LOCAL RIGIDITY OF CONFORMALLY EUCLIDEAN METRICS FOR THE
ANISOTROPIC CALDERON PROBLEM

SEBASTIAN MUNOZ-THON AND PLAMEN STEFANOV

ABsTRACT. We prove local rigidity of every smooth conformally Euclidean metric for the anisotropic
Calderon problem on smooth compact domains M C R", n > 3. Any smooth Riemannian metric
g sufficiently close to a fixed background go = e*°e in H*(M), with integer s > n/2 + 1, having
the same Dirichlet-to-Neumann map satisfies g = ®*go for a smooth diffeomorphism & fixing the
boundary pointwise.

1. INTRODUCTION

Let M C R™, n > 3, be a smooth compact domain, and let e denote the Euclidean metric.
For a smooth Riemannian metric ¢ on M, the Dirichlet-to-Neumann (DN) map is defined, for
f e C®(0M), by

Agf = Gygu‘aM,

where u is the unique solution of the Dirichlet problem

Aju=0 in M,
u=f on OM.

Here, v, is the outward unit normal with respect to g. We prove that for every smooth conformal
factor ¢ in M, if g is sufficiently close to go: = e?°e in H*(M), with integer s > n/2 + 1, and if
Ay = Ay, then g is isometric to gg by a diffeomorphism fixing the boundary pointwise. We present
the proof for ¢ = 0 first because it is simpler, and because its proof allows the smallness parameter
€p > 0 to be bounded from below in an explicit way, in principle.

Theorem 1. Let M C R™, n > 3, be a smooth compact domain. Fiz an integer s > n/2+1. There
exists €9 > 0, depending only on M and s, such that for every smooth Riemannian metric g on M,
the conditions

(L.1) Ag=Ae,  lg—ellm=m) <eo
imply that
g=y'e
for a diffeomorphism y: M — M fizing OM pointwise. The map x — y is given by the g-harmonic
extensions
Agy]:O ZTLM, yj‘aM:x”a]Vb ]:17an
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The idea is the following. We first put g in harmonic coordinates fixing the boundary. Writing

g = Yxg, the tensor
B =/detgg ' —1d

is then divergence-free (which reminds us of the solenoidal gauge in boundary rigidity but this
time, it is about the conductivity tensor). Equality of the DN maps, together with boundary
determination in 20|, implies that § — e has a vanishing boundary jet. We can therefore extend g
and B smoothly outside M by the Euclidean metric and zero, respectively.

For the Euclidean metric, we have the harmonic functions used by Calderén in his original
paper [6]:
(1.2) ue(z, ) = €™, (eC" ¢-¢=0.

Equality of the DN maps also allows us to construct global g-harmonic solutions of the form e*¢(1+
r¢), where r¢ is smooth and supported in M, as shown in Proposition below. The remainder
r¢ is controlled when [C|||B||r~ < 1 by a known Carleman estimate. An orthogonality identity of
Alessandrini type, combined with the divergence-free condition, then yields a quadratic estimate for
B in a ball in the frequency space with radius at most Co /|| B]| e, see ([2-13). We choose its radius as
a fractional power of ||BHZQ1 and control the higher frequencies using the a priori H* bound supplied
by the theorem’s smallness assumption . We use interpolation to ensure that this radius would
lie within the allowed range, and smallness allows us to absorb both contributions, proving B = 0.

We emphasize that we do not take |(| — oo for a fixed metric. Our solutions are g-harmonic
extensions of the boundary values of the Fuclidean solutions . We keep the Euclidean expo-
nential factor e, although for a general anisotropic metric its phase does not satisfy the eikonal
equation g% ¢i¢; = 0 in the metric. This representation does not determine the interior phase, since
the factor 1 4+ r- may contribute to it. Instead of taking the usual |(| — oo asymptotics of the
Sylvester-Uhlmann construction in 30|, which force 7 — 0 in their setting, we obtain in Proposi-
tion an estimate for r in terms of the perturbation, uniformly over the allowed frequency range.
Although this range grows as the perturbation tends to zero, the rigidity argument requires no
large-frequency limit for a fixed nonzero perturbation.

Our main result, which implies Theorem [I| but with a different proof, is to allow gg to be any
fixed smooth conformally Euclidean background metric.

Theorem 2. Let M C R", n > 3, be a smooth compact domain, let gy = e*‘e with ¢ € C®°(M),
and fiz an integer s > n/2+ 1. There exists g > 0, depending on M, go, s, such that every smooth
Riemannian metric g on M satisfying

19 = goll s (ary < €0
and
(1.3) Ag = Ag,
has the form g = ®*gg for a smooth diffeomorphism ®: M — M fizing OM pointwise.

The proof of Theorem [2| replaces the harmonic coordinates of Theorem [I| by a harmonic embed-
ding in a higher-dimensional Euclidean space to construct the gauge. We replace the Euclidean
exponentials (1.2)) by background C.G.O. solutions. For the conformal background gy = e*‘e, we
use the normalized conductivity perturbation

B=c¢"2c [detgg " — Id,

where g is the metric in the harmonic gauge. This agrees with the preceding definition when ¢ = 0,
and for uniqueness it is enough to prove B = 0. We do not have div B = 0 anymore; instead,
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we prove that ||div B|| 2 < C||B||r2. Assuming that the uniqueness does not hold in this gauge,
we get a normalized sequence of perturbations for which we establish compactness. Passing to a
subsequence, we obtain a nonzero element of the kernel of the linearization. We show that this
kernel consists of potential tensors, and that our choice of gauge forces the limiting tensor to vanish.
This contradiction completes the argument. Since we prove Theorem [2| by a compactness argument,
an explicit lower bound for gg is not readily provided.

Previous work. Calderén’s problem has a rich history starting with the original work by Calderén
[6] who studied isotropic conductivities (corresponding to metrics conformal to e when n > 3 in
metrics language), and proved injectivity of the linearization using the solutions . In their
seminal paper [30], Sylvester and Uhlmann proved global uniqueness for the nonlinear problem
in dimensions n > 3, for isotropic conductivities, introducing complex geometric optics (C.G.O.)
solutions. Those solutions created a powerful technique used in many other problems. In [23],
Nachman proposed a constructive reconstruction method.

Since the paper [30] appeared, it was conjectured that a similar result should hold for general
anisotropic conductivities (general metrics in the metric language), up to an action of a diffeo-
morphism fixing M pointwise. The anisotropic version turned out to be much harder. The two-
dimensional case is more approachable, but not easy by any means; and there one has conformal
invariance as well, in addition to the diffeomorphism one. It has been solved, see [3}7]14.(19}29].

The n > 3 anisotropic case is mostly open. The main difficulty, when trying to adapt the method
in 30|, is the inability to construct C.G.O. solutions. Under an analyticity assumption of the metric
class, uniqueness modulo the gauge has been established in increased generality in [17-20]. Carleman
estimates and complex geometric optics constructions have yielded uniqueness results for conformal
factors on conformally transversally anisotropic manifolds, which have conformally product types
of metrics. Dos Santos Ferreira, Kenig, Salo, and Uhlmann [9] characterized the geometric restric-
tions imposed by the existence of limiting Carleman weights and constructed complex geometric
optics solutions on admissible manifolds, obtaining uniqueness within a fixed conformal class. The
approach was extended to more general transversal geometries in [10]. Until very recently, there
was no result for an open set of metrics, and even the linearization about a fixed anisotropic metric
was not known to be injective modulo the linearized gauge. Even if it were, the inherent instability
of the problem [1},22] would not yield local uniqueness by linearization, see also [28|. Here we prove
local rigidity near each fixed smooth conformally Euclidean metric.

