ 3
,=iQY sHUvt |=yxi=@ -xQ=@ QO OvQ=O CQyW B w A |=yx}[k x@ xm u=DQ=m |=yx}[k =t VN@ u}= QO

"s}vm xO=iDU= =yv; R= Oa@ |=yVN@ QO xm s}vm|t u=}@ u=WH}=Dv =@
Q}O=kt =@ |k}kL |r}rLD `@=wD 3xv=wH O w OW=@ n Oa@ R= |k}kL |r}rLD xv}tN X O}vm ZQi
pwOt �O |=yxi=@ u}@ |DW=ov coker |va} CU= sHUvt |=xi=@ O s}v=O|t "CU= X |wQ \rDNt

"CU= O=R;
"CU= ch xir-wt u}t=p 'chp �1

2) Coherent Sheaves 3) germ
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|=Q@ |va} &Ovm|t jOY u=DQ=m B w A |=yx}[k 'OW=@ pwOt �O sHUvt xi=@ S Qo = %1"3 xQ=Ro
Hq(X;S) = 0 w Ovm|t O}rwD pwOt �O u=wva x@ =Q Sx 'Sx QO H0(X;S) Q} wYD x 2 X Qy

"q � 1 |=Q@

CQwY u}= QO 'X R= xOQWi -xawtHtQ} R A w OW=@ pwOt �O sHUvt xi=@ l} S Qo = %2"3 xQ=Ro
%OQ=O OwHw Q} R CQwY x@ sHUvt |=yxi=@ R= |=xr=@vO

0 �! Ln �! Ln�1 �! : : : �! L0 �! S �! 0

"OW=@ O=R; (Li)x Qy w j}kO xr=@vO u}= x 2 A Qy QO xm |Qw] x@
|k}kL |r}rLD xv}tNX &X |wQ hQwtwry `@=wD xv=wH xi=@ B w OW=@ \rDNt xv}tNX Qo = p=L
u=wD|t |DL=Q x@ "T 0 = T 
B O s}yO|t Q=Qk OW=@ =ypwOt �B R= x=wNrO |=xi=@ T Qo = "CUy R}v

"Ow@ Oy=wN =ypwOt �O R= sHUvt |=xi=@ T 0 'OW=@ =ypwOt �B R= sHUvt |=xi=@ T Qo = xm O}O
|=[i V O}vm ZQi "s}vm u=}@ s}v=wD|t =Q OQm |iQat =yxi=@ |=Q@ 2l}OvDwQo xm |=1x} RHD p=L
=@ =Q V |HQ=N ?Q[ u}t=�i w s}yO|t V}=tv V � =@ =Q V u=owO =t "OW=@ q Oa@ R= \rDNt |Q=OQ@

%OwW|t h} QaD Q} R CQwY x@ |rN=O ?Q[ |DN} Qty "�i(V )

V � 
 �i(V ) �! �i�1(V )

f 
 x1 ^ x2 ^ : : : ^ xi �! X
1�j�i

(�1)i+jf(xj)x1 ^ : : : ^ x̂j ^ : : : ^ xi

"s}vm|t hPL =Q xj |va} x̂j R= Qw_vt q=@ QO

QiY=v `]kt s O}vm ZQi "OW=@ u; u=owO V � w q Oa@ R= \rDNt |Q=OQ@ |=[i V Qo = %3"3 xQ=Ro
QO "s}vm|t h} QaD s `]kt QO |rN=O ?Q[ =Q �i : �i(V ) �! �i�1(V ) |DN} Qty "CU= V � R=
1) resolution 2) Grothendieck

11



%s} Q=O =Q Q} R j}kO xr=@vO CQwY u}=

0 �! �q(V )
�q�! �q�1(V ) �! : : : �1�! �0(V ) �! 0

|=Q@ s(ei) = 0; s(e1) = 1 xm |Qw] O}vm ?=NDv= V |=Q@ =Q e1; : : : ; eq x}=B %C=@F=
ei1^: : :^eir |=[a=\UwD Im�r+1 w ker�r |=[iQ} R wO Qy xmCU=uWwQCQwYu}= QO "i > 1

� "CU= j}kO xr=@vO u}= xH}Dv QO "2 � i1 < i2 < � � � < ir � q xm &OwW|t O}rwD
"CU= jO=Y R}v |Q=OQ@ |=yhqm |=Q@ p@k smL CU= uwoa@=D |rN=O ?Q[ uwJ

I}y xm E `]kt s w OW=@ X |=[i |wQ q Oa@ R= xDUw}B \rDNt |Q=OQ@ hqm E Qo = %4"3 xQ=Ro
%OQ=O OwHw |Q=OQ@ |=y=[i R= j}kO xr=@vO CQwY u}= QO "OwW|tv QiY =H

0 �! Eq
�q�! Eq�1 �! : : : �0�! E0 �! 0

"OvDUy s `]kt QO |rN=O ?Q[ �i w Ei = �i(E�) xm
Qo = "OyO V}=tv =Q CUy R}v |k}kL |r}rLD xm q Oa@ R= \rDNt |Q=OQ@ hqm E O}vm ZQi
%s}vm|t h} QaD xvwov}= =Q s |=yQiY R= S xi=@ 'OW=@ E R= |k}kL |r}rLD `]kt s : X �! E

xO=O si : X �! C `@=D q \UwD `k=w QO s xm s}yO|t V}=tv X � Cq CQwY x@ ,=a[wt =Q E
O}vm ZQi "CU= pkDUt E |a[wt V}=tv R= h} QaD u}= "S = O

(s1;:::;sq) s}vm|t h} QaD "OwW|t
xHwD� "OW=@ Ei =@ Q_=vD QO O=R; ,=a[wt xi=@ Li s}yO|t Q=Qk "OvW=@ xOW h} QaD xQ=Ro Ovv=t =y�i w Ei

�"OvDUy O=R; ,=a[wt |=yxi=@ '|Q=OQ@ |=yhqmO}vm

0 �! Lq
�q�! Lq�1 �! : : : �1�! L0 "�! S �! 0 (1)

