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Surface plasmon

Let

. 1 in {(x,y) 1y >0},
-1 in {(x,y):y <0}

Consider
V-eVu=0 inR%L

Then one solution is
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Let Q be a smooth domain in R? and let D C Q. The permittivity distribution
in R? is given by

1 in R?\ Q,
e =4—-1+i6 inQ\D,
1 in D.
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Problem

For a given function f compactly supported in R? satisfying

fdx = 0,

R2

we consider the following equation:
V-esVVs=f inR?%

with decaying condition Vj(x) — 0 as |x| — oo.

Since the equation degenerates as § — 0, we can expect some singular behavior
of the solution, depending on the source term f.
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Milton-Nicorovici(2006)

Figure: Anomalous resonance, Milton et al (2006).

® Energy concentration near interfaces, depending on the location of source.
® Associated with the cloaking effect of polarizable dipole.

® Generalized to a small inclusion with a specific boundary condition by
Bouchitté and B. Schweizer(2010).
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Numerical simulation by Bruno-Linter(2007).

® There is some cloaking effect even in the presence of a small dielectric
inclusion, not perfect.

® Blow-up may not depend on the location of the source in a layer of
general shape.
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A fundamental problem is to find a region Q" containing 2 such that if f is
supported in Q* \ Q, then

8|V VsPdx — oo asd — 0.
OQ\D

® Such a region Q*\ Q is called the anomalous resonance region or cloaking
region. The quantity fQ\D 8|V Vs|?dx is a part of the absorbed energy.

® The blow-up of the energy may or may not occur depending on f. So the
problem is not only finding the anomalous resonance region Q* \ Q but
also characterizing those source terms f which actually make the
anomalous resonance happen.
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Relation to cloaking

Suppose f is a polarizable dipole at x, i.e.,
Vs(x) = Us(x) + As - VG(x — x0), As = kVUs(x),

for some given coefficient k.

If ALR happens, then we should have
As >0 asd—0.

Otherwise fQ\B 8|V Vs|?dx blows up, which is not physical.
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Let F be the Newtonian potential of f, i.e.,

F(x) = G(x — y)f(y)dy, x € R%

R2
Then F satisfies AF = f in R?, and the solution Vs may be represented as
Vs(x) = F(x) + Sr;[i](x) + Sre[e] (x)
for some functions ¢; € L3(;) and @. € L3(Te) (L3 is the collection of all

square integrable functions with the integral zero).

The transmission conditions along the interfaces e and I'; satisfied by Vs read

. OVs| _ OVs .
(—1 + 15)5 N = alj B on r,
% . = (—1+i6)% ~on e.
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Using the jump formula for the normal derivative of the single layer potentials,
the pair of potentials (¢i, ¢e) is the solution to

9 el
I — Kr, - 0
zl =k, Ov; Sr. [30;] | ow
9 o | Lwe] | OF
8—1/63r,» zsl + /Cre o
on L3(T';) x L3(Te), where we set
5 — i0
* T 202—-i5)
Note that the operator can be viewed as a compact perturbation of the operator
zsl — KF/, 0
0 zsl + KE, |
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® We now recall Kellogg's result on the spectrums of Kf, and Kf,. The
eigenvalues of ICf, and K7, lie in the interval | — %, %]

® Observe that zs — 0 as § — 0 and that there are sequences of eigenvalues
of Kf, and Kr_ approaching to 0 since Kf, and K, are compact. So 0 is
the essential singularity of the operator valued meromorphic function

AeC— (M+KE)

This causes a serious difficulty in dealing with (11).

® We emphasize that Kr, is not self-adjoint in general. In fact, Kf, is
self-adjoint only when I is a circle or a sphere.
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Properties of K*

Let H = L*(T';) x L?(T'). Let the Neumann-Poincaré-type operator
K* : H — H be defined by

. 0
K, g
o}

Ove Sr; Kr

Then the integral equation can be written as
(Z5]I =+ K*)‘bg =g

and the [*-adjoint of K*, K, is given by

K — —Kr;, Dr.
—Dr, Kr,

i

We may check that the spectrum of K* lies in the interval [-1/2,1/2].
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Let S be given by

® The operator —S is self-adjoint and —S > 0 on H.

® The Calderdn's identity is generalized.

SK* = KS,
i.e., SK* is self-adjoint.

e K* € C»(H), Schatten-von Neumann class of compact operators.
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We recall the result of Khavinson et a/(2007)
Let M € Cp(H). If there exists a strictly positive bounded operator R such that

R*M is self adjoint, then there is a bounded self-adjoint operator A € C,(H)
such that

AR = RM.

Theorem

There exists a bounded self-adjoint operator A € C»(H) such that

AV=S = V—SK*.
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Limiting properties of the solution

® ALR occurs if and only if

2
/ 8|V Vs [Pdx ~ 5/ ‘V(sr,[wf] +Sr.[p2])| dx — 0o as § — oco.
Q\D O\D

® One can use

AvV-S = v-SK*
to obtain
2 1 .
[ [Vl + SealefD] dx = —5 (05,504) + (57 05,505)
o\D

= LB, VTE0s) — (VS5 VE;).
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Since A is self-adjoint, we have an orthogonal decomposition
H = KerA @ (KerA)™,

and (KerA)' = RangeA. Let P and @ = | — P be the orthogonal projections
from H onto KerA and (KerA)", respectively.