Our first theorem belongs to a family of rigidity results saying that a metric which looks flat from
boundary measurements must be flat, up to the natural diffeomorphism gauge. In boundary rigid-
ity, Gromov [13], among many other results, established rigidity of Euclidean regions. A Lorentzian
counterpart was obtained by Oksanen, Rakesh, and Salo [24]: a globally hyperbolic metric agreeing
with the Minkowski metric outside a compact set and having the same hyperbolic DN map is iso-
metric to the Minkowski metric. Those results have been generalized. Burago and Ivanov [5] proved
boundary rigidity for metrics sufficiently close to Euclidean ones. In subsequent work [25], Oksanen,
Rakesh, and Salo extended their rigidity result to semiglobal uniqueness, allowing the background
metric to be a sufficiently small perturbation of the Minkowski metric. Theorem [2| establishes local
rigidity for each fixed smooth conformally Euclidean background and nearby anisotropic metrics.

Acknowledgments. The authors used ChatGPT (OpenAl) for mathematical discussions, assis-
tance with checking parts of the proof, and checking bibliographic references. The authors take
responsibility for the final mathematical statements and proofs. Thanks are due to Ali Feizmo-
hammadi for attracting P.S.’s attention to [26, Theorem 5.3], and to him, Katya Krupchyk, and
Gunther Uhlmann for the numerous discussions on Calderén’s problem. S. M.-T. thanks Thibault
Lefeuvre for critical comments while working on this project.
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Note. After the first version of this paper, containing Theorem [I] was posted, Yi-Hsuan Lin in-
formed P.S. that he had independently obtained the same result as that theorem by a related
argument. Lin’s preprint was subsequently posted as [21].

2. PROOF OF THEOREM

All metrics, functions, and tensors in the rest of the paper are smooth unless stated otherwise.
We work in this section under the assumptions of Theorem [I| choosing ey sufficiently small as
required below. We write h = g — e for the original metric perturbation. Sobolev norms are taken
in a Euclidean way. For tensor fields, we use the square root of the sum of the squared component
Sobolev norms, and pointwise norms are Frobenius norms.

2.1. The harmonic gauge. The idea to use harmonic coordinates was suggested by John Lee to
the authors of [31]; harmonic coordinates were also used in [27]. Harmonic coordinates were also
used in the Poisson embedding approach in [17]. In two dimensions, they were also used in [2], and
in [8].

In harmonic coordinates y = (y',...,y"), the Laplacian has no first-order terms. Indeed, write
g = yxg for the metric in these coordinates. The equations Agy’ = 0 imply 9, (\/detggw) =0,
and therefore .
= ———0,i(\/det§g70,;) = G70,:0,;.

\/m Y ( 99 yj) 97 OyiOyi
We next construct such coordinates globally and establish their compatibility with the boundary
jets.

Ag

Lemma 2.1. Let y be the harmonic extension map defined in Theorem[1. For ey > 0 sufficiently
small, y: M — M is a diffeomorphism fixzing OM pointwise, and

|y — Id||HS+1(M) + ||ly«g — e”HS(M) < C||h||Hs(M)~
Here C depends on M and s only.

Proof. Set w’(x) =y (x) - 2/, j=1,...,n,and AY = \/det g g/, where x are the original coordi-
nates. The equation for w’ is, with 0;: = 0,4,
Aw? = —0;(AY — §7) — 0;(A™ — §™)opw?),  w!|on = 0.

A standard estimate for the Dirichlet realization of A, combined with the fact that H*(M) is an

algebra for s > n/2, yields

wl grs1ary < ClIA = 1d| s (ar) (1 + [l grs1(ary ) -

We have [|[A —1d||gs(ary < Cllh|lgsary with C depending only on M and s, uniformly for &g
sufficiently small. By the smallness assumption in , choosing ¢q sufficiently small allows us
to absorb w on the right and prove the estimate for it. Decreasing eg further if necessary, we get
[ Dw|| o (ary < 1/2 by Sobolev embedding.

We will show that z — y is a diffeomorphism on M now. Set d(z) = dist(x,0M). Integrating
Duw along a segment to a nearest boundary point yields |w(z)| < 3d(z), thus y(z) = z +w(z) maps
M into itself. To prove surjectivity, for z € M™, consider the map T,(z) = z — w(x). We want to
solve = T, (z), equivalent to x = z — w(x), uniquely. The map T, is a contraction on the closed
ball B(z,d(z)) C M, mapping that ball into itself because

IT.(w) 21 = ()| < 5d(e) < 3 (d(z) + | — =) < d(z).
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Moreover, every solution of y(z) = z lies in this ball, since
1
|z — z| = |lw(z)| < i(d(z) +lz—z]) = |z—z[<d(2).

Banach’s contraction theorem therefore implies that every interior point has exactly one preimage.
Together with the condition y|sas = Id, this proves that 2 — y is a bijection. Since y is smooth up to
the boundary, and Dy = Id + Dw is everywhere invertible, the inverse function theorem, including
at boundary points, shows that y~! is smooth up to the boundary. Thus y is a diffeomorphism of
M onto itself.

Since y is close to Id in H*t!1(M) and det(Dy) > 27", the Sobolev inversion, composition, and
product estimates in [16] yield

=g = ellzsary < C (1Al s any + 1wl zrsrian)) < CllAl msany.
with C depending only on M, s. O

Set § = y«g. In the next lemma, “fat” means zero jet at M, not to be confused with zero
curvature.

Lemma 2.2. The metric perturbation g — e is flat at OM.

Proof. We use the boundary recovery result |20, Propositions 1.1-1.2]. The DN map there f —
(Ayf)dS,; maps functions to forms. It implies that the principal symbol of A, with our definition
is a1 (Ag) (@, &) = || glpon - Thus Ay = Ay, implies glrans = golrons- This allows us to remove the
determinant factor incorporated in dS,. The smooth boundary determination result in |20, Propo-
sition 1.3] therefore recovers the full boundary jet of the metric in boundary normal coordinates
from our DN map. Note that even though [20] is about analytic metrics, the proof there requires no
analyticity assumptions. By the DN equality in (L.I), there is therefore a diffeomorphism 1) defined
in a boundary collar, fixing OM pointwise, such that §: = 1*g and e have the same boundary jets.
Set Y =y o1 in the collar. Clearly, A;Y7 = (Agy’) o ¢p = 0, and having the same DN maps leads
to

angj = 8,,gyj = Ag(:cj\aM) = Ae(27|5p7) = Oy’ on OM.
Since § = e at M, the unit normals of those two metrics agree there. Thus w/: = Y7 — 27 satisfies
(2.1) Azw’ = (Ae — Ag)z’  in the collar, w | = 8l,§wj|aM =0.

The r.h.s. of the PDE in is flat at OM. In Euclidean boundary normal coordinates, the
vanishing of w’ and its first normal derivative implies the vanishing of all their tangential derivatives
at the boundary. Problem (2.1)) is non-characteristic, so the equation implies that the second normal
derivative also vanishes. Repeated normal differentiation of the equation then shows inductively
that all higher normal derivatives vanish: at each step, the remaining terms involve only tangential
derivatives of normal derivatives already known to vanish. Thus w’ is flat at OM for every j, and
Y — Id has zero boundary jet.

Near OM, we can pass back to the harmonic coordinates y to get Y.g = y.g = g. Since g — e and
Y —Id are flat at OM, so is g — e. O

Lemma 2.3. The metric
- Jg=ysg, n M,
9= e, in R™\ M

is smooth on R™, and its Cartesian coordinate functions are §-harmonic.
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Proof. Smoothness follows from Lemma [2.2] Next,
Agr? = (Agy?) oyt =0 in M.

Outside M, the metric is Euclidean, so Ang = 0 there as well. Since § and 7 are smooth on R,
this identity holds across OM. O

2.2. Main identity. From now on, we denote g by g. We have g defined in R" now, with its
Fuclidean coordinates g-harmonic. Since y fixes M pointwise, the DN equality in continues
to hold for this metric. The smallness assumption in refers to the original perturbation h. We
use the notation

AY = \/det gg¥, BY = AY —§¥

introduced earlier, now used throughout R™. Then we have in R",

(2.2) 9;BY =0, suppB C M.
Also,
(2.3) Vdetg Ay = A + BY9,0;.

