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I. Forward Problem

● Multidimensional relativistic Newton equation in a static external electromagnetic field [Einstein, 
1907]

● Smoothness and short-range assumptions for the external field

 

● Integral of motion, the energy of the classical relativistic particle

(1)

(3)

(2)



  

● Existence of scattering states and asymptotic completeness [Yajima, 1982] :

● Direct problem :

 Inverse problem :

● Scattering map and scattering data for equation (1) :

 



  

II. Inverse scattering at high energies

● X-ray transform :

II.1 Asymptotic of the scattering data



  



  

II.2 Idea of the proof

Theorem 1 was obtained by developing the method of R. Novikov (1999).
Equation (1) is rewritten in an integral equation and we have

where

We consider the operator                 on the complete metric space 

Hence we study a small angle scattering regime.

● Quantum analogs : Born, Faddeev (1956), Henkin-Novikov (1988), Enss-Weder (1995), 
  H. Ito (1995),  etc... 



  

III Inverse scattering at fixed energy

III.1 Statement of the problem
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III.2 An inverse boundary value problem

Remarks :    -   if                                       then there exists an energy      such that                                     .
                    -   if                                    then          does not determine uniquely 

Statement of the problem :



  

 Theorem 2 was obtained by developing the approach of  Gerver-Nadirashvili (1983) and results of 
Muhometov-Romanov (1978), Beylkin (1979) and Bernstein-Gerver (1980).

● Boundary rigidity problem with magnetic field:  Dairbekov-Paternain-Stefanov-Uhlmann (2007).

● Quantum analogs for the inverse boundary value problem : Novikov (1988),
  Nachman-Sylvester-Uhlmann (1988),  Nakamura-Sun-Uhlmann (1995).



  

III.3 Idea of the proof

Time-independent Hamiltonian

where       is a       magnetic potential for         in         .

Reduced action         at fixed energy        :

Properties of the reduced action :

.

Remark :



  

Differential forms on                           :

We have where

Uniqueness and stability results

,

,



  

III.4 Uniqueness results



  

Remark : The geometry may not be simple.

III.5 Idea of the proof of Theorem 4 (for the nonrelativistic case)

We introduce

We have
,



  

● When          is assumed to be positive and monotonically decreasing, see Firsov (1953).   

● For              , R. Novikov (1999) studied the nonrelativistic inverse scattering problem at fixed energy 
and gave relations between this problem and the nonrelativistic inverse boundary value problem. 

● Quantum analogs for the inverse scattering problem at fixed energy :  Henkin-Novikov (1987), 
  Novikov (1988), Eskin-Ralston (1995), Isozaki (1997).
  
● Open question 

           - Can we prove a uniqueness result for the inverse scattering at fixed energy under the only 
Condition (2) ?
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