Sx = 0 s} Q=O s(x) 6= 0 xm x |x]kv QO "CU= L0 �! S |a}@] CW=ov E w L0 = O q=@ QO
%OQ=O =Q p}P C}Y=N s O}vm ZQi "CU= j}kO xr=@vO �1� w
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x@ OQ=O OwHw x |o}=Uty QO E �! X �Cq |a[wt |DN} Qm} s(x) = 0 xm x |=Q@ (P )

O
(s1:::;si�1) QO si 's}yO V}=tv (1 � i � q)si 2 Ox xm =ysi xv=wH \UwD =Q sx xv=wH Qo = xm |Qw]

"CU}v QiY x}raswUkt
"CU= j}kO R}v s(x) = 0 Cr=L QO �1� xr=@vO (P ) C}Y=N =@

j} QiD hqm 4
|Q=OQ@ |=yhqm F w E "OW=@ u; `tDHtQ} R l} Y w |y=vDt `tDHt �CW l} X O}vm ZQi
QO |w[a (E;F; �) |}=DxU Qy x@ xt=O= QO "CU= EjY ��! F jY |iqm |DN} Qm} � w X |wQ
x@ =Q X � I R= A |=[iQ} R "s}yO|t V}=tv I =@ =Q OL=w xDU@ xR=@ "s}yO|t C@Uv K0(X; Y )

%s}vm|t h} QaD Q} R CQwY

A = fX � 0g [ fX � 1g [ fY � Ig

OwW|t F 'X � 0 x@ VO}OLD w E 'X � 1 x@ VO}OLD xm s}yO|t Q=Qk L |Q=OQ@ hqm A |wQ
%QDj}kO u=}@ x@ "OvwW|t pYDt sy x@ � \UwD Y � I |wQ w

I0 = I � f0g I1 = I � f1g I01 = I0 \ I1
A0 = X � 0 [ Y � I1 E0 = F

A1 = X � 1 [ Y � I0 E1 = E

xawtHt |wQ |iqm f �i (Ei) "OW=@ xOW =kr= X � I �! X Vvmi= R= fi : Ai �! X O}vm ZQi
=kr= A0 \ A1 = Y � I01 R=@ xawtHt |wQ f �0 (E0) �! f �1 (E1) |DN} Qm} � w CU= Ai R=@
V}=tv � =@ xm OyO|t K0(A) QO |w[a hqm u}= "OyO|t A |wQ =Q Q_vOQwt hqm xm Ovm|t
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j}kO xr=@vO R= "s}yO|t

K0(X � I) �! K0(A) ��! K1(X � I; A)

"�� 2 K1(X � I; A) s} Qw;|t CUO x@

(X � I)=A = S(
X
Y

); K1(S(
X
Y

)) �= K0(X; Y )

j} QiD hqm w s}yO|t u=Wv d(E;F; �) =@ =Q w[a u}= "CU= K0(X; Y ) QO |w[a �� TB
"s}t=v|t

CW=ov f : (X 0; Y 0) �! (X; Y ) Qo = |va} 'CU= |vwoa@=D d(E;F; �) �i� %1"4 xQ=Ro
"d(f �E; f �F; f ��) = f !d(E;F; �) CQwY u}= QO OW=@ x=wNrO

"OQ=O |oDU@ � |B wDwty Tqm x@ =yvD d(E;F; �) (ii)

"d(E;F; �) = E � F CQwY u}= QO Y = � Qo = (iii)

"f !d(E;F; �) = E � F 'OW=@ |a}@] CW=ov f ! : K�(X; Y ) �! K�(X) Qo = (iv)

"d(E;F; �) = 0 CQwY u}= QO 'Ovm =O}B VQDUoX |wQ E �! F |DN} Qm} x@ � Qo = (v)

"d(E � E 0; F � F 0; �� �0) = d(E;F; �) + d(E 0; F 0; �0) (vi)

"d(F;E; ��1) = �d(E;F; �) (vii)

'd(E 
D;F 
D;�
 1) = d(E;F; �):D 'OW=@ X |wQ |Q=OQ@ hqm D Qo = (viii)

"s}=xOQm xO=iDU= K0(X;Y ) pwOt � K0(X) Q=DN=U R= x]@=Q CU=Q CtU xm

w X � I ��! X Vvmi= � O}vm ZQi "OwW|t xH}Dv d(E;F; �) h} QaD R= �i� %C=@F=
EjY �! F jY |iqm|DN} Qm} R= �t |B wDwtyl} "OW=@ x �! (x; t) pwtW it : X �! X�I
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|DN} Qm} h} QaD j@]
� : ��EjY�I �! ��F jY�I

TB "Ovm|t =kr= =Q

d(E;F; �0) = d(i�0��E; i�0��F; i�0�)

= i!0d(��E; ��F; �)

|B wDwty CLD K0(X;Y ) w i0 ' i1 uwJ "d(E;F; �1) = i!1d(��E; ��F; �) x@=Wt Qw] x@ w
%|DN} QtyCU}=@|t (iii) |=Q@ "OWC@=F R}v (ii)TB "d(E;F; �0) = d(E;F; �1)TBCU=OQw=v

� : K0(X � S0) �! K1(X � I;X � S0) �= K0(X)

|i=m xH}Dv QO K0(X � S0) �= K0(X)
K0(S0) s} Q=O "S0 = f0g [ f1g � I q=@ QO xm
%s}vm C@=F CU= x]kv l} \ki X xm |Dkw |=Q@ =Q smL CU=

� : K0(S) �! K1(I; S0)
��= K0 (point)

%CU= |i=m TB OwW|t =Hx@=H ch =@ 'j}raD CW=ov w � uwJ

� : H0(S0) �! H1(I; S0) = H0 (point)

