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Let Q C R"”, n > 3, be a bounded open set with Lipschitz boundary.
Consider the magnetic Schrodinger operator,

n

Lag(x, D) = (Dj+ Ai(x))* + q(x),
=1

where Dj = i718,,, A= (A1,...,As) € L®(Q,C") is the magnetic
potential, and g € L>°(Q2, C) is the electric potential.

Let u € C§°(2) and let us write

Lagu=—Au-+A-Du+D-(Au) + (A* + q)u.

Since Au € L®(Q)NE'(Q) C L2(R") NE'(Q), we see that
Lag: C°(Q) — HHR") N E(Q)
is a bounded operator. Here
E'(Q) :={v e D'(Q) : supp(v) is compact}.
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Let u € H(Q) be a solution to
Lagu=0 in €.
The set of the Cauchy data is given by
Caq = {(uloq, (Oyu+i(A-V)u)lsq) : u € H'(Q) and Laqu=0in Q}.

Here ulpq € H/2(0RQ), and we set

(D u+i(A D)0, 8)on ::/(vu-vc+iA-(uvc—Gvu)+(A2+q)uG) dx.,
Q

where g € H/2(9Q) and G € H*(Q) is such that G|sq = g.

It follows that (D, u + i(A-v)u)|sq € H1/2(0Q).

Inverse boundary value problem : Determine A and g in Q from the set of
the Cauchy data Cy 4.
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@ Z. Sun (1993) : There is an obstruction to uniqueness.
Let ¢ € W1>°(Q). Then
e_iwLA,qeiw = Latvy,qg
and

e (0, +i(A-v))eu=(d,+ i(A+ V) -v)uon OQ.

Thus, if ¥|sq = 0, then
Caqg = Carvy,g-

Hence, given C4 4, we may only hope to recover the magnetic field dA in
Q, which is defined by

dA= > (0Ak — OxAj)dxj A dxp.
1<j<k<n

Here A =3 ", Ajdx;.
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Indeed, Cp g determines dA and g in € under some regularity assumptions
on A and gq.

e Z. Sun (1993) :
o A€ W2 with ||dA|| = is small, and g € L*°.
e G. Nakamura, Z. Sun, G. Uhlmann (1995) :

e Ac C®and ge C>;
e Ac C?and g€ L™.

C. Tolmasky (1998) :
o Ac Cland ge L>.
e A. Panchenko (2002) :

e A€ L°°, with some additional assumptions, and in particular, a
smallness condition, and g € L*°.

M. Salo (2004) :

o A Dini continuous and g € L*°.
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Theorem (K., Uhlmann, 2012). Let Q2 C R"”, n > 3, be a bounded open
set with Lipschitz boundary, and assume that A, Ay € L*°(2,C") and
q1,q2 € L*(Q,C). If Ca, g, = Cay.q, then dA; = dAs and g1 = g2 in Q.

K. Krupchyk (University of Helsinki) 6 /22



Sketch of proof

@ Step 1. Construction of complex geometric optics solutions (CGO
solutions) to the equation Laqu =0 in Q with A€ L[> and g € L™.

The use of such solutions in inverse boundary value problems has a long
and distinguished tradition going back to the fundamental works of A.
Calderdn (1980), J. Sylvester and G. Uhlmann (1987), ...

CGO solutions are solutions of the form,
u(x,¢; h) = e/ (a(x,¢; b) + r(x, ¢ h)),

where € C", (- ¢ =0,|¢| ~1,0< h< hy, aisasmooth amplitude, and
r is a remainder, which tends to zero as h — 0.
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Our approach to the construction of CGO solutions is based on the
method of Carleman estimates.

To construct CGO solutions using this method, one wants the conjugated
operator
e 21 e?/h o(x) = x-Re(,

to be solvable in Q in the semiclassical sense.
The point of the Carleman estimate is exactly to provide us with the

appropriate tool for deducing semiclassical solvability of the conjugated
operator.

Our starting point : the Carleman estimate for —h?A due to M. Salo and

L. Tzou (2009), which is a generalization of the corresponding estimate of
C. Kenig, J. Sjostrand, and G. Uhlmann (2007).
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Proposition. (Salo-Tzou, 2009). Let p(x) = a - x, « € R, |a] ~ 1, and
let . = @ + 2%902 be a convexification of . Then for 0 < h < ¢ < 1 and
s € R, we have

\[HUHHM gy < Clle?/"(=n*A)e™#/"u|| s gny, C >0,  (L1)

for all u € C5°(Q).

