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Chapter I

Introduction

The purpose of these notes is to present the geometric optics construction for wave equations and
derive some of its consequences. We discuss geometric optics for the Helmholtz equation in the
high-frequency regime as well. The methods extend to other hyperbolic equations, for example to
the isotropic elasticity system. These notes are based on a course I gave at the Math Department
at Purdue University. The first version was written well before Al was a thing but they have been
polished by Al now. Some new additions are Al generated and clearly marked as such. I plan to
rewrite them eventually.

We start with the acoustic wave equation
(0.1) (0} — (x)A)u =0, (t,z) € RxR",
where ¢(z) > 0 is a smooth wave speed. Let us look at several ways of constructing solutions.

Parametrix for the Cauchy problem. Suppose we are given u and u; at t = 0. We look
for a solution built out of terms of the form

0.2) ult, x) ~ (20)" / 9028 o(t, 2, €) F(€) de,

where f comes from the Cauchy data, a is a classical amplitude, and the phase function ¢ is
positively homogeneous of degree one in £. This is our first example of a Fourier integral operator,
or FIO. We will introduce its geometry by following the rays determined by the phase. Plug (0.2)
into (0.1) and equate the leading homogeneous terms to get the eikonal equation

(0.3) o7 = Va0l

The successive lower order terms give us transport equations for the expansion of a. If we take
¢li=o = = - € and al—¢ = 1, then (0.2) at t = 0 is just the Fourier inversion formula for f. There
are two choices ¢+ for ¢ in (0.3) coming from the two square roots in (0.3), which tells us that we
should seek a solution as a sum of two terms as (0.2). The initial conditions for u and wu; allow us
to choose the amplitudes of the two terms to match the two Cauchy data. Details are given in the
next chapter.

The amplitude in expansion (0.2) is determined up to a € S™°°. It is easy to see, similarly
to the DO calculus, that this means a smooth error. Therefore, the r.h.s. of (0.2) has the same
singularities as the exact solution.
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If ¢ = 1, the two phases are ¢+ = x - £ F t[¢], see (I1.1.10). A singularity starting at y with
covector & travels along x = y + t£/|¢| on the corresponding branch. For variable ¢, the spatial
projections of the null bicharacteristics are geodesics of the metric ¢=2dz?. The transport equations
are ODEs along the bicharacteristics. We can therefore follow a singularity and compute its leading
amplitude along the ray.

Progressive wave expansion. Such expansions appear in scattering theory. Assume that
c(z) =1 for |z| > R for some R > 0. Fix w € S"~1. At time ¢, the incident plane wave §(t — z - w)
is supported on the plane = - w = ¢, moving in the direction w. For ¢ < —R the plane has yet to
reach supp(c — 1). We look for the solution of

(0.4) (0} — (x)A)u=0, wu(t,z)=06(t—=x-w) fort< —R.

Near the incoming front we look for an expansion of the form
o0

(0.5) u~ Y ag(@,w)hy(t — gz, w)),
7=0

where hg = 0, hy is the Heaviside function, and hji1(s) = si/j! for j > 1. Plug (0.5) into (0.4)
and collect terms of the same order of singularity. The phase ¢t — ¥(z,w) must solve (0.3) again,
which gives

(0.6) AV =1, Ylpwe—r=1 w.

There are two choices for the normal derivative on this plane. Matching v to the incident phase

Z - w on the incoming side gives J,1% = 1 there. The amplitudes solve transport equations. The
r.hs. of (0.5) represents the exact solution up to a smooth error.

High-frequency stationary waves. In the Cauchy parametrix we describe singularities up
to a smooth remainder. Now we consider a family of waves depending on a large frequency A and
measure the error by its decay as A — +o00. Each wave can be smooth for fixed A and the family
can still have a semiclassical wave front set.

Take the formal Fourier transform of (0.1) w.r.t. t. We get the acoustic Helmholtz equation
(0.7) (=2A = X)a(\,z) =0 in R™.
We look for solutions of the form
(0.8) a(\, z) = e*@a(z, \),

where a is a classical amplitude in the semiclassical sense,
oo

(0.9) a(z,\) ~ > A Fag(x).
k=0

See also (I1.7.1) for the time-dependent case. Plug (0.8) into (0.7). The coefficient of A\? gives
2| V,¢[? = 1, just as in (0.6). The choice of phase depends on the boundary data or, in a scattering
problem, on the incident wave.

High-frequency time-dependent waves. In Chapter 11, Section 7, we fix a direction w and
study individual oscillatory waves as A — +00. We seek approximate solutions of (0.1) of the form

(0.10) u(t,z) = e gtz w, ),
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where ¢ is real and a ~ > po A Fai(t, 7,w), as in (IL7.1). Substitution gives the eikonal equation
(0.3) at order A\? and successive transport equations for the aj along the rays.

For ¢ =1, take ¢ =t — 2z - w, |w| = 1, and prescribe ap(0,z) = x(z) with x € C§° supported
near xg. Then ag(t,z) = x(x — tw), so the leading wave packet moves along x = xg + tw. The
lower order amplitudes correct the error caused by transverse localization. A single branch also
determines the initial velocity; to match arbitrary Cauchy data we use both branches. For variable
c the same construction follows the geodesics of ¢~2dz? while the phase remains regular. On a fixed
time interval within such a patch, keeping N terms gives an O(A'~) error in (u,u;) in H' x L2,
provided both Cauchy data of the exact solution and the approximation are matched.

Gaussian beams. How closely can we concentrate a high-frequency wave near a single ray?
In Chapter TI, Section 8, we introduce a second parameter € > 0 by replacing the initial cutoff by
X((x — zg)/e). At order k, the transport construction involves up to 2k derivatives of the cutoff,
so the effective expansion parameter is (Ae?)~!. Thus we need \e? — oo; for example, ¢ = A™°
with 0 < a < 1/2 works. At the critical scale ¢ = A~1/2_ these estimates no longer give decreasing
orders.

For the wave equation, one way to see this scale is to start with initial data of coherent state
type,
(0.11) fa(z) = eM@—z0) w=Alz—x0|?/2

The Gaussian has “width” of order A=1/2 about z¢, and the oscillatory factor gives the packet its
central wave vector Aw. We include the Gaussian in a complex phase with a positive imaginary
quadratic part. To construct a Gaussian beam, we solve the eikonal and transport equations to
the required order along the ray. The imaginary part gives decay away from it. If we follow one
half-wave, the center travels along the corresponding ray.

Chapter IV develops this construction and also gives a stationary example for the Euclidean
Helmholtz equation in R3. A source on the plane 23 = 0 has a Gaussian profile in the transverse
variables 2’. We apply the outgoing Green’s function to this source and use complex stationary
phase to compute the leading field on the beam axis. This connects the Gaussian beam construction
with the outgoing Helmholtz waves discussed above.

In the next chapter we develop geometric optics for the wave and Helmholtz equations in open
sets. Chapter III introduces Fourier integral operators, and Chapter IV treats Gaussian beams.
We then ask what happens when a ray meets a boundary or an interface. This leads us to reflected
and transmitted waves.

[The introduction is incomplete]






Chapter I

The wave and the
Helmholtz equations in
open sets

1. The initial value problem for the wave equation

We are interested in the wave equation

(1.1) (0} — *Ag)u=0

in Ry x R, where gg is a Riemannian metric and ¢ > 0 is a smooth wave speed. For gg Euclidean
this is the acoustic wave equation of Chapter I. The Cauchy problem with data at ¢ = 0 is to solve
(1.1) with the initial conditions

(1.2) uli=0 = f1, Utlt=0 = fo.

We are interested in boundary value problems as well, and transmission problems, when the coef-
ficients can jump over smooth hypersurfaces.

The principal symbol of (1.1) is
p(t @, 7,6) = =7° + (@) &5,
2

where [£]7 = géj(:c)gigj. It is convenient to introduce the metric g = ¢2gg. Then |¢|, = c|¢|,,, and
away from the zero section the characteristic variety has two sheets ¥4 = {7 & [{|, = 0}. Let us
see first how these two sheets enter the solution of the Cauchy problem.

1.1. The constant coefficients case. Assume gg Euclidean and ¢ constant.

The 1D case. Let n =1 first. Consider the constant coefficients wave equation

(1.3) Ut — gy = 0.
Since 9? — 202 = (0; — ¢0,.)(0; + ¢0,), one easily gets that
(1.4) u=F(x—ct) + Gz + ct)

with F' and G arbitrary (distributions) represents the general solution. We have two waves moving
with speeds ¢ (and velocities ¢ and —c¢, respectively), see Figure 1. Having initial conditions, one
can easily compute them. If fo = 0, for example, then F' = G = %fl If f is singular, we see that
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each singularity splits into two equal parts and then each one of them propagates to the left and
right with speed ¢. The solution cannot be a ¥DO (applied to f1). Even though this is a very basic

G(x + ct) F(z —ct)

< >
-

Figure 1. propagation of 1D waves.

case (n = 1, constant coefficients), this example describes the behavior of the multidimensional
variable coefficient case as we show later, see Figure 6.

The multidimensional case. Let n > 2. Make the speed ¢ equal to 1. One has explicit formulas
then, of course but let us see what happens if we use Fourier analysis. We write

(0F + lel*)a(t,€) = 0,

where u is the partial Fourier transform w.r.t. . This is an ODE, therefore,

(1.5) a(t,€) = a1(€)e + az(€)e e,

Using the initial conditions, we get

(16) (t,€) = 3¢ (ﬁ(s) fm) + 2o <f1(€) - f?@) |

€l i¢

Differentiating at ¢t = 0 gives fg, as it should. Combining the two terms, we get

sin(t|¢])
iy

At £ = 0 the sine quotient has the limiting value ¢. Taking the inverse Fourier transform, we get

utt,) = (2" [ S0 (L) - e o)) de

#m [ 0 (L0 + o fa(e) ) de

(1.7) a(t, &) = cos(tl¢]) f1(€) + £2(9).

(1.8)

This can also be written as

u(t.o) = (2m) " [ [ et <f1() 2.L,f2(y>>dyd§
2y [ [ dtiereme <f1() ol <)>dyd£.

We get oscillatory integrals. They are not WDOs! The essential difference with the ¥YDOs is the
phase functions above: we have

(1.10) ¢+ = FtlE[ + - &,

respectively Ft|¢| + (x —y) - € instead of x - or (z —y) - &.

(1.9)
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Of course, we also have the classical formulas for the solutions using spherical means, etc.

We can already see how singularities propagate. The condition for the phase in (1.9) to be
stationary in £ is * = y + t&/|¢|. Away from these rays we can integrate by parts in . To
follow a singularity at y in a given direction, localize near y and to large frequencies in a small
conic neighborhood of that direction. On each branch the Fourier multiplier eFt€l preserves the
frequency localization. Thus the covector stays fixed and the base point moves along = = y+t£/|¢|,
just as in Chapter 1.

1.2. The variable coefficients case. Let us return to (1.1). The spatial operator P := —c*Ag,
is formally self-adjoint for the measure du = ¢~2d Vol,, where d Vol,, = v/det gg dz. For the global
statements on R"™ below, assume for simplicity that gg is Euclidean and ¢ = 1 outside a compact
set. Given a domain U, and a function u(t, z), define the energy

Ey(t,u) = / (|Vu|_(2]0 + c_2|ut|2) d Voly,,
U

where ]VU@O = géj (9iw)dju. By finite speed of propagation, compactly supported data give a
solution with compact spatial support on each bounded time interval. The domain of dependence
is determined by ¢ = ¢~2go. The energy norm for the Cauchy data (f1, f2), that we denote by || - ||
is then defined by

Gl = [ (VA + Il d Vo,

This defines the energy space
H = Hp(R"™) @ L*(R", dy),

where Hp(R™) is the completion of C5°(R"™) in the norm ( [ |Vf|§0 d Vol )
then can be written down as the system

(1.11) u;=Pu, P= ( 0 I>,

v 2, The wave equation

-P 0

where u = (u,u;). Take the nonnegative self-adjoint realization of P defined by the Dirichlet energy
form in L2(dp). On a bounded smooth domain the same construction with form domain H} gives
the homogeneous Dirichlet boundary condition. The corresponding wave generator is skew-adjoint
on the energy space. Stone’s theorem then gives

(1.12) u(t,) = e'Pf,
where f = (f1, f2). The group P is unitary (energy preserving) and strongly continuous.

We now know that the Cauchy problem is solvable and that the energy is preserved. Let us see
where a singularity travels and how its leading amplitude changes.

2. The geometric optics ansatz

Before we construct the phases of Chapter I, let us allow lower order terms as well. For a smooth
one-form A set

(2.1) Ag(),A = (det go)_l/Q(axi - iAi)(det go)l/2géj(8xj - iAj).
We consider the equation

(2.2) (07 +ad — Ay +qu=0
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with Cauchy data (1.2). Here a is the attenuation and ¢ is a potential. The coefficients of the lower
order terms may be complex. Another example with the same principal part for gg Euclidean is
the acoustic pressure equation

(2.3) pu—pV - (p~'Vp) =0,

where p > 0 is the density. Expanding the divergence gives a first order term involving Vlog p. In
all these examples the principal symbol, and hence the rays, are the same for fixed ¢ and gg. The
lower order terms enter the amplitude equations. It is convenient first to write the ¢ derivatives in
divergence form as well. Set

Ay = —a.
It is straightforward to show that
O + ady = (0 + Ag)? — 9, Ag — AL
Therefore, setting
V= -0 Ay — Af + g,
we can rewrite (2.2) as
(2.4) Pu=0, P:=(0+Ay)?—c*Agya+V.
From here on P denotes this spacetime operator.

Motivated by the constant coefficient case, we look for a solution of (2.4), (1.2) of the type
(1.8). This leads to the ansatz

’U,(t, m) - (27T)_n Z /ei¢g(t,z,§) (al,a(tv z, g)fl (5)
(2.5) o=t
+1€ly Maz ot 7, ) f2(©) ) de.

modulo terms involving smoothing operators of f; and fs. Here the phase functions ¢4 are posi-
tively homogeneous of order 1 in €. Next, we seek the amplitudes in the form

o
(2.6) ajo~ Y dt) o=+ j=1.2
k=0

(%)

where a; ., is homogeneous in £ of degree —k for large |£]. To construct such a solution, we plug
(2.5) into (2.4) and try to kill all terms in the expansion in homogeneous (in &) terms. The following
identity, which we can obtain by a direct calculation, helps with that.
Lemma 2.1.
PP = — (016)° + b (0;0)(0k0)
(2.7) .
+i(0F — Dg0)6 + 20 ((0:0)(Dr + Ao) — 23 0;0(0 —iAy)) + P.

where e*'® and all other stand-alone functions stand for operators of multiplication.

Proof. It is easy to see that it is enough to prove (2.7) for V = 0. We have
(2.8) (ak — lAk) ePu = e ((6k — lAk) + 16k¢) Uu.



3. Solving the eikonal equation 9

Apply (2.8) twice, keeping the density (det go)'/? inside the outer derivative. The terms in which

that derivative falls on Ox¢ or on the metric density combine to give the ordinary Laplacian of ¢.

We get
(2.9) e_i(bAgovAewu = Agyau +i(Agd)u
' + 2ig)" (9;6) (0 — 1A )u — |Vao|2 u.

Similarly,
(2.10) e 720 + Ag)2ePu = (8, + Ag)*u + i(02¢)u + 2i(9,0) (8 + Ag)u — (9;0)*u.
Multiply (2.9) by —c? and add it to (2.10) to complete the proof. O

Equating the terms of order 2 yields the eikonal equation

(2.11) (019)* = (2)|Vagl, = 0.

Here |VI<Z>|ZO = géjaiqﬁ@jd) is the squared norm of V,¢ as a covector. Clearly, 02|Vm¢\go = |V2¢IZ.
Write f; = (2m)™" [ eixffj(f) d¢, 7 = 1,2, to get the following initial conditions for ¢4

(2.12) Pili=0 =z -&.

For the transport equations we must use the full amplitude multiplying each datum in (2.5).
Write bgkj)[ = aglfj)[ and bgf) = [£ \g_lag’;)[. The factor |€ \9_1 depends on z for a variable metric.
Equating the terms one order below the eikonal equation gives the first transport equation
(2.13) ((@164)(0% + A0) = g (Bi6r2)(8; — 14;) + Cx ) L =0,
with
(2.14) 204 = (07 — Ay ).

At each lower order we get the same transport operator, now with a right-hand side computed from
the preceding coefficient. We will return to these equations after solving for the phase.

We will solve the eikonal equation first. Note that if we have the general differential operator

with a principal symbol p(z, ), the eikonal equation would be
p(z,Vg) =0.

This is also known as (one of the forms of) the Hamilton-Jacobi equation.

3. Solving the eikonal equation

3.1. The Hamilton-Jacobi equation: the method of characteristics. Let H(z,&) be a
smooth Hamiltonian (so far just a smooth function) of (z,£) € R™ x R™. We want to solve the
Hamilton-Jacobi equation (eikonal) with prescribed values on some hypersurface S

We work locally near some xg € S.

There are several versions of that equation which are equivalent to (3.1). The most common
form is

(3.2) o+ G(x,Va9) = 0.
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This form appears in geometric optics constructions for hyperbolic PDEs. Add the variable 2% = ¢
and its dual variable 7. Setting H = 7+ G(z, &) gives (3.1) in spacetime. For Cauchy data on ¢ =0
the characteristic field is transverse to the initial surface since H, = 1.

Another version is
(3.3) G(z,V¢) = 1.
This is the eikonal equation for Hemholtz type of PDEs with a large (or small) parameter. For
example, " (z)p,ip,; = 1, with g a Riemannian metric. Write H = G — 1 to get (3.1).

To solve (3.1), we use the method of characteristics, as in [4]. It is described there how to solve
the more general equation H(z, V¢, $) = 0. In our case, there are some minor simplifications.

The idea is to find some curves (characteristics) z(s) so that we can easy compute ¢ restricted
to those characteristics: ¢(z(s)). Those curves would hit S, where we have an initial value ¢y.
They would depend on an additional n — 1 dimensional parameter, for example on the point of
intersection with S.

The form of (3.1) suggests that those curves might be the Hamiltonian curves for H, i.e., the
solutions of

(3.4) @ =He, &=—H,.
Then (3.1) would just reflect the fact that H is constant along those curves if we can arrange
(3.5) §(t) = (Vo) (x(t))

(meaning V¢ evaluated at = x(t)). This is just a wild guess, and let us see if we can make it
happen. Assume for a moment that (3.1) is locally solvable. Let x(s) be some smooth curve and
take (3.5) as a definition of £ without assuming that it has anything to do with (3.4). Differentiate
w.r.t. ¢ to get

We have unpleasant second derivatives here and to deal with them, differentiate (3.1) to get
(3.7) Hyi + He g = 0, Vi.

Comparing the last two equations, we see that it is very convenient to take # = H¢ to make the
expressions involving the second derivatives the same. Once we have done that, the last equation
becomes &(t) = —H,(x(t),&(t)). Those are exactly the Hamiltonian equations (3.4).

How to find ¢? Set z(t) = ¢(x(t)). Then
(3.8) 2(t) = Vo - i(t) = &(t) - He(x(t),£(1)).

To start this ODE we need the initial covector on S. Its tangential part is d¢g. Choose a conormal
v and any extension 7 of d¢p to the ambient cotangent space at xg. We solve H(zg,n + av) =0
for . At the chosen root assume Hg - v # 0. The implicit function theorem then gives a smooth
choice of root nearby, and & = H¢ is transverse to S. This is the noncharacteristic condition for
this branch. If there are two simple roots, each gives a local solution.

Let us carry out the construction. Solve
(3.9) t=¢-He

along the Hamiltonian curves with initial conditions z(0, z()

= ¢o(zp) on t = 0 defining S locally:
The map (¢, zp) — = is a local diffeomorphism, and we set ¢(z) = z(

t,x0). We will prove (3.5), i.e.,



3. Solving the eikonal equation 11

that Vé(x(t, zo)) = &(t, o) which is true on ¢ = 0 by construction. Differentiate (3.9) with respect
to xg. We get

t
(810)  Gud,ai(tao) = 9,0 + /0 (0,605 w0) - (5, w0) + &(5.20) - 0,(s,0) ) ds,

j=1,...,n— 1. Integrate by parts the second term. The new integrand is

0,3€(s,x0) - (s, m0) — &(s,20) - 0, 2(s, w0) = 9, H(x(s,20),£(5,20)) = 0.
The boundary terms are
&(t, o) - 8%3:(15, x0) —&(0,z0) - 01%96(0, x0).

The last term above is the tangential projection of —£(0,zo) onto T3,S. It cancels the d_; ¢ term
0

in (3.10). Accounting for all those cancellations, we get
(¢J}’ (l’(t, :L'O)) - gz(ta 1'0))8$62L‘1(t, mO) =0, j=1...,n—-1L

This implies that the projection of V¢ — £ to the hyperplane spanned by v; := 8966 2 (t,20), § =
1,...,n — 1, vanishes. By (3.9), the projection to H¢ = & vanishes as well, and that vector is
transversal to the previous plane for |t| < 1. Therefore, (3.5) holds.
Finally, we show that ¢ does satisfy (3.1). We know that H (z(t),£(t)) = 0 for every bicharacter-
istic as long as this is true for t = 0. By (3.5), equation (3.1) holds along each such bicharacteristics.
Set ¢(x(t)) = z(t). Define £(t) by (3.5). Differentiate to get (3.6) which we can also write as

—Hyi = & = ¢gigi He;. This implies
d
dt

If we can arrange (3.1) on S, then we have it along z(t) as well.

H(x(t), Vo(x(t))) = 0.

We emphasize again that this solution is valid as long as (2/,s) — x is a diffeomorphism. In
general, that is true in some neighborhood of zg only.

Finally, if H is homogeneous of order m in &, then { - He = mH, which vanishes on the zero
energy level.

This gives us the following recipe for solving (3.1) locally near zg, see also Figure 2.
e Find V¢ on S when S is non-characteristic (for the given ¢g). Fix a locally smooth solution,
if more than one. We get a covector field (z/,£(2")), with 2’ € S and £(2') = V().

e Solve the Hamiltonian system (3.4) with initial conditions given by the covector field above.
That defines the bicharacteristics (x(s),&(s)). They lie on the zero energy level H = 0.

e Solve z = ¢ - He along the characteristics © = z(s) with initial condition z(0) = ¢(2’,0) in
the coordinates (2, s). Then ¢ = z in those coordinates.

e Pass to the original coordinates x to get ¢.
We will use (3.5) repeatedly since it identifies the transported covector with the differential of
the phase.

We consider some special cases now.
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Figure 2. Solving the Hamilton-Jacobi equation. We solve Z = £ - H¢ along each characteristic.

3.2. Example: the Helmholtz equation. If we are looking for a solution of the Helmholtz
equation

(=Ay = A)u=0
of the form u = e*®@qa(x, \) with a(z,\) having an asymptotic expansion in ), one gets the
following eikonal equation

If we have ¢?A instead, we have to replace ¢ by ¢ 2g. The eikonal equation can be written as
[V¢|2 = 1, where | - |4 is the norm of the covector d¢ at x. The Hamiltonian then is H(z,£) =
% (gij ()& — 1). The factor 1/2 is just for convenience. We can also say that the Hamiltonian is
G(z,8) = £9(2)&¢€; and we work on the energy level G = 1/2. Then (3.9) takes the form % = 1
because £ - He = g”¢§;§; = 1. Then along the characteristics, ¢ = ¢g + s.

The Hamiltonian system take the form

(312) i = g0, b= (0

Equation (3.11) implies that those curves lie on the zero energy level of H, i.e., they are zero
(null) bicharacteristics of H. The projections z(s) = 7(s) are unit speed geodesics in g, and
&i(s) = gij (s) are the corresponding covector components.

So the solution can be described like this. Solve the eikonal equation at S first, which is
equivalent to finding the normal derivative V,¢ on S. It is known that there exist local semigeodesic
coordinates in which S = 2z =0, 2" is the signed distance to S (in the metric) in a choosen
orientation, and the metric takes the form gagdxadxﬁ + (da™)?, where a, 3 take values from 1 to
n — 1, and 9,». The eikonal equation then takes the form

(3.13) 9P bpatys + ¢2n =1,  Glanzo = do(2’).