Let A1, A2, ... with |A1] > |A2| > ... be the nonzero eigenvalues of A and V,
be the corresponding (normalized) eigenfunctions. Since A € C2(H), we have

oo
Z A < oo,
n=1

and

AD =) "X (0, W)W, deH

n=1
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We apply v/—S to (z5I + K*)®s = g to obtain
(25\/ —S+ v —SK*)¢5 =/ —Sg.

Then
(Z(S]I +4 A)\/ —Sos =/ —Sg.

Projecting onto KerA and (KerA)™, we have
PV —S®s = zlP\/ —Sg,
5
v—Sg,V,

>\n+z5

We also get

AV=S®; =Y An(QV=Sg V),

An+ 25
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We have

[ [FSte+ D[ = 3 (V805 VIE0S) — (877504, V50)
o\D

(T W (QV—Sg, Va)|?
~ 52||P Sgl| +; [An|? + 02 :

Let &, be the (normalized) eigenfunctions of K*.

If P\/—Sg # 0, then LR takes place. If Ker(K*) = {0}, then ALR takes place
if and only if

|(Sg, ®n)|*
62 )\2+62 — o0  asd — 0.

HyndaeLee(InaUliersit, orea) Joint work with Habib Ammari, Giulio Ciraolo, Hyeonbae Kang, Graeme Milton.




Anomalous resonance in annulus

The above theorem gives a necessary and sufficient condition on the source
term f for the blow up of the electromagnetic energy in Q\ D. This condition
is in terms of the Newton potential of f.

We explicitly compute eigenvalues and eigenfunctions of A for the case of an
annulus configuration. We consider the anomalous resonance when domains
and D are concentric disks. We calculate the explicit form of the limiting
solution. Throughout this section, we set Q = B. = {|x| < re} and

D = B; = {|x| < ri}, where re > r;.

Lemma

Let p:= L. Then
KerK* = {0}
and the eigenvalues of A are {£p!"'}.
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® Let g—,,i =m0 gle™. There exists do such that

5lglf?
Es .= 5VV _—
g /Be\B IV Vs] Z [n[(82 + p2In)

uniformly in 6 < do.

ni2
® |imsup lge | = oo implies only limsup Es = oo
[nl
|n|— o0 [nlp 50

(pointed out by J. Lu and J. Jorgensen).
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GP : There exists a sequence {nx} with |ni| < |m2| < --- such that

Ny |2
lim p|nk+1|*‘”k| lg"| _
k— o0 || plrw]

Lemma
If {gl} satisfies the condition GP, then

lim Es = oo.
5—0

n2
o If limpsoo l'g‘T} = 00, then lim;s_ Es = oco.
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Suppose that the source function is supported inside the radius r, = ./rgr,—l.

Then its Newtonian potential cannot be extended harmonically in |x| < ry in
general. So, if F is given by

ind
F=c— E anr™e™ r < re,
n#0

then the radius of convergence is less than r.. Thus we have

2 2|n| _
limsup |n||an|"r'™ = oo,
|n|—o0
, lge? o
and limsup ——— |7 = 00 holds. The GP condition is equivalent to that there
|n|— o0

exists {nk} with |n1| < |m| < --- such that

lim p|”k+1‘*|nk‘|nk||a | r2|”k| - oo,
— 00
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The following is the main theorem.

Theorem

Let f be a source function supported in R> \ B. and F be the Newtonian
potential of f.

(i) If F does not extend as a harmonic function in B.,, then weak ALR
occurs, i.e.,

limsup E; = oo.
6—0

(ii) If the Fourier coefficients of F satisfy GP, then ALR occurs, i.e.,
lim Es = oo.
6—0
(ili) If F extends as a harmonic function in a neighborhood of B,,, then ALR

does not occur, i.e.,
Es < C

for some C independent of §.
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Examples

e If f is a dipole source in B, \ Be, i.e., f(x) = a- Vd,(x) for a vector a
and y € B,, \ Be where §, is the Dirac delta function at y. Then
F(x) =a-VG(x —y) and the ALR takes place. This was found by
Milton et al.

e If f is a quadrapole, ie, f(x) = A: VV{,(x) = 22
a2 x 2 matrix A= (a;) and y € B,, \ Be. Then

F(x) = Z?,j:l auaaig Y) Thus the ALR takes place.

dy(x) for

=1 ’Jaxax
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If f is supported in R?\ B,,, then F is harmonic in a neighborhood of B,,, and
hence the ALR does not occur. In fact, we can say more about the behavior of
the solution Vs as d — 0.

Theorem
If f is supported in R*\ B,,, then

/ S|V Vs < C.
Be\Bi

sup |Vs(x) — F(x)] =0 as & —0.

[x|=r«

Moreover,
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Problems

® How can we describe the cloaking effect when some inclusion is
immersed?

® How can we analyze ALR explicitely in terms of the source term when the
given geometry is general?
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Thank you!
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