Here

lull e, ey = 1(AD) ull 2oy, (€) = (1 + [€2)M2,

is the natural semiclassical norm in the Sobolev space H*(R"), s € R.

Recalling that
Lag: G°(R2) — H Y R") N E(Q)

is a bounded operator, it will be natural to use (1.1) with s = —1 and
e > 0 sufficiently small but fixed.

The estimate (1.1) can be perturbed by lower order terms, and we get
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Proposition. Let A € L*°(Q,C") and g € L>(Q,C) and let ¢(x) = a - x,
a€R" Ja| ~ 1. For 0 < h< 1, we have

ol e < Cle? " (BRLagle ™ sl oy (12)
for all u € C3°(Q).
The formal L? adjoint of the operator
L, = e’/ (hPLaq)e ?/"

is of the form
L = ef‘P/h(h2LZ76)e‘P/h,

and therefore, (1.2) holds for the adjoint.

Thus, the Carleman estimate (1.2) for LY, can be converted to the
following solvability result for L.
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Proposition. Let A € L*°(Q,C"), g € L>(Q,C), and let p(x) = a - x,
a €R", |a| ~ 1. If h> 0 is small enough, then for any v € H71(Q), there
is a solution u € HY(Q) of the equation

MW Llag)e ™ 'u=v in Q,

which satisfies
”uHHsld(Q) < ;HVHHQI(Q)'

Here

(v, ¥)ql
Jull? = ullf2 + 1hDullZ2iqy.  IVIp-1y =  sup
HL () 12(Q) L2(Q) Ha' (D o Lpeco@) 191l e ()
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The most singular term in
Lagu=—Au+A-Du+D-(Au)+ (A*+ q)u, ue (),

is given by D - (Au). Associated with this term, we introduce the bounded
operator,
ma: HY(Q) — HY(Q), ma(u) =D - (Auv),

where the distribution ma(u) is given by

(ma(u),v)q = —/QAU -Dvdx, v e G5°(Q).

Conjugating the operator thA,q by eX¢/h we get

e/ hon2 L oeX /M = —R2A—2ih¢-D+h?A-D—2hi¢-A+h? ma+h?(A%4q).
We would like to find a and r so that

e MR Lp o4/ Mr)

= —(=hA —2ihC - D+ BPA-D — 2hi¢ - A+ h’ma+ h?(A% + q))a in Q.

To obtain nice remainder estimates for our CGO solutions, we need to get
rid of terms of order h in RHS.
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We get the first transport equation,
(-Da+(-Aa=0 in R"
Here A has been extended to R" \ Q by zero.

Acel® = a€el™,

which is not acceptable. Indeed, when solving the equation for the
remainder r, we will encounter the term

—h?Aa,
which is too singular to apply our solvability result.

To cope with this difficulty, we shall replace A by its regularization.
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To this end, let W, (x) = 77"W(x/7), 7 > 0, be the usual mollifier with
Ve CROR"), 0< W <1, and [Wdx = 1.

Then
AP = Ax W, e C°(R",C"),

and
A=A (A—AY.
Since A € (L NE&)(R") C L?(R"), we have

||A - AﬁHL2(R”) — 0, T — 0.

As A € L*(R"), we get

[0°AH| oo (rny = O(r71°1), 7 =0, forall a, |a]>0.
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Now we require that a should satisfy the equation,

¢(-Da+(¢-Afa=0 in R" (1.3)
As ¢ - ¢ =0, and we shall choose ¢ so that |Re(| = |Im(| = 1, the operator

is the O operator in the plane spanned by Re¢ and Im(.
We choose a solution of (1.3) in the form a = e® with

OH(x, ¢ 7) = N (—i¢ - AF) € C(R").

