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Abstract. We prove local rigidity of every smooth conformally Euclidean metric for the anisotropic
Calderón problem on smooth compact domains M ⊂ Rn, n ≥ 3. Any smooth Riemannian metric
g su�ciently close to a �xed background g0 = e2ce in Hs(M), with integer s > n/2 + 1, having
the same Dirichlet-to-Neumann map satis�es g = Φ∗g0 for a smooth di�eomorphism Φ �xing the
boundary pointwise.

1. Introduction

Let M ⊂ Rn, n ≥ 3, be a smooth compact domain, and let e denote the Euclidean metric.
For a smooth Riemannian metric g on M , the Dirichlet-to-Neumann (DN) map is de�ned, for
f ∈ C∞(∂M), by

Λgf = ∂νgu
⃓⃓
∂M

,

where u is the unique solution of the Dirichlet problem{︄
∆gu = 0 in M,

u = f on ∂M.

Here, νg is the outward unit normal with respect to g. We prove that for every smooth conformal
factor c in M , if g is su�ciently close to g0 : = e2ce in Hs(M), with integer s > n/2 + 1, and if
Λg = Λg0 , then g is isometric to g0 by a di�eomorphism �xing the boundary pointwise. We present
the proof for c = 0 �rst because it is simpler, and because its proof allows the smallness parameter
ε0 > 0 to be bounded from below in an explicit way, in principle.

Theorem 1. Let M ⊂ Rn, n ≥ 3, be a smooth compact domain. Fix an integer s > n/2+1. There
exists ε0 > 0, depending only on M and s, such that for every smooth Riemannian metric g on M ,

the conditions

(1.1) Λg = Λe, ∥g − e∥Hs(M) < ε0

imply that

g = y∗e

for a di�eomorphism y : M →M �xing ∂M pointwise. The map x ↦→ y is given by the g-harmonic

extensions

∆gy
j = 0 in M, yj |∂M = xj |∂M , j = 1, . . . , n.
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The idea is the following. We �rst put g in harmonic coordinates �xing the boundary. Writing
g = y∗g, the tensor

B =
√︁
det g g−1 − Id

is then divergence-free (which reminds us of the solenoidal gauge in boundary rigidity but this
time, it is about the conductivity tensor). Equality (1.1) of the DN maps, together with boundary
determination in [20], implies that g − e has a vanishing boundary jet. We can therefore extend g
and B smoothly outside M by the Euclidean metric and zero, respectively.

For the Euclidean metric, we have the harmonic functions used by Calderón in his original
paper [6]:

(1.2) ue(x, ζ) = ex·ζ , ζ ∈ Cn, ζ · ζ = 0.

Equality of the DN maps also allows us to construct global g-harmonic solutions of the form ex·ζ(1+
rζ), where rζ is smooth and supported in M , as shown in Proposition 2.5 below. The remainder
rζ is controlled when |ζ|∥B∥L∞ ≪ 1 by a known Carleman estimate. An orthogonality identity of
Alessandrini type, combined with the divergence-free condition, then yields a quadratic estimate forˆ︁B in a ball in the frequency space with radius at most C0/∥B∥L∞ , see (2.13). We choose its radius as
a fractional power of ∥B∥−1

L2 and control the higher frequencies using the a priori Hs bound supplied
by the theorem's smallness assumption (1.1). We use interpolation to ensure that this radius would
lie within the allowed range, and smallness allows us to absorb both contributions, proving B = 0.

We emphasize that we do not take |ζ| → ∞ for a �xed metric. Our solutions are g-harmonic
extensions of the boundary values of the Euclidean solutions (1.2). We keep the Euclidean expo-
nential factor ex·ζ , although for a general anisotropic metric its phase does not satisfy the eikonal
equation gijζiζj = 0 in the metric. This representation does not determine the interior phase, since
the factor 1 + rζ may contribute to it. Instead of taking the usual |ζ| → ∞ asymptotics of the
Sylvester�Uhlmann construction in [30], which force rζ → 0 in their setting, we obtain in Proposi-
tion 2.5 an estimate for r in terms of the perturbation, uniformly over the allowed frequency range.
Although this range grows as the perturbation tends to zero, the rigidity argument requires no
large-frequency limit for a �xed nonzero perturbation.

Our main result, which implies Theorem 1 but with a di�erent proof, is to allow g0 to be any
�xed smooth conformally Euclidean background metric.

Theorem 2. Let M ⊂ Rn, n ≥ 3, be a smooth compact domain, let g0 = e2ce with c ∈ C∞(M),
and �x an integer s > n/2+ 1. There exists ε0 > 0, depending on M , g0, s, such that every smooth

Riemannian metric g on M satisfying

∥g − g0∥Hs(M) < ε0

and

(1.3) Λg = Λg0

has the form g = Φ∗g0 for a smooth di�eomorphism Φ: M →M �xing ∂M pointwise.

The proof of Theorem 2 replaces the harmonic coordinates of Theorem 1 by a harmonic embed-
ding in a higher-dimensional Euclidean space to construct the gauge. We replace the Euclidean
exponentials (1.2) by background C.G.O. solutions. For the conformal background g0 = e2ce, we
use the normalized conductivity perturbation

B = e−(n−2)c
√︁
det g g−1 − Id,

where g is the metric in the harmonic gauge. This agrees with the preceding de�nition when c = 0,
and for uniqueness it is enough to prove B = 0. We do not have divB = 0 anymore; instead,
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we prove that ∥divB∥L2 ≤ C∥B∥L2 . Assuming that the uniqueness does not hold in this gauge,
we get a normalized sequence of perturbations for which we establish compactness. Passing to a
subsequence, we obtain a nonzero element of the kernel of the linearization. We show that this
kernel consists of potential tensors, and that our choice of gauge forces the limiting tensor to vanish.
This contradiction completes the argument. Since we prove Theorem 2 by a compactness argument,
an explicit lower bound for ε0 is not readily provided.

Previous work. Calderón's problem has a rich history starting with the original work by Calderón
[6] who studied isotropic conductivities (corresponding to metrics conformal to e when n ≥ 3 in
metrics language), and proved injectivity of the linearization using the solutions (1.2). In their
seminal paper [30], Sylvester and Uhlmann proved global uniqueness for the nonlinear problem
in dimensions n ≥ 3, for isotropic conductivities, introducing complex geometric optics (C.G.O.)
solutions. Those solutions created a powerful technique used in many other problems. In [23],
Nachman proposed a constructive reconstruction method.

Since the paper [30] appeared, it was conjectured that a similar result should hold for general
anisotropic conductivities (general metrics in the metric language), up to an action of a di�eo-
morphism �xing ∂M pointwise. The anisotropic version turned out to be much harder. The two-
dimensional case is more approachable, but not easy by any means; and there one has conformal
invariance as well, in addition to the di�eomorphism one. It has been solved, see [3, 7, 14,19,29].

The n ≥ 3 anisotropic case is mostly open. The main di�culty, when trying to adapt the method
in [30], is the inability to construct C.G.O. solutions. Under an analyticity assumption of the metric
class, uniqueness modulo the gauge has been established in increased generality in [17�20]. Carleman
estimates and complex geometric optics constructions have yielded uniqueness results for conformal
factors on conformally transversally anisotropic manifolds, which have conformally product types
of metrics. Dos Santos Ferreira, Kenig, Salo, and Uhlmann [9] characterized the geometric restric-
tions imposed by the existence of limiting Carleman weights and constructed complex geometric
optics solutions on admissible manifolds, obtaining uniqueness within a �xed conformal class. The
approach was extended to more general transversal geometries in [10]. Until very recently, there
was no result for an open set of metrics, and even the linearization about a �xed anisotropic metric
was not known to be injective modulo the linearized gauge. Even if it were, the inherent instability
of the problem [1,22] would not yield local uniqueness by linearization, see also [28]. Here we prove
local rigidity near each �xed smooth conformally Euclidean metric.

Our �rst theorem belongs to a family of rigidity results saying that a metric which looks �at from
boundary measurements must be �at, up to the natural di�eomorphism gauge. In boundary rigid-
ity, Gromov [13], among many other results, established rigidity of Euclidean regions. A Lorentzian
counterpart was obtained by Oksanen, Rakesh, and Salo [24]: a globally hyperbolic metric agreeing
with the Minkowski metric outside a compact set and having the same hyperbolic DN map is iso-
metric to the Minkowski metric. Those results have been generalized. Burago and Ivanov [5] proved
boundary rigidity for metrics su�ciently close to Euclidean ones. In subsequent work [25], Oksanen,
Rakesh, and Salo extended their rigidity result to semiglobal uniqueness, allowing the background
metric to be a su�ciently small perturbation of the Minkowski metric. Theorem 2 establishes local
rigidity for each �xed smooth conformally Euclidean background and nearby anisotropic metrics.

Acknowledgments. The authors used ChatGPT (OpenAI) for mathematical discussions, assis-
tance with checking parts of the proof, and checking bibliographic references. The authors take
responsibility for the �nal mathematical statements and proofs. Thanks are due to Ali Feizmo-
hammadi for attracting P.S.'s attention to [26, Theorem 5.3], and to him, Katya Krupchyk, and
Gunther Uhlmann for the numerous discussions on Calderón's problem. S. M.-T. thanks Thibault
Lefeuvre for critical comments while working on this project.
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Note. After the �rst version of this paper, containing Theorem 1, was posted, Yi-Hsuan Lin in-
formed P.S. that he had independently obtained the same result as that theorem by a related
argument. Lin's preprint was subsequently posted as [21].