On S, we have either two solutions for ¢,», or one, or zero, depending on the sign of 1 —
9P ppatpls = 1 — |V (ﬁo]f],, where V' is the tangential differential, and ¢’ is the restriction of
g on the boundary.

(i) The hyperbolic region: ]V’qbo]g, < 1 Assume this inequality near some point. Then on
S, (3.13) has two solutions:

Gan| g = i\/l — 9P (¢0)w (60) 28| yn_g-
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Choose one of those solutions in a smooth way near xg, for example by requiring ¢,» > 0. Then
V¢ determines the covector field £ = V@|g, see (3.5) with base points on S. Note that this covector
field is unit (in the metric {g“} on T*R™) because the eikonal equation says just that. For the
incident front of Chapter I, S = {x-w = —R} and the tangential differential vanishes. With w
as the normal, matching the incident phase gives the positive root. We now issue bicharacteristics
from the chosen covectors. In the (2/,s) coordinates, ¢ = ¢o(z’) + s. Physically, this corresponds to

05 = (rvg /\“

¢ =C

Figure 3. Solving |V¢|§ = 1. The characteristics are unit speed geodesics. The solution
increases as the arc length (in the metric) along each characteristic. The level hypersurfaces
{¢ = const.} are perpendicular (in the metric) to the characteristics. Note that there is
another local solution with characteristics going down, like a “distorted mirror image” of
the top ones.

a wavefront moving away from S in the positive (2™ > 0) direction. We can call it outgoing. If we
choose the other solution on S, with ¢.» < 0, we get a wave coming to S, we can call it incoming.

Equality (3.5) in this case has a nice geometric meaning. By the Hamiltonian equations (3.12),
& = ga along the bicharacteristics. Then we get

(3.14) i=g Vo

along the bicharacteristics. The expression on the right is the covector field V¢ identified with a
vector one by the metric. In Riemannian geometry, this is called grad ¢. We thus get & = grad ¢.
Therefore, the characteristics x(t) are integral curves of teh gradient field grad ¢ and in particular,
they are perpendicular (as always, in the metric) to the level hypersurfaces of ¢.

Assume for a moment that g is Euclidean. We do not get an explicit solution for general S.
When S = {z" = 0}, and try to solve

Vo> =1, @lung=2-&,

we get explicit the solutions ¢4 = x - &4, where £ = (¢, ++/1 — |¢|?) if [¢/] < 1.

As we saw above, ¢ = x - w solves the eikonal equation (without worrying about boundary
conditions) for every unit w. The corresponding solutions v = € are called harmonic plane
waves “propagating” in the direction w. Another candidate for that would be u = e~ **“ and the
choice of the sign is a matter of convention. In dimension three, another special solution is ¢ = |z
for z # 0. Then we get u = ¢*?lg and it turns out that a = 1/|z| works as an amplitude, so
u = Nl /|z| is a solution for = # 0. Also, u = e~ *?l/|z| is a solution. In the whole space, up
to a constant, they are actually fundamental solutions of the Helmholtz operator. They are called
spherical waves. They satisfy a constant boundary condition on any sphere centered at the origin.
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(ii) The elliptic region: ]V’(bolg/ > 1. In this case, (3.13) has no real solutions on S. It has
two complex ones however:

G|y = i1/ 9% (B0)2 (60)5 — 1|y,

A solution away from S may not exist. The characteristics are complex now, and complex vector
fields may lead to non-solvable linear PDEs. What is done is this case is to solve the eikonal
equation up to an error O((z")*°) near 2" = 0 for ™ > 0. The transport equations later would be
solved up to such an error, as well. Then in the justification part of the parametrix, we need to use
that fact, and this will be done later.

(iii) The glancing region: a neighborhood of \V’qﬁo\g, = 1. We really need to work in
a neighborhood because the sign of g*#(¢g)za(¢),s — 1 may change between the zeros, and the
zeros can have a singular behavior, for example, they may have an accumulation point. This case
is much more delicate. Assuming strict convexity of .S, one needs to change the type of the ansatz
(2.5): instead of exponential functions, we use Airy ones. This construction is beyond the scope of
those notes.

3.3. Example: the wave equation. The eikonal equation for the wave equation
(3 — Agu=0
is
(3.15) (0:9)? = 97 st =0, dls = ¢o.
If g is euclidean, it is just ¢7 — |V,¢|?> = 0. Even in the metric case, it still looks like that but | - |
is the norm of a covector now.

If g is Euclidean, the phases ¢+ = x - £ F t|¢| give the exact solutions e*?+. Write w = £/[¢]
and absorb || into the frequency. Superposing eM#«“F) over A with measure d\/(27) gives the
plane fronts §(z - w F t), moving in the directions +w.

In the general case, we apply the scheme above. Think of the ¢ variable as another x one, and
let 7 be its dual one. The Hamiltonian is

(3.16) H(t,z,7,6) = 5 (=7° + [€]7) -

N

The Hamiltonian system then takes the form
(3.17) t=—1, i=g'¢, 7=0, £=-V,|¢2/2

This system can be decoupled. The second and the fourth equation coincide with (3.12); hence
the (z,£) curves (no t and 7) are the bicharecteristics we had above and x(s) are geodesics. Since

7 is constant by the third equation, we also get t = —s7, where s is the parameter along the

Hamiltonian curves. Since we work on the energy level H = 0, we have |7| = |{|, = const. The

speed |Z|q4 equals |7| = const. If we use ¢ as a parameter along the bicharacteristics, we would get
dt [€lg " dt \[¢lg 217

where choice of the sign + is the opposite of the sign of 7. Those curves are just the unit speed
geodesics (after the identification of vectors and covectors) in the phase space.

To solve (3.15) at S, we first distinguish two conditions. Let v = (14, v,) be a conormal to S.
The wave operator is non-characteristic at S if 1?2 # |ux|§. If v2 > ‘Vx‘g, the conormal is timelike
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and S is spacelike, as for S = {t = 0}. If v < |v,|7, the conormal is spacelike and S is timelike, as
for a cylinder Ry x .Sp.

What do we need for the eikonal equation? The covector ¢ = (7,&) = d¢ must be lightlike and
have the prescribed tangential part on S. At the chosen root we need d¢H - v # 0, with H given
by (3.16). As in the method of characteristics above, this says that the root is simple and its ray
crosses S transversely. For example, at the flat wall 2" = 0 in Euclidean space the conormal is
spacelike, but at a glancing covector &, = 0 and the ray is tangent to the wall. To solve (3.15) at .S,
assume first that S is spacelike. The problem can then be described in the following way: we
are given V'¢q (the tangential gradient on S) at a point on S near a fixed one. Is there a lightlike
covector which projects to V/¢g? For nonzero tangential data there are two such covectors.

For example, on S = {t = 0} we have 0;¢1+ = F|V,¢o|y. With the convention of Chapter I the
plus branch has 7 < 0 and £ > 0 in (3.17). In flat geometry this gives (1.10). The general case can
be reduced to this one by a suitable Lorentzian “rotation” around (g, x¢).

This gives us another point of view. The eikonal equation (3.15) is equivalent to the following
two:

(3.19) Ohp+ = F|Vadlg.
Assume deg|rs # 0 for spacelike S. The two roots are then distinct. The corresponding Hamilto-
nians are Hy = 7 £ ({|y, with HL H_ = —2H. On either sheet the other factor is nonzero, so the

Hamilton vector fields of H and of Hy on Hy = 0 trace the same curves up to reparameterization.

We have V¢ on S now, and we can solve the eikonal equation. We have a homogeneous
Hamiltonian now, and on the zero energy level, the right hand side of (3.9) vanishes! So ¢ is just
constant along the characteristics (geodesics) x(s) issued from points on S with initial directions
i =g !¢ on S, where ¢ is computed in the first step. Note that if y(s) is a geodesic in the z-space
with speed |§| = ¢, we think of (£ct,~(t)) as a geodesic in time-space.

The analog of (3.14) now is (by (3.5) and (3.17))
(3.20) (216, V) = (1,€) = (1, g)

along the bicharacteristics, with £ = —7 constant.

Example 3.1. If g is Euclidean, and S = {t = 0}, and ¢|s = = - &, we first determine d;¢|s = £[¢|,
which gives us Vi z¢|ls = (£[£],£). Then ¢ is constant along the lines (¢,x) = (|¢|s, o £ s&) (with
tangent vectors (|£|, ££)) with an initial condition ¢g = xg-§ for s = 0. Since s = t/|¢|, © = xo £ sE,
we get
or = (xFtE/|E]) - & =Ft|¢| +x- &

Those are the phase functions we considered above.
Example 3.2. A more general and often needed case is to solve (3.15) with S = {¢ = 0} and
¢o = x - &, for £ # 0 a parameter, i.e., solve

(0:0)* = 9" i =0, limo =2 €.
The choice ¢g = x - £ is made in local coordinates. At ¢ = 0 we have d,¢ = £ and 0;¢ = :|:\§|g,
where |{|g = /g% (x)&&;. Take the negative root. The bicharacteristic issued from (0, z, —[&|4,€)
projects to (s|€|g, Vue(s)), since £ = —7 in (3.17). Along it the phase keeps its initial value z - £.
Thus ¢(s[|g, Vz,e(5),&) = x - £ or, equivalently,

(321) (b(tv 7x,§/\§|g(t)7 g) =x-§
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because v, ¢(t/€lg) = Vag/l¢,(t) by the homogeneity of the Hamiltonian (3.16) and as a result, the
homogeneity of the Hamiltonian equations (3.17) w.r.t. &.

Compare this to the previous example, where ¢ is Euclidean. Then the bicharacteritic in
question is s — (t = s|¢|,x + s§, 7 = —[{],€) and as mentioned above, we take v, ¢(s) = x + s§ =
x +t&/|¢]. Then (3.21) holds for ¢(t,z,§) = —t|€| + = - £&. This solution can be obtained directly
from (3.21) by solving

¢(t,$+tf/|€|,f) =x-§

with the substitution y = x + t£/|£|]. In the general case we fix ¢t and { and invert the map
T Yze/)el, (1) At t =0 this is the identity, so the implicit function theorem gives a local inverse
for small |¢].

ﬂ

Figure 4. Solving (9;¢)* — |[V¢|2 = 0. The characteristics are geodesics (t,7(t)) in time-
space. The solution is constant along each characteristic; therefore equal to its value ¢q
on S. When S is spacelike (left), there are always two lighlike (co)vectors with a given
projections; i.e., Vg|s has two locally smooth solutions. When S is timelike (right), there
might be two, one or no such solution depending on whether 0’¢|s is timelike/ lightlike/
spacelike.

Assume next that S is timelike. If S = R; x Sy is a cylinder, for example, we are given
Voo = (0o, Vo), where 0., ¢y is the tangential derivative on Sp. A lightlike covector with such
a projection may not exist however. Indeed, we need to determine d,»¢ from the equation (9;¢)? =
(V3,0)2 + (9n¢)? in boundary normal coordinates but that is possible only if (8;¢)* > (V)2 (we
want to avoid an equality). In other words, V'¢p|s must be timelike (on S)! This is the analog of
the hyperbolic region in the Helmholtz case. At glancing the normal component vanishes and the
tangential covector itself is lightlike. The same description holds at a point of a general timelike
hypersurface in an adapted Lorentzian frame.

After we are done with the boundary determination, we have a covector field (z,V¢) on S.
We solve (3.9) as in the spacelike case with initial conditions that field. In (3.9), we replace & by
(1,£). We have a homogeneous Hamiltonian and on the zero energy level, the right hand side of
(3.9) vanishes as above. So ¢ is just constant along the characteristics (geodesics) z(s) issued from
points on S with initial directions & = ¢g~'¢ on S, where £ is computed in the first step. As above,
if v(s) is a geodesic in the z-space with speed |4| = ¢, we think of (+ct,7(t)) as a geodesic in
timespace.

A special type of solutions of (3.15) is
(3.22) o(t,x) =t F P(z)



3. Solving the eikonal equation 17

up to multiplication by a constant, where v solves (3.11). For the Euclidean initial phase z - £, take
v =x-&/|€]. Then [£|(¢ Ft) = x- & Ft€], as before. For a variable metric |d(x - £)|, generally
varies with x, and this separation need not work. On the cylinder S = Ry x Sy, on the other hand,
boundary data t F g lead directly to (3.22) by solving the spatial eikonal equation with ¢|g, = 1.

If V'¢gls is spacelike, a real phase function does not exist and even a complex valued one may
not exist. Then one construct a solution up to an O((x™)*°) error, as in the Helmholtz case.

In the neighborhood of a lightlike V'¢|g, a different construction is needed.

3.4. Example: the Lorentzian case. Let g be a Lorentzian metric in the “timespace” R
with a signature (—,+,...,+). An example is the Minkowski metric = —dt?+ (dz!)? +- - -+ (da™)?,
where we think of ¢ as 2°. The corresponding wave equation takes the form

| det g|~1/20,:| det g|'/2¢" 0,;u = 0.

Of course, we can cancel the term on the left but written this way, the operator [, applied to u
is an invariantly defined hyperbolic operator, formally looking as the Laplace-Beltrami operator in
the Riemannian case. Looking for solutions of the kind (2.5), with (¢, x) replaced by z there, we
arrive at the eikonal equation

g”(bz'géxj = 07
which looks like (3.11) but not quite because there is zero on the right. It is actually a generalization
of (3.15). Indeed, the wave equation in section 3.3 corresponds to the Lorentzian metric

—dt? + g;j(x)da’da?,

hence it is a special case of the more general Lorentzian case. Without going into details, let us
just mention that the analysis is not so different than the one in section 3.3. In particular, the
characteristics are null geodesics (satisfying g;;4*4’ = 0) and the phase is constant along them.

3.5. Caustics in the eikonal equation. As mentioned above, the eikonal equations are solvable
in general locally only. We demonstrate below that indeed, the eikonal equation may not be solvable
globally. Those effects are known as caustics.

Let us start with a simple example: solve |V¢|? = 1 with boundary data ¢ = 1 on the unit
sphere S. One solution is ¢ = |z| (another one is ¢ = 2 — |z|). We could have started with ¢ = C
for any fixed constant C, including C' = 0. The characteristics are easy to compute: they are the
radial rays r = s in polar coordinates. Reparameterize them as r = 1 — s so that they start from S
and move to the origin. Then |z| = 1—s would be the level surfaces of ¢ up to s = 1, corresponding
to x = 0. We cannot extend the solution further in a smooth way. Even if S is a part of the unit
sphere only; we would have the same problem. The wave fronts develop a caustic at the origin.

What happens to the rays at the origin? Their spatial projections meet, but they carry different
covectors there. Each ray continues along its own straight line. It is the projection of this family
of rays to x-space that becomes singular.

A boundary value problem for the wave equation related to this example would be to solve the
constant coefficients wave equation (97 — A)u = 0 in the cylinder R x B, where B is the unit ball
in R? with boundary the unit sphere S as above. Send a spherical front inward from S at ¢t = 0.
Before it reaches the center, u = §(t+ || — 1) /|z| solves the wave equation in the ball for 0 < ¢ < 1.
Its front is |z| = 1 — t, so it focuses at the origin at ¢t = 1. The incoming expression alone cannot
continue the homogeneous solution through the focus. In this example one can see the continuation
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explicitly by subtracting 0(t — || — 1)/|x|: the point sources at the origin cancel, and the second
front travels outward after ¢t = 1.

Other types of caustics are shown in Figure 5. The curves which are supposed to be the level
surfaces of ¢ are either non-smooth (with a vertex) or they self-intersect or they may intersect other
such surfaces (which is a contradiction). If a non-smooth curve (hypersurface) is a level set of ¢,
than at the non-smooth points, V¢ = 0. This is a contradiction with the eikonal equation.

Does focusing of this front mean that the Cauchy parametrix (2.5) also breaks down? In the
Euclidean case we have the exact formula (1.8) with phases x - £ F t|¢| for every t, including the
time of focusing. It is the radial phase ¢ + || — 1 of the incoming spherical front that ceases to be
smooth at « = 0. For a variable metric, the phase of the propagator can itself require a different
representation when the map we inverted after (3.21) becomes singular. In either case we can still
follow the rays in phase space.

N

Figure 5. Caustics. Left: a wavefront focusing at a point; Euclidean geometry. Center:
cusp that can form even if the geometry is Euclidean. Right: a wave moving upward with
a slow region in the center.

:

4. Solving the transport equations

Let us return to (2.5), keeping the speed ¢ explicit, so g = ¢~2gp. Denote

(4.1) Ly := (99+) (0 + Ao) — g (9i6+)(9; — i4;) + Cu,

20y = (0} — *Ayy)p+. Apply Lemma 2.1 to the full amplitudes introduced in (2.13). Once the
phase solves (2.11), the conjugated operator is 2iLy + P. Thus

(4.2) Libl” =0, j=1,2

For the next terms, we get
k 1 (k=1 .
(4.3) 1&@):—ipgil E>1, j=1,2,

and the expressions on the right have been computed in the previous steps.

The vector field in Ly is (0;¢+, —g 'Vz¢+). By (3.20) it is the negative of (£,4) along the
projected bicharacteristic I'(s) = (t(s), z(s)) of (3.17). Thus (4.2) and (4.3) are linear ODEs on the
very same rays. For example, if Ag =0 and b= bj?i, the first equation reads

h0(3)) = (O (D(5)) + 1440 ()i (5)b(0(5)).
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Integrating gives the leading amplitude in terms of its value at s = 0. We can use t as a parameter
as well since t = —7 # 0.
The initial conditions in (1.1) provide initial conditions for the transport equations. We get
a4+ +ay— =1, azxy+tay_ =0 fort=0.
This is true in particular for the leading terms ag?)i and ag?)i. Since Oip+ = Fl¢|y at t = 0,
differentiating the exponentials in (2.5) and matching u; = fo at leading order gives

ag?l = ag?)_, i(aé?)_ - ag?zr) =1 fort=0.
Therefore,

0 0 1 0 0 1
(4.4) agl = ag,), =35 agl = fa;), =5 att=0

For the Euclidean wave operator with ¢ = 1, this recovers (1.8), including the factor |¢|~! multi-

plying f2. In general these initial values determine the leading b;oj)[ At each lower order we again
match both Cauchy data, now including the known time derivatives of the preceding amplitudes.
We then integrate (4.3) and sum the resulting symbol expansions asymptotically.

5. The parametrix and wave front sets

Let us sketch how the parametrix compares singularities at ¢ = 0 and at another time. We keep ¢
fixed and take one branch of (2.5), of the form

wn(t.) = (2m) " [ aft, ) ¢) de
= (2 [ [ eIt 0, f(y) e dy.

Here f € &', the amplitude is a symbol, and we work on a small conic patch with low frequencies
removed. Recall that (y,£) ¢ WF(f) means that, after localization near y, the Fourier transform
of f decreases faster than any power in a cone about &.

(5.1)

Write AL (t)f = uo(t,-) for the two choices of phase. To test the output near = in the covector
direction 7, localize there and take its Fourier transform. The phase becomes ¢ (¢, z,&) —y-£—xz 1.
Integration by parts gives rapid decrease unless

y:af¢i(t’x7§)’ n:8x¢i(ta$7£)

Only input directions in WF(f) can contribute: in the other directions the localized Fourier trans-
form of the datum already decreases rapidly. Thus the possible output singularities are obtained
by following these stationary equations.

Put b(x,n) = |0y, and let ®; be its Hamilton flow. Differentiating the eikonal equation shows
that the stationary equations above describe exactly

(SL‘, 77) = q)it(yv 5)
The plus branch has 0;,¢+ = —b and follows ®;; the minus branch follows ®_;. We obtain
WE(AL(t)f) C it (WE(S)).

The parametrix and the exact solution differ by a smooth term, as we justify in the next section,
so this comparison also applies to the exact solution on each branch.
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For the half-wave propagators Uy (t) constructed in Section 10, the comparison is an equality.
Indeed, apply the same inclusion to the reverse propagator and use Uy (—t)U4(t) = Id to get

WF (Ux(t)h) = Dot (WE(R)).

For the full wave equation we must keep both Cauchy data and separate the two branches; their
contributions can cancel in u(t,-) alone. For longer times we repeat the short-time comparison
along the rays. A caustic can make the phase representation fail, but the ray flow in the cotangent
bundle remains smooth. Chapter III gives the detailed wave front argument and explains how
Fourier integral operators continue the parametrix through such points.

6. Justification of the parametrix

Let us see what we have done so far. For every (zo,£%) € T*R™ \ 0, we showed that one can solve
the eikonal and the transport equations near xy and for & = Y. By continuity, one can do that for
¢ in some conic neighborhood of £°.

Assume (f1, f2) € £'(R™). Over the compact support of the data, a finite number of these
patches cover the unit covectors. Use a pseudodifferential partition of unity there and cut off near
& = 0. The omitted low frequencies have a smooth kernel. Summing the local constructions gives
ug for |t| < 1 with

(6.1) Puyg ECOO, UO|t:0—f1 ECOO, 8tu0|t:0—f2 e C™.

Why does this give a parametrix in the sense of Chapter 17 Let u be the exact solution and set
w = u — ug. Then

(6.2) Pw = —Pug, wl=o = f1 —uolt=0, Orwlt=o0 = f2 — Ouolt=o-

The forcing and both initial data are smooth. Local inhomogeneous energy estimates, applied at
every Sobolev order, give w € C° on the same time interval. The residual and the errors in the

two traces have smooth kernels. We may differentiate in the data variable and apply the same
estimates. Thus the exact and approximate solution operators differ by smoothing operators.

7. High frequency waves

The parametrices constructed above aimed to construct solutions, up to smooth terms, with ar-
bitrarily prescribed Cauchy data at ¢ = const.. They can be used, as we will see later, to derive
the propagation of singularities results for the wave equation. Sometimes we want to construct
solutions which are smooth but highly oscillatory, depending on a large parameter, so that most of
the energy propagates along the same geodesics as above.

We are looking for solutions of the type
u= ei/\d’(t’x’”)a(t, T, w, ),

where

(7.1) a(t,z,w, \) Z)\ p(t, z,w),

compare with (2.5), (2.6). Here, w is a parameter determining the direction of the propagation
(say, at t = 0) assumed to belong to a compact set.
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We can think of A as || and w as its direction. Here we keep the direction fixed and study an
individual oscillatory wave as A increases.

7.1. The Euclidean case. To have an explicit example, note that for the Euclidean wave equa-

tion, we can just take

u = eik(t—ww)’ |OJ‘ - 1.
We could have also replaced ¢t by —t there, corresponding to the two choices of phase functions in
(2.5). This is an exact solution describing a “wave” propagating in the direction w since we can
write the phase function as t — x - w = —(z — tw) - w. It has uniform local energy and it is not
concentrated near a certain line, as we may want. To achieve the latter, look at the Cauchy data

at ¢t = 0 first:

(u, Ut)‘t:o — (e—i)\ww’ i)\e—i)\:cw).
They are not localized in space (not even asymptotically). We may want to do that. Let x €
C3°(R™) be a cut-off function supported in a “small” neighborhood of some 5. We would like to

have a solution supported “near” the line x = x¢ + tw with
(7.2) ult—o = x(x)e M,
and we will discuss u;|;—o later. Now, we are looking for u of the form (7.1).

Lemma 2.1 here reduces to the following (with the exponents considered as multiplication
factors), where (0 = 97 — A:

(7.3) e M0 = N2(—¢7 + |V, 0|%) + 2N (610; — Vi - Vo) + X6 + O,
In our case, » =t — x - w solves the eikonal equation, so we get the transport equation
20M(0r +w-Vz)a+0Oa =0, a|=0 = x(z).
Equate successive powers of A in (7.1) to get
(7.4) (O +w-Vyz)ag =0, agli=o0 = x(z),
(7.5) (O +w - Va)ag — —%Dak_l, rlico =0, k=1,2,....
Those are just simplified versions of (4.2), (4.3). We have
ap = x(z — tw)
and ay, k > 1 are non-trivial; for example. a; solves

(% +w - Va)ay = —% [((w:V2)* = A)x] (z = tw),  arli=o = 0.