Integrating by parts and using the DN equality in (1.1)), we get Alessandrini’s identity [1] in this
case:

(2.4) / B 9;u,0jve dx = 0

for all g-harmonic u, and e-harmonic ve, both in C*(M). By (2.2)), the integral in (2.4) extends to
R™.
Since B is divergence-free, an integration by parts in (2.4) yields

/ Bijugaiajve dz = 0.
M
Plugging the exponential solutions (|1.2]) for ve, we get
(2.5) / e"C B (2)¢i¢jug(r)dz =0, (-¢=0,

M
for every C'(M) g-harmonic function ug. This equality is our main orthogonal identity which we
will use to prove that B = 0. Once we do that, taking determinants in y/det gg—! = Id yields

1= det( detgg_l) = (det g)("_2)/2.

Since n > 3, it follows that det g = 1, and then g = e.

2.3. Construction of C.G.0O.-like solutions related to g. We use the C.G.O. ansatz as in |30].
As explained in the Introduction, we construct solutions with frequencies bounded by C/|B| e,
assuming B # 0. To reiterate, they are not extensions of the C.G.O. solutions in [30] to anisotropic
metrics.

For ¢ # 0 such that ¢ - { = 0, write, in “polar coordinates,”

¢ =7(a+1b) with a L b real and unit, and 7 > 0.
Conjugate A, with €S to get
Pr: =e S%Aes™ = Ae +2¢- V.
We write (1) = (14 72)1/2, (¢) = (1 +|¢|?)Y/? in what follows.
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Lemma 2.4. For v € H?(R") supported in a fived ball, and for every T > 0, we have

(2.6) 0]l 2 + (1) Vol L2 + (1) 21Vl 2 < C(7) [ Pevl -

All norms are over R, and C depends only on the fixed ball and n. In particular,
[ollg2 < CllPevllp2, 0<7<1.

Proof. Choose a fixed ball whose interior contains the prescribed support ball. It suffices to consider
smooth v compactly supported in this larger ball. We use the Carleman estimate in [9, Theorem 4.1],
see also [11] and [26, Theorem 5.3 and its proof], applied to e™%v with the linear Carleman weight
—a -z and small parameter h = 771, to get

(2.7) [vll g2 < CT7H| Pewl 2.

Here the potential is zero, so this estimate holds for every 7 > 0. For completeness, we provide the
short proof in this case following the proof of |26, Theorem 5.3]. Set w = €™%v. Then

TPy = (A + 72 + 270 - V)w.

The self-adjoint operator A + 72 commutes with the skew-adjoint operator 27a -V, thus integration
by parts yields
1Pcvli72 = 1A + 7%)wl7z + 47°la - V7.

The Poincaré inequality along lines parallel to a gives [la - Vw3, > C7w||2, = C~Y|v||3,, with
C depending only on the fixed ball. This proves (2.7).

The constant in is independent of the orthonormal pair a, b, by rotational invariance of the
Euclidean Laplacian. For 0 < 7 < 1, set u = ¢*‘v, so that Au = ex'CPC’U. The functions e+*<
are uniformly bounded on the chosen ball in this range. Let A1 > 0 be the first eigenvalue of the
Dirichlet Laplacian —A on that ball. Since u vanishes near its boundary, the spectral theorem yields

lllz2 < Cllulle < CATY|AU| 2 < Cl|Pev]| 2
Combining the two bounds, we obtain, for all 7 > 0,
[vllz2 < C{r) M| Pevll 2

Integration by parts or using the Fourier transform yields
(2.8) IVoll72 < loll2llAvllz2,  [[V20llLe = [|Av]|z.
Since Av = Prv — 2¢ - Vv and || = /2,

1AV L2 < [[Pev]l 2 + 2v/27 ]|V 2

1
< |[Pevlle + SllAv] 2 + 47 [oll 2,
where we used (2.8) and the inequality ab < (a? 4+ b*)/2. Absorbing the Laplacian term and using
the L? estimate for v, we obtain, for all 7 > 0,
V202 = A0l L2 < C(I[Pevll 2 + 72l r2) < Clm)lPevll .
Inequality (2.8)) then implies
IVoll72 < [loll2llAv]l 2 < Cll Pl

Combining these estimates proves ([2.6]). O

We construct our g-harmonic solutions now. We continue to use the convention |(| = v/27.
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Proposition 2.5. For ( such that (- ( =0, let u solve
Agu=0 1in M, ulanr = e,

Then there exist constants Cy > 0, C' > 0, depending only on M and n, so that u = e*<(1 + ) with

7_2

(2.9) 171l 2y + (7)) IV 2 any + (D) 21Vl 2 ary < C<T> 1Bl 2 ()

when
HBHLOO <CY07 0<T<CO/HBHLOO

Moreover, extending u by e outside M results in a smooth g-harmonic function U on R™. The
corresponding zero extension of v satisfies r = e *U — 1 € C3°(R™) and suppr C M.

Proof. Set E(x) = e*¢, so that AE = 0. Since g = e on M, the unit normals for the two metrics
agree there. By the DN equality in (1.1]), we get

8,,u = Ag(E|8]V[) == Ae(E|8M) == 8VeE on OM.

Extend u to U on R™ by setting U = FE outside M. The conormal flux \/detggijl/i@ju equals
dyu on OM, since g = e there. Thus the boundary values and conormal fluxes match across OM,
so integration by parts shows that A,U = 0 in the distributional sense in R". Elliptic regularity
implies that U is smooth. Therefore

r=e U ~1¢e CPRM), suppr C M.
Conjugating (2.3) by E and using ¢ - ¢ = 0 and the symmetry of B, we obtain on R”
(2.10) PCT = —BijCiCj — BY ((9z'8j7" + 2@'83'7“ + CZCjT)
Let X, (r) be the norm on the left-hand side of (2.9]), where all norms are over R™. Since |¢| = v/27,
equation (2.10) implies
1Perllz2 < C72|Bll 2 + CllBllpes (V27 g2 + 7Vl g2 + 727 22)
< C72||B|| 12 + C{)?|| Bl oo X (r).

Apply Lemma[2.4]in a fixed ball containing M to the solution r of (2.10). For every 7 > 0 it follows
that

kil
(1)

Choose Cy > 0o that 2CCy < 1/2. If || B|pe < Cp and 7| B||z < Co, required by Proposition[2.5]
then

Xr(r) < O(r) M Perllz < O || Bll g2 + C(7) || Bl e X (1)

O} |Bllu= < 20C0 < 3.
Thus the last term can be absorbed into the left-hand side, yielding
2
(1)

Both r and B are supported in M, so their norms over R™ equal their norms over M. This proves

29). 0

X, (r) < 20— | Bl 2.
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By Lemma [2.I] and the Sobolev product and embedding estimates, choosing €p in Theorem
sufficiently small ensures || B||r~ < Cp, which we use for the rest of the argument.

We return to the orthogonal identity (2.5). Let ue = e” (1 + r¢) be the solution provided by
Proposition Choose n with -1 = 0 so that ( +n = —i§, £ € R"; see below for a specific
choice. Taking u. = ¥, we get

/ e~ BY (x)in; dx = — / e~ B ()i (x) da.
M M

Since Ren = —Re ¢ and both vectors are null, || = |¢| = v27. By the Cauchy inequality,
‘/ e_ix'gBij(x)nmj dz
M

Using (2.9) and 72/(7) < 7, we obtain, under the conditions on &, 1 above,

V2 Cy
| BllLe

< [nPPI1B c2an ez any-

(2.11) BY(©ming| < ClnlP|IBlj2ary  for 0< || <

2.4. Estimating the full tensor. The divergence-free condition implies B()¢ = 0. Our
first goal is to combine this with polarization identity techniques to estimate all components of B
in (2.11)).