2. Proof of Theorem 1

All metrics, functions, and tensors in the rest of the paper are smooth unless stated otherwise.
We work in this section under the assumptions of Theorem 1, choosing ε0 su�ciently small as
required below. We write h = g − e for the original metric perturbation. Sobolev norms are taken
in a Euclidean way. For tensor �elds, we use the square root of the sum of the squared component
Sobolev norms, and pointwise norms are Frobenius norms.

2.1. The harmonic gauge. The idea to use harmonic coordinates was suggested by John Lee to
the authors of [31]; harmonic coordinates were also used in [27]. Harmonic coordinates were also
used in the Poisson embedding approach in [17]. In two dimensions, they were also used in [2], and
in [8].

In harmonic coordinates y = (y1, . . . , yn), the Laplacian has no �rst-order terms. Indeed, write
g = y∗g for the metric in these coordinates. The equations ∆gy

j = 0 imply ∂yi
(︁√

det g gij
)︁
= 0,

and therefore

∆g =
1√
det g

∂yi
(︁√︁

det g gij∂yj
)︁
= gij∂yi∂yj .

We next construct such coordinates globally and establish their compatibility with the boundary
jets.

Lemma 2.1. Let y be the harmonic extension map de�ned in Theorem 1. For ε0 > 0 su�ciently

small, y : M →M is a di�eomorphism �xing ∂M pointwise, and

∥y − Id∥Hs+1(M) + ∥y∗g − e∥Hs(M) ≤ C∥h∥Hs(M).

Here C depends on M and s only.

Proof. Set wj(x) = yj(x)− xj , j = 1, . . . , n, and Aij =
√
det g gij , where x are the original coordi-

nates. The equation for wj is, with ∂i : = ∂xi ,

∆wj = −∂i(Aij − δij)− ∂i
(︁
(Aik − δik)∂kw

j
)︁
, wj |∂M = 0.

A standard estimate for the Dirichlet realization of ∆, combined with the fact that Hs(M) is an
algebra for s > n/2, yields

∥w∥Hs+1(M) ≤ C∥A− Id∥Hs(M)

(︁
1 + ∥w∥Hs+1(M)

)︁
.

We have ∥A − Id∥Hs(M) ≤ C∥h∥Hs(M) with C depending only on M and s, uniformly for ε0
su�ciently small. By the smallness assumption in (1.1), choosing ε0 su�ciently small allows us
to absorb w on the right and prove the estimate for it. Decreasing ε0 further if necessary, we get
∥Dw∥L∞(M) ≤ 1/2 by Sobolev embedding.

We will show that x ↦→ y is a di�eomorphism on M now. Set d(x) = dist(x, ∂M). Integrating
Dw along a segment to a nearest boundary point yields |w(x)| ≤ 1

2d(x), thus y(x) = x+w(x) maps

M into itself. To prove surjectivity, for z ∈ M int, consider the map Tz(x) = z − w(x). We want to
solve x = Tz(x), equivalent to x = z − w(x), uniquely. The map Tz is a contraction on the closed

ball B(z, d(z)) ⊂M , mapping that ball into itself because

|Tz(x)− z| = |w(x)| ≤ 1

2
d(x) ≤ 1

2

(︁
d(z) + |x− z|

)︁
≤ d(z).
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Moreover, every solution of y(x) = z lies in this ball, since

|x− z| = |w(x)| ≤ 1

2

(︁
d(z) + |x− z|

)︁
=⇒ |x− z| ≤ d(z).

Banach's contraction theorem therefore implies that every interior point has exactly one preimage.
Together with the condition y|∂M = Id, this proves that x ↦→ y is a bijection. Since y is smooth up to
the boundary, and Dy = Id+Dw is everywhere invertible, the inverse function theorem, including
at boundary points, shows that y−1 is smooth up to the boundary. Thus y is a di�eomorphism of
M onto itself.

Since y is close to Id in Hs+1(M) and det(Dy) ≥ 2−n, the Sobolev inversion, composition, and
product estimates in [16] yield

∥y∗g − e∥Hs(M) ≤ C
(︁
∥h∥Hs(M) + ∥w∥Hs+1(M)

)︁
≤ C∥h∥Hs(M),

with C depending only on M, s. □

Set g = y∗g. In the next lemma, ��at� means zero jet at ∂M , not to be confused with zero
curvature.

Lemma 2.2. The metric perturbation g − e is �at at ∂M .

Proof. We use the boundary recovery result [20, Propositions 1.1�1.2]. The DN map there f ↦→
(Λgf) dSg maps functions to forms. It implies that the principal symbol of Λg with our de�nition
is σ1(Λg)(x

′, ξ′) = |ξ′|g|T∂M
. Thus Λg = Λg0 implies g|T∂M = g0|T∂M . This allows us to remove the

determinant factor incorporated in dSg. The smooth boundary determination result in [20, Propo-
sition 1.3] therefore recovers the full boundary jet of the metric in boundary normal coordinates
from our DN map. Note that even though [20] is about analytic metrics, the proof there requires no
analyticity assumptions. By the DN equality in (1.1), there is therefore a di�eomorphism ψ de�ned
in a boundary collar, �xing ∂M pointwise, such that ˆ︁g : = ψ∗g and e have the same boundary jets.
Set Y = y ◦ ψ in the collar. Clearly, ∆ˆ︁gY j = (∆gy

j) ◦ ψ = 0, and having the same DN maps leads
to

∂νˆ︁gY j = ∂νgy
j = Λg(x

j |∂M ) = Λe(x
j |∂M ) = ∂νex

j on ∂M.

Since ˆ︁g = e at ∂M , the unit normals of those two metrics agree there. Thus wj : = Y j −xj satis�es

(2.1) ∆ˆ︁gwj = (∆e −∆ˆ︁g)xj in the collar, wj |∂M = ∂νˆ︁gwj |∂M = 0.

The r.h.s. of the PDE in (2.1) is �at at ∂M . In Euclidean boundary normal coordinates, the
vanishing of wj and its �rst normal derivative implies the vanishing of all their tangential derivatives
at the boundary. Problem (2.1) is non-characteristic, so the equation implies that the second normal
derivative also vanishes. Repeated normal di�erentiation of the equation then shows inductively
that all higher normal derivatives vanish: at each step, the remaining terms involve only tangential
derivatives of normal derivatives already known to vanish. Thus wj is �at at ∂M for every j, and
Y − Id has zero boundary jet.

Near ∂M , we can pass back to the harmonic coordinates y to get Y∗ˆ︁g = y∗g = g. Since ˆ︁g− e and
Y − Id are �at at ∂M , so is g − e. □

Lemma 2.3. The metric

g̃ =

{︄
g = y∗g, in M,

e, in Rn \M
is smooth on Rn, and its Cartesian coordinate functions are g̃-harmonic.



6 S. MUÑOZ-THON AND P. STEFANOV

Proof. Smoothness follows from Lemma 2.2. Next,

∆gx
j = (∆gy

j) ◦ y−1 = 0 in M.

Outside M , the metric is Euclidean, so ∆g̃x
j = 0 there as well. Since g̃ and xj are smooth on Rn,

this identity holds across ∂M . □

2.2. Main identity. From now on, we denote g̃ by g. We have g de�ned in Rn now, with its
Euclidean coordinates g-harmonic. Since y �xes ∂M pointwise, the DN equality in (1.1) continues
to hold for this metric. The smallness assumption in (1.1) refers to the original perturbation h. We
use the notation

Aij =
√︁
det ggij , Bij = Aij − δij

introduced earlier, now used throughout Rn. Then we have in Rn,

(2.2) ∂iB
ij = 0, suppB ⊂M.

Also,

(2.3)
√︁
det g∆g = ∆+Bij∂i∂j .

Integrating by parts and using the DN equality in (1.1), we get Alessandrini's identity [1] in this
case:

(2.4)

∫︂
Bij∂iug∂jve dx = 0

for all g-harmonic ug and e-harmonic ve, both in C1(M). By (2.2), the integral in (2.4) extends to
Rn.

Since B is divergence-free, an integration by parts in (2.4) yields∫︂
M
Bijug∂i∂jve dx = 0.

Plugging the exponential solutions (1.2) for ve, we get

(2.5)

∫︂
M
ex·ζBij(x)ζiζjug(x) dx = 0, ζ · ζ = 0,

for every C1(M) g-harmonic function ug. This equality is our main orthogonal identity which we
will use to prove that B = 0. Once we do that, taking determinants in

√
det gg−1 = Id yields

1 = det
(︁√︁

det g g−1
)︁
= (det g)(n−2)/2.

Since n ≥ 3, it follows that det g = 1, and then g = e.

2.3. Construction of C.G.O.-like solutions related to g. We use the C.G.O. ansatz as in [30].
As explained in the Introduction, we construct solutions with frequencies bounded by C/∥B∥L∞ ,
assuming B ̸≡ 0. To reiterate, they are not extensions of the C.G.O. solutions in [30] to anisotropic
metrics.

For ζ ̸= 0 such that ζ · ζ = 0, write, in �polar coordinates,�

ζ = τ(a+ ib) with a ⊥ b real and unit, and τ > 0.

Conjugate ∆e with e
ζ·x to get

Pζ : = e−ζ·x∆ee
ζ·x = ∆e + 2ζ · ∇.

We write ⟨τ⟩ = (1 + τ2)1/2, ⟨ζ⟩ = (1 + |ζ|2)1/2 in what follows.
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Lemma 2.4. For v ∈ H2(Rn) supported in a �xed ball, and for every τ > 0, we have

(2.6) ∥v∥L2 + ⟨τ⟩−1∥∇v∥L2 + ⟨τ⟩−2∥∇2v∥L2 ≤ C⟨τ⟩−1∥Pζv∥L2 .