Q_=vDt H0(S0;Z) |=yOrwt a1 w a0 xm '�(a0) = 1 '�(a1) = +1 =t= "s} Q}o@ Q_v QO =Q
|=DxU R= (viii) w (vi) w (v) w (iv) "CU= pt=m (iii) C=@F= xH}Dv QO "OvDUy 1 w 0 \=kv =@
|wQ |Q=OQ@ |=yhqm � w � O}vm ZQi "s}vm|t C@=F =Q (vii) p=L "OwW|t xH}Dv |oO=U x@ |r@k
Qo = "Ov=xOW h} QaD (F;E; ��1) w (E;F; �) \UwD xm OvW=@ A = X � 0 [X � 1 [ Y � I
CW=ov g xm �� = g!�� TB "� �= f �� s} Q=O 'OW=@ I |wQ x �! 1�xCW=ov f : A �! A

�"OwW|t xH}Dv (vii) smL �� = ��� uwJ w g! = �1 =t= "CU= x �! 1� x CW=ov j}raD
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X |wQ |Q=OQ@ |=yhqm En; : : : ; E0 O}vm ZQi "s}yO|t s}taD =Q j} QiD hqm h} QaD p=L
xm OvW=@

0 �! En
�n�! En�1 �! : : : �! E1 �1�! E0 �0�! 0 (2)

s}vm|t h} QaD |Qw] =Q j} QiD hqm s}taD CQwY u}= QO "OW=@ Y |wQ |Q=OQ@ |=yhqm R= j}kO xr=@vO
xm

d(E0; E1; : : : ; En; �1; �2; : : : ; �n) 2 K0(X; Y )

j}kO x=Dwm xr=@vO x@ �2� j}kO xr=@vO

0 �! Fr �! Er �! Fr�1 �! 0 (3)

w Oi=mW|t �3� x=Dwm j}kO xr=@vO "CU= Y |wQ |Q=OQ@ hqm xm Fr = ker�r q=@ QO "OvmW|t
Q} R |=y|DN} Qm} r Qy |=Q@ x=wNrO |vDi=mW ?=NDv= =@ 'OvDUy AwDwty sy =@ |vDi=mW wO Qy uwJ

%s} Qw;|t CUO x@ =Q

� :
X

E2k+1 �!X
r

Fr

� :
X
k

E2k �!X
r

Fr

s}v=wD|t (ii) 1"4 -xQ=Ro x@ xHwD =@ "Ovm|t =kr= =QPE2k �!P
E2k+1 |DN} Qm} � = ��1�TB

=Dm} w[a

d(E0; : : : ; En;�1; : : : ; �n) = d
�X

E2k;
X

E2k+1; �
� 2 K0(X;Y )

QO =Q xDi=} s}taD j} QiD hqm X=wN "s}yO|t u=Wv d(Ei; �i) =@ xYqN Qw] x@ xm s}vm h} QaD =Q
"s}vm|t xYqN Q} R xQ=Ro
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"CU= |vwoa@=D d(E0; : : : ; En;�1; : : : ; �n) �i� %2"4 xQ=Ro
"OQ=O |oDU@ (�1; : : : ; �n) |B wDwty Tqm x@ =yvD d(E0; : : : ; En;�1; : : : ; �n) (ii)

"d(E1; : : : ; En;�1; : : : ; �n) =
Pn

i=0(�1)iEi CQwY u}= QO 'Y = � Qo = (iii)

'OW=@ |a}@] CW=ov f ! : K0(X; Y ) �! K0(X) Qo = (iv)

f !d(E0; : : : ; En;�1; : : : ; �n) =
nX
i=0

(�1)iEi

0! En
�n! En�1 ! : : :! E0 ! 0 |va} Ovm =O}B xaUwD X x@ �n; : : : ; �1 Qo = (v)

%s} Q=O "OW=@ j}kO X |wQ

d(E0; : : : ; En;�1; : : : ; �n) = 0

'd(Ei; �i) + d(E 0i; �0i) = d(Ei � E 0i; �i � �0i) (vi)

d(0; E0; : : : ; En; 0; �1; : : : ; �n) = �d(E0; : : : ; En;�1; : : : ; �n) (vii)

%s} Q=O 'OW=@ X |wQ |Q=OQ@ hqm D Qo = (viii)

d(Ei 
D;�i 
 1) = d(Ei; �i)D

|y=vDt `tDHt �CW l} X O}vm ZQi "CN=OQB s}y=wN |=xS} w j} QiD hqm uDN=U x@ p=L
w A0 =@ ?}DQD x@ =Q E OL=w lU}O w OL=w xQm hqm "OW=@ q Oa@ R= X |wQ \rDNt |Q=OQ@ hqm E w
I}y xm |a]kt ��E CQwY u}= QO 'OW=@ |Wvmi= CW=ov � : A �! X Qo = "s}yO|t V}=tv A
|Q=OQ@ |=yhqm R= j}kO xr=@vO A0 |wQ 4"3 xQ=Ro R= xO=iDU= =@ TB "OQ=O A0 |wQ OwW|tv QiY =H

%s} Q=O =Q Q} R
0 �! Fq

�q�! Fq�1 �! : : : �1�! F0 �! 0
%CU= h} QaD VwN K0(A;A0) QO Q} R w[a xH}Dv QO "Fi = ���i(E�) xm
d(F0; F1; : : : ; Fq;�1; : : : ; �q) 2 K0(A;A0)
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A0 w A w OW=@ X |y=vDt `tDHt �CW |wQ \rDNt |Q=OQ@ hqm E O}vm ZQi %3"4 xQ=Ro
CQwY u}= QO "s}yO|t u=Wv � =@ =Q d(���i(E�); �i) j} QiD hqm "OvW=@ xOW h} QaD q=@ Ovv=t

"CU= 2O=D Tqm T w 1u}U}H |DN} Qty '� xm ch � = '�T (E)�1

3s=a hqm |=Q@ =Q smL |i=m xH}Dv QO CU= |vwoa@=D d(���i(E�); �i) s}v=O|t %C=@F=
`tDHt �CW 'G xwQo |=Q@ s=a |=[i� OW=@ U(q) |=Q@ s=a |=[i X O}vm ZQi TB "s}vm C@=F
s=a |=[i =@ |Oa@ N pwrU =D u; |B wDwty ẁv xm s}vm ?=NDv= |}=[i s}v=wD|t =t= CU}v |y=vDt
QO =Q � Q} wYD Qo = s}v=O|t 2"4 xQ=Ro R= xO=iDU= =@ �"s}vm nQR@ |i=m QOk@ =Q N Oa@ w OW=@ u=Um}