Write £ = pw, |w| = 1. Suppose p > 0 and take 7 = p. Following a now standard construction |30,
choose orthonormal a,b € w™, which is possible since n > 3, and set

(2.12) ni:p<—a+i<—;i\é§b>>, (s :p<a+i<—;:|:\g§b>>.

These vectors satisfy (4 +n+ = —i€ and ny - ny = (4 - (+ = 0, with the parameter 7 = p. Using
the divergence-free condition Bw = 0, we get

Blns/pn=/p) = Bla,a) ~ S B(b,5) ¥ 1v/3 Ba,b)

where, for fixed &, we regard B as the complex symmetric bilinear form E(v,w): = Eij(f)viwj.
For each fixed £ = pw # 0 in the allowed range, 0 < || = p < Cy/||B||re<, we solve the following

system for the entries of E({) Since |n+| = v/2p, dividing [2.11)) by p? yields
B(ni/p,ni/p)( < CplBI 721y

uniformly in p, w, and the orthonormal pair a, b. Taking the sum and difference estimates B (a,a)—
%g(b, b) and é(a,b) by the same bound. Exchanging a,b also estimates é(b, b) — %é(a, a). The
system for the two diagonal entries has a constant coefficient non-singular matrix. Its inverse is
therefore bounded independently of & and the choice of a,b. Taking pairs from an orthonormal
basis of w, and using B(¢)w = 0, bounds all entries of B(¢) in an orthonormal basis of R”. Since
the Frobenius tensor norm is invariant under orthogonal changes of basis, we obtain

(2.13) B < CIENIB72ar) when 0 < [¢] < Co/|| B e

(but we can also use the component-wise norm here). The constant in (2.13]) is uniform as £ — 0:
the remainder estimate is uniform for small 7 = p, and the system above introduces no further
dependence on p. By continuity, (2.13)) extends to & = 0, giving E(O) =0.

If we ignore for a moment the different norms of B appearing above, this estimate is not very
useful at its limiting frequency |¢| = Co/||B||z~. It does imply B(0) = 0 however and is meaningful
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at intermediate frequencies. What we do below is to use a frequency cutoff equal to a fractional
power of C/||B||z2, and control the higher frequencies by the a priori bound on || B||gs.

2.5. Splitting the frequencies. Since B is flat at 9M, its extension as zero is smooth. For the
integer s fixed in Theorem [I] the Sobolev product estimates and Lemma [2.1] therefore give

| Bl s rny < Cllg — ellasary < ClR s (arys
where C' is uniform for €g sufficiently small. Thus, by (L.1)), we may set

m=|Blz  then m<||Blas < Cle,

where C’ > 0 depends only on M and s. All norms below are over R”. Assume m > 0, since
otherwise B = 0 and there is nothing to prove. Since s — 1 > n/2, by Sobolev embedding and
interpolation,

|Bllz= < ClIBllgsr < CIBIL Bl < Omt/oeg™ .

Thus any R satisfying
-1/s —(1=1/s)
O0<R<cm /550 i

where ¢ > 0 depends only on M, s and is sufficiently small, satisfies R||B||z~ < Cp. Hence ({2.13)
holds for || < R for such R. We split the frequencies at |{| = R now; for a similar argument, see [1]
but the difference here is that estimate (2.13) is quadratic in B:

wt = my ([ BR[| 1BOR )
[€I<R I§I>R
For the low frequencies, by (2.13)),

a7 [ IB@Pdc<omt [ jePde < oR R,
[EI<R [¢I<R

For the high frequencies, the a priori Sobolev bound implies
eny [ IB@Pds < R0 [ (¢PIBOP A < CR Bl < CER
l§I>R R

Combining the two estimates, we obtain
(2.14) m? < CR™2m* + Ce2R™%,  0< R<cm Moy,

where C' and ¢ are independent of R, m, and .

2.6. Optimizing the frequency cutoff and completing the proof. It remains to choose an
admissible cutoff R in (2.14) and complete the proof. Choose

R = L(co/m)'",

where I > max{1, (4C)Y29)} is fixed, with C' the constant in (2.14). The second term in (2.14)
satisfies

CelR™% = CL™%m? < —m?.

N

Since m < C’¢p and 2 — (n + 2)/s > 0 by the choice of s in Theorem [I} the first term in (2.14)
satisfies, enlarging C' if necessary,

CR"™2m4 — CLn+2E[()n+2)/sm 2=(n+2)/5)2 < CL”+253m2.
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For this choice of R, the upper bound in the second inequality in (2.14)) is equivalent to Leg < c.
We first fix L as above and then choose g sufficiently small that

1
CL"+263 < T Leg < ¢,

where C' is the constant in the low-frequency estimate. The cutoff is then allowed in (2.14), and
both terms in (2.14) are at most m?/4. Hence (2.14) yields m? < m?/2, contradicting m > 0. Thus
B =0 and g = e in the harmonic gauge, completing the proof of Theorem [I}

3. PROOF OF THEOREM

Preliminaries. We fix M, gg, s as in Theorem [2] and assume that ¢ is a smooth Riemannian metric
satisfying and sufficiently close to gg in H*(M).

For a symmetric matrix field A, write Lsu = 9;(A”dju). The conductivity associated with a
metric g is

Ay =+/detgg™?, La, = /detgAy.
For the background gy = e*“e, set

a = eln=2e/2, Ay: = Ay, = a’1d.

Extend a smoothly to a neighborhood of M where it remains positive, and choose a smooth cutoff
0 < x <1 compactly supported in that neighborhood with y = 1 near M. Replace the extension by
14 x(a —1) in that neighborhood and by 1 outside it. We continue to denote the resulting positive
extension by a, and extend gy by a*/ (" 2e. Then a = 1 outside a fixed ball, and

Aa 00 1o
(3.1) ==L eCEm),

where A is the Euclidean Laplacian.
As in the proof of Lemma the DN equality (1.3)) implies equality of the induced boundary
metrics. The integration by parts used in Section therefore yields

(3.2) / (Ay — Ag)9udjudz = 0
M
for u,v € C°(M) satisfying Ayju =0 and Agv =01in M.

3.1. The harmonic embedding. In Section[2.1] the identity map provides global harmonic coordi-
nates for the Euclidean background, and Lemma 2.1 constructs the gauge by taking their g-harmonic
extensions. For a general background, we use a harmonic embedding into a higher-dimensional Eu-
clidean space. The following lemma applies to any (smooth) background metric.

Lemma 3.1. Let gy be a Riemannian metric on M. There exist an open neighborhood U C R"
of M, a smooth Riemannian extension of go to U, an integer N > n, and real-valued functions

F' ..., FN € C®(U) such that
AgpF*=0 inU, a=1,...,N,
and F = (F1, ... JFNY: U — RY s a smooth embedding, that is, an injective immersion which is a

homeomorphism onto its image.

Proof. Extend gg smoothly to a connected open neighborhood V' of M, and choose a compact set
K Cc V with M C int K. By |12, Section 2, Lemma 4], finitely many real-valued go-harmonic
functions on V define a map F' which is injective on K and satisfies rank DF' = n there. Since K is
compact, F'|x is a homeomorphism onto its image. Restricting to U = int K proves the lemma. O
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Note that one can take N = 2n + 1 by the main result in [12]. The embedding F|p; can also be
viewed as a finite-dimensional projection of the Poisson embedding in [17], obtained by selecting
finitely many boundary data.

3.2. The harmonic gauge. The next lemma extends Lemma [2.I] In the Euclidean case, the
harmonic extension of the identity is the change of coordinates itself. The g-harmonic extension of
the embedding F' from Lemma may not take values in F'(U), so we first project it onto F(U)
before applying F~!. After changing coordinates, the remaining discrepancy is normal to F(U);
this is the field Z below. For F' =1d and N = n, the projection is the identity and Z = 0.