All norms are over Rn, and C depends only on the �xed ball and n. In particular,

∥v∥H2 ≤ C∥Pζv∥L2 , 0 < τ ≤ 1.

Proof. Choose a �xed ball whose interior contains the prescribed support ball. It su�ces to consider
smooth v compactly supported in this larger ball. We use the Carleman estimate in [9, Theorem 4.1],
see also [11] and [26, Theorem 5.3 and its proof], applied to eiτb·xv with the linear Carleman weight
−a · x and small parameter h = τ−1, to get

(2.7) ∥v∥L2 ≤ Cτ−1∥Pζv∥L2 .

Here the potential is zero, so this estimate holds for every τ > 0. For completeness, we provide the
short proof in this case following the proof of [26, Theorem 5.3]. Set w = eiτb·xv. Then

eiτb·xPζv = (∆ + τ2 + 2τa · ∇)w.

The self-adjoint operator ∆+ τ2 commutes with the skew-adjoint operator 2τa ·∇, thus integration
by parts yields

∥Pζv∥2L2 = ∥(∆ + τ2)w∥2L2 + 4τ2∥a · ∇w∥2L2 .

The Poincaré inequality along lines parallel to a gives ∥a · ∇w∥2L2 ≥ C−1∥w∥2L2 = C−1∥v∥2L2 , with
C depending only on the �xed ball. This proves (2.7).

The constant in (2.7) is independent of the orthonormal pair a, b, by rotational invariance of the
Euclidean Laplacian. For 0 < τ ≤ 1, set u = ex·ζv, so that ∆u = ex·ζPζv. The functions e±x·ζ

are uniformly bounded on the chosen ball in this range. Let λ1 > 0 be the �rst eigenvalue of the
Dirichlet Laplacian −∆ on that ball. Since u vanishes near its boundary, the spectral theorem yields

∥v∥L2 ≤ C∥u∥L2 ≤ Cλ−1
1 ∥∆u∥L2 ≤ C∥Pζv∥L2 .

Combining the two bounds, we obtain, for all τ > 0,

∥v∥L2 ≤ C⟨τ⟩−1∥Pζv∥L2 .

Integration by parts or using the Fourier transform yields

(2.8) ∥∇v∥2L2 ≤ ∥v∥L2∥∆v∥L2 , ∥∇2v∥L2 = ∥∆v∥L2 .

Since ∆v = Pζv − 2ζ · ∇v and |ζ| =
√
2τ ,

∥∆v∥L2 ≤ ∥Pζv∥L2 + 2
√
2τ∥∇v∥L2

≤ ∥Pζv∥L2 +
1

2
∥∆v∥L2 + 4τ2∥v∥L2 ,

where we used (2.8) and the inequality ab ≤ (a2 + b2)/2. Absorbing the Laplacian term and using
the L2 estimate for v, we obtain, for all τ > 0,

∥∇2v∥L2 = ∥∆v∥L2 ≤ C
(︁
∥Pζv∥L2 + τ2∥v∥L2

)︁
≤ C⟨τ⟩∥Pζv∥L2 .

Inequality (2.8) then implies

∥∇v∥2L2 ≤ ∥v∥L2∥∆v∥L2 ≤ C∥Pζv∥2L2 .

Combining these estimates proves (2.6). □

We construct our g-harmonic solutions now. We continue to use the convention |ζ| =
√
2τ .
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Proposition 2.5. For ζ such that ζ · ζ = 0, let u solve

∆gu = 0 in M, u|∂M = ex·ζ .

Then there exist constants C0 > 0, C > 0, depending only on M and n, so that u = ex·ζ(1+ r) with

(2.9) ∥r∥L2(M) + ⟨τ⟩−1∥∇r∥L2(M) + ⟨τ⟩−2∥∇2r∥L2(M) ≤ C
τ2

⟨τ⟩
∥B∥L2(M)

when

∥B∥L∞ < C0, 0 < τ < C0/∥B∥L∞ .

Moreover, extending u by ex·ζ outside M results in a smooth g-harmonic function U on Rn. The

corresponding zero extension of r satis�es r = e−x·ζU − 1 ∈ C∞
0 (Rn) and supp r ⊂M .

Proof. Set E(x) = ex·ζ , so that ∆E = 0. Since g = e on ∂M , the unit normals for the two metrics
agree there. By the DN equality in (1.1), we get

∂νu = Λg(E|∂M ) = Λe(E|∂M ) = ∂νeE on ∂M.

Extend u to U on Rn by setting U = E outside M . The conormal �ux
√
det g gijνi∂ju equals

∂νu on ∂M , since g = e there. Thus the boundary values and conormal �uxes match across ∂M ,
so integration by parts shows that ∆gU = 0 in the distributional sense in Rn. Elliptic regularity
implies that U is smooth. Therefore

r = e−x·ζU − 1 ∈ C∞
0 (Rn), supp r ⊂M.

Conjugating (2.3) by E and using ζ · ζ = 0 and the symmetry of B, we obtain on Rn

(2.10) Pζr = −Bijζiζj −Bij
(︁
∂i∂jr + 2ζi∂jr + ζiζjr

)︁
.

Let Xτ (r) be the norm on the left-hand side of (2.9), where all norms are over Rn. Since |ζ| =
√
2τ ,

equation (2.10) implies

∥Pζr∥L2 ≤ Cτ2∥B∥L2 + C∥B∥L∞
(︁
∥∇2r∥L2 + τ∥∇r∥L2 + τ2∥r∥L2

)︁
≤ Cτ2∥B∥L2 + C⟨τ⟩2∥B∥L∞Xτ (r).

Apply Lemma 2.4 in a �xed ball containingM to the solution r of (2.10). For every τ > 0 it follows
that

Xτ (r) ≤ C⟨τ⟩−1∥Pζr∥L2 ≤ C
τ2

⟨τ⟩
∥B∥L2 + C⟨τ⟩∥B∥L∞Xτ (r).

Choose C0 > 0 so that 2CC0 ≤ 1/2. If ∥B∥L∞ < C0 and τ∥B∥L∞ < C0, required by Proposition 2.5,
then

C⟨τ⟩∥B∥L∞ < 2CC0 ≤
1

2
.

Thus the last term can be absorbed into the left-hand side, yielding

Xτ (r) ≤ 2C
τ2

⟨τ⟩
∥B∥L2 .

Both r and B are supported in M , so their norms over Rn equal their norms over M . This proves
(2.9). □
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By Lemma 2.1 and the Sobolev product and embedding estimates, choosing ε0 in Theorem 1
su�ciently small ensures ∥B∥L∞ < C0, which we use for the rest of the argument.

We return to the orthogonal identity (2.5). Let uζ = ex·ζ(1 + rζ) be the solution provided by
Proposition 2.5. Choose η with η · η = 0 so that ζ + η = −iξ, ξ ∈ Rn; see (2.12) below for a speci�c
choice. Taking ue = ex·η, we get∫︂

M
e−ix·ξBij(x)ηiηj dx = −

∫︂
M
e−ix·ξBij(x)ηiηjrζ(x) dx.

Since Re η = −Re ζ and both vectors are null, |η| = |ζ| =
√
2τ . By the Cauchy inequality,⃓⃓⃓⃓∫︂

M
e−ix·ξBij(x)ηiηj dx

⃓⃓⃓⃓
≤ |η|2∥B∥L2(M)∥rζ∥L2(M).

Using (2.9) and τ2/⟨τ⟩ ≤ τ , we obtain, under the conditions on ξ, η above,

(2.11) | ˆ︁Bij(ξ)ηiηj | ≤ C|η|3∥B∥2L2(M) for 0 < |η| <
√
2C0

∥B∥L∞
.

2.4. Estimating the full tensor. The divergence-free condition (2.2) implies ˆ︁B(ξ)ξ = 0. Our

�rst goal is to combine this with polarization identity techniques to estimate all components of ˆ︁B
in (2.11).

Write ξ = ρω, |ω| = 1. Suppose ρ > 0 and take τ = ρ. Following a now standard construction [30],
choose orthonormal a, b ∈ ω⊥, which is possible since n ≥ 3, and set

(2.12) η± = ρ

(︃
− a+ i

(︃
− ω

2
±

√
3

2
b

)︃)︃
, ζ± = ρ

(︃
a+ i

(︃
− ω

2
∓

√
3

2
b

)︃)︃
.

These vectors satisfy ζ± + η± = −iξ and η± · η± = ζ± · ζ± = 0, with the parameter τ = ρ. Using

the divergence-free condition ˆ︁Bω = 0, we getˆ︁B(η±/ρ, η±/ρ) = ˆ︁B(a, a)− 3

4
ˆ︁B(b, b)∓ i

√
3 ˆ︁B(a, b),

where, for �xed ξ, we regard ˆ︁B as the complex symmetric bilinear form ˆ︁B(v, w) : = ˆ︁Bij(ξ)viwj .
For each �xed ξ = ρω ̸= 0 in the allowed range, 0 < |ξ| = ρ < C0/∥B∥L∞ , we solve the following

system for the entries of ˆ︁B(ξ). Since |η±| =
√
2ρ, dividing (2.11) by ρ2 yields⃓⃓⃓ ˆ︁B(η±/ρ, η±/ρ)
⃓⃓⃓
≤ Cρ∥B∥2L2(M),

uniformly in ρ, ω, and the orthonormal pair a, b. Taking the sum and di�erence estimates ˆ︁B(a, a)−
3
4
ˆ︁B(b, b) and ˆ︁B(a, b) by the same bound. Exchanging a, b also estimates ˆ︁B(b, b) − 3

4
ˆ︁B(a, a). The

system for the two diagonal entries has a constant coe�cient non-singular matrix. Its inverse is
therefore bounded independently of ξ and the choice of a, b. Taking pairs from an orthonormal

basis of ω⊥, and using ˆ︁B(ξ)ω = 0, bounds all entries of ˆ︁B(ξ) in an orthonormal basis of Rn. Since
the Frobenius tensor norm is invariant under orthogonal changes of basis, we obtain

(2.13) | ˆ︁B(ξ)| ≤ C|ξ|∥B∥2L2(M) when 0 < |ξ| < C0/∥B∥L∞

(but we can also use the component-wise norm here). The constant in (2.13) is uniform as ξ → 0:
the remainder estimate (2.9) is uniform for small τ = ρ, and the system above introduces no further

dependence on ρ. By continuity, (2.13) extends to ξ = 0, giving ˆ︁B(0) = 0.
If we ignore for a moment the di�erent norms of B appearing above, this estimate is not very

useful at its limiting frequency |ξ| = C0/∥B∥L∞ . It does imply ˆ︁B(0) = 0 however and is meaningful
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at intermediate frequencies. What we do below is to use a frequency cuto� equal to a fractional
power of C/∥B∥L2 , and control the higher frequencies by the a priori bound on ∥B∥Hs .