The solution is just an integral of the r.h.s. along the characteristics of the fist order operator on
the left. To simplify the formula, assume w = (0,...,0,1), which we can only do by rotating the
coordinates. Then we get

1
(O + Opn)ay = Eszx(x', " —t), ail=0 =0,

where x = (2/,2") and A, is the Laplacian in the 2/ variables. Perform the change of variables
y" = 2™ — t, keeping t and 2’ unchanged, to get

1
5 Apx(@',y"),  ail=o = 0.

Oa1 = —
1
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Therefore,
t
ay = iszx(as/,xn —t).

Then by (7.5), we need to solve

1 1 1
(0 + Oan)az = -0y = _ZtAizx(rc’,m” —t) -3 o Ay x (@, 2" — 1), azfi—0 = 0.
Then
t2 2 !/ n t /omn
ay = —gAx/X(l' , o — t) - 5 cc”Aa:’X(x Yy — t)‘

We can then compute all the other a; in this way.

We use (7.1) as an asymptotic expansion: after N terms the remainder in the amplitude is of
order A= on a fixed time interval. Let us see separately what error is left in the equation. First
notice that if the cutoff depends only on z - w, say x(z) = F(x -w), then éX=29 F(z . w —t) is
already an exact solution. For a cutoff in all the variables the transverse derivatives above give the
corrections.

So far we have prescribed only the displacement. The initial velocity of this one-branch con-
struction is e A (iAy(x) + O(1)). The lower order terms in the velocity are determined by
differentiating the amplitude at ¢ = 0.

If we prescribe wu;|i—o = 0 instead, we need both phases ¢t — x - w and —t — z - w to keep the
same initial oscillation. Their leading amplitudes are x(x — tw)/2 and x(z + tw)/2, respectively.
Figure 6 shows a numerical example.

Figure 6. A localized high-frequency wave with zero initial velocity. The plots show Su
at t = 0, T and 2T. The two packets have half the initial displacement amplitude and, to
leading order, each carries half the initial energy.

On the first branch each ay(t, ) is supported in tw + supp x. Indeed, differentiation preserves
this support and we integrate the next transport equation along the same lines. What does this
tell us about an exact wave?

Fix T>0and N > 1. For A > 1 put

oy = e A Ray(t, z).
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Let u solve Ou = 0 with the two Cauchy data of vy at t = 0. In particular its displacement is
exactly (7.2). For this comparison the velocity is d;vn(0,-), including the lower order terms. By
(7.5), all but the last term in the residual cancel. We get

D’UN _ Al*Nei)\(tfx-w)DaNili

The function (a1 is smooth and has uniformly bounded spatial support for [¢| < T'. Its L? norm
is therefore bounded by a constant Cn 7. Set w = u —vy. Then Dw = —Ovy and both initial
data vanish. Multiply the equation by wy, integrate in x and take real parts. For either sign of ¢
the energy inequality gives

1/2 max(0,t)
(la®lz+ 1920132) " < [ 7 [Bow(s)l2ds < Carn A,
min(0,t
Integrating w; once also bounds ||w(t)||z2. Thus, on any fixed time interval, keeping N = M + 1
terms gives an O(A™M) error in H' x L? for these matched data. A discrepancy in the initial
velocity contributes its L? norm to the energy bound. This is why specifying only its leading term

does not give an estimate to arbitrary order.

7.2. The general case. For variable speed, take a real phase on a patch where the ray coordinates
are regular. The same cancellation leaves A1~V e*Payn_q after N terms. On a fixed time interval
on which the transported support stays inside the patch, the inhomogeneous energy estimate gives
the same order of error for matched data. Its constant now depends on the coeflicients and the
time interval. If the ray coordinates for this phase become singular, we must first change the
representation of the wave.

8. Two parameter expansions; beams

In (7.2), x controls the width of the wave packet at the initial moment. The high-frequency part
of u, for a fixed finite time interval |t| < T', propagates along the characteristics lines x = xg + tw
originating from points zg € supp x. We may want to introduce a second (small) parameter, £ > 0,
controlling the width of that wave package or the width of the beam by replacing x(z) by x(z/e).
Then

(8.1) Ulp=0 = X(x/s)e_i)‘a"w,

Take 0 < € < 1. On a fixed time interval a; involves at most 2k derivatives of the initial cutoff,
by (7.5). Rescaling the cutoff therefore costs up to e 2* at order k. The successive orders in
the amplitude are now bounded by constants times (Ae?)™*. To get an asymptotic scale we need
Ae? — co. For example, e = A~ with 0 < o < 1/2 works. What happens at o = 1/2? We take up
this critical scale in Chapter IV.

9. The Schwartz kernel of the solution operator of the wave equation. A
generalized Kirchhoff formula

In three dimensions the classical Kirchhoff formula expresses the solution of the Euclidean wave
equation for ¢ > 0 in terms of the data on the sphere |x —y| = t. In particular, if f; = 0 and fo =4,
the forward solution is G, where

1
Go(t,z) = md(t — |z]).
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If fo is a general function (or a distribution), then u = Gg * f2, where the convolution is in the z
variable. The latter is the classical Kirchhoff formula when f; = 0, and the case f; # 0 easy follows
from that one.

Let us derive the leading term for (1.1) in three dimensions. For y fixed, write 6, for the point
mass relative to d Volg,. We want to solve
(0} — *Ay)G =0, Gli=o =0, Gili=o =9y,
for t > 0 which is also equivalent to
(0F — Agy)G = 3(t)6y, Glico =0

Let p(z,y) be distance in the wave speed metric g = ¢~ 2gq for the operator just displayed. Near
the first arrival we look for the progressive wave expansion of Chapter I,

(9.1) Glt.a.y) ~ —s S ay(a)hy(t = pla.1).
W) 2

Here hg = 4, hq is the Heaviside function and hj1(s) = si/j! for j > 1. Fixy and set r(x) = p(x,y).
We work in a normal neighborhood of y, with x # y, so r is smooth there.

The distance solves 02|V7’\§0 = 1, and dr is the unit covector dual in g to the final tangent
of the minimizing geodesic. With the Fourier kernel e¢* from Chapter I, the retarded Euclidean
kernel gives the outgoing Helmholtz kernel e* =¥l /(47|z — y|).

Let v = exp;1 x for the metric g. In polar coordinates in T, M write r = [v|y(,) and w = v/r.
Then

(9.2) g = dr* 4+ r’h(r,w),
where h(r,w) is a metric in the angular variables. For the rest of this calculation assume ¢ = 1, so
9 = go-

In particular, if 2’ parameterizes S? locally, x = (2,23 = r) are boundary normal coordinates

at any geodesic sphere 7(x) = const. (where the coordinates are still valid) with x3 shifted by that
constant. In those coordinates,

3

8r(r2!h\1/28r)+,~i2Ah, Api= Oy ([P /21hP0,5).

1
97 2|12 e

Apply 82 — A, to (9.1) and collect terms of the same order of singularity as in Chapter 1. The
coefficient of §'(t — r) gives the first transport equation,

1 ap o
(8r + Q(Agr)) 7 = O,
ie.,
1 4 a() o
Therefore,
ao(r,w)|h(r,w)|V* = C(w).

How do we find C'(w)? Let gs2 be the round metric on the unit sphere in T, M, expressed in the same
angular coordinates. The Riemannian volume in these polar coordinates is 721/|h(r, w)| dr dwiee,
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where dw. is coordinate measure. Dividing by Euclidean tangent-space volume in polar coordi-
nates gives the volume Jacobian of exp,),

|[h(r,w)|
952 (w)|
Thus agv/J is constant along each ray. For ¢ = 1 take the point source normalized w.r.t. Riemannian

volume. In orthonormal normal coordinates at y the leading term must match the Euclidean point
source, so ag — 1/(4m) in every direction. The 47 comes from integration over the unit sphere. We

obtain
5(t B p(l’, y))
Amp(z,y)/J(z,y)
Let us assume that we are solving the following inverse problem. We have an “earthquake”
at t = 0 at position y and we are sitting at x and waiting to see how long it takes for the signal
to arrive there. This happens at t = p(z,y), we are measuring the geodesic distance between x

and the epicenter y. This comes from the delta term above. Does the amplitude provide extra
information? The latter gives us J(z,y).

J(z,y) = . Jyy) =1

+ smoother terms.

G(t,z,y) =

Suppose now that y and x vary on the boundary near the endpoints of a unique transverse
minimizing geodesic without conjugate points. Tangential differentiation of the distance gives the
tangential parts of the initial and final unit covectors, with opposite signs at the two ends. This
suggests a question about the direct arrival for the ambient wave kernel. Under what assumptions
does knowledge of the boundary distance near this pair determine the whole singular expansion
of G near t = p(x,y)? The calculation above identifies the leading transport factor. Recovering
it and the successive transport coefficients from boundary measurements alone requires a further
argument.

10. “Half-wave equation”. General hyperbolic YDO equations of real principal
type

We have been using two phases to solve the wave equation. Can we separate the two branches at
the operator level? Return to (1.1), with the global assumptions of Section 1, and write
L=-3A,, B=LY2

Here L is the nonnegative self-adjoint operator in L?(du), du = ¢=2d Volg,, used in Section 1. The
spectral theorem defines its nonnegative square root B. Since the coefficients are independent of ¢,
we have the factorization
02 + L = (9, +iB)(9; — iB).
This suggests solving the two first order problems
(815 + iB)’U:t = 0, /U:|:|t:0 == h:t.
Their solution operators are the two half-wave propagators,
Ui(t) = Ui(t)hi, Ui(t) = e:FitB.
Indeed, differentiation gives 0,Us+ = FiBUy, and U4 (0) = Id. The spectral theorem also gives
Ur(t+s) =Us(t)Us(s),  Us(t) ™t = Usr(=t) = Ux(t).

Both groups are unitary in L?(du). Each vy solves the second order wave equation as well.
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For ¢ =1 and gy Euclidean, B = |D,| is the Fourier multiplier |£|]. Thus

Us(t)h(x) = (27) / S EFIEN(£) de.

These are exactly the two phases (1.10). The plus branch has temporal covector 7 = —|¢|, and its
ray moves along x = y + t£/[£].

Matching the Cauchy data. How do we choose hy and h_7?7 First suppose that the data are
spectrally supported where B > 6§ > 0, so B! is bounded on this subspace. For u = U, (t)hy +
U_(t)h_, the two initial conditions give

hi+h_=fi, —iBhy+iBh_ = fo.

Solving this system, we get

hi = %(fl +iB7fa),  u(t) = %Umf)(fl +iB7 o) + %U—(t)(fl —iB7'fy).

For B = |D,| this is (1.8), including the signs of the two velocity amplitudes. A pure plus wave
has initial velocity fo = —iB f1, and a pure minus wave has fo =iBf;.

What happens near spectral value zero? Combine the two terms before removing the spectral
cutoff. We obtain

u(t) = cos(tB) f1 + s¢(B) fa, " o=0

51(0) = {sin(ta)/o, o >0,

The function s; is continuous and bounded on [0, 00) for fixed ¢. This gives the exact solution for
fi € D(B) and f, € L?(dp), including any zero spectral component. In the microlocal construction
we work at large |£| and use an elliptic parametrix for B~!. The two-branch formula then holds
modulo smoothing operators for compactly supported distribution data.

The square root and the rays. What kind of operator is B for variable ¢ and go? Locally
at nonzero covectors, elliptic functional calculus gives a classical ¥YDO of order one with principal
symbol

b(z, &) = c(z)|€lgo = I€lg, g="c"g.
We can find its lower order symbol by requiring B? = L. Start with an operator having symbol b.
The difference between its square and L has order one. Adding a symbol by of order zero changes
that leading error by 2bbg. Since b > 0 for £ # 0, this determines by. Repeating the argument
determines the terms of orders —1,—2,.... Asymptotic summation gives the square root symbol
modulo smoothing terms.

Now construct Uy (t) for small |t| on a conic patch. As in (5.1), we look for
Us(t)h(a) = (2n) " [ 4029 4, (1,2, () de mod O,

Here A is a classical symbol of order zero. At ¢t = 0 take ¢+ = x-& and AL = 1 at high frequencies.
Substitution in the first order equation gives

Orp+ £ b(w,0,0+) = 0.

This is precisely (3.19). The lower order terms give transport equations along the same rays, with
leading initial amplitude 1. Equivalently, the leading amplitude satisfies (4.2) for the wave operator
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(1.1). Summing the transport expansion and correcting the smooth error gives the exact propagator
microlocally.

Let @, denote the Hamilton flow of b. The plus branch follows ®;, and the minus branch follows
®_;. In the notation of Section 5, the stationary condition in the kernel is

y:8§¢i(t,x7§), n:angi(tax)g)

Thus (x,n) = ®44(y,£). This is the correspondence between initial and final covectors found in
Section 5. Chapter IT1 will interpret it as the canonical relation of a Fourier integral operator,
with the details of the oscillatory integral argument. Applying the wave front estimate sketched in
Section 5, we get

WEF (U (t)h) C ®44( WF(h))

for compactly supported distribution data. The reverse propagator has the same property and
satisfies Uy (—t)U+(t) = Id. Apply it to the output, with local cutoffs as needed, to obtain the
reverse inclusion. Hence

WF (U (t)h) = @4 ( WF(h)).

This says that each singularity follows its ray, carrying its covector with it. For longer times we
compose the short-time propagators using the group law. A caustic can force us to change the phase
representation, while the correspondence between initial and final covectors continues smoothly.

A general first order equation. The same construction works locally for
(0 +1Q(t, x, Dy))v = 0, V]i=s = h,

where @ is a scalar classical YDO of order one with real principal symbol ¢(¢,z,&). With D, =
%Bt, the principal symbol of Dy + @Q is 7 4+ ¢. Its 7-derivative equals one, so each time slice is
noncharacteristic for this equation. The eikonal equation and the ray equations are

The lower order symbol enters the transport equations. The same oscillatory integral construction
gives the propagator from time s to time ¢. It pairs each initial covector at time s with the covector
reached by these ray equations at time ¢. Taking ¢ = £[{|4 recovers our two half-waves.

More generally, near a characteristic point where a real scalar principal symbol p(¢,z,,£)
satisfies 0.p # 0, we can solve p = 0 for 7 = —q(t, z,£). Microlocal factorization removes an elliptic
factor and reduces the equation to this first order form, modulo smoothing terms. This is how the
half-wave construction extends to real-principal-type equations at a simple root transverse to the
time slices.

11. Helmholtz equations

Return to the wave equation (1.1) and write L = —c2A,, as in Section 10. We first work locally,
without a boundary. For a time-harmonic wave with A > 0, we have

u(t, z) = e Mo(z), (0} 4+ L)yu = e M(L — N,
Thus the Helmholtz equation is
(L—X)v=f, or (—CQAgO — M = f,
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if the wave source is e 7 f(z). This agrees with the time Fourier transform used in Chapter I,

u(A,z) = /ei)‘tu(t, x) dt,

whose inverse uses e . In the spacetime convention el!"T2€) the temporal covector is there-

fore 7 = —\. For the more general equation (2.2), with coefficients independent of ¢, the same
substitution gives (—c?Ag, 4 + ¢ — ida — A2)v = f.

The outgoing sign. In the Euclidean case with constant ¢, the plane wave

e—i)\tei)\x-w/c _ 6i)\(ac~<.u/c—t)7 ’w‘ =1,
moves in the direction +w. This is the plus half-wave branch: its temporal covector is negative and
its spatial covector points along the ray.

The one-dimensional outgoing wave in Chapter V is F(t —z/c) on 2 > 0. Taking F(s) = e
gives the outgoing spatial factor e*%/¢; F(t 4+ x/c) gives the incoming factor e~**/¢. Since the
outward normal derivative at x = 0 is —3,, their Dirichlet-to-Neumann multipliers are

iA iA
Aout(A) = _?7 Am(>\) = +?

This is exactly (V.1.6) after replacing d; by —i\. Here outgoing means moving from the boundary
into the domain. It does not mean moving in the direction of the outward normal. If we used the
time factor et instead, the spatial signs would reverse.

From the retarded wave to the resolvent. For the global statements, assume gy is Eu-
clidean and ¢ = 1 outside a compact set, as in Section 1. Use the same nonnegative self-adjoint
operator L in L?(dp) and put B = LY2. Let S(t) = s¢(B) be the sine propagator of Section 10,
with s;(c) = sin(to)/o for ¢ > 0 and s;(0) = ¢. Thus S(¢)f has initial displacement zero and initial
velocity f. Extend it by zero to t < 0. The resulting retarded solution G(t)f satisfies

(0F + L)G(t)f = o(t)f.

For &z > 0, exponential damping makes its time transform converge. The spectral theorem gives

R(z):=(L—2*)""' = /000 e#tS(t) dt.

Indeed, on a spectral value o of B, the integral is (62 — 2%)~!, including o = 0 by continuity. This

identity fixes the outgoing choice without a separate sign convention.

For compactly supported f € L?(du) and A > 0, the limiting absorption construction gives
RouwNf =lm(L = -+ iP) 7', RS = lim(L - (= i) 7.
= &

with convergence locally in H2. These are not bounded inverses on unweighted L? at the continuous
spectrum. The first is the transform of the retarded wave, interpreted by the damping just used;
the second corresponds to the advanced wave. For real coefficients the two are related by complex
conjugation.

In R3, with ¢ = 1 and gy Euclidean, Section 9 gives

ot —|z—y
R T
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Its time transform is therefore

elAlz—yl e~ iAz—y|

Rout()\; a:,y) = Riﬂ()‘;x7y) =

drlz —y|’ drlz —y|

Both solve (—A, — A?)R(\;z,y) = §,. They differ in the direction in which the time-dependent

spherical wave travels. This also explains the outgoing kernel used in (IV.1.3).

The radiation condition. In dimension n > 2, let R = |z| and w = z/|z| outside the compact
perturbation. For a compactly supported source, the outgoing solution has the form

v(Rw) = R_(”_l)/QeiAR(voo(w) +O(R™)).
The corresponding Sommerfeld condition is
v=0(R V2 (9r —iNv=0o(R"" V) R0,
uniformly in w. The incoming condition has dr + i\ instead. If the constant speed at infinity is

Coos Teplace A in these spatial formulas by A/ceo.

Under the stated assumptions, the outgoing condition selects a unique solution of (L —\?)v = f
for each A > 0. For uniqueness, apply Green’s identity to a homogeneous outgoing solution on a
large ball. Its imaginary part gives zero net flux through the sphere. The outgoing expansion then
forces v = 0. Rellich’s uniqueness theorem for the Euclidean exterior equation gives v = 0 there,
and unique continuation gives v = 0 everywhere. Trapping does not destroy this fixed-frequency
uniqueness.

An incident plane wave is not itself subject to the outgoing radiation condition. For example,
with vipe = e‘)‘“’, write

UV = Vinc + Vsc, (L - >\2)USC = _(L - )\Q)Uinc'

The right-hand side is compactly supported. We require the scattered field vy to be outgoing and
obtain it by applying Rout(A) to that right-hand side.

Geometric optics at high frequency. Away from the source, seek a local solution in the
form

vy = M@z, \), a~ Z A a;(x).
=0

A direct calculation gives
e ML — N2)eMq = 22 (02|d7,b|§O -1)a
—iAe? (2(dv, da) g, + (Agytp)a) — FAgqa.
The leading term gives the spatial eikonal equation
Claygfs, =[dv[;=1,  g=c"g.
This is (3.11), and ¢(t,z) = 1p(x) — t solves the wave eikonal equation (2.11). Along its rays,

d
i=clgpldy,  Tu(e(t) =1

Thus 1 measures travel time, and i (z) — ¢ stays constant along the wave. The scaled spatial
covector is di; the full covector of vy is Adi. At a fixed A the Helmholtz operator is elliptic as a
spatial differential operator. The ray description concerns the family as A\ — +oo.
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Put
Tya = 2(dvy,da)g, + (Ag,¥)a.
Equating the successive powers of \ gives
T¢a0 = O, T¢aj+1 = iAgoaj, ] = 0, 1, e
These are ODEs along the rays, since ¢*Tya = 2da/dt + ¢?(Agy¢)a. Prescribe the amplitudes
on a transverse hypersurface and integrate. Before a caustic, asymptotic summation gives a local
solution with residual O(A~>) in every local C* norm. For a real phase the leading transport
equation also gives
divg, (]a0|2 grad,, 1/1) =0,
the conservation of leading flux through a ray tube. Lower order terms in the wave operator change
the transport equations, as before.

There is still a distinction between a local construction and a global outgoing solution. The
resolvent formula integrates the wave over all positive times. A short-time parametrix alone does not
control all the returning rays. For a global outgoing approximation v,p, with compactly supported
residual, set

ry= (L — )\2)vapp —f, U = Vapp — Rout (A)rx.
Then v solves the equation exactly. To conclude that the correction is small as A — 0o, we need a
resolvent estimate. For a compactly supported cutoff x, a nontrapping metric gives

HXRout()\)XHLQ(d,u)%LQ(dM) < C)\_la A> X > 0.

Here nontrapping means that every geodesic of the travel-time metric escapes each compact set in
both time directions. With trapping, the resolvent can grow much faster, so a small formal residual
alone is not enough. We will use the same distinction when we turn to boundary value problems.

A related boundary application is given by Cekié¢, Krupchyk, Sahoo, and Uhlmann [1, Propo-
sition 2.1 and Sections 3-4]. On a compact nontrapping Riemannian manifold with strictly convex
boundary, they correct Gaussian beam quasimodes for (—A, — A*)u = 0 using a right inverse with
an O(A™1) bound in L?; this solvability estimate imposes no boundary condition. Near the bound-
ary, the Gaussian quasimode splits into entering and exiting pieces. The center of the exiting piece
locates the exit point, the tangential differential of its real phase gives the tangential exit covector,
and its phase value, normalized to zero at entry, gives the geodesic travel time. A boundary inte-
gral identity and stationary phase then allow them to compare these lens data from high-frequency
Dirichlet-to-Neumann maps.



Chapter 111

Introduction to Fourier
Integral Operators
through geometric
optics

Most of this chapter is AI generated after a series of prompts. The material is
classical but I still need to review it. Sections 6 and 7 are new to me. Read at your
own peril!

In Chapter II, Section 5 sketched how the parametrix compares wave front sets at two times,
Section 6 justified the parametrix modulo a smooth remainder, and Section 10 introduced the two
half-wave groups. We now return to these operators. We prove the local wave front estimate, derive
the canonical relation, and introduce Fourier integral operators. Other initial phases and changes
of phase will let us describe the same wave propagator through caustics.

1. The wave front set of the local solution

The parametrix (I1.2.5) consists of terms of the type
wn(t,) = (2m) " [ 0o alt,z,)fie) dg

(1.1)
= 2m) " [ [ elote 9 vt 0,0 f(g) dedy.

Here ¢ is real and homogeneous of degree one in &, and a is a symbol. We work on a small conic
patch, cut off near £ = 0, and take f € £'. For small |t|, our construction gives det ¢z¢ # 0 and
0,9 # 0. We insert spatial cutoffs when needed. For fixed ¢, an operator of this form is our first
local example of a Fourier integral operator, or FIO.

The wave front set of the local solution. Recall what it means for f to be smooth near a
point and in a direction. We say that (yo,&0) ¢ WF(f), where &y # 0, if there is p € C§°, equal to
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one near gy, and an open cone I' about &y such that
pfEI < Cu(+1E)™,  €el, M=0,1,....

The complement of these points is the wave front set. Thus it records both the position and the
covector direction of a singularity.