%s}yO V}=tv � =@ K0(A) �= K0(X)

� =
X

(�1)i�i(E�)

%s} Q=O 'OvDUy E uQJ |=yTqm cj(E) xmPq
j=0 cj(E)xj =

Qq
i=1(1 + 
ix) Qo = s}v=O|t =t=

ch�rE� =
X

e�(
i1+���+
ir )

xH}Dv QO "Ovm|t Q}}eD 1 � i1 < � � � < ir � q xm ir; : : : ; i1 |=y?}mQD xty |wQ q=@ `tH xm
qX

r=0
(�1)r ch�rE� =

qY
i=1

(1� e�
i)

= (
1 : : : 
q)
qY
i=1

1� e�
i

i

= cq(E)T (E)�1

CN} Qm}H�(BU(q);Q) QOH�(BU(q); BU(q�1);Q) |a}@] Q} wYD s}v=O|t Qo}O hQ] R=
Q} wYD u}= QO '� u}U}H |DN} Qty h} QaD Q@=v@ |iQ] R= w cq(E) \UwD xOW O}rwD p;xO}= =@ CU=

� "ch � = '�T �1(E) %TB 'OwQ|t cq(E)x x@ '�(x)
1) Gysin homomorphism 2) Todd class 3) universal bundle
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l}OvDwQo QYva 5
xwQo �K QO |QYva sHUvt xi=@ Qy |=Q@ p@k VN@ wO ?r=]t uO=O \=@DQ= =@ VN@ u}= QO p=L
x@ |O}rm swyit MQ � u=t} Q � l}OvDwQo x}[k C=@F= QO xm s} R=U|t l}OvDwQo QYva x@ ?wUvt
Q}O=kt =@ |k}kL |r}rLD `@=wD xv=wH xi=@ O w |k}kL |r}rLD xv}tN X O}vm ZQi "O};|t ?=UL
ptLt xm X |wQ =ypwOt O R= 'S 'sHUvt xi=@ w X R= 'Y |=[iQ} R Qy |=Q@ "OW=@ X |wQ \rDNt

"O=O s}y=wN C@Uv K0(X;X � Y ) 3 
Y (S) QYva 'CU= Y QO u;
CW=ov Qy Q@ =Q K0(A;B) 3 f !
Y (S) QYva =OD@= CU}=@|t 
Y (S) h} QaD |=Q@
uwJ "s}vm h} QaD 'OvDUy |y=vDt |=y`tDHt GwR (A;B) xm f : (A;B) �! (X;X � Y )

xQ=Ro R= p=L "s}vm ?=NDv= 'CU= xOQWi �U xm f(A) � U R=@ s}v=wD|t CU= xOQWi f(A) � X

TB "s}vm|t O}OLD =Q xr=@vO U x@ Oa@ w s}vm|t u} Ro}=H =Q �U 'A |=H x@ =yDvt 's}vm|t xO=iDU= 2"3
%O};|t CUO x@ Q} R CQwY x@ U |wQ =yxi=@ R= j}kO xr=@vO

0 �! Ln
�n�! Ln�1 �! : : : �1�! L0 �0�! S �! 0

=yLi =@ Q_=vDt \rDNt |Q=OQ@ |=yhqm =yEi O}vm ZQi "OvDUy O=R; ,=a[wt |=yxi=@ =yLi q=@ QO
CUO x@ U � U \ Y |wQ |Q=OQ@ |=yhqm R= j}kO xr=@vO 'CU= Y QO S ptLt uwJ "OvW=@

%s} Qw;|t
0 �! En

�n�! En�1 �! : : : �1�! E0 �! 0

xH}Dv QO 'OwW|t =kr= B |wQ |Q=OQ@ |=yhqm R= j}kO xr=@vO TB f(B) � U �U \ Y O}vm xHwD
%s}vm h} QaD s}v=wD|t

f !
Y (S) = d(f �E0; : : : ; f �En; f ��1; : : : ; f ��n)

19



w xDW=Ov |oDU@ U R=@ ?=NDv= x@ w S |Wvmi= x} RHD x@ f !
Y (S) xm O=O u=Wv u=wD|t |oO=U x@
uOw@ |a}@] Q]=N x@ f !
Y (S) (i) 2"4 xQ=Ro x@ xHwD =@ TB "CU= xDU@=w f |B wDwty Tqm x@ =yvD

"Ovm|t XNWt K0(X;X � Y ) QO =Dm} Qw] x@ =Q 
Y (S) w[a j} QiD hqm s}taD

=@ xm OW=@ X R= |}=[iQ} R Y w Cn QO Pn
1 jzij2 < 1 R=@ lU}O X O}vm ZQi %1"5 xQ=Ro

xm � Y |wQ hQwtwrwy `@=wD xi=@ BY O}vm ZQi "CU= xOW xO=O (1 � i � q)zi = 0 |=yxrO=at
%s} Q=O CQwY u}= QO "B0

Y = BY 
BX OX "OW=@ �"CU= QiY X � Y |wQ

ch 
Y (B0
Y ) = u

"CU= Y =@ Q_=vDt H2q(X;X � Y;Z) Orwt u xm

hqm |=Q@ s}OQw; 3 VN@ |=yDv= QO xm |=xDmv R= s}v=wD|t B0
Y = OX

(z1;:::;zq) uwJ %C=@F=
=Q x} RHD u}= "s} Qw;|t CUO x@ B0

Y R= |=x} RHD CQwY u}= QO "s}vm xO=iDU= E = X � Cq |y}O@
lU}O x@

A :
qX
i=1
jzij2 � 1

2 zi = 0 (i > q)

's} Qw;|t CUO x@ 3"4 xQ=Ro R= xO=iDU= =@ "s}vm|t O}OLD

ch 
Y (B0) = u

H2q(A;A0;Z) �= H2q(X;X�Y ;Z)uwJ"CU=Y u=owO =@ Q_=vDtOrwtu 2 H2q(A;A0;Z) xm
�"OW xH}Dv smL TB
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|r}rLD |=yQwO 6
|r}rLD |Swrwtwtywm =} |Swrwty Tqm h} QaD QO |m}vmD pmWt xvwoJ s}yO|t K}[wD VN@ u}= QO