2.5. Splitting the frequencies. Since B is �at at ∂M , its extension as zero is smooth. For the
integer s �xed in Theorem 1, the Sobolev product estimates and Lemma 2.1 therefore give

∥B∥Hs(Rn) ≤ C∥g − e∥Hs(M) ≤ C∥h∥Hs(M),

where C is uniform for ε0 su�ciently small. Thus, by (1.1), we may set

m = ∥B∥L2 , then m ≤ ∥B∥Hs ≤ C ′ε0,

where C ′ > 0 depends only on M and s. All norms below are over Rn. Assume m > 0, since
otherwise B = 0 and there is nothing to prove. Since s − 1 > n/2, by Sobolev embedding and
interpolation,

∥B∥L∞ ≤ C∥B∥Hs−1 ≤ C∥B∥1/s
L2 ∥B∥1−1/s

Hs ≤ Cm1/sε
1−1/s
0 .

Thus any R satisfying

0 < R < cm−1/sε
−(1−1/s)
0 ,

where c > 0 depends only on M, s and is su�ciently small, satis�es R∥B∥L∞ < C0. Hence (2.13)
holds for |ξ| ≤ R for such R. We split the frequencies at |ξ| = R now; for a similar argument, see [1]
but the di�erence here is that estimate (2.13) is quadratic in B:

m2 = (2π)−n

(︃∫︂
|ξ|≤R

| ˆ︁B(ξ)|2 dξ +
∫︂
|ξ|>R

| ˆ︁B(ξ)|2 dξ
)︃
.

For the low frequencies, by (2.13),

(2π)−n

∫︂
|ξ|≤R

| ˆ︁B(ξ)|2 dξ ≤ Cm4

∫︂
|ξ|≤R

|ξ|2 dξ ≤ CRn+2m4.

For the high frequencies, the a priori Sobolev bound implies

(2π)−n

∫︂
|ξ|>R

| ˆ︁B(ξ)|2 dξ ≤ R−2s(2π)−n

∫︂
Rn

|ξ|2s| ˆ︁B(ξ)|2 dξ ≤ CR−2s∥B∥2Hs ≤ Cε20R
−2s.

Combining the two estimates, we obtain

(2.14) m2 ≤ CRn+2m4 + Cε20R
−2s, 0 < R < cm−1/sε

−(1−1/s)
0 ,

where C and c are independent of R, m, and ε0.

2.6. Optimizing the frequency cuto� and completing the proof. It remains to choose an
admissible cuto� R in (2.14) and complete the proof. Choose

R = L(ε0/m)1/s,

where L ≥ max{1, (4C)1/(2s)} is �xed, with C the constant in (2.14). The second term in (2.14)
satis�es

Cε20R
−2s = CL−2sm2 ≤ 1

4
m2.

Since m ≤ C ′ε0 and 2 − (n + 2)/s > 0 by the choice of s in Theorem 1, the �rst term in (2.14)
satis�es, enlarging C if necessary,

CRn+2m4 = CLn+2ε
(n+2)/s
0 m 2−(n+2)/sm2 ≤ CLn+2ε20m

2.
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For this choice of R, the upper bound in the second inequality in (2.14) is equivalent to Lε0 < c.
We �rst �x L as above and then choose ε0 su�ciently small that

CLn+2ε20 ≤
1

4
, Lε0 < c,

where C is the constant in the low-frequency estimate. The cuto� is then allowed in (2.14), and
both terms in (2.14) are at most m2/4. Hence (2.14) yields m2 ≤ m2/2, contradicting m > 0. Thus
B = 0 and g = e in the harmonic gauge, completing the proof of Theorem 1.

3. Proof of Theorem 2

Preliminaries. We �xM, g0, s as in Theorem 2 and assume that g is a smooth Riemannian metric
satisfying (1.3) and su�ciently close to g0 in Hs(M).

For a symmetric matrix �eld A, write LAu = ∂i(A
ij∂ju). The conductivity associated with a

metric g is

Ag =
√︁

det g g−1, LAg =
√︁
det g∆g.

For the background g0 = e2ce, set

a = e(n−2)c/2, A0 : = Ag0 = a2Id.

Extend a smoothly to a neighborhood ofM where it remains positive, and choose a smooth cuto�
0 ≤ χ ≤ 1 compactly supported in that neighborhood with χ = 1 nearM . Replace the extension by
1+χ(a− 1) in that neighborhood and by 1 outside it. We continue to denote the resulting positive

extension by a, and extend g0 by a4/(n−2)e. Then a = 1 outside a �xed ball, and

(3.1) q =
∆a

a
∈ C∞

0 (Rn),

where ∆ is the Euclidean Laplacian.
As in the proof of Lemma 2.2, the DN equality (1.3) implies equality of the induced boundary

metrics. The integration by parts used in Section 2.2 therefore yields

(3.2)

∫︂
M
(Ag −A0)

ij∂iu ∂jvdx = 0

for u, v ∈ C∞(M) satisfying ∆gu = 0 and ∆g0v = 0 in M .

3.1. The harmonic embedding. In Section 2.1, the identity map provides global harmonic coordi-
nates for the Euclidean background, and Lemma 2.1 constructs the gauge by taking their g-harmonic
extensions. For a general background, we use a harmonic embedding into a higher-dimensional Eu-
clidean space. The following lemma applies to any (smooth) background metric.

Lemma 3.1. Let g0 be a Riemannian metric on M . There exist an open neighborhood U ⊂ Rn

of M , a smooth Riemannian extension of g0 to U , an integer N ≥ n, and real-valued functions

F 1, . . . , FN ∈ C∞(U) such that

∆g0F
α = 0 in U, α = 1, . . . , N,

and F = (F 1, . . . , FN ) : U → RN is a smooth embedding, that is, an injective immersion which is a

homeomorphism onto its image.

Proof. Extend g0 smoothly to a connected open neighborhood V of M , and choose a compact set
K ⊂ V with M ⊂ intK. By [12, Section 2, Lemma 4], �nitely many real-valued g0-harmonic
functions on V de�ne a map F which is injective on K and satis�es rankDF = n there. Since K is
compact, F |K is a homeomorphism onto its image. Restricting to U = intK proves the lemma. □
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Note that one can take N = 2n+ 1 by the main result in [12]. The embedding F |M can also be
viewed as a �nite-dimensional projection of the Poisson embedding in [17], obtained by selecting
�nitely many boundary data.

3.2. The harmonic gauge. The next lemma extends Lemma 2.1. In the Euclidean case, the
harmonic extension of the identity is the change of coordinates itself. The g-harmonic extension of
the embedding F from Lemma 3.1 may not take values in F (U), so we �rst project it onto F (U)
before applying F−1. After changing coordinates, the remaining discrepancy is normal to F (U);
this is the �eld Z below. For F = Id and N = n, the projection is the identity and Z = 0.

Lemma 3.2. Let F be the harmonic embedding of Lemma 3.1 for g0. For g su�ciently close to g0
in Hs(M), there is a di�eomorphism Φ: M →M �xing ∂M pointwise such that, writing

(3.3) g = Φ∗g, B = a−2(Ag −A0),

there exists Z ∈ C∞(M ;RN ) satisfying

(3.4) LAg(F + Z) = 0, Z|∂M = 0, ∂kF · Z = 0, k = 1, . . . , n.

Moreover,

∥Φ− Id∥Hs+1 + ∥B∥Hs + ∥Z∥Hs+1 ≤ C∥g − g0∥Hs ,

∥Z∥H1 ≤ C∥B∥L2 .
(3.5)

All norms in this lemma are over M , and C depends on M, g0, s and the �xed embedding F .

Proof. For α = 1, . . . , N , let Fα
g solve

∆gF
α
g = 0 in M, Fα

g |∂M = Fα|∂M .

Elliptic regularity up to the boundary implies that Fg ∈ C∞(M ;RN ). Since LA0F = 0, the
di�erence Fg − F satis�es

LA0(Fg − F ) = −div
(︁
(Ag −A0)∇Fg

)︁
, (Fg − F )|∂M = 0.

Standard elliptic Dirichlet estimates and the algebra property of Hs(M) imply

∥Fg − F∥Hs+1 ≤ C∥(Ag −A0)∇Fg∥Hs

≤ C∥Ag −A0∥Hs

(︁
1 + ∥Fg − F∥Hs+1

)︁
,

where we used that F is �xed and smooth. For g su�ciently close to g0, we can absorb the last
term and obtain

(3.6) ∥Fg − F∥Hs+1 ≤ C∥Ag −A0∥Hs ≤ C∥g − g0∥Hs .