Let us test ug(t, ) near zg in a direction 7y, with ¢ fixed. Write A;f = ug(t, -) and multiply the
output by a cutoff x(x) near xg. Localize the input by p(y), and choose p € C§° equal to one near
supp p. Since pf = ppf, Fourier inversion of the localized datum gives

o) = @m > [[[ [ o0 07() drayaga
where
If a has order m, then b has compact support in (z,y) and satisfies
0205 07b] < Cap (1 + €)™ 1,

Also, since pf is a compactly supported distribution, there is some ¢ > 0 such that

f(Q)] < C(1L+[¢])7.

We insert compact frequency cutoffs first, so all the integrations by parts below are justified. Their
estimates will be uniform as the cutoffs are removed.

The derivatives of the phase in the variables x,y, £ are
Or =0 -1, Oy=C-§  Oc=0:¢—y.
Thus the stationary conditions are precisely
n=0dtx8), (=&  y=0(tw9).

Where one of these derivatives is nonzero, we can integrate by parts using the corresponding
operator

Oz — 1 ¢(—¢

Ly=——> 00, Ly=——"="0y,
1|0z —n|? YaC—¢r Y
Ot —y

L= %27V g

T Oep— g2 C

Each satisfies £e'© = ¢©. Moving £ onto the amplitude means applying its formal transpose,
including derivatives of its coefficients. None of these operators differentiates ,B?(C ).
We first reduce to comparable frequencies. By homogeneity and 9,¢ # 0 on our compact conic
patch,
col§| < 10x0(t, z, §)| < Col¢].
Consequently, outside a region

=l ¢l =€l
at least one of |0,¢ — 1| and |¢ — &| is bounded below by a positive constant times |n| + [£]| 4 |].
Here =< means bounds in both directions by fixed positive constants, chosen sufficiently wide for
this assertion. A smooth partition separates the two cases. Use L, in the first case and £, in
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the second. Each integration by parts gains a factor of (1 + || + |£] + [¢|)~!. Derivatives of the
coefficients have the same bounds. After IV integrations, the absolute integrand is bounded by

O (L+ | + [¢] + [¢]) = metmOr+a,

Integrating in £, ¢ therefore gives rapid decay in 7 if N is chosen large enough. Bounded frequencies
cause no problem. We can henceforth restrict to || < |n| < |(| with || > 1.

Now stay away from the simultaneous stationary conditions in this comparable-frequency region.
On each of finitely many smaller patches, one of the following holds for some fixed § > 0:

020 —n| = 6I¢],  [C—¢&l=0lEl, [0 —yl =6

The cutoffs can be chosen homogeneous of degree zero in the frequency variables at large frequencies.
Their &-derivatives therefore satisfy the usual symbol estimates. For the first two inequalities, £,
or £, gains |¢|~! at each step.

The third inequality needs a little care: 0¢¢ — y has degree zero, so the coefficients of L¢ are
only of order zero. But the derivative now falls on a symbol in £. In fact,
1 Ocp —
i 0c — |
A ¢-derivative of the coefficient has order —1, and a &-derivative of b lowers its order by one. Thus
tﬁgb has order m — 1. Repeating the argument gives order m — N after N integrations. The same
statement holds for the first two operators on their respective patches. Derivatives falling on the
auxiliary frequency cutoffs satisfy these bounds as well.
Let In(n) be the contribution of one such nonstationary patch after these integrations. The

(z,y) integration is over a fixed compact set, and the comparable { and ¢ regions have volumes
O(|n|™) each. We obtain the explicit bound

|[In ()] < Oy Hat2n=2,
Given any M, taking N > m + ¢+ 2n + M gives Ix(n) = O(|n|~™). This proves rapid decay for
every contribution away from the stationary set, without any smoothness assumption on f.

It remains to consider a neighborhood of a stationary point. If its input covector (yo,&o) is
outside WF(f), choose p equal to one near yy, with sufficiently small support, and an input cone
I" so that

pfOl<Cn+ )N,  CeT,

for every N. At the stationary point ( = &, so we may restrict to a smaller neighborhood with
¢ € I'. Here no integration by parts is needed: absolute values give

1I(n)| < Cnln[™™2"= N, ¢ < n| < [¢].

This is again rapidly decreasing. The complementary patches are covered by the nonstationary
argument.

Suppose now that no input covector in WF(f) satisfies the stationary conditions for (xg,70).
After shrinking x and the output cone about 79, a finite partition of the compact normalized
stationary set reduces us to the regular-input patches just considered. All remaining pieces are
nonstationary. Summing their estimates gives

xto(t ) ()| < Car(1+ )™
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for every M in that output cone. This is the definition of (zg,1n9) ¢ WF(ug(t,-)). Let us state the
result, including its spacetime version.

Theorem 1.1 (Wave front set of the local oscillatory integral). Let f € & and let uy be given
by (1.1), with a real phase ¢ homogeneous of degree one in & and a symbol a, both smooth in t.
Work on a conic patch where det ¢ e # 0 and 0,¢ # 0, with the spatial and low-frequency cutoffs
described above. For each fized t, we have, microlocally on this patch,

WF (UO(t7 )) - {($76x¢(t7x7£)); (86¢(t7x7£)7£) € WF(f)}

For the wave front set in spacetime, we have
WF(ug) C {(t,x,8:9(t,x,£), 0:0(t, 2, €)) ; (Bed(t, x,€),&) € WF(f)}.

Proof. The fixed-time statement was proved above. For the spacetime statement, include a cutoff
in ¢t and the factor e 7 in the Fourier transform. The additional stationary condition is 7 = 9;¢.
For integration by parts in (¢, x), use the phase gradient (0;¢p — 7,0,¢ — 1) and compare |£| with
|(7,m)|. The remaining steps are the same. O

These are inclusions: an amplitude can vanish, and different contributions can cancel. For a
half-wave propagator the inverse gives equality; see Theorem 2.1 below. For either wave phase,
these covectors are characteristic by the eikonal equation.

2. The canonical relation of the wave propagator
Keep ¢ fixed. The kernel of (1.1) has phase
U(t,z,y,§) = o(t,z,§) —y - &.

The integration-by-parts argument gives the stationary set and the possible kernel covectors:

Y = {(z,4,8); y=0o(t,2,8), § # 0}, (n,v) = (020, =&).

Here 7 is the kernel’s x-covector and v its y-covector. To read this as an operator acting on f, we
must reverse the sign of the latter. Indeed, an input oscillation e¥¢ adds y - ¢ to the phase, and
stationarity in y gives v + ¢ = 0. Thus the input covector is ( = €. The resulting relation between
output and input is

Cr = {(x78x¢(tvw7§>;y7§>; Yy = aﬁ‘b(tvxaé)v 57'& O}

This is the canonical relation associated with the local operator. It depends on the phase, inde-
pendently of which datum we apply the operator to. The amplitude may remove singularities from
this set, so the actual kernel wave front set need not fill it. With C; o WF(f) denoting the possible
outputs for inputs in WF(f), our estimate reads

WF (ug(t,-)) C Cy o WE(f).

Let us first check that CY is a smooth manifold. The stationary equation determines y explicitly.
Hence (z,&) are parameters, with parametrization

Lt(l’,5) = (:Ea ax¢(tvm7£)7 a§¢(ta zaé)af)
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Its differential has rank 2n: the first and last components already contain x and &. In fact, projecting
back onto these components is an inverse on its image. Thus Cy has dimension 2n. Homogeneity
gives

0:0(t,x,88) = s 0 P(t, x,§), Oep(t, x, s€) = 0ep(t, x, £), s> 0.
Therefore C; is conic: simultaneous scaling of the output and input covectors leaves the base points
fixed and keeps us in C;.

The Lagrangian property. On the output and input cotangent bundles use the standard
symplectic forms

n n
wX:Zdnj/\d:rj, wy:dej/\dyj.
j=1 Jj=1
The relevant form on their product is the difference
Q:wx—wy:d(n-dx—é-dy).

A submanifold is called Lagrangian if this form vanishes on every pair of its tangent vectors and its
dimension is half the ambient dimension. Here the ambient dimension is 4n, and we have already
checked that dim C; = 2n. We only need the vanishing.

All differentials in the next calculation are in (z,§), with ¢ fixed. Substituting y = 0:¢ and
1N = 0;¢, we have

dp=n-dz+y-d§, dy-§=¢-dy+y-dE.
Subtracting gives
v (n-de—¢-dy) =dee(p—€-8:¢) = 0.
The star denotes pullback: we express the form in the parameters (x, ). The last equality is Euler’s
identity for a function homogeneous of degree one, ¢ = £ - 0¢¢. Exterior differentiation commutes
with this substitution, so
Q2 =dyg (1 (n-dz—&-dy)) = 0.

This proves the Lagrangian property directly from the phase.

There is an additional property in our short-time construction. Since det ¢,¢ # 0, the map
(z,&) — (y,€) has invertible Jacobian:

9(y,§)
I(z,¢)
Thus y = 0:¢ determines x from (y, &) locally. Likewise (z,£) — (x,0,¢) is locally invertible. We
can therefore write C; as the graph of a local diffeomorphism

Fi: (%6) — (x777)'
On this graph, the vanishing of wx — wy says precisely

det = det ¢, # 0.

Flwx = wy.
A diffeomorphism preserving the symplectic form is called a canonical transformation. This explains

the name of the relation. The determinant condition gives the graph property; the Lagrangian
calculation above used only the phase parametrization and homogeneity.

Identification with the ray flow. For the wave phases ¢+, put b(z,n) = |n|y. The eikonal
equations are

O+ £ b(x,0,0+) = 0.
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Here £ is the fixed parameter labeling the initial covector, while n = 0,¢~ is the covector at time
t. Differentiate in £ to get

(at + bn(l‘, az¢i) : az)a§¢i =0.
Along a curve with & = =£b,(x,n), the value of O:¢4 is constant. Since ¢+(0,2,§) = = - &, this
constant is the starting point y.

To follow the other covector, differentiate the eikonal equation in x and apply the chain rule to
n(t) = 0x¢+(t,x(t),£). The terms containing ¢+ ,.b;, cancel, leaving

& =dby(z,m),  n=Fb(z,m),  (2(0),n(0)) = (y,)

These are Hamilton’s equations for +b, obtained also from (I1.3.17) by using ¢ as the param-
eter. Combining this identification with the wave front estimate gives the following version of
Hoérmander’s propagation of singularities theorem.

Theorem 2.1 (Propagation of the wave front set). Let UL (t) = eT*B be the half-wave propagators
of Chapter II, Section 10, under the global assumptions made there. Let ®; be the Hamilton flow
of the principal symbol b(z,§) = |£|4 of B. The canonical relation of U4 (t) is

C:I:(t) = {(377777%5); (wﬂ]) - q):l:t(y7§)7 g 7é 0}
For every f € & and every fized t, we have the equality

WF (Ux(t)f) = 4t (WF(f)).

Proof. For small |¢|, the calculation above identifies the canonical relation with the graph of ® .
The exact propagator and its parametrix differ by a smoothing operator, so Theorem 1.1 gives

WF (Us(t)f) € @t (WE(f)).

Now use time reversibility. The same local estimate applies to Uy (—t), with spatial cutoffs near
the covectors under consideration. Since Uy (—t)U4(t) = Id, we get

WE(f) = WF (U (~0)Us(1)f) C @50 WR(U(1)).

Applying ®4; gives the reverse inclusion, since ®4; o ®+; = Id. This proves equality for small
times. For any fixed finite time, subdivide the time interval and repeat the short-time argument,
using the group law for Uy and the flow law for ®. The same composition identifies the canonical
relation with the graph of ®1;. A caustic does not affect this argument: the flow remains smooth
in the cotangent bundle. We describe the changes of phase needed there in Section b. g

The equality is for each half-wave branch separately. Singularities of the two branches can
cancel in their sum at a fixed time.

For the Euclidean phases ¢+ = x - £ F t[€|, the ray correspondence is

(,n) = (yité@)-

The plus branch has temporal covector —|£| and moves in the direction +£/|¢|. At ¢ = 0 the relation
is the diagonal (z,n) = (y, &), as for a pseudodifferential operator.

We can include time in the output variables as well. Since 7 = 9+ = Fb(z,n), the spacetime
relation is

Ci = {(t?l‘a:':b(m?n)?’r/’ y7£)7 (73»77) = (I)it(yag)> 6 7& 0}
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It has parameters (¢, z,&) and dimension 2n + 1, half the dimension of T*(R¢ x X) x T*Y. The
same calculation, now including dt, gives

G(rdt+n-de—¢-dy) = dt,%g(gbi —£- ngbi) =0,
where ¢4 is this parametrization. Hence Cy is Lagrangian for d7 A dt + wx — wy. The temporal
covector is needed for this spacetime statement.

The full wave equation. We now complete the argument sketched in Chapter 11, Section 5,
using the same parametrix with lower order terms. There we obtained WF(AL(t)f) C &1, (WF(f))
for a single oscillatory term. For the full solution, first combine the contributions of f; and fo with
the same phase into v4; the data carried by these branches are their initial traces h4, defined below.
We will obtain equality for each branch. Their opposite temporal covectors prevent cancellation in
spacetime; at a fixed time we keep both Cauchy data.

Theorem 2.2 (Propagation for the wave equation). Let u solve
Pu =0, P = 8,52 4+ aly — C2A907A +q, u(0) = f1,  u(0) = fo,

with f1, fo € &'. Retain the global assumptions on c, gy of Chapter II; the coefficients a, A,q may
be smooth, complex, and time dependent, with all their derivatives bounded on each finite time
strip.  Write the parametriz (I11.2.5) as vy + v—, continued by short-time parametrices, and put
ht = v4(0). These are the full branch traces, including all lower order amplitudes. They have the
form
hy = Hy+f1 + Ha+ fo,

where Hy 1+ and Hy 4+ are pseudodifferential operators of orders 0 and —1, with principal symbols
1/2 and £i/(2[€|y), respectively. As in Section IL.5, let b(z,§) = |£|y and let ®; be its Hamilton
flow. Then

WF(u) = | J{(t, 2, FInlgw),n); t €R,
+

(2.1)
(1'777) - é:l:t(yué.% (yug) € WF(hi)}
In particular, WF (u) is a union of mazimally extended null bicharacteristics of p = —7% + \5]3. For
each fixed t,
(2.2) WE(u(t)) U WF(uq(t)) = B(WF(h)) Ud_(WF(h_)).

Locally, only smoothness of the coefficients is needed, and these conclusions hold along the portions
of the rays covered by the Cauchy evolution.

Proof. The operators Hj 1 are obtained by setting ¢ = 0 in the parametrix; their principal symbols
are the initial amplitudes (I1.4.4), including the factor b=! for the velocity datum. The matching
of both Cauchy data determines their lower order terms. The justification of the parametrix gives
u = v} + v— modulo a smooth function of (¢, ).

The operators A (t) in Section I1.5 need not be invertible for an arbitrary amplitude. To get
the reverse inclusion, normalize the same transport construction on one branch. Work first on a
short-time conic patch, with all cutoffs equal to one near the covectors under consideration. Write

Ei(t,s)h(z) = (27)" / / P+ ts2 )=y e (¢ 5 x, €)h(y) dy dE,
where ¢4 (s,s,2,£) =z - & and Oy + b(x, 0pp1) = 0.
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Choose the full initial amplitude e4 (s, s, x,&) ~ 1: its leading term is one and all its negative-
order terms are zero. Solving the transport equations to all orders gives

PE.(t,s) € U™, Ei(s,s)=Id mod U™,

with smooth dependence of the smoothing remainders on both times.

Why does the displacement trace determine this construction? Once the branch and phase are
fixed, the transport equations (I1.4.2)—(I1.4.3) are first order along the rays, transverse to every time
slice since O+ # 0. If two amplitudes give solutions modulo smoothing and have the same full
trace amplitude at a time slice, their leading difference solves the homogeneous transport equation
with zero initial value, so it vanishes. The next difference then has zero source and zero initial value,
and also vanishes. Induction gives equality at every symbol order, hence a smoothing difference.
This is uniqueness within one branch. It does not assert uniqueness for the second order Cauchy
problem from displacement alone: the velocity trace on this branch is already determined by the
transport equations.

Now fix three nearby times t, s, and compare
Fi(t)=Ei(t,s)EL(s,7) with FEL(t, 7).
We must first check that the product is on the same branch. Its kernel has phase
G+(t,s,2,n) — 2+ ¢+(s,1,2,§) —y- &

Stationarity in the intermediate variables (z,7) gives

Z:an¢i(t787xan)7 n:6z¢:t(37r7zyg)‘

For nearby times these equations have a unique nondegenerate solution on our patch. Indeed, after
writing £ = \w, n = Ad, the Hessian of the phase divided by A in (z,0) at t = s =r is

0 -—Id
-1d 0 /)°

It remains invertible for nearby times. Stationary phase therefore reduces the product to one
oscillatory integral with a full classical amplitude. The critical value of the phase is ¢4 (¢,r, x,§) —
y - & its t-derivative and z-gradient satisfy the same eikonal equation, and at ¢ = s it equals
o+ (s,r,x,&) —y - & Uniqueness of the eikonal equation identifies the phases. Equivalently, the
stationary equations concatenate the two pieces of the same ray.

Next, P acts on the first factor only, so
PF.(t) = (PE+(t,s))E+(s,r) € U™, Fy(s) = Ex(s,r) mod ¥~°°.

Here the localized compositions with smoothing kernels are smoothing. Thus Fly(t) and EL(t,7)
solve the same equation modulo smoothing, have the same phase, and have the same displacement
trace at t = s. In this short-time representation det ¢ ¢ # 0, so equality of the trace kernels modulo
smoothing is equality of their full trace amplitudes modulo symbols of order —oco. The transport
uniqueness just proved gives

(2.3) Ei(t,s)EL(s,7) = Ex(t,r) mod ¥~ °.

This uses the full stationary phase and transport expansions; matching only the leading amplitudes
would not give a smoothing remainder.
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The same uniqueness, applied to each of the two data operators defining v, gives vy (t) =
E4(t,0)ht modulo smooth terms. Taking the two endpoints equal in (2.3) gives both inverse
identities,

Ey(s,t)Ex(t,s) =1d mod U™,

Ei(t,s)Ey(s,t) =Id mod ¥~ .
The reverse parametrix uses the same branch, with the two times interchanged; its ray flow is
P (s—¢)- For longer times, subdivide the interval and compose the short-time parametrices. The
inverse is the product of their inverses in reverse order. The local composition identity makes this

continuation independent of the subdivision modulo smoothing, on the ray patches in question. It
remains valid through caustics, using short-time phase charts.

The wave front estimate applied in both directions, as in the proof of Theorem 2.1, therefore
gives
WF(vy(t)) = @1(WF(hy)).
The lower order coefficients change the transport equations, but not the phases or the ray flow.

The spacetime estimate in Theorem 1.1 gives

WF(Ui) C {(taxa:':b(xvn)an); (m?n) € (I)it(WF(hi))}

To prove the reverse inclusion, fix ¢g. The conormal directions to this time slice are (to,z,7,0),
7 # 0, and the preceding inclusion excludes them. Thus restriction is defined and satisfies

WF (v (o)) C {(z,n); (to,z,7,m) € WF(v4) for some 7}.

Indeed, after localizing near (tp,z¢) and calling the result w, we have

/ eitOTﬁF(T, n)dr.

— 1

w(to,-)(n) = o

The conormal condition gives rapid decay for || > C|n|. Outside the set on the right of the
restriction estimate, compactness of the remaining normalized directions gives rapid decay also for
|7| < Cln|, after shrinking the cutoff and the n-cone. Integration proves the inclusion. Restriction
alone need not give equality.

The fixed-time equality supplies a spacetime covector over every point of ®4; (WF(hy)). The
spacetime inclusion permits only 7 = Fb(x,n), proving equality for each branch. Since b > 0 at
nonzero spatial covectors, the two spacetime wave front sets are disjoint and cannot cancel in their
sum. This proves (2.1). On 7 = Fb, Hamilton’s equations for p, parametrized by t, are

dz dé dr

@4y —Tbh, T,
a T a0

Thus these curves are the null bicharacteristics, followed in both time directions.

It remains to recover the two branches at a fixed time. Set

Ki(t) = 0, Ex(r,t)]

r=t

At r = t the phase is (z — y) - &, so K4 (t) are spatial pseudodifferential operators of order one
with principal symbols Fib. Differentiating the composition identity gives d,vx = K4 (t)v4+ modulo
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smooth terms. The difference Ky — K_ is elliptic, with principal symbol —2ib. If Q(¢) is its
parametrix, then

vs(t) = Q) (ue(t) — K_(t)u(t)),
oo () = u(t) - vs (1),

Conversely, v = vy +v_ and u; = Kyvy + K_v_ modulo smooth terms. Pseudolocality in both
directions gives

(2.4) mod C°.

WF (u(t)) U WF (uy(t)) = WF (04 (1)) U WF (v (1)),
which proves (2.2). O

For WF(u(t)) alone there is generally only inclusion in (2.2): u(0) = 0 can be smooth while
u¢(0) is singular. When a = A = ¢ = 0, the branch data reduce to hy = %(fl +iB~! fy) modulo

smooth terms, with B = \/—c?A,,. With lower order terms present, the full trace operators H; +
must be retained. Their principal symbols alone do not determine WF(h4 ), since a correction of
negative order need not be smoothing.

3. Other phase functions

We now replace z - £ in the initial condition for the eikonal equation by a real function ¢(x, @),
homogeneous of degree one in # € R™ \ 0. Assume det,9 # 0 on a small conic patch. The
parameter ¢ need not be the spatial covector; that covector is 0,1.

To use this initial phase, replace the usual Fourier kernel on the input side as well. We look for
terms of the form

(3.1) uo(t,x) = (2m)™" // e @m0 W0) ot 2. 0) f(y) dy db.

We may allow a to depend on y as well. The eikonal equation for ¢ is still (I1.2.11), and the
transport equations are (11.4.2), (I1.4.3), with Ly given by (I1.4.1). The new initial conditions,
replacing (I11.2.12), are

(3:2) P+|i=0 = (. 0).
The method of characteristics applies as before. At ¢ = 0 the kernel phase is ¥ (z,0) — ¥ (y,0). To
match the initial data, we must therefore understand operators of the form

Af@) = (2m) " [ [ 00Dtz 0)1(y) dy .

Near the diagonal, write

1
Y(z,0) —Y(y,0) = (x —y) - n, 172/0 0:Y(y + s(x —y),0) ds.

The change of variables 6 — 7 is locally invertible by our determinant assumption. Thus A is a
pseudodifferential operator there. For an amplitude of order zero, its leading symbol is
aO(z, z,0)
| det hzo(,0)]
To obtain the identity to leading order, choose a((z,z,0) = |detv,9(x,0)|. The lower order

terms can be chosen successively to give the identity modulo a smooth kernel. For the full wave
equation we use both branches and match v and w; as in Chapter II, Section 4. The two initial

n= 8x¢(x7 0)
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time derivatives Orp+ = Fb(x,0,1)) are distinct and nonzero, so the two leading trace equations
can be solved; the lower order equations are solved in the same way.

For example, let x be a local change of coordinates and take

U(x,0) = k(x) - 0.

With amplitude | det Dr(y)| and integration over all 8, Fourier inversion in the x coordinates gives
the identity at ¢ = 0. With conic cutoffs, it gives the identity microlocally where those cutoffs equal
one. This is an explicit choice of initial phase other than x - 6.

The same wave front calculation now gives

CL(t) = {(2, 0065y, 0y0) s Doos = O, 0 # 0}
Initially this is the diagonal on our patch. Along a ray, dyp¢+ keeps its initial value 9yt (y, #), while
the initial covector is 9,1 (y, #). Consequently, C’i(t) is the same ray-flow graph as before, expressed

with different parameters. Changing the initial phase changes the representation and the initial
amplitudes; it does not change which input and output covectors are related.

4. Fourier integral operators

The preceding examples suggest that the object to keep is the relation between covectors, while
the phase may vary from patch to patch. We now give the general definitions. Let X,Y be smooth
manifolds of dimensions ny,ny and fix smooth positive densities to write the kernels. All phase
formulas below are in local coordinates.