"s}vm|t xO=iDU= =yv; R= xm OvDUy l}Uqm w |D=tOkt p}P |=yxQ=Ro "s}vm `iQ =Q \rDNt

O}vm ZQi ' k Oa@ Xkv R= xDU@ xv}tNQ} R Y w OW=@ Q}PBjDWt xv}tN X Qo = %1"6 xQ=Ro
=@ CQwY u}= QO "OW=@ X x@ k R= QDtm Oa@ R= A |y=vDt `tDHt �CW R= |DW=ov f : A �! X

"g(A) � X � Y xm OQm AwDwty g =@ =Q f u=wD|t lJwm x=wNrO QOk@ |B wDwty

\rDNt Oa@ Xkv =@X R= \rDNt Q}O=kt =@ |r}rLD xv}tNQ} R Y w \rDNt xv}tNX Qo = %2"6 xQ=Ro
CQwY u}= QO "OvW=@ 2q R= QDtm Oa@ R= |y=vDt `tDHt �CW GwR (A;B) O}vm ZQi 'OW=@ q
xm OQm =O}B =Q f =@ AwDwty g CW=ov u=wD|t f : (A;B) �! (X;X � Y ) CW=ov Qy |=Q@

"g(A) � X � Y

|DN} Qm} i : X � Y �! X CQwY u}= QO 'OvW=@ p@k xQ=Ro Ovv=t Y w X ZQi %3"6 xQ=Ro
%Ovm|t =kr= =Q Q} R

i� : Hr(X;Z) �! Hr(X � Y ;Z) 0 � r � 2q � 2

xQ=Ro R= 'x=wNrO CW=ov f : A �! X w OW=@ |y=vDt `tDHt �CW l} A Qo = %C=@F=
"g(A2q�1) � X �Y xm CU= AwDwty g CW=ov =@ f s} Q}o|t xH}Dv 1(A2q�1; ;) GwR |=Q@ 2"6
x@ (A2q�2 � I; A2q�2 � 0 [A2q�2 � 1) GwR |=Q@ =Q 2"6 xQ=Ro p=L "CU= l} x@ l} i� TB
u}at f -xr}Uwx@ =Dm} Qw] x@ g : A2q�2 �! X � Y |B wDwty Tqm xm OwW|t xH}Dv s} Q@@ Q=m

� "CUy R}v =WwB i� TB 'OwW|t
"CU= A |Oa@ �i pwrU Ai �1
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X O}vm ZQi "s}vm|t h} QaD =Q |r}rLD |=[iQ} R u=owO Tqm p@k xQ=Ro R= xO=iDU= =@ p=L
"OW=@ X QO q Oa@ Xkv R= �\rDNt Q}O=kt =@ |k}kL� |r}rLD |=[iQ} R Y w \rDNt Ov@ty xv}tN
QO TB "OW=@ |w=Ut =} w QDoQR@ q + 1 R= VOa@ Xkv CU}=@|t 'OW=@ Y 1xv}mD |=[iQ} R W Qo =

%s} Q=O 's} Q@@ Q=m@ W w X |=Q@ =Q p@k xQ=Ro xm |DQwY

i� : H2q(X;Z) �! H2q(X �W;Z)

|a}@] Qw] x@ wO Qy w CU= X �W xDU@ xv}tNQ} R Y �W |iQ] R= =t= 'CU= |DN} Qm} i�
=Q H2q(X �W;Z) 3 y00 Ovv=t |Uqm Y �W TB "OvDUy Q=OCyH \rDNt Q=DN=U Q]=N x@

"Ovm|t h} QaD

=@ X R= �\rDNt Q=Okt =@ =t= |k}kL� |r}rLD xv}tNQ} R Y w \rDNt xv}tN X Qo = %4"6 xQ=Ro
Tqm l} \ki w l} CQwY u}= QO "s}yO|t Q=Qk Y xv}mD |=[iQ} R =Q W 'OW=@ q Oa@ Xkv
Y �W \UwD xm |Uqm 'y0 TqmH2q(X�W;Z) QO VQ} wYD xm OQ=O OwHwH2q(X;Z) 3 y

"OwW@ 'O};|t CUO x@
"s}t=v|t 'OwW|t XNWt Y |=[iQ} R \UwD xm |Uqm =Q 4"6 -xQ=Ro QO y Tqm

C W= o v "O W= @ xO W h } Q a D p @ k xQ=R o O v v= t Y w X O } v m ZQ i %5"6 xQ=R o
%Ovm|t =kr= =Q Q} R |DN} Qm} j : (X �W;X � Y ) �! (X;X � Y )

(0 � r � 2q) j� : Hr(X;X � Y ;Z) �! Hr(X �W;X � Y ;Z)

|DW=ov f : (A;B) �! (X;X�Y ) O}vm ZQi "CU= 3"6 xQ=Ro x}@W pqODU= %C=@F=
|=y=[i w (A2q+1; B2q+1) GwR |=Q@ =Q 2"6 xQ=Ro "OW=@ (A;B) |y=vDt |=y`tDHt �CW GwR R=
1) Singular subspace
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QO &g(A2q+1) � X �W xm OQ=O OwHw f =@ AwDwty g CW=ov TB 's} Q@|t Q=m x@ X �W w X
(A2q�I; B2q�I[A2q�0[A2q�1) GwR |=Q@ =Q 2"6 xQ=Ro Qo = p=L "CU=l} x@l} j� xH}Dv

�"CUy R}v =WwB j� xm s} Q}o|t xH}Dv 3"6 xQ=Ro Ovv=t s} Q@@ Q=m@ X �W w X |=y=[i w