By Sobolev embedding,
∥Fg − F∥C0(M) ≤ C∥g − g0∥Hs .

Choose a neighborhood T of F (M) in RN on which the Euclidean nearest-point projection
π : T → F (U) is smooth. Compactness of F (M) and the preceding estimate ensure that Fg(M) ⊂ T
for g su�ciently close to g0. We can therefore de�ne

(3.7) Φ = F−1 ◦ π ◦ Fg : M → U.

Since Fg = F on ∂M , the map Φ �xes the boundary pointwise. The smooth composition estimate
in [16, Proposition 2.20], together with (F−1 ◦ π) ◦ F = Id, yields

∥Φ− Id∥Hs+1 = ∥(F−1 ◦ π) ◦ Fg − (F−1 ◦ π) ◦ F∥Hs+1

≤ C∥Fg − F∥Hs+1 .
(3.8)
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To apply that estimate, one may extend F−1 ◦ π smoothly to RN using a cuto� equal to one on a
smaller neighborhood of F (M) containing Fg(M).

By (3.6), (3.8), and Sobolev embedding,

∥Φ− Id∥C1(M) ≤ C∥g − g0∥Hs(M).

For g su�ciently close to g0, this bound is less than 1/2. Since Φ �xes ∂M pointwise, the argument
of Lemma 2.1 proves that Φ is a di�eomorphism of M onto itself, smooth with smooth inverse up
to the boundary.

To apply the estimates of [16] on Rn, extend Φ−Id by a �xed bounded Sobolev extension operator
and a cuto�. Its small Hs+1 norm ensures that adding Id de�nes a global di�eomorphism restricting
to Φ on M . The composition and inversion estimates, together with Φ−1 − Id = −(Φ− Id) ◦ Φ−1,
imply

∥Φ−1 − Id∥Hs+1 ≤ C∥Φ− Id∥Hs+1 ≤ C∥g − g0∥Hs .

To estimate B, use the conductivity transformation law

Ag =

(︃
DΦAgDΦ⊤

detDΦ

)︃
◦ Φ−1.

By (3.3), this implies

a2B =

(︃
DΦAgDΦ⊤

detDΦ
−A0

)︃
◦ Φ−1 +A0 ◦ Φ−1 −A0.

Since detDΦ ≥ 2−n and a is �xed, smooth, and positive, the Sobolev product and composition
estimates in [16, Lemmas 2.7 and 2.11, Proposition 2.20] yield

∥B∥Hs ≤ C
(︁
∥Ag −A0∥Hs + ∥DΦ− Id∥Hs + ∥Φ−1 − Id∥Hs

)︁
≤ C

(︁
∥g − g0∥Hs + ∥Φ− Id∥Hs+1

)︁
≤ C∥g − g0∥Hs .

Now set

(3.9) Z = Fg ◦ Φ−1 − F.

Invariance of the Laplace�Beltrami operator under di�eomorphisms implies LAg(F +Z) = 0. Also,
Z = 0 on ∂M because Fg = F there and Φ �xes the boundary. By (3.7),

π(Fg(x)) = F (Φ(x)).

The de�ning property of the nearest-point projection therefore implies

Fg(x)− F (Φ(x)) ⊥ TF (Φ(x))F (U).

Setting y = Φ(x) and using (3.9), we obtain

Z(y) ⊥ TF (y)F (U) = span{∂1F (y), . . . , ∂nF (y)},
which proves the normality condition in (3.4). Moreover,

Z = (Fg − F ) ◦ Φ−1 + F ◦ Φ−1 − F.

The Sobolev composition estimates, (3.6), and the bound for Φ−1 − Id imply

∥Z∥Hs+1 ≤ C
(︁
∥Fg − F∥Hs+1 + ∥Φ−1 − Id∥Hs+1

)︁
≤ C∥g − g0∥Hs .

Finally, LA0F = 0 and (3.4) imply

(3.10) LAgZ = − div(a2B∇F ), Z|∂M = 0.



14 S. MUÑOZ-THON AND P. STEFANOV

Multiply by Z and integrate by parts to get

∥∇Z∥2L2 ≤ C

⃓⃓⃓⃓∫︂
M
a2Bij∂jF · ∂iZdx

⃓⃓⃓⃓
≤ C∥B∥L2∥∇Z∥L2 .

The Poincaré inequality proves the H1 bound in (3.5). □

3.3. Boundary jets.

Lemma 3.3. The tensor g − g0 is �at at ∂M .

Proof. As in Lemma 2.2, the boundary determination in [20, Proposition 1.3] provides a local
di�eomorphism ψ in a collar �xing ∂M pointwise, such that ˆ︁g = ψ∗g and g0 have equal boundary
jets. Set W = Fg ◦ ψ − F . Then

(3.11)
∆ˆ︁gWα = (∆g0 −∆ˆ︁g)Fα,

Wα|∂M = ∂νˆ︁gWα|∂M = 0, α = 1, . . . , N.

The Neumann data in (3.11) follow from DN equality (1.3) and ˆ︁g = g0 on ∂M . The right side is
�at; ellipticity makes the boundary noncharacteristic, so the induction in Lemma 2.2 shows that W
is �at.

The new step in the proof is to use the projection in (3.7):

Φ ◦ ψ = F−1 ◦ π ◦ (F +W ).

Since F−1◦π is smooth near F (M) and F−1◦π◦F = Id, �atness ofW at ∂M implies that Φ◦ψ−Id
is �at there as well. Since (Φ ◦ ψ)∗ˆ︁g = g, the claim follows. □

Lemma 3.3 allows us to extend g by g0 outsideM and B by zero, so that B ∈ C∞
0 (Rn). By (3.5),

(3.12) ∥B∥Hs(Rn) ≤ C∥g − g0∥Hs(M).

The following estimate replaces the divergence-free identity (2.2).

Lemma 3.4. For B as above,

(3.13) ∥ divB∥L2(Rn) ≤ C∥B∥L2(Rn).

Proof. We estimate div(a2B) by taking the tangential components of the equation for Z; the nor-
mality condition eliminates the second derivatives of Z from those components.

We have in M ,

(3.14) LAgZ = −LAgF = −∂i(a2Bij∂jF ) = −∂i(a2Bij)∂jF − a2Bij∂i∂jF,

where in the �rst equality we used Lemma 3.2, and in the second the de�nition of B and the fact
that F is g0-harmonic. We also have

(3.15) LAg∂kF =
(︁
∂iA

ij
0 + ∂i(a

2Bij)
)︁
∂j∂kF +Aij

g ∂i∂j∂kF.

Applying LAg to ∂kF · Z = 0, we obtain

(3.16) 0 = ∂kF · LAgZ + Z · LAg∂kF + 2Aij
g ∂i∂kF · ∂jZ.

Using (3.14), (3.15), and (3.16), and reordering terms, we �nd that(︁
∂kF · ∂jF − Z · ∂j∂kF

)︁
∂i(a

2Bij) = −a2Bij∂kF · ∂i∂jF

+ Z ·
(︁
∂iA

ij
0 ∂j∂kF +Aij

g ∂i∂j∂kF
)︁

+ 2Aij
g ∂i∂kF · ∂jZ.
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By Lemma 3.1, the matrix ∂kF ·∂jF is uniformly positive de�nite onM . Furthermore, by Lemma 3.2
and the embedding Hs+1(M) ↪→ C0(M), we have

∥Z∥L∞(M) ≤ C∥g − g0∥Hs(M).

Thus, taking g close enough to g0, we see that ∂kF · ∂jF − Z · ∂j∂kF is still uniformly positive
de�nite and therefore uniformly invertible. Since Ag is uniformly bounded and a, F are �xed and
smooth, it follows that

∥ div(a2B)∥L2(Rn) ≤ C
(︁
∥B∥L2(Rn) + ∥Z∥H1(M)

)︁
≤ C∥B∥L2(Rn),

where the second inequality follows from Lemma 3.2. Finally, divB = a−2 div(a2B) − 2B∇ log a,
which proves (3.13). □

3.4. The Liouville transform. By (3.3), the extended conductivity is Ag = a2(Id + B) on Rn,
and it equals A0 outside M . Set

(3.17) b2 = ∥B∥L2 , bs = ∥B∥Hs , b∞ = ∥B∥L∞ .

All norms below are over Rn unless another domain is indicated. Since s − 1 > n/2, Sobolev
embedding implies

(3.18) b∞ + ∥ divB∥L∞ ≤ Cbs.

Furthermore, the interpolation used in Section 2 yields

(3.19) b∞ ≤ C∥B∥Hs−1 ≤ Cb
1/s
2 b1−1/s

s .

The three quantities in (3.17) have di�erent roles: b2 measures the perturbation in its �natural�
norm, bs controls its regularity and high-frequency behavior, and b∞ will be used to determine the
admissible frequency range. As in Proposition 2.5, the continuation argument below will require
a condition of the form τb∞ ≤ c0; (3.19) will allow us to choose the frequency cuto� within that
range.

The substitution u = v/a removes the background conformal factor from the principal part of the
equation LAgu = 0. The background creates the potential q in (3.1), while the additional coe�cients
are controlled by B.

Lemma 3.5. Set

(3.20) qB = a−1 div(B∇a) = ∇ log a · divB + a−1Bij∂i∂ja.

Then, for v ∈ C∞(Rn),

(3.21) a−1LAg(v/a) = (∆− q)v + div(B∇v)− qBv.

Furthermore,

(3.22) ∥divB∥L2 + ∥qB∥L2 ≤ Cb2, ∥divB∥L∞ + ∥qB∥L∞ ≤ Cbs.

The constant C depends only on the �xed data, including the extension of a and the harmonic

embedding F .