Nondegenerate phase functions. A real phase function ¥(z,y,0) is smooth on an open
conic subset of X x Y x (R¥ \ 0), has nonzero full differential, and satisfies

U(z,y,s0) = sV (z,y,0), s> 0.
The number N of phase variables need not equal the dimension of X or Y. Put
Yy ={(z,y,0); 9V =0}
The phase is nondegenerate if the N differentials
duy.0(09, V), ..., dgy6(00y V)

are linearly independent on Yy. Thus Xy is a smooth manifold of dimension nxy + ny. This
condition does not require the Hessian Wyy to be invertible. For the operators considered here, we
also assume 0, ¥ # 0 and 9, ¥ # 0 on Xy, to keep both covectors away from zero.

Canonical relations. Use coordinates (x,n) on 7*X and (y,() on T*Y. A canonical relation
from T*Y \ 0 to T*X \ 0 is a smooth conic Lagrangian submanifold

C C (T*X\0) x (T*Y \ 0)

for the symplectic form wx — wy, where

nx ny
wX:Zdnj/\de, wy:Zd(j/\dyj.
j=1 j=1

Here conic means invariance under simultaneous positive scaling of 7 and (. The word Lagrangian
means that C' has dimension nx + ny, half the ambient dimension, and that wx — wy vanishes
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on pairs of tangent vectors to C. For a graph, this says that the corresponding transformation
preserves the symplectic form. Such a transformation is called canonical.

A nondegenerate phase parametrizes such a relation by
Cy = {(m,@m\ll;y, —-0,¥); (z,9,0) € 2\1,}.

Let us verify both the dimension and the Lagrangian condition, as we did for the wave kernel.
Define the map

Jj:Yg — (T*X\0)x (T*Y \ 0), Jj(x,y,0) = (z,0,V;y, —0,¥).
The rank condition in the definition of a nondegenerate phase gives
dimy =nx +ny + N — N =nx + ny.

We must also check that j does not lose rank. Suppose a tangent vector (dx,dy,d0) to Xy is
mapped to zero by dj. The base components give dx = dy = 0. The covector components, together
with tangency to dyW = 0, then give

Vg

Uy | 06 = 0.

)
This matrix is the transpose of the Jacobian of (z,y,60) — 0pW. It has rank N by nondegeneracy,

so 00 = 0. Thus dj is injective: j is an immersion. After restricting to a small patch, its image is
a submanifold of dimension nx + ny.

For the forms, put @ = n-dx — (- dy. On Xy the f-derivatives of ¥ vanish, and the sign in the
input covector gives

jfa = (350\11 ~dx + 0,V - dy) ‘TE\I/ = d(¥|g,)-
Euler’s identity says ¥ = 6 - 9y, so U|y, = 0. Consequently,
jHwx —wy) = j*(da) =d(j"a) = 0.
Together with the dimension count, this proves that Cy is Lagrangian. Homogeneity also makes it
conic: 0y has degree zero, while 9, ¥ and 9,V have degree one.

Thus the sign reversal on the input covector, the critical-point equations, and the rank condition
have separate roles. They give the appropriate symplectic form, its vanishing on the relation,
and the required half dimension. Different nondegenerate phases can describe the same relation,
including the phases ¢+ — % considered above.

Fourier integral operators. A continuous linear operator A : C§°(Y) — D'(X) is an FIO of
order m associated with C' if, in local coordinate and conic patches and modulo a smooth kernel,
its distribution kernel is a finite sum of oscillatory integrals

Ka(e,y) = (21)N / V@D a (e, y, 0) db,

where each V is a nondegenerate phase parametrizing a piece of C, and a is a symbol of order
nx +ny N

pEmE T Ty

More explicitly, after the local cutoffs, for every compact K C X x Y and all multi-indices «, 3,

102,05 a(@,y,0)] < Crapsl+ )P (2,y) € K.
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We cut off near § = 0 and keep the conic support inside the domain of the phase. The integral is
understood in the distribution sense: insert x(e), with x € C°(R") equal to one near zero, and
let € — 0. The result is independent of .

In our constructions the symbols are classical:
© .
a ~ Zaufja a,u*j(xvy7 80) = SM_Jall«*j(x’yae)
7=0

at large frequencies. The remainder after the first M terms is a symbol of order y — M. The
shift between m and p makes the operator order independent of the choice and number of phase
variables. When nx = ny = N = n, as in (1.1), the FIO order is just the amplitude order. A
smooth kernel may always be added without changing the FIO class.

The local calculation in Section 1 is the model for the general wave front estimate
WF(Af) Cc C o WF(f), CoWF(f)={(z,n); (z,m;y,¢) € C for some (y,¢) € WF(f)}.

Here f € £'(Y), or A is properly supported if we allow arbitrary distribution data. Proper support
means that each projection of supp K 4 has compact inverse images of compact sets. The nonzero
input and output covector assumptions exclude contributions with a zero covector on one side.

5. Changing phase functions and caustics

For the wave operator, the phase ¢+ — ¥y - £ is nondegenerate because
Oy ¢, (p+ —y - &) = —jk-
Thus the general definition includes our original local operator. The same argument applies to

¢+ — 1 when det 1y # 0. For fixed ¢, the branches acting on f; in (I1.2.5) have order zero, and
those acting on f have order —1 because of |£ ‘9—1'

What can fail when we increase t?7 Write the ray flow as

®1i(y, &) = (2(t;y,€),n(t; 5, €))-

For each fixed t, its graph is smooth as long as the Hamilton flow is defined. The flow is invertible,
with inverse ®¢;. The phase ¢+ (t,x,£) — y - &, however, uses (z,§) as coordinates on that graph.
To construct it, we inverted

(y,8) — (x(t;9,€),€).
This requires det Dyx(t;y,&) # 0. When that determinant vanishes, these particular coordinates

fail. We can still use (y,&) to describe the graph, but we may no longer be able to write it with
one smooth phase of the form ¢4 (t,z,§) —y - €.

This is the distinction already encountered in Chapter II, Section 3. A caustic is a singularity
of the relevant projection of the ray geometry. For a particular incoming wave front, its projection
to physical space may become singular even when a phase for the propagator is still available. The
inward spherical front in the Euclidean example focuses, while z - £ F t|¢| remains a phase for the
propagator for every t. In either situation we must keep the covectors: rays meeting in space can
be distinct in the cotangent bundle.

Changing the phase. Let us see how another phase can describe a smooth canonical relation
when the old coordinates fail. Reverse the input covector and regard C' as a Lagrangian submanifold
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Aof T*(X xY). Put

Z:(.Z',y), p:(nv_C)
Thus the canonical one-form is p-dz = n-dz — { - dy. It vanishes on A. Indeed, the radial vector
field £ =) p;o, ; 1s tangent to a conic A, and

(d(p-dz))(E,v) =p-dz(v) =0, veTA,
by the Lagrangian property.

Locally we can choose some position coordinates and the complementary momentum coordi-
nates as coordinates on A. After a choice of base coordinates and a relabeling, write these as
(2, p"), with z = (2/,2") and p = (p/,p”). This is a consequence of the Lagrangian rank condition:
a maximal independent set of position differentials can be completed by the complementary mo-

mentum differentials. Shrink to a conic patch where these coordinates work. The radial vector is
nonzero, so p” # 0 there.

In these coordinates define
S(Z/,p”) — _Z”(Z,,p//) .p//'
Since p' - dz’ +p” - dz” = 0 on A, differentiation gives
dS =p' -dz — 2" -dp”, p'=0.5, 2'=-09,5.

The function S is homogeneous of degree one in p”: scaling the covectors leaves z” fixed. We can
now use the phase

U(z,0)=S(,0)+2" -0, 0=7p"
Its critical-point equations and covectors are

U =0 = 2" =—-0y85, 0,V = (0,5,0).

They describe precisely the same A, and reversing the input sign gives back C. This phase is
nondegenerate because

0. 0,0 = 5.

In particular, Spy need not be invertible. A singular projection to position space does not prevent
us from having a nondegenerate phase.

The variables € here are momentum coordinates in the directions where we gave up using
position coordinates. Integrating in them is a partial inverse Fourier transform. This is the reason
for introducing extra phase variables: they let us describe a wave near a caustic without solving
for all the momenta, or all the original ray parameters, as functions of position. On another patch
we may need another splitting, and hence another phase. This changes the representation of the
same canonical relation.

Matching the amplitudes. Keeping the canonical relation is necessary, but it does not by
itself make two oscillatory integrals the same operator. We must change their amplitudes as well.
For a homogeneous invertible change of phase variables § = O(z,4), the rule is just change of
variables:

U(z,9) = U(z,0(z,9)), a(z,9) = a(z,0(z,1)) | det Oy(z,9)|.
More general changes of phase also involve stationary phase, possibly after introducing additional
variables. The local equivalence theorem, see Hérmander [5, Sections 3.1-3.2], says that two non-
degenerate phases parametrizing the same piece of A give the same class of kernels: an amplitude
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for one can be replaced by an amplitude for the other so that the kernels agree modulo a smooth
kernel. If the numbers of phase variables are N and N, the amplitude orders change according to
N-N

5

= p+

The FIO order m therefore stays the same.

There is a useful point here about caustics. After separating a large frequency A > 0, suppose
we eliminate k variables v by stationary phase. If vy is a critical point of F(z,v) and H = Fy,(z, vp)
is invertible, the leading term of the integral is

N o k/2 AF (o ei7rsgnH/4
/eAF( K )b(Z,’U,)\)dU ~ <)\> e)\F( ) O)Wb(z,vg,)\).

Here the amplitude is localized near vg; lower order terms are obtained by differentiating . The
signature sgn H is the number of positive eigenvalues minus the number of negative ones. The
determinant and signature factors must be included when matching representations.

If the Hessian used in this reduction becomes singular, the reduced formula is no longer valid.
For example, two stationary points can merge at a caustic. We then keep those integration variables
and, when needed, use a different phase patch. The full phase can remain nondegenerate in the
sense defined above even though this smaller Hessian is singular. Thus the apparent blow-up of a
reduced amplitude need not be a failure of the oscillatory integral representing the solution. The
signature factors acquired when changing phases are the source of the Maslov phase factors; we do
not develop that bookkeeping here.

6. Continuation through a spherical focus

Return to the Euclidean wave equation in R3 and the inward spherical front from Chapter II,
Section 3. We can see the change of phase explicitly. Let xy € C°°(]0,00)) vanish near zero and
equal one for large arguments, and set

ut,x) = (2m)7 /R MO (ledg, Wit ) =g — (E- 1)K

The integral is understood as an oscillatory integral. Each exponential solves (07 — A)u = 0, so u
is an exact distributional solution. It is the kernel of the plus half-wave propagator from time 1 to
time ¢, with the frequency cutoff and with the source point fixed at the origin. We chose the shift
by 1 so that the incoming front at ¢ = 0 is the unit sphere.

First let us recover the radial phases away from z = 0. Write £ = Aw, A > 0, w € S2. Rotating
the polar axis to the direction of x, we get

1 .
/ ei)\x-w dw = 27_(_/ ei/\|a:|s ds = 47 Sln(A|x’).
52 -1 Alz]

Consequently, for x # 0,
_ 1 *iaa-1) -
u(t,z) = >72a] /0 e Ax(A) sin(A]z|) dA

1 > N1—tt|z]) _ ir(I—t—|z])
= i /0 Ax(N) (e e ) dA.
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This identity is exact, not just a stationary phase approximation. It gives the two phases
Yin(t, 2, A) = A1 —t — |z|), Yout (t, , ) = A(1 — ¢ + |x]).

For t < 1, near |x| = 1 — ¢, only the incoming term contributes to the wave front set: the outgoing
term has nonzero A-derivative and is smooth there by integration by parts. For ¢ > 1, the singular
front is |z| = ¢t — 1 and comes from the outgoing term. Both have temporal covector —\, so both
belong to our plus half-wave branch. Incoming and outgoing here describe motion toward and away
from the origin.

What happens at t = 1, * = 07 The radial phases are no longer smooth in x, and the
amplitudes contain |z|~!. Keeping either radial formula alone does not give a continuation through
the focus. Instead, return to the phase ¥ with its three integration variables. It is smooth for
& # 0, homogeneous of degree one, and

&
€1

Thus it is nondegenerate even at the focus. We have replaced the singular radial description by a
regular phase with more variables.

O,

J

U =gl — (t — 1) 8Zk8€j\11 = 5jk'

The stationary equations give

N S

Writing &€ = A\w, the associated Lagrangian is
A= {(t, (t—Dw; =X\ \w); we S% A> 0}.

It is smooth through ¢ = 1: the parameters (¢,w, \) are recovered from ¢ and 7. Its projection to
spacetime loses the angular directions at the focus, since all w give x = 0 there. The covectors
n = Aw still distinguish the rays. Before the focus, n points toward the origin; after it, the same
ray and covector point outward.

The amplitude matching is visible as well. For = # 0, the angular phase x - w has critical points
w = +x/|z|. Eliminating the two angular variables gives the factor (A|z|)~! and the relative minus
sign in the radial formula. At 2 = 0 the angular phase is constant, so this reduction is invalid; we
keep the angular variables instead. For each fixed A, the angular integral tends to 4w as =z — 0.
The relative sign of the outgoing and incoming terms is fixed by this common integral.

This does not make the focused solution smooth. At the focal time,
u(l,z) = do(x) mod C,

because x(|£]) — 1 is smooth and compactly supported. What continues through the caustic is the
distribution and its smooth Lagrangian description. Away from the focus, we can reduce it again
to the outgoing radial phase.

Finally, allowing the source point to vary replaces by x—y in ¥. The corresponding propagator
has canonical relation

Ct, 1) ={(2,&y.8); x=y+ (t—1)¢/|¢], £€#0}.

Here it is the spherical front that focuses; the Euclidean propagator phase remains available
throughout. The change from the incoming radial phase to ¥, and then to the outgoing radial
phase, gives a concrete instance of continuing the same wave by changing its phase representation.
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7. The propagator on the sphere

We now give an example where the phase ¢ (t,x,§) — y - £ of the propagator itself breaks down.
On the unit round sphere with metric g, take ¢ = 1 and g9 = g in the notation of Chapter II. We
study

B =\/-Ay, Uy (t) = e B,
with kernels taken relative to the Riemannian volume d Vol,. The short-time geometric optics
construction is local, so it applies in coordinate patches on the sphere as well. In latitude and
longitude coordinates x = (g, z), we have

2 N\ 172
=dq¢? 2qdz? b = Inly = (m3 + =% '
g q~ +cos”qdz", (¢,2,m) ’77‘9 g + cos2 q

We stay near the equator and use a continuous choice of longitude, so there is no coordinate
singularity in the region considered. The plus half-wave follows the Hamilton flow of b.

Take initial points y = (a,w), with a small, and hold the initial covector fixed at £ = (0, k),
k > 0. These rays start due east with unit speed. To compute them, use the embedding and
eastward unit vector

X (q,2) = (cosqcos z, cos gsin z, sin q), E(w) = (—sinw, cos w, 0).
The great circle through X (a,w) with this initial velocity is
X (x(t;a,w)) = cost X (a,w) +sint E(w).
In particular,
sinq(t) = sinacost, cos q(t) B ) = cosacost + isint.

At a = 0 the ray is ¢(t) = 0, z(t) = w + t. Differentiating the preceding formulas with respect to
(a,w), with £ fixed, gives

cost O

Dyx(t;0,w,0,k) = < 0 1

> , det Dyx = cost.

Thus at t, = m/2 the mixed projection (y,&) — (z(t;y,€),§) is singular. This is exactly the
projection used to construct ¢4 (¢, z, &) from its initial value x - .

We can see the failure without just computing a determinant. At ¢ = ¢, all the initial points
(a,w), with w fixed and with this same covector, arrive at
x=(0,w+m7/2).
Their energy is b(y, &) = K/ cosa. Since ¢(t«) = —sina and 2(t.) = cosa, the final covectors are
n = (—ktana, k).

The same (x, §) therefore corresponds to different 1 and different y. It cannot parametrize the graph
near this ray. A smooth function ¢4 (¢4, z,&) cannot produce all these values through n = 0,04
and y = O¢¢4, although the Hamilton flow and its graph are smooth.

There is also an explicit formula for the restriction of the short-time phase to £ = (0, k). For
0 <t < m/2 and q sufficiently small,

sint
d+(t,q,2;0,Kk) =K (z — arcsin ) )
cos q
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Indeed, ¢4 is constant along each ray and equals its initial value kw; the ray formulas give
cosgsin(z — w) = sint. We choose the branch z — w < /2 before t,. The formula has initial
value kz and satisfies the plus eikonal equation. At the central ray,

8§q§+(t, 0,2;0,k) = —Kktant.
This derivative blows up as t T t.. The propagator phase itself has reached the limit of this

representation.

Let us replace it. Near these pairs of points the spherical distance is smooth:
d(z,y) = arccos (singsina + cos g cos acos(z — w)).
Here d is close to 7/2, away from both 0 and the antipodal distance w. Use the phase
U(t,x,y,\) = )\(d(a:,y) — t), A>0.
It is homogeneous of degree one in A, and
WV =d(z,y) —t, (t,m;€) = ( — M Adgd; =X dyd).

For each fixed t near t,, this is a nondegenerate phase: the differential of d(z,y) — ¢ in (z,y) is
nonzero, since |d,d|y = 1. The stationary equation d(x,y) =t and the endpoint covectors describe
the unit-speed geodesic from y to x. Hence this phase parametrizes the same graph of ®;.

Check the covectors at the caustic explicitly. At z = (0,w + 7/2), y = (a,w), differentiation
gives
d(z,y) =7/2, d,d = (—sina,cosa), —dyd = (0,cosa).
Taking A\ = k/ cos a recovers
&= (0,k), n = (—ktana, k),
exactly as above. The temporal covector is —A, so this remains our plus half-wave branch.

With local cutoffs, the propagator kernel near this part of the relation can therefore be written
o
Ki(t,x,y) = / e“\(d(x’y)_t)A(t, z,y,A)dA  mod C.
0

At fixed t this has two-dimensional input and output spaces and one phase variable. The amplitude
has order 1/2 for a propagator of order zero, in agreement with the order convention above. Its
coefficients remain smooth through ¢.. For example, with the kernel taken relative to Riemannian
volume, a leading coefficient depending only on d satisfies

2ay(d) + (cot d)ag(d) = 0, ap(d) = co(sin d)_1/2,

because Ayd = cot d on the round two-sphere. The constant ¢y is fixed by matching the preceding
propagator representation. This coefficient is regular at d = 7/2, and the successive transport
equations are regular there as well.

The failure here occurs in the coordinates of the propagator’s canonical relation, before applying
it to any chosen datum. Passing from ¢4 (¢, z,&) —y - £ to A(d(x,y) — t) lets us continue the same
kernel across t = m/2. The caustic is that of the mixed projection (z,&); the distance phase works
because the endpoints are not yet conjugate. At the antipodal distance 7, that phase would in turn
require another representation.
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7.1. Continuation through the antipode. Let us now reach ¢t = w. All unit-speed geodesics
from y meet at its antipode a(y) = —y. The function d(z, y) is not smooth there, and the coefficient
(sin d)*l/ 2 in the preceding representation is singular. We need to keep the direction of the ray as
an integration variable.

First identify the canonical relation at this time. Regard the sphere as a subset of R3. If
v = &% /||, is the initial unit tangent vector, then

x(t) = costy +sintv, #(t) = —sinty + costv.

Here &% is the vector obtained from the covector & using the metric. At t = m, both the position
and the tangent vector change sign. Consequently,

O (y,€) = (aly), (Day) 7€) = a(y,£),  Pris = Ps0a.

The inverse transpose is the usual transformation rule for covectors. The graph is smooth at ¢t = 7,
although its projection with y fixed collapses all directions to a(y).

Put s =t — 7 and w = a(y). Near a fixed antipodal pair use the vector
V(w,z) = expy(x) € T,,5%

It is smooth when x is near w, including x = w. On the sphere it is explicit. With § = d(z,w) and
with z,w regarded as vectors in R3,

V(w,z) = ,55(:1: — cosdw), V(w,w) = 0.

sin
The ratio has expansion 1 + §2/6 + ---, so this formula extends smoothly to the diagonal even
though the scalar distance J does not.

Choose a smooth orthonormal frame near w and express V in that frame. Let # € R?\ 0 denote
covector components in its dual frame. We propose the phase

\117r<t7x7y79) - V(a(y),x) 0 — (t - 7T)’9’

This is the short-time exponential-map phase in Zelditch [13, Section 11.1], with base point «a(y)
and time s = ¢t — 7. It is homogeneous of degree one in # and smooth on this patch for |t — 7| small.
Its stationary equations are

0
5 —.

6]
Thus «x is reached by following the short geodesic from w for the signed time s, with initial covector
6. Both s < 0 and s > 0 are allowed.

¥, =0 <— V(wz)=

The nondegeneracy check is particularly simple. In these coordinates,
D:v(aH\Ijﬂ') = D:EV(’LU,.ﬁ),
which is invertible near = w. Hence the two differentials d(dy, W) are independent, also at s = 0.

At that time the stationary set is just = a(y), with all nonzero 6 retained.

Let us check the endpoint covectors, including the input sign. On the stationary set, let P60
denote parallel transport of 6 from w to x along the short geodesic. The first variation formula
gives

n= 0¥y = P, §= _ay\ljﬂ = (Day)Tev T=0V, = _’9|
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For s # 0 these identities follow by differentiating $d(w,z)? = 3|V (w,z)|? and using V = s6*/|6|;
they extend to s = 0 by continuity. Terms from differentiating the chosen frame cancel on the

stationary set. Therefore

(w’ 0) = a(yag)v (55777) = @s(w, 0) = <I>7F+S(ya£)'
This proves that ¥, parametrizes the required propagator relation through the antipodal caustic.

Also |n|g = |0] = |¢|g, and T = —|n]|4, as required for the plus branch. This is a general kernel
phase; its characteristic condition is imposed on the stationary set.

We can compare it directly with the distance phases on the two sides. For § > 0, write § = Aw,
A >0, |w| = 1. The angular critical points are w = +V/|V|, giving the reduced phases
A0 —s), A(=d — s).
Since § = 7 — d(z,y), these become
A2m —d(z,y) — t), Ad(z,y) —t).

Before the caustic, s < 0, the second phase has stationary radial variable, with § = —s. After it,
s > 0, the first does, with 6 = s. The ray has then traveled a length ¢ > 7, while the shortest
distance between its endpoints is 2m —¢t. At s =0, § = 0, the angular reduction fails, but the full
phase ¥, remains nondegenerate. It records how each direction continues past the antipode.

With local cutoffs, the resulting representation is

Ky(t,z,y) = (277)_2/ Vrtwyg (¢ 2,y,0)dd  mod C*°,
R2

where a, is a classical symbol of order zero with coefficients smooth through ¢t = w. The change
from one to two phase variables changes the amplitude order from 1/2 to zero. The singular factor
in the reduced distance amplitude is absent from this representation.

The amplitude must also carry the focusing phase. We can determine it on the round two-sphere
without developing the general Maslov theory. To compare B with an operator whose spectrum is

simpler, put
B=1/-A,+1  Af(x) = f(a(z)).

A spherical harmonic of degree ¢ has —A, eigenvalue (¢ + 1); see Zelditch [13, Sections 4.1-4.2].
Its antipodal parity is (—1)¢; see NIST DLMF [3, Eq. (14.30.7)]. Thus B has eigenvalue £ + %, and

e B = A
The operators B and B commute. Set
Q=B-B=1iB+B)"', R=£"
By the square-root calculus discussed in Chapter 11, Section 10, @ is of order —1 and R is an elliptic
WUDO of order zero with R — Id of order —1. We obtain the exact identities
Uy(m) = —1AR, Us(m+s)=—iUys(s)AR.

This also constructs the continuation from a short-time propagator. The factor R has principal
symbol 1, changes the lower order amplitudes, and keeps the same canonical relation. For Rie-
mannian volume and the orthonormal frame used above, the leading amplitude at ¢t = 7, x = a(y)
is —i. Let us check how this value matches the amplitudes on both sides of the caustic. In the
calculations below the local cutoffs are equal to one near the ray under consideration.
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The leading amplitude. First consider the short-time propagator from w to x, with phase
V(w,z) -0 — s|0]. Write 6 = |V (w,z)|. In geodesic polar coordinates about w, the area element on
the unit two-sphere and the Euclidean area element in T},5% are

d Voly(x) = sind dd dw, dV =6 dé dw.