Q}PB=vp} wLD Y xm Cw=iD u}= =@ Ov=xOW h} QaD 2"5 xQ=Ro Ovv=t Y wX O}vm ZQi xQ=@ wO %6"6 xQ=Ro
O}rwD u Ovv=t |w[a =@ xm CU= |y=vDt=v |QwO xwQo H2q(X;X � Y ;Z) CQwY u}= QO 'OW=@

"CU= 'Y Tqm 'y 'H2q(X;Z) QO VQ} wYD xm OwW|t

%s} Q=O =Q Q} R |}=Hx@=H Q=Owtv 5"6 w 3"6 xQ=Ro R= xO=iDU= =@ %C=@F=
H2q(X;X � Y;Z) j��! H2q(X �W;X � Y ;Z)??y ??y

H2q(X;Z) i��! H2q(X �W ;Z)

'xQ=Ro C=@F= |=Q@ s}v=wD|t 'y Tqm h} QaD |xwLv x@ xHwD =@ "OvDUy |DN} Qm} wO Qy j� w i� q=@ QO
uwO@ Y s}vm ZQi s}v=wD|t |va} "s}vm C@=F Y w X |=H x@ Y �W w X �W |=Q@ =Q smL
xOW h} QaD Tqm =@ xm CU= |y=vDt=v |QwO H2q(X;X � Y ;Z) TB "CU= Ov@ty w |ov}mD

�"OwW|t O}rwD Y \UwD

|rY= x}[k 7
Qo = CU= \rDNt |r}rLD y Tqm s}} wo|t 'y 2 H2q(X;Z) w \rDNt xv}tN X O}vm ZQi
'y =

P
niyi %xm |Qw] x@ OW=@ xDW=O OwHw Yi �\rDNt Q}O=kt =@ |k}kL� |r}rLD |=y=[iQ} R
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|rY= x}[k s}v=wD|t p=L "OwW|t h} QaD H2q(X;Z) QO Yi \UwD xm CU= |Uqm yi 'ni 2 Z
"s}vm u=}@ =Q xr=kt u}=

CU}=@|t 'OW=@ \rDNt |r}rLD QwO y 2 H2q(X;Z) w \rDNt xv}tN X Qo = %1"7 x}[k
Qw] x@ "OvDUy H� =) K� MwQ@ RD}y � =}D= |i}] xr=@vO |=yjDWt dr xm 'r Qy |=Q@ dry = 0

"�pP 1
p (y) = 0 CU}=@|t p pw= OOa Qy |=Q@ X=N

"P 1
p : H2q(X;Z) �! H2q+2p�2(X;Zp) xmCU=O=Qv}DU= Qortau=wDu}t=p 'P 1

p %CW=OO=}
"CU= Sq3 u=ty �pP 1

p 'p = 2 xm |Dr=L QO
Q} R xQ=Ro R= 1"7 x}[k s}vm|t C=@F= VN@ QO xm 1"8 u}vJty w 6"6 w 2"6 xQ=Ro R= xO=iDU= =@

"OwW|t xH}Dv

Oa@ Xkv R= |r}rLD Q}PB=vp} wLD xDU@ |=[iQ} R Y w \rDNt xv}tN X O}vm ZQi %2"7 xQ=Ro
CQwY u}= QO "s}OQm u=}@ 6"6 xQ=Ro QO xm OW=@ H2q(X;X � Y;Z) Orwt u w OW=@ q \rDNt

ch 
Y (B0
Y ) = ��(u) + QDq=@ C=HQO

Q QO Z ?}=Q[ uOv=Wv R= xm |DW=ov �� w CU= B0
Y xi=@ R= l}OvDwQo QYva 
Y (B0

Y ) q=@ QO xm
"OwW|t =kr=

uwJ |iQ] R= "CU= h} QaD VwN 
Y (B0
Y ) TB CU= sHUvt |=xi=@ B0

Y uwJ xm O}vm xHwD
=t= "s}vm C@=F X=N p=Ft |=Q@ =Q 2"7 xQ=Ro CU= |i=m xH}Dv QO OvDUy 1|vwoa@=D u w 
Y (B0

Y )

zi = 0 |=[iQ} R Y w P jzij2 < 1 R=@ lU}O X |Dkw CU= 1"7 xQ=Ro X=N Cr=L 1"5 xQ=Ro
'2"2 x}[k w MwQ@ RQD}y � =}D= |i}] xr=@vO X=wN x@ xHwD =@ w 2"7 xQ=Ro xH}Dv QO (1 � i � q)

"OW C=@F= R}v 1"7 x}[k
1) functorial
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=D xm Ovm|t ltm =t x@ u}= xm OyO|t OW=@ |r}rLD QwO l} xmu; |=Q@ sRq \QW 1"7 x}[k
=t= 'OQ=O OwHw |=xO=U p=Ft OW=@ 1u}=DU= X xv}tN xm |Dr=L QO "OvDUy |r}rLD xm s} R=U@ |}=yQwO

"CU= xHwD ?r=H QDW}@ xOW xDN=U 2Q*U |=yxO}= |wQ R= xm |Q@H |Wvmi= xv}tN p=Ft

X |Wvmi= |Q@H xv}tN 'OW=@ (2 < n) |a}@] OOa n w |y=vDt |ywQo G Qo = %3"7 xQ=Ro
K(Z; 2) �K(G; 1) u}r lt � nQ@vr}; |=y=[i ?Q[ =@ X s=�n |B wDwty ẁv xm OQ=O OwHw

"CU= H�(X;Z) 3s}kDUt QwDm =i l} H�(G;Z) ,=YNWt w CU= u=Um}

y 2 H2q(G;Z) |Swrwtywm Tqm w G |y=vDt xwQo CQwY u}= QO pw= |OOa p Qo = %4"7 xQ=Ro
"�pP 1

p (y) 6= 0 xm OQ=O OwHw p x@DQt =@
xQ=Ro wO w MwQ@ RD}y � =}D= |i}] xr=@vO jDWt OQwt QO Oa@ VN@ xOy=Wt R= xO=iDU= =@ xH}Dv QO