Lemma 3.2. Let F be the harmonic embedding of Lemma[3.1] for go. For g sufficiently close to go
in H5(M), there is a diffeomorphism ®: M — M fizing OM pointwise such that, writing

(3.3) g=9%.9, B=a (45— A),

there exists Z € C°(M;RYN) satisfying

(3.4) La,(F+Z)=0, Z|om =0, OF-Z =0, k=1,...,n.
Moreover,

(3.5) |® —Id||gs+1 + || Bllgs + 1 Z ]l s+2 < Cllg = goll a2,

1Z]| g1 < C|B]| 2.
All norms in this lemma are over M, and C depends on M, go, s and the fired embedding F .
Proof. For o =1,..., N, let F}' solve
AgF) =0 in M, Fllom = F*lom-

Elliptic regularity up to the boundary implies that F, € C>®(M;RN). Since La,F = 0, the
difference F,, — F satisfies

Lay(Fy—F) =—div((4g — A0)VEF,),  (Fy—F)lom =0.
Standard elliptic Dirichlet estimates and the algebra property of H*(M) imply
[1Fy = Fllgsr1 < Cl[(Ag — Ao)VEFyll s

< CllAg — Aollm= (1 + |1Fg = Fllrs+1),

where we used that F' is fixed and smooth. For g sufficiently close to g9, we can absorb the last
term and obtain

(3.6) [Fg = Fllgrs+1 < CllAg = Aollzs < Cllg — gollas-
By Sobolev embedding,
1 Fy — Fllcoary < Cllg — goll -
Choose a neighborhood 7 of F(M) in RV on which the Euclidean nearest-point projection

m: T — F(U) is smooth. Compactness of F'(M) and the preceding estimate ensure that Fy(M) C T
for g sufficiently close to gg. We can therefore define

(3.7) d=F'omoF,;: M = U.

Since Fj; = F' on OM, the map & fixes the boundary pointwise. The smooth composition estimate
in [16, Proposition 2.20], together with (F~!o 7)o F =Id, yields

1@ — 1] yyors = [|(F " o m) 0 Fy — (F~ o) 0 Fll o

(3.8)
< C|Fy — Fllgen.
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To apply that estimate, one may extend F~! o 7w smoothly to R" using a cutoff equal to one on a
smaller neighborhood of F'(M) containing Fy(M).

By (3.6), (3.8), and Sobolev embedding,
|2 — Idllcrary < Cllg = goll s (an-

For g sufficiently close to go, this bound is less than 1/2. Since ® fixes OM pointwise, the argument
of Lemma proves that & is a diffeomorphism of M onto itself, smooth with smooth inverse up
to the boundary.

To apply the estimates of [16] on R", extend ®—1Id by a fixed bounded Sobolev extension operator
and a cutoff. Its small H*T! norm ensures that adding Id defines a global diffeomorphism restricting
to ® on M. The composition and inversion estimates, together with ®~! —Id = —(® — Id) o &1,

imply )
@7 —1d||gs+1 < C||® — Id| o1 < Cllg — gollzs-

To estimate B, use the conductivity transformation law

D® A, DBT
A= (22927 ) o9t
g ( det D® )O

By (3.3)), this implies
-
2 _ (DA, DO
det D®

Since det D® > 27" and a is fixed, smooth, and positive, the Sobolev product and composition
estimates in |16, Lemmas 2.7 and 2.11, Proposition 2.20| yield

IBllas < C(|Ag — Aollgs + |D® —1d| s + | @7 —1d| =)
< C(llg = gollms + [|]® — 1d|| grs+1)
<Cllg—golms-

—A0> o® L+ Agod ! — A,.

Now set
(3.9) Z=F,00 ' - F

Invariance of the Laplace-Beltrami operator under diffeomorphisms implies La_(F + Z) = 0. Also,
Z =0 on OM because Fy = F there and ® fixes the boundary. By (3.7),

7(Fy(x)) = F(®(2)).
The defining property of the nearest-point projection therefore implies
Fy2) = F(®()) L T F(U).
Setting y = ®(z) and using (3.9), we obtain
Z(y) L Tr)F(U) = span{01 F(y), ..., 0nF(y)},
which proves the normality condition in (3.4]). Moreover,
Z=(Fy—F)od '+ Fod ' - F
The Sobolev composition estimates, (3.6]), and the bound for ®~! — Id imply
1Zles < C(IF, = Fllaess + 7" =l zos1) < Cllg — goll -
Finally, L4, F =0 and (3.4) imply
(3.10) La,Z = —div(a®>BVF),  Z|oy = 0.
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Multiply by Z and integrate by parts to get

IVZ||]7. < C

/ a?BY0,F - 9;Zdz| < C||B| 12|V Z|| 12
M

The Poincaré inequality proves the H! bound in (3.5). O
3.3. Boundary jets.
Lemma 3.3. The tensor g — go is flat at OM.

Proof. As in Lemma the boundary determination in |20, Proposition 1.3] provides a local
diffeomorphism 1) in a collar fixing M pointwise, such that § = ¢*g and go have equal boundary
jets. Set W = F, 09 — F. Then

AgW® = (Agy — Ag) F,
Wa|8M:aV§Wa|8]\/[:O, Oézl,...,N.

The Neumann data in (3.11]) follow from DN equality (1.3) and § = go on dM. The right side is
flat; ellipticity makes the boundary noncharacteristic, so the induction in Lemma shows that W

is flat.
The new step in the proof is to use the projection in (3.7)):

Dotp=F ltomo(F+W).
Since F'~'o7 is smooth near F(M) and F~'omoF = Id, flatness of W at OM implies that ®ov—Id

(3.11)

is flat there as well. Since (® 0 ),.g = g, the claim follows. U
Lemma [3.3|allows us to extend g by go outside M and B by zero, so that B € C§°(R™). By (3.5)),
(3.12) I Bl s ®ny < Cllg = goll s (ar-

The following estimate replaces the divergence-free identity (2.2)).

Lemma 3.4. For B as above,
(3.13) | div Bl|2rny < Cl|Bllp2(mn)-
Proof. We estimate div(a®B) by taking the tangential components of the equation for Z; the nor-

mality condition eliminates the second derivatives of Z from those components.
We have in M,

(3.14) La,Z = —La F = —0;(a>BY9;F) = —0,(a*B”)0;F — a® B ;0 F,

where in the first equality we used Lemma [3.2] and in the second the definition of B and the fact
that F'is go-harmonic. We also have

(3.15) La,0cF = (0,Af + 0,(a*B7))0,0,F + AY 0,0;0,F.
Applying L, to OgF - Z = 0, we obtain
(3.16) 0=0pFLa,Z+Z La,0uF +2A20,04F - 0; 2.

Using , , and , and reordering terms, we find that
(OxF - O;F — Z - 9;04F)0;(a®B"”) = —a® B O} F - 0,0;F
+ 2+ (0;A7 0;0cF + A 0,0,0,F)
+2A4Y 0,04 F - 9, 2.
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By Lemmal3.T} the matrix 0y ['-0; F' is uniformly positive definite on M. Furthermore, by Lemma3.2]
and the embedding H5T1(M) — C(M), we have

1Z| o ary < Cllg — gollzs (ar)-
Thus, taking g close enough to go, we see that OpF' - 0;F — Z - 0;0,F is still uniformly positive

definite and therefore uniformly invertible. Since Ag is uniformly bounded and a, F' are fixed and
smooth, it follows that

| div(a®B)| 2@y < C(IBllr2@ny + 1211 any) < ClIBllL2@n),
where the second inequality follows from Lemma . Finally, div B = a~2div(a®B) — 2BV loga,
which proves (3.13). O

3.4. The Liouville transform. By (3.3)), the extended conductivity is A7 = a*(Id + B) on R",
and it equals Ay outside M. Set

(3.17) by = |Bllr2;  bs =|Bllas;  boo = [[BllLe~-

All norms below are over R™ unless another domain is indicated. Since s — 1 > n/2, Sobolev
embedding implies

(3.18) boo + || div B[~ < Cbs.
Furthermore, the interpolation used in Section [2 yields
(3.19) beo < C|| Bl gre—1 < Cby/ *bL71/s.