Thus the volume Jacobian of the exponential map is J(4) = sind/J. We can also obtain its
contribution to the amplitude directly from the transport equation. By rotational symmetry the
leading coefficient can be chosen to depend only on d; denote it by (). Angular stationary phase
contributes 6~1/2, so the leading distance coefficient is a constant times 6(5)5*1/ 2. Substituting
this into the radial transport equation above gives

28(5) + <cot5 _ ;) B(6)=0,  B(0)=1.

The initial value is fixed by the identity kernel at s = 0. Integration gives

5) =) =2 1/2—1 " oW
60) =70 = (05 =1+ 35 + 00"

The same real factor occurs for negative s, by taking the adjoint of the short-time propagator.
Although ¢ itself is not smooth at = w, this even function of § is smooth there.

Since the antipodal map preserves Riemannian volume and R has principal symbol 1, the
leading amplitude in the phase ¥ is, on its stationary set,

1/2 1/2
aﬂ',O(tax’y79):_i< 0 > :_1( > )/7 5:|S|

sin d sin s

The ratio at s = 0 is understood by continuity. This gives aro = —i at the antipode, with no
blow-up. We may use —i3(d) as a smooth extension of this leading amplitude off the stationary
set. A different extension changes the lower order terms, which we match below.

Matching the two distance phases. For § > 0, choose angular coordinates in the tangent
plane so that

V =46(1,0), 0 = A(cos v, sinv), U, = Adcosv — s), df = AdAdv.

The angular critical points are v = 0, 7, with second derivatives —9, +9, respectively. Consequently,

TN 2m\ "% e /4 iAG i /4
61 COs v dv ~ - <el —17T + e*l 17T ) .
/ (%)

With angular cutoffs we retain the corresponding critical point. Combining this factor with —i5(J),
the polar Jacobian )\, and the normalization (27)~2 gives the leading radial coefficients. Put
d = d(xz,y) = m — J. Before the caustic the relevant critical point is v = 7, with phase A\(d — t);
after it, the relevant point is v = 0, with phase A(2m — d — ). Their amplitudes are

e—im/4 \1/2

(27)3/2 \/sind
673i7r/4 A1/2
Aaerta > 7A: +O)\_1/2.

ft ( z,y ) (27_[_)3/2\/@ ( )

Abefore(tyl',y,A) = +O()\—1/2)’
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Here the remainders are symbols of order —1/2 on patches with 6 > 0. We used sind = sind,
—iel™/4 = ¢=im/4 and —je~17/4 = ¢=3"/4 This fixes the constant in the preceding distance repre-
sentation:
co = (2m) 3/ 2e7im/4,

The leading radial coefficients on the two sides differ by the factor —i. This is the focusing phase
for our choice U, (t) = e *B. These reduced expansions are not uniform as § — 0: the angular
Hessian then vanishes. The full phase ¥, and its amplitude remain smooth in their parameters
through the caustic, while the kernel remains a singular distribution.

Matching to all orders. Matching the leading coefficient leaves lower order singular terms. To
obtain equality modulo a smooth kernel, take a short-time parametrix V. (s) for U, (s), constructed
by solving the eikonal and all the transport equations in a regular short-time phase. Its error
Vi (s) —U4(s) has a smooth kernel, smoothly depending on s. The exact identity above shows that

We(t) :=—iVy(t —7)AR, Wr(t) — U4 (t) has a smooth kernel.

We now rewrite the localized kernel of W in the nondegenerate phase W,. Composition and change
of phase give a full classical amplitude; see Hormander [5, Theorems 3.2.1 and 4.2.2]. In this step
we use the full symbol of R, including the derivative terms in the composition formula. The phase
W only has to satisfy the characteristic equation on its stationary set; we obtain its amplitude by
rewriting the short-time construction, rather than imposing the earlier pointwise eikonal equation
away from that set.

More explicitly, write
Qr ~ Qr0+ Or -1+ Qr -2+ -+, aﬂ,—j(t7 z,Y, )‘6) = Aijam—j(tv z,Y, 0)

After choosing the leading term just computed, the difference from W is an FIO of order —1 at
fixed t. Express its leading symbol in the same phase and choose ar,_1 to remove it. Repeat: after
N terms the remaining FIO has order —N. The phase is nondegenerate also at t = m, so these
corrections can be chosen smoothly in ¢ through that time. Their lower order values include the
corrections from R, from composition, and from changing the phase; they are not determined by
the value ar o = —i alone.

All symbol estimates here are locally uniform in ¢ near w, including after any number of ¢-

derivatives. Asymptotic summation with ¢ as a smooth parameter gives a symbol a, such that

N-1

ar — Z Qr—j € SN for every N.

j=0
Differentiating a remainder integral k times in (¢, x,y) raises its symbol order by at most k. Since
the matching is to arbitrary order, the resulting kernel agrees with W, and hence with U, (t),
modulo a kernel smooth jointly in (¢, x,y) across ¢t = 7 on the patch. The series need not converge.
Away from the antipode, applying the full angular stationary-phase expansion gives the distance
amplitudes on each side to all orders. At the antipode we retain the angular variable. This is how
the same half-wave propagator, with its matched amplitudes, continues through the caustic.

8. Global operators and continuation of the propagator

Let us return to a general canonical relation C'. The examples illustrate how compatible local
representations give one operator. Cover C by the phase patches of Section 5 and use a microlocal
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partition of unity. For an existing operator, we localize its kernel in position and covector variables.
In each patch write

The global kernel is the sum of these localized kernels, modulo a smooth kernel. The sum is locally
finite; on a compact part of the base and of the covector directions, finitely many patches suffice.
The corresponding pieces of the canonical relation all belong to the same geometric C.

If instead we construct the operator patch by patch, the local representations of the kernel
must agree microlocally on overlaps, modulo smooth terms, using the amplitude transformations of
Section 5. Arbitrary amplitudes on the same relation will not do. The partition of unity is applied
to these compatible representations, so it does not count the overlap twice. A single global phase,
or a single scalar amplitude in fixed coordinates, is not required. The global object is the operator
together with its canonical relation. For the global construction and the symbol transformation
law, see Hérmander [5, Section 3.2].

Continuing the wave propagator. For the wave equation there is a direct way to produce
these compatible local kernels. Divide a finite time interval into short pieces and compose the
short-time propagators, with local cutoffs along the rays. For two such pieces of lengths s and t,
the combined kernel phase on one branch is

gbi(sax’e) —Z-<9+¢i(t,z,§)—y-§,

where z is the intermediate position. Stationarity in (6, z,&) gives

Z:(99¢:|:(37$79)7 9:82¢:|:(t,2,§), y:8§¢i(t7'z7€)

Thus the output covector of the first step is the input covector of the next:

(279) = q):l:t(y,g); (37777) = CI):I:s(za 0) = (I)i(ert)(yaf)'
For graphs of canonical transformations this matching is transverse, meaning that the linearized
matching equations have full rank. Stationary phase in suitable local variables then gives an FIO
associated with the composed graph; see Hormander [5, Section 4.2]. We need not reduce its phase
back to the special form ¢4 (s +¢,2,£) —y - £. Near a caustic we use a phase that is regular there,
as above.

Repeating this construction continues the parametrix for every finite time for which the flow
under consideration is defined. The half-wave group law in Chapter II, Section 10 identifies it,
modulo smoothing terms, with the exact propagator Uy (t) under the assumptions made there. Its
canonical relation is still the graph of ®4;. Changing phases therefore lets the oscillatory description
pass through a caustic while following the same rays and preserving the two half-wave signs. This
gives continuation as a distribution; it does not assert that a singular wave becomes smooth at its
focus.






Chapter 1V

Gaussian beams

Most of this chapter is AI generated after a series of prompts. Read at your own
peril!

We return to the two parameter expansion of Chapter II, Section 8. The critical scale is
e = A"1/2. Then we have

(0.1) ulmg = YA/ 2z)e 2w,

At this scale the bounds obtained there have the same order for every k. Recall the coherent state
in Chapter 1. Its Gaussian factor can be included in the exponential by giving the phase a positive
imaginary quadratic part. For a Gaussian beam we determine the phase and amplitude along a
ray so that the eikonal and transport errors vanish there to the required order. The imaginary part
gives Gaussian decay away from the ray.

Chapter TII constructed the half-wave propagators as FIOs. Here we follow a family of initial
packets of width O(A\~1/2), with a central spatial covector of size A\. On either half-wave branch the
packet center follows the Hamilton flow describing the canonical relation in Chapter ITI, Section 2.
The quadratic part of the complex phase describes localization about this ray. A positive definite
initial imaginary Hessian, propagated by the Riccati equation below, keeps the beam construction
regular along a fixed ray segment, even through a caustic of the real ray coordinates discussed
in Chapter III, Section 5. We construct the phase and amplitudes directly from the eikonal and
transport equations along the ray. Each wave is smooth for fixed A, so its ordinary wave front set
is empty. The concentration is seen as A — oo; the ordinary wave front estimate alone does not
measure it.

1. The Euclidean case

For the construction of the phase and amplitudes below we follow Section I of Ralston’s notes
Gaussian Beams [12], with the signs and normalizations used here. For the Euclidean wave equation
(11) Ut — Au = 0,

the time Fourier transform with kernel e* gives the Helmholtz equation away from sources. Let
us look at a beam for this stationary equation.
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1.1. The Helmholtz equation. We use the time Fourier convention and outgoing Green’s func-
tion fixed in Chapter II, Section 11, with time factor e ***. For this example with an explicit
Euclidean source, we follow Liu, Ralston, Runborg, and Tanushev [8, Section 5].

We work in R? here for simplicity. Let us say we want to solve
(1.2) (—A = Ny = —21)\6_)‘|$,|2/25(.CL’3),
with 2 = (', 23). The source is a delta function on the plane 2 = 0 with a Gaussian profile in the
variables x’ transverse to the beam axis. The factor —2i) is chosen for convenience.

The outgoing solution is given by the outgoing Green’s function (operator), which is a convo-
lution with e*®l /(47|z|) applied to the source

—92i\ Mz =" ,0)[=Aly'|?/2

4m /R.2 |$ - (y/7 0)|
We apply the stationary phase to this integral at 2’ = 0 (the 22 axis), where most of the energy is
concentrated. Assume 3 # 0. The phase is

¥ =z —(y,0)] +iy[*/2

and is complex, depending also on the parameter z. This is covered by [6, Theorem 7.7.12]. We
have

(1.3) u(z) = dy'.

/ /
y - -
Yy = iy
Y=, 0)]
It vanishes only when 2/ = ¢’ = 0, and ) is real there. For the Hessian, we have
31-1 - 31=1 4 )2
¢y/y/ :v’:y’:() = (|£L' | + 1)[2><2, det ¢y/y/ x’:y’:O = (|:1;* | + 1) .

Applying [6, Theorem 7.7.12] with the correct choice of the sign of the square root of the determi-
nant, we get

2 1 —2ix e’ N’
= +OT) =
A1 —if|a3] 4m |23 1+ i|ad|
Here 23 # 0 is fixed. The factor 1 —i/|2®| has positive real part and gives the square root with the
Gaussian integral convention.

(1.4) u(0,2%) = +0o(\™h).

The transverse profile. Let us see what happens near the axis. Work first in 2% = s > 0,
with s in a compact subinterval of (0,00). Put 2/ = A~%2z and 3 = A~'/25 in (1.3). Expanding
the distance and the denominator gives, for bounded z,
iei)\s

—/ ellz=n?/@9) - /2qp) 4 (A1),
R2

2rs

u(AN"V?2,5) =

The Gaussian in n controls the tails of the integral. Completing the square, with the same choice
of square root as in (1.4), we get

()\71/2 ) ei)\s ’Z|2 _’_O()\fl)

u z,8) = exp| ———— .
T T P\ T2 1)

Thus the leading beam near the positive axis is

1 A|z'|?
! §) = ixs — T
ua(v',8) = T &P <1 * T o1 +is)
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Its restriction to the axis agrees with (1.4). Moreover,

b 1 A|z'|?
ront?. 1= e (1)
The transverse width is of order A™1/2v/1 + s2. It stays of order A~1/2 on a fixed bounded interval
of s, but it increases as the beam travels. For z3 < 0 the same formula holds with s = —z3.
These are the two outgoing beams produced by the source plane. With the time factor e, the
axial phases are \(s — t), in agreement with our outgoing convention. The approximation above is

uniform for s bounded away from zero and |z/| < CA~'/2; it is not an estimate at the source plane.

The paraxial approximation. How does this compare with Gaussian beams in optics? There
one usually starts with the paraxial approximation to the Helmholtz equation; see, for example, [7,
Section 2.4]. Write

u(2',s) = €N B(a') s).
Away from the source, the full Helmholtz equation becomes

02B + 2i\dsB + Ay B = 0.

A we neglect 92B. This gives the

If the envelope varies slowly in s compared with the factor e!
parazial equation
2iA0sB + Ay B = 0.
This is precisely the free Schrodinger equation in the transverse variables:
1
i0,B = ——A,B.
1o AT
The propagation distance s plays the role of the Schrédinger time. The physical time dependence
of the monochromatic wave is still e7"*. Equivalently, setting h = A~! gives the semiclassical form
h2
ihdsB = —?Ax/B.

Taking the Fourier transform in x/, we get

E(S, 5/) _ efis|§/|2/(2)\)§(07 fl), B(S) _ €i8A”//(2)\)B(O).

In particular, Gaussian initial data stay Gaussian. For B(z’,0) = e~ M'[?/2

Fourier transform gives exactly the envelope of our leading beam:
, 1 A|z'|?
Bl s) = 35 oxp <_2(1 —|—is)> '

Thus diffraction in this approximation is the spreading of a free Schrodinger Gaussian packet: its
transverse width grows by the factor v/1 + s2. The Gaussian integration also produces the complex
prefactor (1 +is)~!. Its absolute value gives the decrease of the amplitude on the axis, while its
argument — arctan s gives the Gouy phase shift described below. Both effects are already contained
in the free Schrédinger evolution.

, evaluating the inverse

This solves the reduced equation exactly. The approximation was made when we discarded
02 B in passing from Helmholtz to Schrodinger. The residual for the full Helmholtz equation is

(=A = M)ugp = —e*92B.

In the region |2/| < CA~'/2, with s in a fixed bounded interval, this residual is O(1). The two
terms retained in the paraxial equation have scale A, so the omitted term is smaller by a factor
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of order A~!. This is a relative comparison of the terms in the envelope equation; the absolute
residual need not tend to zero. The eikonal and transport construction below supplies corrections
for the full equation.

Beam width, curvature, and Gouy phase. Let us separate the absolute value and phase
of the same formula. Using (1 +is)~! = (1 4 s2)71/2eiarctans we can write

uen(a', ) = wu()z) exp (—J)m(;';) exp (i [As + ;\Z(IS — %b(S)D ,

where, in our normalization,

wp = \/?, w(s) = w1+ s, st) = 1—1—%’ ¥ (s) = arctan s.
The quantity w(s) is the beam radius at which the field amplitude is e~! times its value on the
axis; the squared amplitude is then reduced by e2. Its minimum wyq is the waist radius. The
quadratic transverse phase has coefficient A/(2R(s)), and R(s) is the paraxial radius of curvature
of the wavefront. At the waist, 1/R(0) = 0, so the wavefront is flat to this order. The additional
axial phase —(s) is the Gouy phase shift. Here 1)(s) is positive for s > 0, but its contribution to
the phase is negative with our time factor e 7**. Using ' instead conjugates the spatial field and

reverses these phase signs.

We have used complex notation. The physical field is the real part:

Uphys (, 7,s) =R (efiktuGB(x/, s))

_ w“éz) exp (_u’}x(!;) cos ()\(s — 1)+ ;g(lg - ¢(s)> :

The Gaussian envelope, curvature, and Gouy shift therefore appear in a real oscillating field. Since
the wave operator has real coefficients, taking the real part preserves the equation, and for an
approximate solution it preserves the residual bounds.

When discussing intensity, we average over the rapid oscillations in physical time. For the
squared field, the average over one period is

) A 2w /A )
/
<uphys>t = 27_[_/0 uthS(tvx 78) dt

1 1
= luan (e’ 5) = B! )
For the scalar wave equation, we can compute the energy flux explicitly. Write v = uppys and
U = ugp. With ¢ =1, use the energy density and flux
1

e=3 (vi +|Vv]?), J = —v V.
Then Oie 4+ div J = vi(vy — Av), so the energy is locally conserved for an exact solution. This is
the normalization used in (V.5.2). The energy Ey defined in Chapter 11, Section 1 omits the factor
1/2; its corresponding flux is 2J. This choice of energy normalization is separate from the factor
1/2 obtained by averaging the squared field above.

For v = R(e7MU), averaging the product of the two real derivatives gives the exact identity

()i = — 3R (FAU)VD) = 35 (UVU)
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In particular, since U = ¢** B, the component in the direction of increasing s is
DI ~ (B
(Jsht = ?|B| +39 (B0sB) .

These averaging identities apply to our approximate beam as well; they do not require it to solve
the full wave equation exactly. For our Gaussian, d,8/B = O(1) when |2/| < CA~'/2 and s stays
in a fixed bounded interval. Therefore,

)\2

(Js>t == ?

Thus the leading scalar axial flux is A? times the mean squared field. The Gaussian intensity profile
describes this leading flux after the frequency factor is included; the envelope derivative supplies the
lower order correction. For an optical electric-field amplitude in a homogeneous lossless medium, the
leading paraxial intensity is also proportional to the mean squared field, with a factor determined by
the medium; see [7, Section 2.1.3]. These time-averaged profiles are stationary for a monochromatic
beam, although the real field oscillates. Their dependence on s describes how they change along
the beam axis.

BE (1+007)).

The normalization has fixed one length scale. For an arbitrary waist radius wg, the same
paraxial calculation gives

wi s
sp = %7 w(s) = wo/1+ (s/sg)2, L _ Y(s) = arctan(s/sg).

R(s) s*+4s%’

The Rayleigh range sg is the distance at which the radius has increased by a factor v/2. Our choice
wo = \/2/\ gives sg = 1 in the coordinates used above. Thus, at this localization scale, diffraction
changes the width over propagation distances of order one. In optics the wave number is usually
denoted by k, so k = X in our notation; the wavelength here is 2r/A. The small-angle condition
for the paraxial approximation is Awg > 1, which is satisfied by our choice as A — oo.

We can also see the small parameter directly. Set X = z'/wg, S = s/sgr, and B(X,S) =
B(woX, spS). The full envelope equation becomes
1
(Awp)?
For the Gaussian envelope on bounded sets of (X, S), the derivatives in this equation have scale

one. Thus the relative size of the omitted term on the Rayleigh scale is O((Awg)~2), which is
O(X~1) for our choice of wy.

1
0iB +i0sB + 1AxB=0.

There are two different uses of the axial coordinate here. For the source problem (1.2), we use
s = |23| > 0, increasing away from the plane on each side; the optical formulas apply separately to
the two outgoing beams. For a single beam passing through a waist, one instead uses a signed axial
coordinate, negative before the waist and positive after it. Its Gouy contribution is —1(s) along
that signed coordinate. In our source problem the contribution on both sides is —(|z3|). These
describe different configurations when comparing phases across the waist.

Figure 1 shows a single beam passing through its waist, together with its time-averaged profile.
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(a) Real field, t =0
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Figure 1. Both panels show the longitudinal cross-section 22 = 0 of a three-dimensional
Gaussian beam, with signed axial coordinate s and Asg = 40. The plots evaluate the ex-
plicit Gaussian formula. Its envelope B(z’, s) solves the free Schrodinger (paraxial) equation
exactly in both transverse variables; the field **B is a leading Gaussian-beam approxima-
tion for the full Helmholtz equation. No numerical solution of the full PDE is used. Top:
the real field at ¢ = 0. Bottom: 2(u phy5>t = |B|?, normalized to one at the waist center;
this is the leading intensity profile. The dashed curves are x! = +w(s), where the squared
amplitude is e~2 times its on-axis value. Propagation is towards increasing s; the axes use
different length scales.

The normalization in Figure 1 is fixed at the waist center, where U(0,0) = 1. The upper panel
plots the real field itself at ¢t = 0. The mean squared field at the waist center is 1/2, so dividing by
this value gives the lower panel, 2(u?, ); = |B|?. For the full three-dimensional beam,

phys
‘B( / )|2 w% —2|2’)2 /w(s)? / ’B( / )‘Qd / ng
z,s)|" = —=e ) x,s r=—".
w(s)? R2 2
With the scalar energy normalization above, the leading power through a plane s = const is
therefore
A2 TA2w?

Proa(s) = 5 / B!, s)P da! = T2
R
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independent of s. The decrease of the on-axis squared amplitude is exactly balanced by the increase
of the beam area. This conservation of the leading beam power is exact within the paraxial model.
The integral is over both transverse variables 2’ = (2!, 22?), not just the slice 22 = 0 shown in the
figure.

We can compute the integrated correction as well. Evaluate the full scalar flux on the paraxial
field U = €**B. Since dsB = iA,/B/(2)), integration by parts gives

PGB(S) = /RQ<JS>t dl‘,

A —
= Pead + %/ B 0sBdx’
2 g2

™

1
:Plead_4/ |vx/B’2d$,:Plead_Z-
R2

Here both [|BJ|?da’ and [ |V, B|?da’ are preserved by the free Schrédinger evolution. For the
second integral we evaluate at the waist, where B(a/,0) = e~ |#'I*/wi.

/ VB2, s)[>da’ = 44/ ’$/’26_2|$/|2/w8 dr’ = 7.

R2 wy JR2

Thus Pgp is also independent of s. Its relative correction to Pleaq is —1/(A?w3), which is —1/(2)
for our choice wg = 2/\. This is an exact integrated identity for the flux evaluated on the paraxial
Gaussian. The field still has a Helmholtz residual, so its local wave-energy balance contains the
residual term written above. To determine the next-order power of the exact Helmholtz solution,
we must also include the higher order corrections to the beam itself.

The phase and transport equations. We can obtain this beam directly, without the Green’s
function. Following Ralston [12, Section I, pp. 1-4], look for a complex phase near the positive
axis of the form

1
(2, 8) = s+ 530’ - M(s)2/, M(s)T = M(s), SM(s) > 0.
For a complex phase the eikonal equation is V¢ - V¢ = 1, with no complex conjugation in the dot
product. Direct substitution gives

Vo Vg —1=a' - (M + M)z + %(:c’ : M’x')z.
To cancel the quadratic term we solve the matrix Riccati equation
M 4+ M?*=0, M(0)=il.
It has the solution i 1

Ty SME)=ah

In particular, the imaginary part stays positive for every finite s. More generally, for symmetric
My with SMy > 0, we have

M(s) = Mo(I + sMy)™*, SM(s) = (I 4+ sMy)™*(SMy) (I + sMy) L,

where B~* = (B~1)*. To see that I + sMj is invertible for real s # 0, suppose (I + sMy)v = 0.
Then v*Mov = —|v|?/s is real, contradicting v*(SMp)v > 0 unless v = 0. This is the elementary
Euclidean form of Ralston’s argument for the nonsingularity of the complex phase.

M(s)
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For the amplitude, substitution gives
(A = M) (ea) = e [N2(Vp - Vb — 1)a — iN(2V¢ - Va + (Ad)a) — Aa} .
Taking a = A(s) and evaluating the transport equation on the axis, we get

1
1+is

24"+ (tr M)A =0, A(0) =1, hence A(s)=

For this circular beam, the connection with the optical parameters is
1 2i wo
Ms)= =<+ ——— | I, A(s) = e 1),
9= (7 o) A=y
Thus the real part of the phase Hessian gives the wavefront curvature, its imaginary part gives

the Gaussian decay, and the phase of the transport amplitude gives the Gouy shift. In fact, the
transport equation implies

S arg A(s) = —3 r(SM(s)) = ~v/(5).