"CU= G=y TOL Zkv p=Ft xm s}OQm =O}B |Q@H |Wvmi= xv}tN p@k

CN+1 QOGV}=tv xOW xO=O 1 � r |a}@] OOa |=Q@ xm O=O u=Wv �5� QO Q*U %3"7 C=@F=
Y |wQ G pta ,qw= u}vJty w CU= =OQw=v G pta CLD Y xm OvQ=O OwHw PN QO Y |Q@H xv}tN w
OQ=Ov |ov}mD Y |wQ xm CU= PN QO d xHQO5x} wQQ@= |O=OaD R= 4s=D `]=kD Y ',=}v=F 'OQ=Ov C@=F x]kv
X = Y

G w CU= Ov@ty Y "CU= r 'Y \rDNt Oa@ ',=Fr=F w Ovvm|t `]k =Q Qo}Om} 6QPo =QD Qw] x@ w
=OD@= QO uwJ "CU= |B wDwty RQ=sy� (r� 1) 'Y �! PN xm O}vm xHwD "|Wvmi= |Q@H xv}tN l}
R= Y 'Y ?=NDv= x@ xHwD =@ 'O}v=Wv@ PM QO =Q PN 'd xHQO |=y|=xrtHOvJ xty uDiQo Q_vQO =@
p}Uv=Qi}O xUOvy R= xO=iDU= =@ |oO=U x@ =t= "O};|t CUO x@ L |]N |=[iQ} R =@ PM QPo =QD `]=kD
L0 xm 'CU= |B wDwty RQ=sy L0 \ PN �! PN CW=ov =@ L \ PN �! PN CW=ov s}v=O|t
1) Stein 2) Serre 3) direct factor 4) complete intersection 5) hyper surface

6) transversally
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s}v=wD|t =Q Y �! PN xH}Dv QO "Ovm|t `]k QPo =QD Qw] x@ =Q PN xm CU= L Oa@ sy |]N |=[iQ} R
R= |DQwY R= p=L "s}vm u} Ro}=H 'CU= |ov}mD uwO@ |=yx} wQQ@= s=D `]=kD Y 0 xm Y 0 �! PN =@
RQ=sy � (r�1) 'Y �! PN OwW|t xH}Dv 's}vm xO=iDU= 'OW C@=F �3� C=@ \UwD xm 1RDWir x}[k
Tqm 'v CQwY u}= QO 'OW=@ PN |a}@] Orwt O}OLD v 2 H2(Y;Z) O}vm ZQi "CU= |B wDwty
'Ovm|t pta hqm |=[i u}= |wQ G uwJ "CU= Cn+1 � f0g �! PN |]N hqm O}OLD uQJ
u Qo = "CU= |WWwB CW=ov � : Y �! X xm '� = ��� xm |Qw] x@ OQ=O OwHw X |wQ � hqm
=kr= f : X �! K(Z; 2) CW=ov \UwD u O}vm ZQi "v = ��u CU}=@|t OW=@ � uQJ Tqm
u}vJty "Ovm|t =kr= =Q Y �! X |WWwB CW=ov xm OW=@ |DW=ov g : X �! BG w OW=@ xOW

"OwW|t =kr= =yhqm |wQ g R= xm OW=@ |a}@] CW=ov �g : Y �! EG O}vm ZQi
Y (f��;�g)�! K(Z; Y )� EG??y� ??y
X (f;g)�! K(Z; Y )�BG

O}vm ZQi Qo = "CU= xvwov}= R}v (f; g) xH}Dv QO 'CU= |B wDwty RQ=sy (r� 1) '(f � �; �g) CW=ov
�"CU= xOW C@=F smL 'CU= BG = K(G; 1) xm u}= x@ xHwD =@ r � 1 � n

?=NDv= x@ xHwD =@ "G = Zp � Zp � Zp 'CU= OQi pw= OOa p O}vm ZQi %4"7 C=@F=
|DN} Qty |JwB H�(G;Z) xH}Dv QO "CU= p x@DQt (q � 1) 'Hq(G;Z) QiYQ}e w[a Qy G

"CU= 2u}=DWm =@
� : H�(G;Zp) �! H�+1(G;Zp)

|=Q@ xm H�(G;Zp) = Zp[u1; u2; u3; v1; v2; v3] 's} Q=O =yu=O}t |wQ 3Cvwm pwtQi R= xO=iDU= =@
s}yO|t Q=Qk "P 1

p (vi) = vpi "P 1
p (ui) = 0 w �(ui) = vi u}vJty w u2

i = 0 'i = 1; 2; 3
1) Lefschetz 2) Bockstein 3) K�unneth formula
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s} Q=O 'x 2 ker � Qo = w CU= jDWtO=B L1 OwW|t xOy=Wt |oO=U x@ 'L1 = �P 1
p � P 1

p �

OwHw y 2 H2q(G;Zp) s}yO u=Wv CU}=@|t 4"7 xQ=Ro C=@F= |=Q@ xH}Dv QO "L1(x) = �P 1
p (x)

�(y) = 0 Kw[w x@ "y = �(u1u2u3) s}vm|t h} QaD "L1(y) 6= 0 w�(y) = 0 xm |Qw] x@ OQ=O
w

L1(y) = L1(
X
|QwO

v1u2u3) = �X
|QwO

(v1vp2u3 � v1u2vp3) 6= 0: �

d2p�1 Qorta 8
VN@ QO xm MwQ@ RD}y � =}D= |i}] xr=@vO R= d2p�1 |=yjDWt xQ=@ QO |}=aO= C=@F= x@ VN@ u}= QO

%Ow@ Q} R CQwY x@ s}OQm xO=iDU= p@k VN@ QO xm |}=aO= CQwY "s} R=OQB|t 's}OQm xO=iDU= p@k

MwQ@ RD}y � =}D= |i}] xr=@vO |=yjDWt dr xm 'OW=@ Q=QkQ@ r Qy |=Q@ dru = 0 Qo = %1"8 xQ=Ro
"�pP 1

p (u) = 0 CQwY u}= QO 'OvDUy
%OwW|t xH}Dv Q} R xQ=Ro R= xQ=Ro u}=

p x@ C@Uv xm N K}LY OOa CQwY u}= QO 'pw= |OOa p xm u 2 Hk(X;Z) Qo = %2"8 xQ=Ro
"d2p�1(Nu) = �N�pP 1

p (u) w s < 2p� 1 'ds(Nu) = 0 xm |Qw] x@ 'OQ=O OwHw CU= pw=
?ULQ@ MwQ@ RD}y � =}D= |i}] xr=@vO |=yjDWt uOW QiY \QW xm �2� VN@ x@ xHwD =@