The three quantities in have different roles: bo measures the perturbation in its “natural”
norm, b, controls its regularity and high-frequency behavior, and by, will be used to determine the
admissible frequency range. As in Proposition 2.5 the continuation argument below will require
a condition of the form 7bs < cp; (3.19) will allow us to choose the frequency cutoff within that
range.

The substitution u = v/a removes the background conformal factor from the principal part of the
equation L4 u = 0. The background creates the potential ¢ in , while the additional coefficients
are controlled by B.

Lemma 3.5. Set

(3.20) qp = a~'div(BVa) = Vloga - div B + a~ ' BY9,0;a.
Then, for v e C*°(R"),

(3.21) a_lLAg(v/a) = (A — q)v + div(BVv) — qpv.
Furthermore,

(3.22) | div B|[z2 + llgBllz2 < Cbe, || div Bl + |lgBllLe < Cbs.

The constant C depends only on the fixed data, including the extension of a and the harmonic
embedding F'.

Proof. Identity (3.20]) follows by expanding the divergence. Since Ay = a’Id,
1 .. /o0 /v Aa
(3.23) o div <a \Y4 (5)) =Av— —uw.

a
Using that B is symmetric, we also have

(3.24) édiv <a2BV (2)) = div(BVv) — gdiv(BVa).
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Adding (3.23) and (3.24) proves (3.21). The L? bounds in (3.22) follow from
lasllze < C(||div Bl g2 + || B|2)
and Lemma The same expansion of gp, together with (3.18]), proves the L>° bounds. ]

Identity (3.21) replaces (2.3)) from Section[2} when a = 1, we have ¢ = ¢g = 0, and the Euclidean
harmonic gauge makes div B = 0. Here the bounds in (3.22)) control the additional first-order and
zeroth-order terms without losing a derivative in L2

3.5. Background C.G.O. solutions. We first construct exact ggp-harmonic solutions to replace the
Euclidean exponentials (1.2)). We keep ¢ fixed. The next lemma is essentially the construction in [30]
written in the form we need it here. The remainder estimates are also proved in [4, Propositions 3.1
and 3.3|.

Lemma 3.6. Fiz a closed ball B containing M in its interior and an integer £ > 0. There are
constants Ty, C > 0 such that, if ( € C", (- ¢ = 0, and || > T, then there is a smooth global
go-harmonic function

(3.25) ug =a te*¢(1+ rg)
satisfying

C
(3.26) ¢l < 5k

The constants depend on the fized extended background, B, and ¢, and are uniform in the direction
of C.
Proof. We use the Faddeev solution operator G¢ for Pr = A4 2( -V, so that P-G¢f = f; see |11}

Proposition 4.5.4 and Remark 4.5.12|. Fix —1 < ¢ < 0 and an integer j > ¢+ n/2. Let Hz(R")
have norm

1l = D )70 flls (@) = (L +|af)V/2,

ol <j
The weighted L? estimate and the commutation of G with derivatives imply
(3.27) IGefllgy < 17l
‘ PG = eV gy
Since ¢ € C5°(R™) is fixed, multiplication by ¢ maps HY to H fj 41 continuously, with norm depending

on ¢, j,o. Thus (3.27)) implies that f +— G¢(qf) has operator norm at most C/|¢| on HZ. Increasing
T, makes this norm at most 1/2. We seek 7"2 as the solution of

(3.28) 'rg =Geq+ Gc(qrg).

Equation has a Neumann-series solution in H2(R"), with

C

W,

uniformly in the direction of ¢. Applying P to yields P<r2 =q(1+ 7"8), and with
B = 0 proves that is go-harmonic. Smoothness follows from elliptic regularity. On the fixed

ball B, the weighted norm in (3.29) controls the ordinary H’ norm, so Sobolev embedding proves
(13.26)). O

C
(3.29) 781l s < 21 Geall s < iglalag,, =
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In the integral identities, the factor a®B is paired with two gradients of solutions of the form ([3.25]).
Their leading factors a~! cancel a?; choosing ¢ + 1 = —i¢ then leads to the Fourier transform of B,
as in Section and as in [30]. The spatial derivative bounds in (3.26]) will control the resulting
Fourier error operators.

For 7 > 1, use the norm

(3.30) Xr(0) = [oll g2 + 77 Vol g2 + 772V 2,

equivalent to the norm in (2.9). The following consequence of Lemma incorporates the fixed
background potential.

Corollary 3.7. There are constants Top > 1 and C > 0, depending only on B,n and ||q||p~, such
that, for v € H?(R™) supported in B and ( € C" with ¢ -¢ =0 and |¢| = V27, we have

C
(3.31) Xr(v) <~ = @vllzz, 72 To.
Proof. For 7 > 1, Lemma [2.4] and (3.30) imply

C
X (v) < ?HPCUHL?

C Cllg|| -
< DR~ apoll + = ),
T T
Choose Tj so that C||q||r~/To < 1/2 and absorb the last term to obtain (3.31)). O

We now construct the g-harmonic extensions of the boundary values of the background C.G.O.
solutions of Lemma taken with £ > 2, as in Proposition

Lemma 3.8. After increasing Ty from Corollary[3.7, there are constants co, C > 0, depending only
on the fized data, such that the following holds. Let ¢ - ¢ =0, |¢| = V27, and assume

(332) bs < cp, T > T, Tboo < Cp.

The g-harmonic solution u¢ i M with boundary value ug extends by ug outside M to a smooth
global g-harmonic function of the form

(3.33) ue =a"te" (Lt +re), 1 € CF(RY),  suppre C M,
with
(3.34) Xr(r¢) < Cthy.

Proof. The Dirichlet solution is smooth up to M by elliptic regularity. The extension argument of
Proposition applies: , invariance of the DN map under ®, and Lemma imply that the
boundary values and conormal fluxes of u; and ug agree. Thus the extension is g-harmonic in the
distributional sense across M. The extended metric is smooth by Lemma so elliptic regularity
makes the extension smooth as well. Consequently,

re = ae” " (ue — ug) € C°(R™), suppr¢ C M,
which proves .
Conjugating by ¢ and using (Pr — ¢)(1 + 7“2) = 0, we obtain
(Pe = q)r¢ = = [BY(9; + i) (95 + ¢j)

(3.35) +(9:BY)(9) + () — ap] (1 + 1 +7¢).
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Choose Ty large enough that Lemma applies with ¢ > 2. Then (3.26) implies
N+l <C V72l an) + V212 pooqary < O

Together with the L? bounds in , these estimates bound the part of the right side of
acting on 1 + rg by C72by. For the part acting on r¢, the definition bounds the terms with
coefficient B by CTQbOOXT(rg), while the L* bounds in control those with coefficients div B
and ¢ by C1bs X, (r¢). Therefore,

(3.36) [(Pr — q)relle < C72bg 4+ C(72boo + Tbs) X7 (r¢).
Applying Corollary to (3.36]) yields
(3.37) Xr(r¢) < Ctby 4 C(Thoo + bs) X7 (r¢).

Compared with Proposition the additional bs term comes from div B and ¢p; the fixed potential
q has already been absorbed in Corollary . Choose ¢ so that 2Cco < 1/2. Under (3.32)), the last

term in (3.37)) can then be absorbed, proving ([3.34). O

3.6. Fourier estimates. We use the polarization construction in (2.12), retaining the components
in the direction w that vanish in Section [2| but are only estimated here by Lemma [3.4

Lemma 3.9. For every w € S" !, one can choose L = L(n) pairs (z;,e;) € C"* x C" such that
zp- 20 =e€p-ep =0, zp + ep = —iw, ‘Z@’ = ’€g| :\/i,

and, for every complex symmetric matriz S,

L
(3.38) si<c (Z S(zt.en)] + |Sw|> .

(=1

Here S(z,e) = SYze;, |S| is the Frobenius norm, and C depends only on n. The vectors may be
chosen piecewise smoothly in w.