With A(0) = 1 and the argument chosen continuously, this gives arg A(s) = —(s) = — arctan s in
our normalization, in agreement with the outgoing convention.

This recovers ugp. The value A(0) = 1 is the leading normalization furnished by our source;
the stationary phase estimate itself was made away from that source. The quadratic phase solves
the eikonal equation up to O(|2|*), and this amplitude solves the transport equation on the axis.
Thus this is the leading beam, not yet an approximation to arbitrary order. We explain the higher
order corrections below.

The power of the prefactor depends on the number of transverse variables. With d transverse
variables and the same normalization M (0) = il4, the transport equation gives

A(s) = (1+1s)~%2, arg A(s) = —g arctan s,

with the power and argument chosen continuously from A(0) = 1. Each transverse variable con-
tributes —% arctan s to the Gouy phase; here d = 2. Ralston’s explicit example [12, Section I, p. 5]
has one transverse variable, which explains its exponent —1/2. His amplitude is (1 + 2iat)*1/ 2,
with a > 0; taking a = 1/2 gives (1 + it)~/? and the phase —% arctant. The wave packet below
uses the conjugate carrier, so its conjugate prefactor has the opposite phase.

To match the source in (1.2) to higher order, we also have to match the jump across 2% = 0.
The field is continuous there and

. _ /|12
Dpstt]og — Opsufo— = 2ire™ M F/2,

Use the same outgoing beam on both sides, with s = |#3|, and prescribe ¢(2’,0) = i|2/|?/2. The

outgoing root of the eikonal equation at the plane is then ¢4(z’,0) = y/1 + |2/|2. The jump condition
becomes, to the order under consideration,

1
¢Sa+j85a:1 at s = 0.
i

In particular, ag(z’,0) = (1 4 |2/|?)~"/2, whose value on the axis is 1, and the successive initial
amplitudes satisfy ¢sa; = i0sa;_1 there. These identities prescribe the Taylor data at ' = 0 for the
higher order construction. They also explain why the leading expression alone need not reproduce
the source exactly.
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2. The metric case.

Take first ¢ = 1, so g = go, and consider (—A, — A2)U = 0 with the same time factor e=**. The
beam axis is now a unit speed geodesic 7(s). Use Fermi coordinates (s, y), obtained from a parallel
orthonormal frame normal to v, with y € R"'. The quadratic beam has the form

. 1
UGB(Sa y) = A(S)el)\dm(&y)a ¢2(37 y) =s+ §y ' M(S)y7 MT = M? SM > 0.
The eikonal and transport equations along the axis give
M +M*+R=0 24+ (trM)A=0.

Here R(s) is the transverse curvature matrix, with the sign convention that the Jacobi equation for
infinitesimal separation of geodesics is Y” +RY = 0. To reduce the Riccati equation to this linear
matrix equation, write M = Y'Y ~!. The order of the factors matters. Wherever Y is invertible,
differentiation gives

M/ — Y//yfl o Y/yflylyfl — Y/nyl _ M2
and hence

M+ M +R=(Y"+RY)Y L

This is an exact substitution, also when R varies with s. Conversely, given a Riccati solution M
on an interval containing 0, solve Y/ = MY, Y(0) = I. Let us justify Liouville’s formula without
assuming invertibility. Put d(s) = detY(s) and let adjY be the adjugate, the transpose of the
cofactor matrix. Since Y adjY = dI, differentiation of the determinant and cyclicity of the trace
give

d =tr((adjY)Y') = tr(Y(adj Y)M) = d tr M.

These identities hold even when Y is singular. Solving this scalar equation with d(0) = 1 gives

detY(s) = exp (/ tr M (o) da) #0,
0
so Y is invertible on that interval. Differentiating gives the Jacobi equation and its initial data:
Y= (M +M*)Y = -RY,  Y'(0) = M(0).

See Ma, Sahoo, and Salo [9, Section 6, proof of Lemma 6.3] for the intrinsic form of this reduction
and the regularity argument below. They use the normalization My = il in a parallel orthonormal
frame; the same argument below allows any complex symmetric My with My > 0.

Let us see why the complex Hessian stays regular. Given M&F = My, SMy > 0, solve the linear
system
Y' =27, 7' = —RY, Y(0)=1, Z(0)= M.
Since R is real and symmetric, differentiation gives the conserved identities
Y*Z — Z*Y = 2i SM,, YTz - 72Ty =o.
If Y(s)v = 0, the first identity gives v*(3Mp)v = 0, hence v = 0. Thus Y is invertible, and we can
set
M=2zy ' SM=Y"*SM)Y ! >o.
The second conserved identity gives M7 = M. By continuity and compactness, M has a uniform
positive lower bound on each fixed compact ray segment. On the same segment M is smooth and
bounded; the transport ODE then keeps A regular as well. This explains regularity of the beam
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coefficients through a real caustic. Coordinate patches may still be needed, and the full propagator
kernel can remain singular there.

The amplitude can also be written directly in terms of Y. Since

-1 (det Y)/
trM =tr(Y'Y ™) = pEe T
the transport equation gives
A(s) = A(0)(det Y (s)) /2.
The square root is continued continuously along the ray from (det Y (0))*/? = 1, since Y (0) = I.
We keep this continuous branch through real caustics as well.

Focusing. The beam can still narrow and its amplitude can increase. Put Q(s) = SM(s).
The squared amplitude of the quadratic beam is

Ugn(s,1)|? = |A(s)|2e W Q6)y,

If gj(s) are the eigenvalues of Q(s), the transverse widths in the principal directions are of order
()\qj(s))*l/ 2. Thus increasing ¢; means focusing in that direction. Conservation of leading beam
power, verified below, makes the peak squared amplitude |A|? increase when the product of the
transverse widths decreases. On a fixed compact ray segment we have 61 < Q(s) < CI for some
8,C > 0. The widths therefore remain comparable to A~1/2, although their proportionality factors
can vary appreciably. They do not collapse to zero.

A conjugate point need not make an individual Gaussian beam narrower. On the unit sphere,
R = I. Taking My =il and A(0) = 1, the equations above give

Y (s) = €*I, M(s) =i, A(s) = e~in=1)s/2,

Thus @ = I and |A| = 1: the leading transverse width and amplitude stay constant, even through
the antipodal conjugate point at s = w. The real Jacobi matrix for geodesics starting at the same
point is instead J(s) = sinsI, with J(0) = 0, J'(0) = I, and J(m) = 0. Conjugacy describes
focusing of that family of geodesics. A Gaussian beam has both spatial width and angular spread;
its focusing also depends on the initial complex Hessian.

Let us compare S? and S%. Here S? is the ordinary spherical surface, while S3 has intrinsic
dimension three. A ray is one-dimensional, so there is one transverse direction on S? and two on
S3. We can picture the beam as a narrow ribbon around a great circle on S2, and as a tube with
a two-dimensional cross-section on S3. For the matched beam above, each transverse direction
contributes e~¥/2 to the amplitude. Thus

S2: A(s)=e 2 A(r) = —i,
S3: A(s)=e7,  A(r) = —1.

These are phase shifts of —7/2 and —, respectively, relative to the longitudinal carrier ¢**. They
accumulate smoothly from s = 0 to s = m; the amplitude does not jump at the conjugate point.
Geometrically, one independent angular variation of rays from a point focuses at the antipode on
52, and two on S3. Each contributes the factor —i. The focusing mechanism and the antipodal
distance 7 are the same for both unit spheres; the matched Gaussian beam has constant width in
both cases.

For this beam on S3, det Y (s) = €% makes one full counterclockwise turn around zero as s
runs from 0 to 7. Its square root continued from 1 is €', which reaches —1 at the antipode. Thus
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A(m) = —1 even though det Y (m) = 1. Evaluating the principal square root anew at each point
would lose this sign.

Higher transverse Taylor coefficients of the phase and amplitudes are obtained successively from
ODEs along ~; the eikonal and transport equations are imposed to arbitrarily high order there.

After removing ¢”* and retaining the leading terms on the beam scale |y| = O(A~/2), the

transverse model is still a Schrédinger equation, now with a quadratic potential:
1
2\

Substituting B = A(s)e*M($)¥/2 gives precisely the two ODEs above. Thus curvature changes the
spreading and focusing; the transverse Gaussian need not be circular.

A
0.8 = — s Ay B+ Sy -R(s)y B.

Initial width and curvature. Keep the metric fixed as A — oco. The beam shrinks to
the central ray, but its profile on the transverse scale A~1/2 still evolves. Let us see this with one
transverse variable and constant curvature K = 2 > 0. Take M (0) = ia, a > 0, and A(0) = 1, with
a and x independent of A. Setting z = v Ay and C(s,z) = B(s, z/v/)) in the leading transverse
equation gives

K222

1
0,0 = —502C + =——C,  C(0,2) = e=0%"/2,

There is no A left in this equation. It is the Schrédinger equation for the harmonic oscillator,
i0,C = H,.C, where

1., k222
H/{ = —582, + 2
The corresponding classical Hamiltonian is h(z, () = 1¢?+ 3x22%. Hamilton’s equations give 2’ = ¢,
¢’ = —kK%z, hence 2" + k%22 = 0. This is the usual harmonic-oscillator ODE, also the transverse

Jacobi equation here.
The special Gaussian with ¢ = k is an eigenfunction of H,. Direct differentiation gives
HKG_HZ2/2 _ Ee—nz2/2 C(S Z) _ 6—1/{5/26—/@;:2/2
2 ) ) *

Its evolution changes only the phase, so its absolute value and width stay constant. For a # «, the
initial Gaussian is not this eigenfunction and its width varies, as we compute below. Diffraction
and geometric focusing both remain in the leading rescaled dynamics. Spreading and focusing refer
to changes of this profile, even though the physical width tends to zero everywhere along a fixed
ray segment.

For general a > 0, let us look for a Gaussian solution of the Schrodinger equation in the form
C(s,z) = A(s)eME=/2  A(0)=1, M(0) = ia.

Substitution gives

A1 iM | M?+ k?

'7—*M/2:—7 72.

R > T2
Equating the constant and quadratic terms, we obtain

24"+ MA =0, M +M?*+k2=0.

To reduce the Riccati equation to a linear second-order equation, write M =Y’/Y, with Y(0) = 1.
This is an exact substitution wherever Y # 0. Since M’ + M? = Y” /Y, it becomes

Y'+kY =0, Y(0)=1, Y'(0)=ia.
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Thus Y solves the classical oscillator equation with complex initial data. We get

ia . Y/ _1/2
Y (s) = cos(ks) + — sin(ks), M = v A=Y/,
K

where the amplitude equation gives the last identity, with the square root continued from A(0) = 1.

More explicitly,
_ 1 [*Y'(o) _ —1/2 _—i6(s)/2
A(s) = exp (—2/0 @) da> =1Y(s)|" /%€ ,

where 6 is the continuous argument of Y, with 6(0) = 0. Since a > 0, Y never vanishes. As s goes
from 0 to 7/k, it travels from 1 to —1 through the upper half-plane. Thus at the antipode,

O(r/k) =, A(m/k) = —i.
We continue the same branch past this point; choosing the principal square root separately on either
side would introduce a sign jump. The factor —i is the transverse amplitude phase, in addition to
the carrier ¢**. Consequently,
iY'(s)
C(s,z =Y(s) V2exp 22222
(5,2) = V()2 exp 535
This solves the quadratic Schrodinger model exactly. For the original beam, it describes the leading

transverse behavior. Thus Y determines the Gaussian width, wavefront curvature, and amplitude.
In particular,

a
cos?(ks) + (a2 /k2) sin?(ks)
Define wy(s) by |Ugs(s, wx(s))|? = e 2|Ugp(s,0)|%, as in the optical convention above. Then
2 (cos®(ks) a
2 .2
wr(s)" =~ | ———— + —5sm7(Ks) | .
o = 5 (0 s

Thus A\~1/2 sets the small spatial scale, while the initial Hessian and the curvature determine its
varying coeflicient. If @ > &, the beam starts narrower than the stationary Gaussian and spreads up
to s =m/(2k). If a < k, it starts broader and narrows up to that point. For a = x, M(s) = ix and
the width is constant. The Fourier transform of the initial Gaussian has transverse angular spread

of order \/a/\, while its spatial width is of order (Aa)~'/2. A narrower initial beam therefore has
greater angular spread.

SM(s) =

The conjugate distance is a separate geometric quantity. The real Jacobi field with j(0) = 0,
j'(0)=11is
, sin(ks)
j(s) = ——
so the first conjugate point occurs at s = 7 /k, independently of a and A. More generally, the

linearized transverse motion is

sin(ks)

y(s) = cos(ks)yo + o,

where yg and 79 are the initial transverse displacement and angular variation. At the conjugate
point the dependence on 7y disappears, but y(7/k) = —yo. A Gaussian beam has initial spatial
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Figure 2. Spreading and refocusing of a leading Gaussian beam on the unit two-sphere,
with M (0) = 4i, A(0) = 1, and A = 100. The plots evaluate the explicit leading quadratic
beam. After removing e and setting z = v/ Ay, its envelope C(s, z) solves the harmonic-
oscillator Schrodinger equation exactly. The full spherical Helmholtz equation is satisfied
only approximately; no numerical solution of it is used. The flat strip has one transverse
coordinate 3 and metric dy? + cos? y ds2. Top: the real field at ¢t = 0, with time factor e7'*¢.
Bottom: |Ugg|* = 2(uly,,)¢, with fixed normalization [Ugg(0,0)|*> = 1. Dashed curves:
y = twy(s). Orange curves: exact geodesics from A to its antipode B, shown for comparison.

width as well as angular spread. It therefore returns to its initial width there, without collapsing
to a point. For a > k this is refocusing after spreading; for a = k the width never changed.

Figure 2 shows the case k = 1, a = 4. The width at s = 7/2 is four times its value at s = 0,
and the peak squared amplitude falls to 1/4. At the antipode s = 7 both return to their initial
values. The overlaid geodesics start at the single point A and focus at B; they illustrate conjugacy,
while the beam retains a nonzero width. In these coordinates the geodesic leaving A at angle « to
the central great circle is y(s) = arctan(tan asin s).

The leading power has the same geometric interpretation. Set d = n — 1. The ODEs imply
Q' = —(RM)Q — Q(RM) and hence |A|?/+/det Q is constant. For v = R(e MU) the scalar flux
is J = —v;V4v. Integrating its leading normal component across a local section normal to vy, with
the Riemannian surface measure, gives

o) = 2 (7)1 AW

2 det Q(s)
The surface measure has leading term dy in these coordinates, so the formula follows from the
transverse Gaussian integral. This recovers the constant leading power above when d = 2 and
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R = 0. Dahl [2, Sections 1-3] gives a geometric treatment of the amplitude and the corresponding
leading energy conservation for wave packets. The Euclidean width law and the correction —m /4
are not universal: curvature and higher order beam terms enter the corrections to the flux.

For the original equation (II.1.1) with variable ¢, the rays are geodesics of g = ¢~2gp. One must
still use the transport equation of the actual operator —czAgO, which generally differs from —A,.
The physical flux is —v;V 4 v, integrated with the surface measure of go.

For the high-frequency Helmholtz application of Ceki¢, Krupchyk, Sahoo, and Uhlmann, see
Chapter II, Section 11.

3. The wave equation

The monochromatic beams above are localized transversely to their axes. Let us now construct a
moving packet which is also localized in the direction of travel, following the example and construc-
tion in Ralston [12, Section I, pp. 1-5]. We start again with the Euclidean equation (1.1). Work in
R"™, n > 2, and take zy = 0, w = e,,. Write x = (2/,2") and ¢ = 2™ — ¢, so the ray is 2/ =0, ¢ = 0.
To agree with the sign in (0.1), we start with phase t — ™. This is the central phase of the U_(t)
branch introduced in Chapter II, Section 10. Its initial spatial covector is —Ae,. The canonical
relation in Chapter III, Section 2 transports it by ®_;: in the Euclidean case, (0, —\e,) goes to
(ten, —Aey). Thus the packet center moves towards +e,. We add imaginary quadratic terms:

) .
Oa(t, @) = —q + 32’ - M(t)a' + %q2, M(0) = il,_1.

The last term localizes the packet in the direction of travel as well. Put
A direct calculation gives

. . 1 .
E(¢2) :m'~(M2—M):E’+iqx'-Mm'— Z(xl'MZE/)g.

We therefore choose M = M?2. The sign differs from the stationary calculation because the central
phase here is t — z". We get

i |w/‘2 (xn _ t)2
M(t) = ——1In—1, Spa(t,r) = .
O =15l Sl =gnmm+t
Let 0 = 02 — A as before, and set
T¢ = 2(¢tat - V30 vz) + Uo.

Formula (T1.7.3) applies to complex phases as well, with |V,¢|? there interpreted as V¢ - V¢ =
> j(8j¢)2, without complex conjugation. On the ray, ¢, = 1 and ¢y = —tr M. Thus the leading
amplitude A(t) satisfies

2A— (tr M)A=0,  A(0)=1, so A(t)=(1—it)" (=2,
The power is chosen continuously from A(0) = 1. The resulting leading packet is

o\ —(n— . n Ma'|? Mz™ — )2
ugs(t,2) = (1—it) ™ 1)/2€XP<1A(’5—9:)‘2(1‘—’175)_ : 2 )>'
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—ixe"=A2*/2 Tts absolute value is
(e )\\x’P Ax™ — t)2
— (1 4 2)-(n—1)/4 _ _ .
fucn(t.2)] = (14 )70 D exp (- g2 -

1/2

At t = 0 it is the Gaussian version of (0.1), namely e

We see the center moving along x = te,, with width of order A™"/# in all spatial directions for
bounded t. Translations and rotations give the packet along z = zy + tw. Complex conjugation
changes the central phase to 2" —t and gives the positive-frequency convention used for the outgoing
Helmholtz wave. Time reversal gives the packet traveling in the opposite direction.

As in Chapter II, Section 7, the initial velocity is part of the construction. For the packet just
displayed it is
') (n—1)

(ugp)e(0,x) = [i)\ <1 -= ) +)\x”+i :

Keeping only iAugp (0, ) would discard terms which matter when estimating the error.

ugs(0, x).

An exact pure U_ half-wave must have both Cauchy data related by
ut) =U_(t)fr=e"Pf,  w(0)=iBfx.
Here B = +/—A; for the variable coefficient equation use B = L'/2 as in Chapter II, Section 10.
The Gaussian packet above is a leading approximation on this branch. Identifying its central phase

does not assert the exact identity ugp(t) = U—(t)ugg(0), or that its differentiated initial velocity
equals iBugp(0) exactly.

Higher order corrections. The formulas above describe the leading packets. For the wave
packet put d = (|2/|2+¢%)/2. We have E(¢2) = O(d®) and T, A = O(d) near the ray. In particular,
the quadratic phase and the amplitude A(t) alone do not make the residual small to every order:
on a fixed time interval their residual is bounded pointwise by CA'/2 for X > 1.

The way to improve this is to continue the Taylor expansions along the ray, as in Ralston [12,
Section I, pp. 3-4]. After the quadratic terms have been found, differentiating the eikonal equation
gives linear ODEs along the ray for the higher derivatives of ¢; their coefficients and right hand
sides involve the derivatives already determined. We solve these equations successively. We then
take

oo
a(t, x, )\) ~ Z)\ijaj(t,l'), Tyao =0, Tya; = iJa;—1, j=>1,
j=0
where the transport equations, too, are imposed to the required Taylor order on the ray. Differ-
entiating them gives linear ODEs for the derivatives of the amplitudes. The function A(¢) above
specifies only the value of ag on the ray; its transverse derivatives must also be constructed. The
stationary Helmholtz beam is improved in the same way using its eikonal and transport equations.

We are prescribing derivatives at the ray. To any finite order they can be realized by Taylor
polynomials in coordinates transverse to it; prescribing all orders and taking a smooth realization
makes the eikonal and transport errors vanish to infinite order there. This does not assert that
the complex eikonal equation is solved exactly in a whole neighborhood. On a fixed ray segment
the positive imaginary quadratic part gives 3¢ > cd? in a sufficiently small tube. The elementary
estimate

dme—c)\d2 < Cm/\—m/2
then turns vanishing to high order on the ray into a small error in A. Multiply by a smooth
cutoff equal to one in a smaller tube. Its derivatives are supported away from the ray and give
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exponentially small errors. By retaining sufficiently many phase derivatives and amplitude terms,
for any prescribed K we obtain a packet uapp such that
-K
sup |[Duapp (t)]|22 = O(A™7).
|t|<T
Let u be the exact wave with both Cauchy data equal to those of u,pp. The energy estimate used
in Chapter II, Section 7 gives
-K
oup (1)t )+ 0(8) = By (1] 12) = OO )
<
Thus the beam construction gives actual waves concentrated near the chosen ray to arbitrary accu-
racy on each fixed finite time interval. All these waves are smooth for fixed A; their concentration
is an asymptotic statement as A — oo.

The wave equation with a metric. For (II.1.1), replace the straight ray by a unit speed
geodesic v(t) of g = ¢2gg. In local coordinates moving with v(t), repeat the Taylor construction,
using the wave eikonal equation (I1.2.11) and the transport equations of 87 — c?A,,. The quadratic
phase is determined by a matrix Riccati equation associated with the linearized Hamilton flow;
positive definite initial imaginary part gives localization near x = 7(¢). Higher phase derivatives
and amplitude coefficients again satisfy ODEs along the ray. The finite-time error argument uses
the energy norm of Chapter II, Section 1 and gives actual waves close to these packets. For ¢ =1,
Dahl [2, Sections 1-3] describes the geometric amplitude and leading energy conservation. The
choice of phase branch is made from the Cauchy data, just as in the Euclidean example.

More generally, the construction extends to scalar differential operators of real principal type,
with geodesics replaced by null bicharacteristics of the principal symbol. Oksanen, Salo, Stefanov,
and Uhlmann [11, Section 3, Theorem 3.1] construct quasimodes (approximate solutions) concen-
trating along injective null bicharacteristic segments as integrals of Gaussian wave packets. This
also handles cusps of the spatial projection, where the ordinary beam coordinates break down.
The amplitude transport includes the lower order terms of the operator; a positive conserved wave
energy as above does not follow from the real principal type condition alone.



Chapter V

The wave equation in a
domain with boundary

1. The 1D case

Consider the constant coefficient equation (I1.1.3) on an interval = € (a,b), where we allow either
endpoint to be infinite. We will review the solution formulas for various problems. In this chapter
g denotes the background spatial metric (go in Chapter II). Thus for the operator 97 — ¢*A, the
travel-time metric is ¢~ 2g.

1.1. A boundary source. Let (a,b) = (0,00).

Dirichlet boundary condition. Assume we have a boundary source ul,—o = f(t) at z = 0, i.e., we
are solving

2
Ut — CUgy = 0, teR, z >0,
1.1
( ) { U|lp=0 — f(t)
The solution then is
(1.2) u=F({t—x/c)+G(t+z/c)

for any two functions F', G so that f = F'+ G. One can interpret this in the following way: we can
split the boundary source f in two parts anyway we want; then one of the parts, F'(t — x/c), moves
to the right when time increases, hence we can call it outgoing. The other part, G(t 4+ z/c) moves
to the left, and we will call it incoming. Since there is nothing to the left of the boundary, this may
sound counter-intuitive. We may think of G(t + x/c) as back-propagated from the boundary; or in
other words, it is that wave propagating to the left which has boundary trace G(t).

Suppose f =0 for t < 0. To select the wave emitted by this source, prescribe zero Cauchy data
at t = 0 and solve forward in time,

U — gy = 0, t>0, x>0,
u‘z:O = f( )7
1.3
( ) U‘t:O = 07
Ut\t:O = 0.



72 V. The wave equation in a domain with boundary

supp f supp f supp f

G(t+2) \QH )

Figure 1. Propagation of a boundary source f on the half-line z > 0. Left: general solution,
where '+ G = f. Center: outgoing solution. Right: incoming solution.