Proof. Identity (3.20) follows by expanding the divergence. Since A0 = a2Id,

(3.23)
1

a
div
(︂
a2∇

(︂v
a

)︂)︂
= ∆v − ∆a

a
v.

Using that B is symmetric, we also have

(3.24)
1

a
div
(︂
a2B∇

(︂v
a

)︂)︂
= div(B∇v)− v

a
div(B∇a).
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Adding (3.23) and (3.24) proves (3.21). The L2 bounds in (3.22) follow from

∥qB∥L2 ≤ C
(︁
∥ divB∥L2 + ∥B∥L2

)︁
and Lemma 3.4. The same expansion of qB, together with (3.18), proves the L∞ bounds. □

Identity (3.21) replaces (2.3) from Section 2: when a = 1, we have q = qB = 0, and the Euclidean
harmonic gauge makes divB = 0. Here the bounds in (3.22) control the additional �rst-order and
zeroth-order terms without losing a derivative in L2.

3.5. Background C.G.O. solutions. We �rst construct exact g0-harmonic solutions to replace the
Euclidean exponentials (1.2). We keep q �xed. The next lemma is essentially the construction in [30]
written in the form we need it here. The remainder estimates are also proved in [4, Propositions 3.1
and 3.3].

Lemma 3.6. Fix a closed ball B containing M in its interior and an integer ℓ ≥ 0. There are

constants T∗, C > 0 such that, if ζ ∈ Cn, ζ · ζ = 0, and |ζ| ≥ T∗, then there is a smooth global

g0-harmonic function

(3.25) u0ζ = a−1ex·ζ(1 + r0ζ )

satisfying

(3.26) ∥r0ζ∥Cℓ(B) ≤
C

|ζ|
.

The constants depend on the �xed extended background, B, and ℓ, and are uniform in the direction

of ζ.

Proof. We use the Faddeev solution operator Gζ for Pζ = ∆+ 2ζ · ∇, so that PζGζf = f ; see [11,

Proposition 4.5.4 and Remark 4.5.12]. Fix −1 < σ < 0 and an integer j > ℓ + n/2. Let Hj
σ(Rn)

have norm

∥f∥
Hj

σ
=
∑︂
|α|≤j

∥⟨x⟩σ∂αf∥L2 , ⟨x⟩ = (1 + |x|2)1/2.

The weighted L2 estimate and the commutation of Gζ with derivatives imply

(3.27) ∥Gζf∥Hj
σ
≤ C

|ζ|
∥f∥

Hj
σ+1

.

Since q ∈ C∞
0 (Rn) is �xed, multiplication by q maps Hj

σ to Hj
σ+1 continuously, with norm depending

on q, j, σ. Thus (3.27) implies that f ↦→ Gζ(qf) has operator norm at most C/|ζ| on Hj
σ. Increasing

T∗ makes this norm at most 1/2. We seek r0ζ as the solution of

(3.28) r0ζ = Gζq +Gζ(qr
0
ζ ).

Equation (3.28) has a Neumann-series solution in Hj
σ(Rn), with

(3.29) ∥r0ζ∥Hj
σ
≤ 2∥Gζq∥Hj

σ
≤ C

|ζ|
∥q∥

Hj
σ+1

≤ C

|ζ|
,

uniformly in the direction of ζ. Applying Pζ to (3.28) yields Pζr
0
ζ = q(1 + r0ζ ), and (3.21) with

B = 0 proves that (3.25) is g0-harmonic. Smoothness follows from elliptic regularity. On the �xed
ball B, the weighted norm in (3.29) controls the ordinary Hj norm, so Sobolev embedding proves
(3.26). □
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In the integral identities, the factor a2B is paired with two gradients of solutions of the form (3.25).
Their leading factors a−1 cancel a2; choosing ζ + η = −iξ then leads to the Fourier transform of B,
as in Section 2.2, and as in [30]. The spatial derivative bounds in (3.26) will control the resulting
Fourier error operators.

For τ ≥ 1, use the norm

(3.30) Xτ (v) = ∥v∥L2 + τ−1∥∇v∥L2 + τ−2∥∇2v∥L2 ,

equivalent to the norm in (2.9). The following consequence of Lemma 2.4 incorporates the �xed
background potential.

Corollary 3.7. There are constants T0 ≥ 1 and C > 0, depending only on B, n and ∥q∥L∞ , such

that, for v ∈ H2(Rn) supported in B and ζ ∈ Cn with ζ · ζ = 0 and |ζ| =
√
2τ , we have

(3.31) Xτ (v) ≤
C

τ
∥(Pζ − q)v∥L2 , τ ≥ T0.

Proof. For τ ≥ 1, Lemma 2.4 and (3.30) imply

Xτ (v) ≤
C

τ
∥Pζv∥L2

≤ C

τ
∥(Pζ − q)v∥L2 +

C∥q∥L∞

τ
Xτ (v).

Choose T0 so that C∥q∥L∞/T0 ≤ 1/2 and absorb the last term to obtain (3.31). □

We now construct the g-harmonic extensions of the boundary values of the background C.G.O.
solutions of Lemma 3.6, taken with ℓ ≥ 2, as in Proposition 2.5.

Lemma 3.8. After increasing T0 from Corollary 3.7, there are constants c0, C > 0, depending only

on the �xed data, such that the following holds. Let ζ · ζ = 0, |ζ| =
√
2τ , and assume

(3.32) bs ≤ c0, τ ≥ T0, τb∞ ≤ c0.

The g-harmonic solution uζ in M with boundary value u0ζ extends by u0ζ outside M to a smooth

global g-harmonic function of the form

(3.33) uζ = a−1ex·ζ(1 + r0ζ + rζ), rζ ∈ C∞
0 (Rn), supp rζ ⊂M,

with

(3.34) Xτ (rζ) ≤ Cτb2.

Proof. The Dirichlet solution is smooth up to ∂M by elliptic regularity. The extension argument of
Proposition 2.5 applies: (1.3), invariance of the DN map under Φ, and Lemma 3.3 imply that the
boundary values and conormal �uxes of uζ and u0ζ agree. Thus the extension is g-harmonic in the
distributional sense across ∂M . The extended metric is smooth by Lemma 3.3, so elliptic regularity
makes the extension smooth as well. Consequently,

rζ = ae−x·ζ(uζ − u0ζ) ∈ C∞
0 (Rn), supp rζ ⊂M,

which proves (3.33).
Conjugating (3.21) by ex·ζ and using (Pζ − q)(1 + r0ζ ) = 0, we obtain

(Pζ − q)rζ = −
[︁
Bij(∂i + ζi)(∂j + ζj)

+ (∂iB
ij)(∂j + ζj)− qB

]︁
(1 + r0ζ + rζ).

(3.35)
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Choose T0 large enough that Lemma 3.6 applies with ℓ ≥ 2. Then (3.26) implies

∥1 + r0ζ∥L∞(M) ≤ C, ∥∇r0ζ∥L∞(M) + ∥∇2r0ζ∥L∞(M) ≤ Cτ−1.

Together with the L2 bounds in (3.22), these estimates bound the part of the right side of (3.35)
acting on 1 + r0ζ by Cτ2b2. For the part acting on rζ , the de�nition (3.30) bounds the terms with

coe�cient B by Cτ2b∞Xτ (rζ), while the L
∞ bounds in (3.22) control those with coe�cients divB

and qB by CτbsXτ (rζ). Therefore,

(3.36) ∥(Pζ − q)rζ∥L2 ≤ Cτ2b2 + C(τ2b∞ + τbs)Xτ (rζ).

Applying Corollary 3.7 to (3.36) yields

(3.37) Xτ (rζ) ≤ Cτb2 + C(τb∞ + bs)Xτ (rζ).

Compared with Proposition 2.5, the additional bs term comes from divB and qB; the �xed potential
q has already been absorbed in Corollary 3.7. Choose c0 so that 2Cc0 ≤ 1/2. Under (3.32), the last
term in (3.37) can then be absorbed, proving (3.34). □

3.6. Fourier estimates. We use the polarization construction in (2.12), retaining the components
in the direction ω that vanish in Section 2 but are only estimated here by Lemma 3.4.

Lemma 3.9. For every ω ∈ Sn−1, one can choose L = L(n) pairs (zℓ, eℓ) ∈ Cn × Cn such that

zℓ · zℓ = eℓ · eℓ = 0, zℓ + eℓ = −iω, |zℓ| = |eℓ| =
√
2,

and, for every complex symmetric matrix S,

(3.38) |S| ≤ C

(︄
L∑︂

ℓ=1

|S(zℓ, eℓ)|+ |Sω|

)︄
.

Here S(z, e) = Sijziej, |S| is the Frobenius norm, and C depends only on n. The vectors may be

chosen piecewise smoothly in ω.

Proof. Choose an orthonormal basis of ω⊥. For each ordered pair p, q of distinct basis vectors, use
(2.12) with ρ = 1, a = p, and b = q, and write z± = ζ±, e± = η±. These vectors satisfy the stated
null, sum, and norm conditions. The calculation leading to (2.13), with the S(ω, ω) term retained,
reads

S(z±, e±) = −S(p, p) + 3

4
S(q, q)− 1

4
S(ω, ω)± i

√
3S(p, q).

Taking the di�erence controls S(p, q); taking the sum controls S(p, p) − 3
4S(q, q) up to C|Sω|.