Proof. Choose an orthonormal basis of w'. For each ordered pair p, q of distinct basis vectors, use
(2.12) with p =1, a = p, and b = ¢, and write z3 = (4, ex = n+. These vectors satisfy the stated
null, sum, and norm conditions. The calculation leading to (2.13)), with the S(w,w) term retained,
reads

Sz, ex) = —S(p.p) + 35(0,0) — 1S(w,) & 1VES(p,q).

Taking the difference controls S(p,q); taking the sum controls S(p,p) — %S(q, q) up to C|Sw|.
Interchanging p, ¢ gives the same invertible two-by-two system as in Section [2| so both diagonal
entries are controlled as well. Since n > 3, every basis vector has an orthogonal partner in w'.
Thus all entries of S restricted to w' are controlled, while the remaining entries are bounded by
|Sw|. This proves (3.38)), uniformly in w. Smooth local orthonormal frames on a finite cover of the

sphere provide the asserted piecewise smooth choice. O

For S = B(£) and w = £/|¢|, the additional term in (8.33) is controlled by Lemma m Indeed,
div B(¢) = ig(f)f, so Plancherel’s identity and (3.13]) imply

5o & C. . C
. 1 B(&)—=> < — B < — T .
(3.39) H {1€1>T1 (€>|§| LS THdlv 2 < Tb2 >0

We next estimate the errors in the background C.G.O. amplitudes.
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Lemma 3.10. Let e(x,&) = (e¥(z,&)) be measurable in & and C™ in x, with support in a fived
compact set in x, and suppose that

(3.40) 0Fe(x, ) < ClEI™, ol <n+1, [ =T
For a square-integrable matriz field B, define
(3.41) ErB(§) = 1{|§|>T}/ e e (x,£)BY (x)dx, T =Ty,
R"
Then
C
(3.42) |ErB|z2 < THB”L%

where C' depends only on n, the fired compact support, and the constant in (3.40).
Proof. The formal adjoint of (3.41)) satisfies

(2m) (B f)Y = Op(1yg=71€7) £,
where Op is with the left quantization. We are not claiming that its symbol satisfies the standard

symbol estimates. The compact support and (3.40]) imply

C
sup > [|0F (Lgesrye(0.6) 0 < 7
€ |o|<n+41

Applying |15, Theorem 18.1.11", p. 75] componentwise, followed by Plancherel’s identity and duality,
proves (3.42). The theorem requires no derivatives in &, so the sharp cutoff is allowed. ]

We combine the preceding estimates with the frequency splitting used in Section [2

Lemma 3.11. After increasing Ty and decreasing co from Lemma[3.8, if necessary, the conductivity
perturbation B in (3.3)) satisfies

(3.43) 11¢>m B[ 2 < C(R™?0% + T by + R™bs)
whenever
(3.44) bs < Co, R > T > To, Rboo < Co.

The constant C' depends only on the fived data and is independent of B, T, R.

Proof. Take the background solutions of Lemma with the C"*2(B) bound in (3.26)), increasing
Ty accordingly. First let 7' < || < R, write £ = pw, and choose (z,€;) as in Lemma [3.9] For
each pair set ¢ = pzy and n = pey. Then ¢ +1n = —i€, both vectors are null, and [¢| = |n| = v/2p.

Conditions ([3.44) allow us to apply Lemma with 7 = p.
The identity (3.2)), applied to g using invariance of the DN map, and (3.3) imply

(3.45) /M QQBijE)iug ﬁjugdx =— /M a?B" 0 (u¢ — ug) ajugdx.
By (3.33),
OV (ug — UC) Vre 4+ (¢ = Vioga)re

Thus (3.34) and the background estimate (3.26]) yield

(3.46) HaeifE'CV(uC - ug)HLQ(M) < Cp2bz, Haefx'”VuO

nHLoo(M) < Cp.
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In (3.45), the two gradient factors contribute a=2e® €+ = ¢=2¢71%¢ 50 42 cancels and the remain-
ing exponential has modulus one. Cauchy—Schwarz and (3.46)) therefore imply

(3.47) p2

/ aQBij&-ug@jugdx §Cpb%.
M

For the background amplitudes, (3.25)—(3.26) imply

ae—*¢ ¢ Vrl — (1 +r9)Vloga
Vu?z;(l—i-rg)—k < ; <

p

(3.48)

=2+ Ocnirg) (p™1),

and similarly with 7, ;. These expansions hold for every p > Ty. Fix x € C$°(B™) equal to one
near M and set

e (@,€) = x(x) |p?a%e "D O — 2]

extending it by zero for || < Tp. By (3.48)), this amplitude satisfies (3.40). It is measurable in §
by the phase choice and the Neumann-series construction in Lemma . Let Ey 7 be the operator

(3.41) with amplitude er_ Since supp B C M, for T < |¢] < R we have
(3.49) p2 /M aQBijé?,'ug Bjugdx = B(&)(ze,e0) + EyrB(€).

Combining (3.47), (3.49)), and Lemma [3.10, we obtain

1/2
| Lir<ie<myB(E) (20, e0) |, < Cb3 (/T |§|2d€> +CT by

<|¢I<R
< O(RV*03 +T7'by).
Lemma (3.9 and (3.39) now control all components:
(350 ireem Bl < CORV5 4 7-11),
Finally, the Sobolev bound, as in Section [2] implies
Ite>my Bl 2 < CRIBlls = CR*bs.
Adding this to (3.50) proves (3.43). O

3.7. Compactness.

Lemma 3.12. Let B; # 0 be conductivity perturbations as in Lemma with the same fized data,
and write by j, bs j, boo j for their norms as in (3.17). Ifbs ; — 0, then a subsequence of H; = Bj /by ;

converges strongly in L>(R™) to a tensor H satisfying

supp H C M, |H| 2 = 1.
Proof. Since by j < b, ;, the cutoffs
iim by 1/s
. )
9. b2"]

tend to infinity. By (3.19),

1-1/(n+2
Rjbsy < Cb17Y ) 0,
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Moreover, (3.51)) and s > n/2 + 1 imply

1—(n/24+1)/s
n/2+1, 172 ((ba 1/2
RV, ;= bV <bsj) <p2,

—sbsj _ s/(n+2)
~S 20— b .
R ba 8,

Fix T > Tp. For all sufficiently large j, the conditions (3.44) hold with R = R;. Dividing ([3.43)) by
by,; and using (3.52)), we obtain

(3.53) lim sup || 1qjej>7y Hj| 12 <
j—o0

(3.52)

C
T

Since ||Hj||p2 = 1 and supp H; C M, a subsequence converges weakly in L*(R") to a tensor H
supported in M. For each fixed T, the map f — flg¢<ry from L?(M) to L*({|¢| < T'}) has the
square-integrable kernel e~ so it is Hilbert-Schmidt and hence compact. Therefore, along this

same subsequence, R R
1)<y (H; — H)|| ;. — 0.

Weak lower semicontinuity and (3.53)) also imply H1{|§‘>T}fl |2 < C/T. Splitting the frequencies

at T thus yields

~ = 2C
thUP [Hj — Hl|p2 < T

J]—00
Letting T'— oo and applying Plancherel’s identity proves strong convergence in L?. In particular,
[H|l 2 = 1. O

3.8. The linearized problem. We identify covariant and contravariant tensors using e and denote
the Euclidean tensor by e in either case.

For a smooth positive function a, and a vector field X, define the normalized infinitesimal gauge
by

G.X =DX +DX'" — (divX +2X - Vloga)e.
Thus a?G, X is the corresponding variation of the conductivity Ag = a?Id.
Lemma 3.13. Let X € H}(M;R"™) and let u,v € C°°(M) be go-harmonic. Then

(3.54) / a?(GaX)Y 0pu djvdz = 0,
M
and
(3.55) Lay(—X - Vu) = — div(a?G, X Vu)

in a distributional sense. The same identities hold on R™ for compactly supported X € H!(R™;R")
and smooth global solutions of La,u = La,v = 0.