Here

(NZHF)(x)

1 f(x — y1Re( — y»olm
/2 (X n C Y2 {) dy1dy2, fe Co(Rn)
R

T o y1+iy2
Using the mapping properties

N WES(RM) NE(RT) — WRS(R"), k>0,
we get

|00 oo (zm) < Car 1, forall a, |a] >0.
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Define
O(-,¢) = N (—i¢ - A) € L=(R").
Proposition. (J. Sylvester and G. Uhlmann (1987).) Let —1 < 6 < 0 and
let £ € L3, ;(R"). Then there exists a constant C > 0, independent of ¢,
such that
INT Fllizgany < ClFlliz. oy

Here
s = [ (0 XY IFGOPa:
Since
|A = A¥|j2(rny — 0, T —0,
we have
CM(':C; T) - CD(,C)
in L2_(R") as 7 — 0.
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Determination of the remainder r :
e MR p & = —1PLp g+ 2hiC - (A— Aai=g in Q.
To apply the solvability result, we need to estimate the norm Hg||H_1(Q).
scl

The most interesting term to estimate is thmA(a)HH_1(Q). When
scl
estimating this term, we argue by duality and consider, for

0# ¢ e (),

[(R*ma(a), )| = ‘/thAa- Dipdx

< ‘/ h?Ata . Dipdx
Q

- / h?(A — Aha - Dypdx
Q

< ‘ | (O (Aiayvax| + OWIA - ey 11DV

< (O(F /7) + O(h)or oWl a)-
Altogether we find
HgHH;ll(Q) < O(h?*/7%) + O(h)or_o(1).
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Choosing now 7 = h? with 0 < 0 < 1/2, we get
el = o) as h—0.

Thanks to the solvability result, for h > 0 small enough, there exists a
solution r € HY(Q) of the equation

efX-ReC/hh2LA’qex-ReC/h(eix-lmC/hr) — eix-ImC/hg in Q

)

such that ||r|[ 42 (@ = o(1l) as h— 0.
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Summarizing, we obtain the following result.

Proposition. Let A € L*>°(Q,C"), g € L>*(Q,C), and let ¢ € C" be such
that (- ( =0, |[Re(| = |Im{| = 1. Then for all h > 0 small enough, there
exists a solution u(x,(; h) € H(Q) to the magnetic Schrodinger equation
Lagu=0in €, of the form

u(x, ¢ h) = ¥/ M 6N 4 r(x, ¢ h).

The function ®¥(-,(; h) € C>°(R") satisfies [|0®?|| oo < Coh™10l,
0 <o <1/2 forall a, |a| >0, and ®#(-,(; h) converges to

®(-,¢) := NZY(—i¢ - A) € L(R") in L} (R") as h — 0. Here we have
extended A by zero to R” \ Q. The remainder r is such that

I7ll i o) = o(1) as h — 0.
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@ Step 2. Converting Ca, g, = Ca,,qg, into the following integral identity,
/ i(A1 — Az) - (i1Vig — 1pVuy)dx + / (A% — A% +q1 — q)uitpdx =0,
Q Q

which holds for any uy, u» € H(Q) satisfying Lay,gur = 0in £ and
LA*LﬁLIQ =0 in €, respectively.
@ Step 3. Testing the integral identity against the following family of
CGO solutions,

(. Gus ) = &AM 1y (x, Gy ),

ua(x, Cai h) = ¥ @/ M(e@30ommtinzih) o py(x y; b)),
where

G-¢=0, j=12 (G+G&)/h=IiE,
a2 €R", | = |po| =1, pr-pp=p1-&=p2-§=0.
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o Step 4. Multiplying the integral identity by h and letting h — 0, we
get

lim (p1 + ipz) - /(Al — Ag)e"X'éeq>§+q>g x = 0.
h—0 Q
Since
OF (-, 1+ ipai h) = O1(-, 1 + ipia) = N L (il + ip2) - Av),
®E (-, —p1 + i h) — Bo(e, —pn + i) = NZL o (—i(—p + i2) - Ag),

: 2
in Lloc

(R") as h — 0, and H(D?HLOO = O(1), we see that

(p1 + ip2) - / (A1 — Ag)e"x'{feq)ﬁ@dx =0.
Rn

@ Step 5. Conclude that

(p1 + ip2) - / (A1 — Az)e™Sdx = 0.

n

(G. Eskin, J. Ralston (1995) for A; smooth ; it can be extended to
Aj € (LN E")(R") by regularization)
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The conclusion that dA; = dAs in Q and g1 = g» in € now follows easily.

K. Krupchyk (University of Helsinki) 22 /22



	