"CU= u=}@ p@=k uQJ xYNWt ?ULQ@ QiY=v jDWt u}rw= x]@=[ 's}OQm u=}@ uQJ xYNWt

=Q chk+r�1(�) Q}HvRO=B Qo = "s < r |=Q@ ds� = 0 O}vm ZQi �2� VN@ |Q=PoO=tv =@ %3"8 sr
"Ow@ Oy=wN dr� Q}HvRO=B V}=tv �� 's}yO V}=tv � =@

%s}vm|t xO=iDU= K(Z; n) u}rlt � nQ@vr}; |=[i X=wN R= 2"8 xQ=Ro C=@F= |=Q@
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"CU= n R= pkDUt w |y=vDt 0 < q < n |=Q@ Hn+q(K(Z; n);Z) �1�
"CU= QiY 0 < q < 2p� 1 � n |=Q@ Hn+q(K(Z; n);Z) xwQoQ} R �p �2�

=@ xm CU= p x@DQt R= |QwO Hn+2p�1(K(Z; n);Z) xwQoQ} R �p 'n > 2p � 1 Qo = �3�
Q=O}=B |B wDwty xwQo X=wN R= u}vJty "OwW|t O}rwD 'CU= K(Z; n) 1|=x}=B Tqm v xm �pP 1

p (v)

%s}vm|t xO=iDU= R}v =yxwQo
"CU= n R= pkDUt w |y=vDt 0 < q < n� 1 |=Q@ �sq = �n+q(Sn) �4�

"CU= QiY 0 < q < 2p� 3 |=Q@ �sq xwQoQ} R �p �5�
"CU= p x@DQt R= |QwO �s2p�3 xwQoQ} R �p �6�

g : S2p �! Pp 2Q=O}=B CW=ov 'OW=@ n Oa@ R= \rDNt |Wvmi= |=[i Pn w pw= p Qo = %4"8 sr
"CU= pw= p x@ C@Uv M xm OQ=O OwHw Mp xHQO R=

%O} Q}o@ Q_vQO =Q Pn�1 w Pn GwR |=Q@ Q=O}=B |B wDwty xwQo R= j}kO xr=@vO %C=@F=
: : : �! �sq(Pn�1) i��! �sq(Pn) j��! �sq�2n

��! : : :

�"CU= �s0 = Z Orwt �� j�(�) = Mp� xm s}vm =O}B � 2 �s2p(Pp) w[a CU= |i=m sr C=@F= |=Q@
=@ "OQ=tW|t =Q Mp xm OQ=O |=x@DQt �(�) 2 �s2p�1(Pp�1) s}yO u=Wv xm u}= =@ CU= pO=at u}=
xH}Dv �6� w �5� R= xO=iDU= =@ w q=@ j}kO xr=@vO QO n = 2; : : : ; p � 1 w q = 2p � 1 uO=O Q=Qk

�"OW pY=L sr xH}Dv QO w CU= p x@DQt |QwO �s2p�1(Pp�1) xm s} Q}o|t
CU= |i=m 'CU= |a}@] MwQ@ RD}y � =}D= |i}] xr=@vO uwJ "s}OQo|tR=@ 2"8 xQ=Ro C=@F= x@ p=L
Tqm R= u w CU= K(Z; k) R= nQR@ x=wNrO x@ Oa@ =t= |Oa@ |y=vDt |rwrU Q=DN=U X s}vm ZQi
1) fundamental class
Q=@ k |va} Skg� "CU= Mp V=xHQO Skg : S2p+k �! SkPp xm 0 < k OQ=O OwHw xm CU= u}= Qw_vt �2

�"O}yO QF= =Q j}raD CW=ov g |wQ
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pw= p x@ C@Uv N K}LY OOa s} Q}o|t xH}Dv �3� w �2� '�1� x@ xHwD =@ "OW=@ xOW =kr= v |=x}=B
w s < 2p� 1 |=Q@ ds(Nv) = 0 xm OQ=O OwHw

9� 2 Zp d2p�1(Nv) = �N�pP 1
p (v)

ZQi � x@U=Lt |=Q@ "CU= pkDUt k R= �TB CU= Q=O}=B R}v j}raD CW=ov CLD |i}] xr=@vO uwJ
O}vm

X = S2n(Pp) [ D2n+2p+1

Qo = "CU= xO}@UJ S2n(Pp) x@ s}OQw;CUO x@ 4"8 sr R= xm gCW=ov =@ xmCU=|rwrUD2n+2p+1 xm
"u = S2n(x) 2 H2n+2(X;Z) s} Q=O VOwN =@ j}raD CW=ov ?}mQD =@ "OW=@H2(Pp;Z) Orwt x

xm OQ=O OwHw � 2 K�(Pp) w[a s}v=O|t

ch � = ex � 1 = x+
x2
2!

+ � � �+ xp

p!

%Ovm|t jOY Q} R x]@=Q QO K�(S2n(Pp)) 3 � = S2n(�) w[a xH}Dv QO

ch � = S2n(ex � 1) = u+ � � �+ S2n(xp)
p!

C2n+2p+1(X;Z) Q}HvRO=B xwQo Orwt y xm My
(p�1)! Q}HvRO=B \UwD dru '3"8 sr x@ xHwD =@ xH}Dv QO

%s} Q=O Pp QO x |=Q@ Qo}O hQ] R= "CU= V}=tv p@=k 'CU=

P 1
p (x) = �xp

(p�1)!
p� �1 uwJ "CU= V}=tv p@=kMy \UwD �pP 1

p (u) TB "CU= p xv=t}B x@ xV}=tv �x xm
"Ovm|t pt=m =Q 2"8 C=@F= u}= w � = �1 xH}Dv QO
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