Proof. First let X be smooth and compactly supported, and let ¢, be its flow. The pushed-forward

conductivity is
2 T
a" DDy -1 d 2
Ay = | —————— —A = X.
! < det D, )Pt @ T

Differentiating L4, (u o ¢; ') = 0 proves (B.55). Testing this identity against v, and using La,v = 0
and compact support of X - Vu, proves (3.54). Both identities extend by H' density to the stated
classes of vector fields. O
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We can call G, X with X € H}(M;R") potential tensor fields, by analogy with the X-ray geodesic
transform of symmetric two-tensor fields.

In Proposition [3.16] testing the linearized identity with background C.G.O. solutions will yield
the Fourier condition in the next lemma. Its decomposition writes H as G, X plus a scalar tensor,
which Lemma will eliminate. It will then remain to prove that X vanishes outside M, so that
H is a potential tensor.

Lemma 3.14. Let H € L*(R") be a real symmetric tensor with compact support, and assume that
for almost every & # 0 the restriction of H () to &4 is a scalar multiple of the Euclidean form. Then
there are compactly supported X € H'(R";R") and 3 € L*(R™) such that

(3.56) H=DX +DX" + fe.

Proof. For £ = pw # 0, set S = ﬁ(f) and define

W — 1 w,w w
(3.57) o= TS =SWw) g S0 3(SWw) + )W

n—1 1p
The hypothesis implies S =i(£® X + X ® &) + Be, proving (3-56). Moreover, \B\ + ||| X| < C|H]|.
Since H has compact support, H is bounded, and |¢|72 is integrable near zero for n > 3. These
bounds imply X € H' and 8 € L?; the reality of H implies that X, 3 are real.
Outside a ball containing supp H, taking the trace of yields

2
ain + ani = *(diV X)élj
n
Differentiating and combining the three permuted identities gives, distributionally,
1
(3.58) 82({9])(]{ = — (6jk82 divX + (51k8j div X — (5”(9]g div X) .
n

Taking the divergence in k gives (n —2)0;0; div X = —§;;A div X. Tracing this identity shows that
AdivX = 0, hence D?divX = 0. By , D3X = 0 there. Thus X is a polynomial of degree
at most two on the connected exterior of the ball; since X € L2, it vanishes there. Equation (3.56])
then shows that § vanishes there as well. O

The following lemma is basically the Sylvester-Uhlmann |30] argument but with o € L? only.
Lemma 3.15. Let a > 0 be smooth on R™ and equal to one outside a ball. If o € L?*(R™) has
compact support and

(3.59) / a?oVu - Vudz =0

for every pair of smooth global solutions of La,u = La,v =0, then o = 0.
Proof. The product identity La,(uv) = 2a?Vu - Vv and (3.59) imply
(3.60) {a™?L a0, (au)(av)) = 0.

The distribution in this pairing belongs to H~? and has compact support. Fix & € R", choose
orthonormal p, ¢ € £+, and, for t > [£]/2, set

Ctztp+i<—§+\/t2—‘§4’2q),
2
77t=—tp+i<—§—\/t2—’£4‘Q>-

(3.61)
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These vectors are null, have norm v/2t, and satisfy (;+n; = —i&. Apply the background construction
of Lemma with two derivatives on a ball containing supp o. Its solutions satisfy
(augt)(augt) = e_iz'g(l + T(g)t)(l + 7“9”) sy eizg

in C? near suppo. Passing to the limit in (3.60) shows that the Fourier transform of a 2L 4,0
vanishes. Hence Lg,0 = 0. Elliptic regularity makes o smooth, and testing against o gives
[ a*|Vo|*dz = 0. Compact support then implies o = 0. g

The next proposition identifies the kernel of the linearized conductivity DN map at Ag with the
potential tensors. For smooth H, the bilinear form in (3.62)) represents the linearized data in the
direction a?H; its L? formulation is needed for the limit in Lemma

Proposition 3.16. A real symmetric tensor H € L>(M) satisfies
(3.62) /A ) a?HY9;u 0jvdx = 0

for all go-harmonic u,v € C*°(M) if and only if
(3.63) H=G,X for some X € H}(M;R™).

Proof. The reverse implication is Lemma [3.13] For the forward implication, extend H by zero to
R™. Fix £ # 0 and orthonormal p,q € &%, and use the background C.G.O. solutions with phases

in (3.62)). By , uniformly on M,

t_lae_m'CtVugt — p +1ig, t_lae_z'mVugt — —p — igq.
Dividing by t? and letting t — oo therefore yields
(3.64) H(E)(p +ig,p +ig) = 0.

Replacing ¢ by —q in (3.64) shows that E[(ﬁ)(p,p) = ﬁ(f)(q, q) and ﬁ({)(p, q) = 0. Thus the
restriction to &1 is scalar. Lemma [3.14| provides the compactly supported X, 8 in (3.56), and

(3.65) H — G, X = oe, oc=pF+divX +2X - -Vloga.

The scalar ¢ belongs to L? and has compact support. Subtracting the global identity from
shows that holds, so Lemma implies ¢ = 0.

It remains to prove that X vanishes outside M, including any bounded complementary compo-
nents. Let ¢ € C§°(R™\ M) be real and set @ = ae?. Since @ = a on M, the global solutions for 2Id
restrict to gp-harmonic functions in M, so also holds for this background. The decomposition
3.57) depends only on H and therefore produces the same X, 5. Repeating the scalar argument in
3.65)) with a gives H = Gz X, and hence

(3.66) 0=GaX — GuX = —2(X - Vp)e.

On any ball compactly contained in R™\ M, choose ¢ equal to a coordinate function near that ball.
Equation (3.66]) then forces each component of X to vanish there. Thus the global H' vector field
X is zero outside M, and the trace characterization of Hol on smooth domains proves (3.63)). ]
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3.9. Completion of the proof.

Proof of Theorem[9 Fix go and suppose the conclusion fails. Then there are smooth metrics g; with
Ay, = Ay, and [|gj — gol| s (ar) — 0 which are not related to go by boundary-fixing diffeomorphisms.
Apply Lemmas and write g; = (®;).g;, with perturbations B; as in (3.3). By (8.12),
bs; — 0. Moreover, B; # 0: otherwise Agj = Ay, hence g; = go since n > 3, contradicting the
choice of g;. Lemma provides, after passage to a subsequence,

H;j = Bj/by; — H in L? |H| 2 = 1.

Set Aj = Ag, = a?(Id + Bj). By (3.18), A; — Ap uniformly, and these conductivities are uniformly
elliptic for large j.
Fix go-harmonic u,v € C*°(M) and let u; solve L4, u; = 0 with boundary value u. Then
La,;(uj —u) =~ div(a®B;Vu), (uj —u)lom = 0.
The energy estimate and Poincaré inequality imply
(3.67) llwj — ull g1 (ary < Chaj,
where C' may depend on the fixed function u. Applying (3.2) to g; and using (3.67)), we obtain

2,j
Strong L? convergence in proves for H. Proposition therefore gives H = G, X for
some X € H(M;R").

Let Z; be the normal fields from Lemma and set V; = Z;/by ;. By , this sequence is
bounded in H}(M;RY), and (3-4), imply

(3.69) La,V; = —div(e®H,;VF),  DF'V; =0.

(3.68) ’ /M a® HY 9ju djvdz

/M azB;jai(uj — u) ajvdl‘ < CbQVj — 0.

After passing to a further subsequence, V; — V' in H{. Since Aj — Ap uniformly and H; — H in
L?, passing to the weak formulation of (3.69) yields

(3.70) LAV = —div(a?HVF), DF'V =0.

Each component of F' is gg-harmonic. Thus , applied to H = G, X, shows that —DFX €
HY(M;RY) solves the same Dirichlet problem as V in (3.70). Uniqueness gives V = —DFX. The
normality in (3.70) now implies DFTDF X = 0. Since DF has full rank by Lemma we have
X =0, hence H =0, contradicting || H||;2 = 1. O
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