Interchanging p, q gives the same invertible two-by-two system as in Section 2, so both diagonal
entries are controlled as well. Since n ≥ 3, every basis vector has an orthogonal partner in ω⊥.
Thus all entries of S restricted to ω⊥ are controlled, while the remaining entries are bounded by
|Sω|. This proves (3.38), uniformly in ω. Smooth local orthonormal frames on a �nite cover of the
sphere provide the asserted piecewise smooth choice. □

For S = ˆ︁B(ξ) and ω = ξ/|ξ|, the additional term in (3.38) is controlled by Lemma 3.4. Indeed,
ˆ︂divB(ξ) = i ˆ︁B(ξ)ξ, so Plancherel's identity and (3.13) imply

(3.39)

⃦⃦⃦⃦
1{|ξ|>T} ˆ︁B(ξ)

ξ

|ξ|

⃦⃦⃦⃦
L2

≤ C

T
∥ divB∥L2 ≤ C

T
b2, T > 0.

We next estimate the errors in the background C.G.O. amplitudes.
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Lemma 3.10. Let e(x, ξ) = (eij(x, ξ)) be measurable in ξ and Cn+1 in x, with support in a �xed

compact set in x, and suppose that

(3.40) |∂αx e(x, ξ)| ≤ C|ξ|−1, |α| ≤ n+ 1, |ξ| ≥ T0.

For a square-integrable matrix �eld B, de�ne

(3.41) ETB(ξ) = 1{|ξ|>T}

∫︂
Rn

e−ix·ξeij(x, ξ)Bij(x)dx, T ≥ T0.

Then

(3.42) ∥ETB∥L2 ≤ C

T
∥B∥L2 ,

where C depends only on n, the �xed compact support, and the constant in (3.40).

Proof. The formal adjoint of (3.41) satis�es

(2π)−n(E∗
T
ˆ︁f)ij = Op

(︁
1{|ξ|>T}eij

)︁
f,

where Op is with the left quantization. We are not claiming that its symbol satis�es the standard
symbol estimates. The compact support and (3.40) imply

sup
ξ

∑︂
|α|≤n+1

⃦⃦
∂αx
(︁
1{|ξ|>T}eij(•, ξ)

)︁⃦⃦
L1 ≤ C

T
.

Applying [15, Theorem 18.1.11′, p. 75] componentwise, followed by Plancherel's identity and duality,
proves (3.42). The theorem requires no derivatives in ξ, so the sharp cuto� is allowed. □

We combine the preceding estimates with the frequency splitting used in Section 2.

Lemma 3.11. After increasing T0 and decreasing c0 from Lemma 3.8, if necessary, the conductivity

perturbation B in (3.3) satis�es

(3.43)
⃦⃦
1{|ξ|>T} ˆ︁B⃦⃦L2 ≤ C

(︁
Rn/2+1b22 + T−1b2 +R−sbs

)︁
whenever

(3.44) bs ≤ c0, R ≥ T ≥ T0, Rb∞ ≤ c0.

The constant C depends only on the �xed data and is independent of B, T,R.

Proof. Take the background solutions of Lemma 3.6 with the Cn+2(B) bound in (3.26), increasing
T0 accordingly. First let T < |ξ| ≤ R, write ξ = ρω, and choose (zℓ, eℓ) as in Lemma 3.9. For
each pair set ζ = ρzℓ and η = ρeℓ. Then ζ + η = −iξ, both vectors are null, and |ζ| = |η| =

√
2ρ.

Conditions (3.44) allow us to apply Lemma 3.8 with τ = ρ.
The identity (3.2), applied to g using invariance of the DN map, and (3.3) imply

(3.45)

∫︂
M
a2Bij∂iu

0
ζ ∂ju

0
ηdx = −

∫︂
M
a2Bij∂i(uζ − u0ζ) ∂ju

0
ηdx.

By (3.33),

ae−x·ζ∇(uζ − u0ζ) = ∇rζ + (ζ −∇ log a)rζ .

Thus (3.34) and the background estimate (3.26) yield

(3.46)
⃦⃦
ae−x·ζ∇(uζ − u0ζ)

⃦⃦
L2(M)

≤ Cρ2b2,
⃦⃦
ae−x·η∇u0η

⃦⃦
L∞(M)

≤ Cρ.
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In (3.45), the two gradient factors contribute a−2ex·(ζ+η) = a−2e−ix·ξ, so a2 cancels and the remain-
ing exponential has modulus one. Cauchy�Schwarz and (3.46) therefore imply

(3.47) ρ−2

⃓⃓⃓⃓∫︂
M
a2Bij∂iu

0
ζ ∂ju

0
ηdx

⃓⃓⃓⃓
≤ Cρb22.

For the background amplitudes, (3.25)�(3.26) imply

(3.48)
ae−x·ζ

ρ
∇u0ζ =

ζ

ρ
(1 + r0ζ ) +

∇r0ζ − (1 + r0ζ )∇ log a

ρ
= zℓ +OCn+1(B)(ρ

−1),

and similarly with η, eℓ. These expansions hold for every ρ ≥ T0. Fix χ ∈ C∞
0 (Bint) equal to one

near M and set

eijℓ (x, ξ) = χ(x)
[︂
ρ−2a2e−x·(ζ+η)∂iu

0
ζ ∂ju

0
η − zℓieℓj

]︂
,

extending it by zero for |ξ| < T0. By (3.48), this amplitude satis�es (3.40). It is measurable in ξ
by the phase choice and the Neumann-series construction in Lemma 3.6. Let Eℓ,T be the operator

(3.41) with amplitude eijℓ . Since suppB ⊂M , for T < |ξ| ≤ R we have

(3.49) ρ−2

∫︂
M
a2Bij∂iu

0
ζ ∂ju

0
ηdx = ˆ︁B(ξ)(zℓ, eℓ) + Eℓ,TB(ξ).

Combining (3.47), (3.49), and Lemma 3.10, we obtain

⃦⃦
1{T<|ξ|≤R} ˆ︁B(ξ)(zℓ, eℓ)

⃦⃦
L2 ≤ Cb22

(︄∫︂
T<|ξ|≤R

|ξ|2dξ

)︄1/2

+ CT−1b2

≤ C
(︁
Rn/2+1b22 + T−1b2

)︁
.

Lemma 3.9 and (3.39) now control all components:

(3.50)
⃦⃦
1{T<|ξ|≤R} ˆ︁B⃦⃦L2 ≤ C

(︁
Rn/2+1b22 + T−1b2

)︁
.

Finally, the Sobolev bound, as in Section 2, implies⃦⃦
1{|ξ|>R} ˆ︁B⃦⃦L2 ≤ CR−s∥B∥Hs = CR−sbs.

Adding this to (3.50) proves (3.43). □

3.7. Compactness.

Lemma 3.12. Let Bj ̸= 0 be conductivity perturbations as in Lemma 3.11, with the same �xed data,

and write b2,j , bs,j , b∞,j for their norms as in (3.17). If bs,j → 0, then a subsequence of Hj = Bj/b2,j
converges strongly in L2(Rn) to a tensor H satisfying

suppH ⊂M, ∥H∥L2 = 1.

Proof. Since b2,j ≤ bs,j , the cuto�s

(3.51) Rj = b
−1/(n+2)
s,j

(︃
bs,j
b2,j

)︃1/s

tend to in�nity. By (3.19),

Rjb∞,j ≤ Cb
1−1/(n+2)
s,j −→ 0.
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Moreover, (3.51) and s > n/2 + 1 imply

R
n/2+1
j b2,j = b

1/2
s,j

(︃
b2,j
bs,j

)︃1−(n/2+1)/s

≤ b
1/2
s,j ,

R−s
j

bs,j
b2,j

= b
s/(n+2)
s,j .

(3.52)

Fix T ≥ T0. For all su�ciently large j, the conditions (3.44) hold with R = Rj . Dividing (3.43) by
b2,j and using (3.52), we obtain

(3.53) lim sup
j→∞

⃦⃦
1{|ξ|>T} ˆ︁Hj

⃦⃦
L2 ≤ C

T
.

Since ∥Hj∥L2 = 1 and suppHj ⊂ M , a subsequence converges weakly in L2(Rn) to a tensor H

supported in M . For each �xed T , the map f ↦→ ˆ︁f |{|ξ|≤T} from L2(M) to L2({|ξ| ≤ T}) has the
square-integrable kernel e−ix·ξ, so it is Hilbert�Schmidt and hence compact. Therefore, along this
same subsequence, ⃦⃦

1{|ξ|≤T}( ˆ︁Hj − ˆ︁H)
⃦⃦
L2 −→ 0.

Weak lower semicontinuity and (3.53) also imply ∥1{|ξ|>T} ˆ︁H∥L2 ≤ C/T . Splitting the frequencies
at T thus yields

lim sup
j→∞

∥ ˆ︁Hj − ˆ︁H∥L2 ≤ 2C

T
.

Letting T → ∞ and applying Plancherel's identity proves strong convergence in L2. In particular,
∥H∥L2 = 1. □

3.8. The linearized problem. We identify covariant and contravariant tensors using e and denote
the Euclidean tensor by e in either case.

For a smooth positive function a, and a vector �eld X, de�ne the normalized in�nitesimal gauge
by

GaX = DX +DX⊤ −
(︁
divX + 2X · ∇ log a

)︁
e.

Thus a2GaX is the corresponding variation of the conductivity A0 = a2Id.

Lemma 3.13. Let X ∈ H1
0 (M ;Rn) and let u, v ∈ C∞(M) be g0-harmonic. Then

(3.54)

∫︂
M
a2(GaX)ij∂iu ∂jvdx = 0,

and

(3.55) LA0(−X · ∇u) = − div
(︁
a2GaX∇u

)︁
in a distributional sense. The same identities hold on Rn for compactly supported X ∈ H1(Rn;Rn)
and smooth global solutions of LA0u = LA0v = 0.

Proof. First let X be smooth and compactly supported, and let φt be its �ow. The pushed-forward
conductivity is

At =

(︃
a2DφtDφ

⊤
t

detDφt

)︃
◦ φ−1

t ,
d

dt
At

⃓⃓⃓⃓
t=0

= a2GaX.

Di�erentiating LAt(u ◦ φ−1
t ) = 0 proves (3.55). Testing this identity against v, and using LA0v = 0

and compact support of X · ∇u, proves (3.54). Both identities extend by H1 density to the stated
classes of vector �elds. □
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We can call GaX with X ∈ H1
0 (M ;Rn) potential tensor �elds, by analogy with the X-ray geodesic

transform of symmetric two-tensor �elds.
In Proposition 3.16, testing the linearized identity with background C.G.O. solutions will yield

the Fourier condition in the next lemma. Its decomposition writes H as GaX plus a scalar tensor,
which Lemma 3.15 will eliminate. It will then remain to prove that X vanishes outside M , so that
H is a potential tensor.

Lemma 3.14. Let H ∈ L2(Rn) be a real symmetric tensor with compact support, and assume that

for almost every ξ ̸= 0 the restriction of ˆ︁H(ξ) to ξ⊥ is a scalar multiple of the Euclidean form. Then

there are compactly supported X ∈ H1(Rn;Rn) and β ∈ L2(Rn) such that

(3.56) H = DX +DX⊤ + βe.

Proof. For ξ = ρω ̸= 0, set S = ˆ︁H(ξ) and de�ne

(3.57) ˆ︁β(ξ) = trS − S(ω, ω)

n− 1
, ˆ︁X(ξ) =

Sω − 1
2

(︁
S(ω, ω) + ˆ︁β(ξ))︁ω

iρ
.

The hypothesis implies S = i(ξ ⊗ ˆ︁X + ˆ︁X ⊗ ξ) + ˆ︁βe, proving (3.56). Moreover, |ˆ︁β|+ |ξ|| ˆ︁X| ≤ C| ˆ︁H|.
Since H has compact support, ˆ︁H is bounded, and |ξ|−2 is integrable near zero for n ≥ 3. These
bounds imply X ∈ H1 and β ∈ L2; the reality of H implies that X,β are real.

Outside a ball containing suppH, taking the trace of (3.56) yields

∂iXj + ∂jXi =
2

n
(divX)δij .

Di�erentiating and combining the three permuted identities gives, distributionally,

(3.58) ∂i∂jXk =
1

n

(︁
δjk∂i divX + δik∂j divX − δij∂k divX

)︁
.

Taking the divergence in k gives (n− 2)∂i∂j divX = −δij∆divX. Tracing this identity shows that
∆divX = 0, hence D2 divX = 0. By (3.58), D3X = 0 there. Thus X is a polynomial of degree
at most two on the connected exterior of the ball; since X ∈ L2, it vanishes there. Equation (3.56)
then shows that β vanishes there as well. □

The following lemma is basically the Sylvester�Uhlmann [30] argument but with σ ∈ L2 only.

Lemma 3.15. Let a > 0 be smooth on Rn and equal to one outside a ball. If σ ∈ L2(Rn) has

compact support and

(3.59)

∫︂
Rn

a2σ∇u · ∇v dx = 0

for every pair of smooth global solutions of LA0u = LA0v = 0, then σ = 0.

Proof. The product identity LA0(uv) = 2a2∇u · ∇v and (3.59) imply

(3.60)
⟨︁
a−2LA0σ, (au)(av)

⟩︁
= 0.

The distribution in this pairing belongs to H−2 and has compact support. Fix ξ ∈ Rn, choose
orthonormal p, q ∈ ξ⊥, and, for t > |ξ|/2, set

ζt = tp+ i

(︄
−ξ
2
+

√︃
t2 − |ξ|2

4
q

)︄
,

ηt = −tp+ i

(︄
−ξ
2
−
√︃
t2 − |ξ|2

4
q

)︄
.

(3.61)
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These vectors are null, have norm
√
2t, and satisfy ζt+ηt = −iξ. Apply the background construction

of Lemma 3.6 with two derivatives on a ball containing suppσ. Its solutions satisfy

(au0ζt)(au
0
ηt) = e−ix·ξ(1 + r0ζt)(1 + r0ηt) −→ e−ix·ξ

in C2 near suppσ. Passing to the limit in (3.60) shows that the Fourier transform of a−2LA0σ
vanishes. Hence LA0σ = 0. Elliptic regularity makes σ smooth, and testing against σ gives∫︁
a2|∇σ|2dx = 0. Compact support then implies σ = 0. □

The next proposition identi�es the kernel of the linearized conductivity DN map at A0 with the
potential tensors. For smooth H, the bilinear form in (3.62) represents the linearized data in the
direction a2H; its L2 formulation is needed for the limit in Lemma 3.12.

Proposition 3.16. A real symmetric tensor H ∈ L2(M) satis�es

(3.62)

∫︂
M
a2H ij∂iu ∂jvdx = 0

for all g0-harmonic u, v ∈ C∞(M) if and only if

(3.63) H = GaX for some X ∈ H1
0 (M ;Rn).

Proof. The reverse implication is Lemma 3.13. For the forward implication, extend H by zero to
Rn. Fix ξ ̸= 0 and orthonormal p, q ∈ ξ⊥, and use the background C.G.O. solutions with phases
(3.61) in (3.62). By (3.26), uniformly on M ,

t−1ae−x·ζt∇u0ζt −→ p+ iq, t−1ae−x·ηt∇u0ηt −→ −p− iq.

Dividing (3.62) by t2 and letting t→ ∞ therefore yields

(3.64) ˆ︁H(ξ)(p+ iq, p+ iq) = 0.

Replacing q by −q in (3.64) shows that ˆ︁H(ξ)(p, p) = ˆ︁H(ξ)(q, q) and ˆ︁H(ξ)(p, q) = 0. Thus the
restriction to ξ⊥ is scalar. Lemma 3.14 provides the compactly supported X,β in (3.56), and

(3.65) H − GaX = σe, σ = β + divX + 2X · ∇ log a.

The scalar σ belongs to L2 and has compact support. Subtracting the global identity (3.54) from
(3.62) shows that (3.59) holds, so Lemma 3.15 implies σ = 0.

It remains to prove that X vanishes outside M , including any bounded complementary compo-
nents. Let φ ∈ C∞

0 (Rn\M) be real and set ã = aeφ. Since ã = a onM , the global solutions for ã2Id
restrict to g0-harmonic functions inM , so (3.62) also holds for this background. The decomposition
(3.57) depends only on H and therefore produces the same X,β. Repeating the scalar argument in
(3.65) with ã gives H = GãX, and hence

(3.66) 0 = GãX − GaX = −2(X · ∇φ)e.

On any ball compactly contained in Rn \M , choose φ equal to a coordinate function near that ball.
Equation (3.66) then forces each component of X to vanish there. Thus the global H1 vector �eld
X is zero outside M , and the trace characterization of H1

0 on smooth domains proves (3.63). □
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3.9. Completion of the proof.

Proof of Theorem 2. Fix g0 and suppose the conclusion fails. Then there are smooth metrics gj with
Λgj = Λg0 and ∥gj − g0∥Hs(M) → 0 which are not related to g0 by boundary-�xing di�eomorphisms.
Apply Lemmas 3.2�3.3 and write gj = (Φj)∗gj , with perturbations Bj as in (3.3). By (3.12),
bs,j → 0. Moreover, Bj ̸= 0: otherwise Agj = A0, hence gj = g0 since n ≥ 3, contradicting the
choice of gj . Lemma 3.12 provides, after passage to a subsequence,

Hj = Bj/b2,j −→ H in L2, ∥H∥L2 = 1.

Set Aj = Agj = a2(Id+Bj). By (3.18), Aj → A0 uniformly, and these conductivities are uniformly
elliptic for large j.

Fix g0-harmonic u, v ∈ C∞(M) and let uj solve LAjuj = 0 with boundary value u. Then

LAj (uj − u) = −div(a2Bj∇u), (uj − u)|∂M = 0.

The energy estimate and Poincaré inequality imply

(3.67) ∥uj − u∥H1(M) ≤ Cb2,j ,

where C may depend on the �xed function u. Applying (3.2) to gj and using (3.67), we obtain

(3.68)

⃓⃓⃓⃓∫︂
M
a2H ij

j ∂iu ∂jvdx

⃓⃓⃓⃓
=

1

b2,j

⃓⃓⃓⃓∫︂
M
a2Bij

j ∂i(uj − u) ∂jvdx

⃓⃓⃓⃓
≤ Cb2,j −→ 0.

Strong L2 convergence in (3.68) proves (3.62) for H. Proposition 3.16 therefore gives H = GaX for
some X ∈ H1

0 (M ;Rn).
Let Zj be the normal �elds from Lemma 3.2 and set Vj = Zj/b2,j . By (3.5), this sequence is

bounded in H1
0 (M ;RN ), and (3.4), (3.10) imply

(3.69) LAjVj = −div(a2Hj∇F ), DF⊤Vj = 0.

After passing to a further subsequence, Vj ⇀ V in H1
0 . Since Aj → A0 uniformly and Hj → H in

L2, passing to the weak formulation of (3.69) yields

(3.70) LA0V = −div(a2H∇F ), DF⊤V = 0.

Each component of F is g0-harmonic. Thus (3.55), applied to H = GaX, shows that −DFX ∈
H1

0 (M ;RN ) solves the same Dirichlet problem as V in (3.70). Uniqueness gives V = −DFX. The
normality in (3.70) now implies DF⊤DF X = 0. Since DF has full rank by Lemma 3.1, we have
X = 0, hence H = 0, contradicting ∥H∥L2 = 1. □
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