What do the initial conditions tell us about the two profiles in (1.2)? We have F(—x/c)+G(z/c) =0
and F'(—z/c) + G'(x/c) = 0. Differentiating the first equality in x gives —F'(—z/c) + G'(x/c) =0
as well. Thus both profiles are constant on the arguments reached at ¢ = 0. We can take those
constants to be zero since we may add a constant to F' and subtract it from G. For ¢ > 0 we now
have G(t + x/c) = 0, and the boundary condition gives ug, = f(t — x/c). This solution extends
by zero to t < 0.

The time origin plays no special role. If f = 0 for ¢ < a, prescribe zero Cauchy data at ¢ = a
instead. The same formula gives the retarded solution, which vanishes for ¢ < a. If the source
acted before ¢ = 0, this wave can already be in the half-line at ¢ = 0. Similarly, if f = 0 for ¢t > b,
requiring the wave to vanish for ¢ > b gives the incoming solution u;, = f(t + z/c).

Neumann boundary condition. Assume we have a boundary source for u,, i.e., uz|—0 = f(t) at
z = 0. In other words, we are solving
(1.4) { U — gy = 0, teR, z >0,

Uzlz=0 = [f(t).
Differentiating (1.2) at @ = 0 gives —F'(t) + G'(t) = cf(t). We can still choose one profile freely.
Once we select a single branch, its profile is determined up to an additive constant. For the

outgoing wave F' = —cf. If f = 0 for t < 0, requiring the wave to vanish in the past gives
Uous (L, ) = —c¢ fi;f/cf(s) ds. For the incoming wave G' = cf. If f = 0 for t > 0, requiring the
wave to vanish in the future gives ui,(¢,z) = —c¢ fo/c f(s)ds.

The outgoing and the incoming DN maps. For a Dirichlet source f vanishing in the distant past,
take the retarded solution above and define
_8uout

(1.5) Aot f(t) = o

where the minus sign comes from the outward unit normal to the half-line. Similarly, for f vanishing
in the distant future, use the incoming solution to define A;,. Differentiating the two profiles gives

b
=0

1
(1'6) Aout = Ei = _Ain-

1.2. Reflections from the boundary. Let (a,b) = (0,0).
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Homogeneous Dirichlet boundary condition. We are solving

Ut — gy = 0, teR, x>0,
(1.7) — 0
U‘x:(} = .

which has infinitely many solutions. Solutions of such problems with prescribed Cauchy data at a
certain time are given usually by taking odd/even extensions of the Cauchy data and reducing this
to a problem on the whole line. In this case, we get directly

(1.8) u=F({t+xz/c)—F(t—=x/c), x>0

for an arbitrary F'. One can interpret the results as follows: the first term is a wave incident on the
boundary x = 0. When a part of it passes through = = 0 into x < 0, that part reflects back (x gets
replaced by —x) and changes sign. This creates a reflection going away from x = 0. Another way
to look at (1.8) is to think about uiy, = F'(t + x/c), say with F supported in (0, c0), approaching
x = 0. We want to satisfy the homogeneous Dirichlet boundary condition at x = 0 by sending an
outgoing wave uoy, = G(t — x/c) so that u = ui + Uyt solves (1.7). At x = 0 the incident wave
has trace F'(t), so the reflected wave must have boundary data ueut(t,0) = —F(¢) to make the total
trace zero. Taking f(t) = —F(t) in the Dirichlet source problem (1.1) gives the outgoing solution
Uous(t, ) = —F(t — x/c).

Homogeneous Neumann boundary condition. We are solving

{utt—czum: 0, teR, x>0,

1.9
( ) ux‘xz(] = 0

which has infinitely many solutions again. An elementary calculation shows that the general solution
is given by

(1.10) u=F{t+ax/c)+ F(t—z/c), x>0,

compare with the Dirichlet reflection in (1.8). In other words, to satisfy the homogeneous Neumann
condition, we send the reflected wave back with the same sign. If we think of the reflected wave as
a wave Ugy = G(t — x/c) related to a unknown G, then the Dirichlet data for those waves are F
and G, respectively, and since u of the form (1.2) must satisfy u, = 0 at z = 0, we get

AinF + Aot G = 0,

which simply means that F’ =G Then F' = G'+C with some constant C' and setting F=F-C /2,
G =G+ C/2, we get (1.10) with F instead of F' but still arbitrary.

2. The wave equation with a boundary source. Incoming and outgoing
solutions

Let (f1, f2) be supported in a compact set K C 2, where  is a bounded domain with smooth
boundary. We want to solve the wave equation (I1.1.1) with homogeneous Dirichlet or Neumann
boundary conditions. The boundary condition determines the self-adjoint realization of —CQAg in
L*(Q, ¢ 2d Vol,). The corresponding first order wave generator P in (I1.1.11) is skew-adjoint on
the energy space. In the Neumann case the energy determines the displacement up to an additive
constant in space.

By finite speed of propagation (see the cone argument in Evans), for |¢| < 1 the solution is still
supported away from 02, so the interior parametrix applies. If smooth data reach the boundary,
we must also check compatibility at the corner. For homogeneous Dirichlet data, for example,
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filoa = f2laa = 0, and the higher order conditions follow by differentiating the boundary condition
in time and using the equation. Even a smooth f; equal to one near 92 violates the first condition.

Consider the mixed problem for the wave equation in €2

(07 — A(x)Ay)u= 0 in (0,7) x £,
ulo,ryxo0 = h,
2.1 ’
( ) U‘t:() = 07
8{&‘,5:0 = 0.

With general smooth Cauchy data the first two compatibility conditions are h(0,-) = fi|spo and
Oth(0,-) = fa]sq. For (2.1) the Cauchy data vanish, so smooth compatibility to all orders means
afh(O, ) = 0 for every k > 0. We take h supported away from ¢ = 0. If we also have Cauchy
data supported in the interior as above, we can add their solution with homogeneous boundary
condition.

How much of the solution do we want to construct? Take h supported near (top,zp) on the
boundary and follow the wave as it first enters 2. On an interval of length L with constant speed c,
a pulse returns to its starting end after time 2L/c and contributes again to the normal trace. Here
we work near the source, before any reflected ray returns to the patch. It is this local outgoing
wave that we use later in the transmission problem.

Choose boundary normal coordinates (z’,z™) near zg, with 2 > 0 in Q. We take z" to be
distance to 02 in the background metric g, so that for g Euclidean we can still keep ¢ explicit. We
look for a solution of the form

(2.2) u(t,z) = (2m)™" / / e otz 7, (7, €) dr dE,

where A is the Fourier transform of h(t,z’) in both variables. We are prescribing data on a different
hypersurface now. To recover h by Fourier inversion at 2" = 0, we take

(2.3) Plon—o =tT + 2" - .

As in (I1.3.22), we can separate the time variable by writing ¢ = t7 4+ ¢ (x, 7,¢’). Then 02|Vx¢]3 =
72, with ¢ = 2’ - ¢ on 2™ = 0. We will return to the initial conditions for the amplitude later.

2.1. Constant coefficients, flat geometry. Let g be Euclidean and take ¢ = 1 first. We try
the phase

p=trt+a & +a"e, &=71"-¢
The transport equation allows us to take the amplitude equal to one. For each choice of root we
get a solution of the form

(2.4) us(t,z) = (2m)" / / 01t y(r € dr de’

Which root gives the outgoing wave? Recall what we mean by outgoing here. As t increases, the
wave leaves the boundary and enters ™ > 0. In the hyperbolic region |7| > |£’| the normal velocity
along a ray is dz"/dt = —&, /7. Thus &, has the opposite sign to 7 for the outgoing wave and the
same sign for the incoming one.

In the elliptic region || < [£’|, both constructions use the root with positive imaginary part.
Indeed, the factor e®"é» then decays as we move into the domain. Writing ¢ for the outgoing
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phase and ¢_ for the incoming one, we get

(2.5) s =t +a' & +aeT,

P - O N S e 4
" VIEP -2 7] < [€']-
At glancing the roots meet at zero. The formulas are continuous there, although the square root

loses smoothness. At normal incidence, restoring the constant speed ¢, we get £&& = F7/c. Applying
—0yn at the boundary therefore gives the multipliers +i7 /¢, just as in (1.6).

Let us take the Fourier transform in (¢,2’) only, keeping 2™ > 0 as a parameter. Formula (2.4)

then reads
s onet N A~
s (7, 2") = "5 (R (r, ).

In a fixed spacelike direction the multiplier is e™*" €'7=7% for ¢ = 1. This is an evanescent wave.
For any fixed 2" > 0 the multiplier decays exponentially as the frequency increases in a closed
cone inside the elliptic region. At fixed temporal frequency |7|, the tangential frequency |¢'| can
be arbitrarily large. Such fine spatial detail is accessible very close to the boundary, which is the
point of using evanescent waves in near-field imaging.

2.2. Variable speed. Let us keep ™ equal to the distance to 9€) in the metric g, as above. In
these coordinates ¢ =1 and ¢"* =0 for « = 1,...,n — 1. The eikonal equation becomes

(2.6) ¢7 — (9P pyacys + ¢2n) = 0.

The boundary condition (2.3) fixes the tangential differential at (7,&’). It remains to determine the
normal derivative. At ™ = 0 we have

(0en)® =72/ — €5, 1€ = 9°76ats,
with the coefficients evaluated at the boundary point. We get the same three cases as before.

(i) If 72/c* > |¢'|2, there are two simple real roots. The normal ray velocity is —c?9yn¢/7. For
the outgoing phase we take dyn¢p = —sgn(7),/72/c? —|¢'|2, and for the incoming phase we take
the other root. The method of characteristics gives a local phase for each.

(i) If 72/¢* < [¢/]2, the decaying choice is Opn¢p = 1,/|€'|2 — 72/¢? at the boundary. For smooth

coefficients we solve the eikonal equation and the successive transport equations to infinite order
at 2™ = 0, as we explain below.

(iii) At 72/c® = |¢/ |§ the normal derivative vanishes and the ray is tangent to the boundary.
Near such a covector the simple-root construction breaks down. This is the glancing case.

2.3. Evanescent waves. How far does an oscillation on the boundary penetrate into the medium?
Take the flat half-space ™ > 0 with constant speed ¢, and prescribe a single boundary mode
h = eMTH2E) with X > 0. Write w = hv(z™) and plug this into (92 — c2A)u = 0. We get

v = /\2(\5’]2 —72/c*)v, v(0) = 1.

In the elliptic region [£'| > |7|/c, put Kk = /|¢{/|> —72/c?. The general solution of the normal

. . . . . n _ n .« .
equation is a linear combination of e***" and e~**". Requiring boundedness as 2™ — 400 selects

the decreasing exponential. Thus

(2.7) u = T )
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The amplitude falls by a factor of e over the distance 1/(Ax). For a fixed elliptic direction this
distance shrinks like A™'. As we approach glancing, x tends to zero and the decay becomes weaker.
With the outward normal convention of (1.5), (2.7) gives Jyu|yn—g = Akh.

For a curved boundary or variable speed the same calculation gives the initial rate of decay.
Take a real boundary phase ¢ and write (7,¢") = (9yp,d,rp) at the point in question. By (2.6)

the decaying phase has 0yn¢ = iy /|¢'|2 — 72/c? = ik there. Thus S¢ = kz" + O((2™)?) along the

inward normal. The factor e *S? gives the same leading penetration depth near a strictly elliptic
boundary covector.

~

Where do we solve the equations in this construction? The exponential in (2.7) is an exact
solution of the flat constant-speed model. For smooth variable coefficients, we determine the normal
Taylor coefficients of the complex phase at the boundary by differentiating the eikonal equation
there. The root is simple since £ > 0, so each differentiation determines the next normal derivative.
With the boundary amplitudes prescribed, the transport equations determine their normal Taylor
coefficients in the same way. We then extend these jets smoothly into a collar. The equations fix
only the jets at the boundary. Thus the eikonal and transport residuals are O((z™)Y) for every N.
Since J¢ > ba™ for some b > 0 in a sufficiently small collar, multiplication by e~*3? makes these
flat residuals O(A\=M) for every M.

Why might an exact phase fail to exist? In two spatial dimensions take a time-independent
phase in the Euclidean half-plane y > 0, with ¢(z,0) = f(z) real and f’(z) > 0. The eikonal
equation is ¢2 + ¢12/ = 0. The decaying root gives ¢, = i¢,, the Cauchy-Riemann equation. At
y = 0 this determines every normal derivative, 8§¢(x, 0) = i*f(*)(2). An exact solution, however,
would be holomorphic in z+1iy. Since its boundary values are real, Schwarz reflection would extend
it holomorphically across the interval, forcing f to be real analytic there. Thus smooth nonanalytic
data can give all the required boundary jets even when the complex eikonal equation has no exact
solution with those data in a collar.

Now consider the interface problem below. A wave incident from S, can be propagating on
that side and evanescent on S_. Indeed, the tangential covector is the same on both sides. By
(5.12), [¢'| = |7|sinbi/cq. If c— > ¢4 and sin ) > ¢4 /c_, the decay rate in the transmitted medium
is therefore
sin6p 1

5 I

Ak_ = A|T| Z =z

Here the transmitted side is ™ < 0. The normal root is now —ik_, giving the same decaying factor
e~ M~12"l ' Why can there be a transmitted field in total internal reflection? For this flat-interface
mode, Oynur = Ak_ur while dyur = iATur. Their product dyut dznut is purely imaginary. The
time-averaged normal energy flux, which is proportional to its real part, is zero. This is consistent
with the unit modulus of the reflected coefficient obtained from (5.13).

3. The Cauchy problem on the lateral boundary

Suppose we know both u and d,u on a small piece of Ry x 9. Can we recover the wave just inside
Q7? This time we prescribe two traces on the same timelike surface. We do not prescribe initial
data at t = 0. Let h be the Dirichlet trace and k the outward normal derivative. As before, 2" > 0
inside and 0, = —0,» at the boundary.
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Take the flat case with constant speed c¢ first. Fourier transform in (¢,2') and write s = 2™,
v(s) = u(r, &, s). For each tangential frequency we have the Cauchy problem

(3.1) o'+ (12— €))v =0, v(0)=h, v (0)=—k
This ODE has a unique solution for every frequency. To recover u we must also take the inverse
Fourier transform. What matters now is how the solution depends on the data at large frequencies.

The hyperbolic region. Set ¢ = \/72/c? —|¢'|? > 0 and o = sgn(7). By (2.5) the outgoing

term has normal factor e™'9%%, so write
0(s) = Howe 0 + Hypel®0.

The traces give Hoyt + Hin = h and icq(Hout — Hin) = k. Solving, we get

1(. k 1(. Kk
2 Houwt = h+ — ) Hy, = h——1.
(3:2) T2 ( + 1aq) 2 < 1Jq>

At normal incidence o0q¢ = 7/¢. Thus a purely outgoing wave has k= (ir/ c)iz, exactly the Fourier
transform of (1.6). On a closed cone inside the hyperbolic region, ¢ is comparable to |(7,)|.
Division by q gains the one derivative lost in taking the normal trace. Both oscillatory factors have
modulus one, so the two traces determine the two waves stably there. For variable coefficients the
same calculation with |{|, separates their leading amplitudes at the boundary. We then solve the
eikonal and transport equations along the two transverse ray families.

The elliptic region. Now put k = \/|¢/|? — 72/¢? > 0. Solving (3.1) gives
v(s) = %(ﬁ +k/K)e™" + %(ﬁ — k/K)e".

The bounded half-space solution requires k = n?z, in agreement with the outward derivative of
the decaying wave in Section 2.3. For general Cauchy data the growing term is present. For
example, take 7 = 0 and |¢/| = N in a single mode. Boundary values h=eVYNand k=0 give
v(s) = e*‘/ﬁcosh(N s). The data tend to zero faster than any power of N, yet the solution grows
without bound at every fixed s > 0. This is why the unrestricted lateral Cauchy problem has no
Sobolev stability estimate. Even existence of a distributional continuation for arbitrary smooth
data can fail. For a curved boundary, ,/|¢|2 — 72/c? is the principal symbol of the map from the

Dirichlet trace to the outward derivative for the decaying branch.

Glancing. At a nonzero covector with 72/c? = |¢/|2, the two normal roots meet at zero. To
see what survives of (3.2), let us combine the two terms and then take the limit. We get

~ sin(gs)

v(s) = hcos(gs) — k — h—sk asq—0.

This is exactly the solution of (3.1) at glancing. The full flat solution has a limit even though its
incoming and outgoing amplitudes cannot be separated by (3.2) at ¢ = 0. Geometrically, the ray
is tangent to the boundary. For a curved boundary or variable speed, the behavior near tangency
depends on how the ray meets the boundary. The construction by two transverse phases used
above no longer applies uniformly there. At a simple glancing point one can use the Fourier—Airy
construction of Melrose and Taylor [10, Chapters 6-8] to describe the transition across glancing.
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4. Reflection of waves

Suppose an incident wave reaches 92 at (to, o) along a ray transverse to the boundary. We work
near this point, in the boundary normal coordinates used in (2.6). Thus 2™ > 0in  and 9, = —0yn
on 0f). Write the incident and reflected waves in the form

uj = e (ago) + )\f1a§1) o), j=LR,

where A > 1. We are given the incident wave. How do we choose the reflected one so that their
sum satisfies the boundary condition?

The reflected phase. To cancel the incident oscillation on the boundary, we take ¢r = ¢
there. Call their common trace (t,z’) and set (7,¢) = (Oyp,drp). The time and tangential
derivatives are now fixed for both waves. By (2.6), the remaining derivative satisfies

(Opnpj)? =72/ — |§’\f] at 2" = 0.

Transverse incidence puts us in the hyperbolic region, so the right-hand side is positive. Which
root do we take? Along the incident ray ™ decreases as ¢ increases. Since da"/dt = —c?0ng;/T
at the boundary, the incident root has the sign of 7. For the reflected ray z' must increase. Thus
the Cauchy data for the reflected phase are

(4.1) PRlzn=0 =¥,  Oun@Rlan=0 = —Opn@1lzn=o = —sgn(7)4/7%/c? — [¢/[2.

The chosen root is simple, so the method of characteristics gives ¢r locally on the interior side.
At the point of reflection the tangential velocity is the same for both rays and the normal velocity
changes sign. This is the law of equal angles of incidence and reflection, measured in the metric g.

Dirichlet boundary condition. Take the trace of uj + ur and factor out e*?. For a zero
Dirichlet trace the leading coefficient must vanish, so

(4.2) a(P?) = —a%o) on 0€.

Neumann boundary condition. Now apply 9, before taking the trace. Differentiating an
exponential brings down i\ J,¢;, whereas differentiating its amplitude gives a term of order one.
The coefficient of i\e'*? in the normal derivative is therefore

(@vpD)al” + (D, 6r)al.

By (4.1) the two normal derivatives are opposite and nonzero. Setting this coefficient equal to zero
gives

(4.3) ag)) = a%o) on 0f).

This equality gives the leading boundary value. At the next order the normal derivatives of the
leading amplitudes also enter the Neumann condition.

Once we have the boundary value in (4.2) or (4.3), we find ag)) inside €2 by solving the first

transport equation along the reflected rays. For P = 97 — ¢®A, it reads

2((00m)0 — 29" (0i0m)0y) 0y + (Pom)afy) =0.

As a check, take a flat boundary, constant speed and normal incidence with ¢ = t7. Then ¢; =
T(t+2"/c) and ¢r = 7(t — 2™ /c). The outward derivative of the incident exponential gives —i\7/c
times its trace, and that of the reflected exponential gives +iA7/c times its trace, in agreement
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with (1.6). Thus we recover the minus sign in the Dirichlet formula (1.8) and the plus sign in the
Neumann formula (1.10).

5. The transmission problem

To set up the stage, let S C R™ be an oriented smooth hypersurface with sides Sy and S_, and let
¢(x) be a sound speed smooth on both sides of S, up to S but having possibly different jumps at
S from both sides. We want to find a solution of the acoustic equation with that speed satisfying
the additional transmission conditions

(5.1) uls, =uls_, Oyuls, =duls_,

where we use the same unit normal v, directed towards S, on both sides. If we use the outward
normal of each side instead, the two outward derivatives sum to zero. To see where (5.1) comes
from, write the equation as ¢ 2uy — Au = 0 in the weak sense. A finite-energy displacement in
HllOC has a common trace across S. Integrating by parts on the two sides gives interface terms
with opposite normals. For a piecewise smooth solution these cancel precisely when the derivatives
along the common normal agree. The conserved energy is

(5.2) E(u(t)) = ;/(’VIU|2+C—2|W|2) dz

for solutions with finite total energy and no flux at infinity.

5.1. The 1D case. Consider the 1D wave equation
(5.3) Uy — (2)uge =0, z€R

on the whole line with sound speed

cy if x>0,
5.4 clx) =
(5.4) (@) {c if z <0,

where ¢y and c_ are two positive constants. The transmission conditions take the form
(55) u‘sz—‘r = u|l‘:0—7 uz|:c:0+ = ux‘x:()—‘

Let up = Ur(t + z/c4) be incident from x > 0, with Up compactly supported. For sufficiently
negative t the packet has yet to reach x = 0.
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urt UR

supp U;

Ut

Figure 2. Reflection and transmission in time-space. Here, ¢_ < cy.

We look for a solution of the kind
(5.6) U = Uy + UT + UR,

where I, T, R stand for incoming/transmitted /reflected, respectively, and u; and ur are supported
in x > 0, while ut is supported in x < 0. Since we want the transmitted and the reflected waves
to be solutions, moving away from z = 0, we must have

(5.7) ur = Ur(t —z/cy), wur=Ur(t+x/c).
Then by (5.5),
Ur(t) + Ur(t) = Ur(2),

1

1 !/ 1 !/ !
—U{(t) — —Uk(t) = —Ur(t).
U0 = U@ = R

(5.8)

We view Ur as known. Adding the same constant to Ur and Ut preserves both equations in (5.8).
We fix that constant by requiring the profiles to be compactly supported. Differentiate the first
equation and use the second to solve for U}, and Ul.. Integrating gives

1 -1

- -1
¢, —c 2cy

(5.9) Ur=—"F3"—"=U, Ur=

1 1 UI'
(i N (G

If the speed is the same on the two sides, the whole incident wave is transmitted. For c_ < ¢4, as
in Figure 2, the reflected profile changes sign.

Energy. One can check directly that the sum of the energies of the reflected and the transmitted
waves, once they have left the boundary, is equal to that of the incoming wave before it has hit the
boundary. One way to do this is to notice that the coefficients in (5.9) satisfy

2 2
-1 _ 1 ~1
e -1 2y _ 1
Ct T 1 +c T 1 =C4
i +cZ i+

Then we use (5.2) to compute the energies above.

We can see the conservation directly from the transmission conditions as well. Differentiate the
first equation in (5.8), multiply by the complex conjugate of the second, and take real parts. The
cross terms on the left cancel, giving at each ¢

(5.10) UL = e URM®)P = MU0
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To pass from flux to energy, notice that a packet U(tFx/c) lying entirely in a medium of speed ¢ has
energy ¢! [|U'(s)|*ds by (5.2). Integrating (5.10) in ¢ therefore gives the energy of the incident
packet before it reaches the interface as the sum of the energies of the reflected and transmitted
packets after they leave it.

5.2. Oblique incidence. What changes if the incident ray meets S at an angle? Take z" to be
signed distance to S, positive on Sy, so that the common normal derivative in (5.1) is 0, = Oyn.
As before, the incident wave comes from Sy. We work near a point of transverse incidence and
write c4 for the values of the two speeds there.

Write the three waves as u; = 'A% (ag»o) +0O(A 1)), with j = I, R, T. To match the oscillations
in (5.1), take all three phases equal to the incident phase on S. If ¢(¢,2') is this common trace,
write (7,¢') = (Oyp,dsrp). These are derivatives of the phase. The full tangential covector of the
oscillation is A(7,¢’) and is the same for all three waves. The eikonal equation on each side gives

(0v¢;)* = 7/cL —¢']" on S,
where || is taken in the induced metric on S. Suppose first that both right-hand sides are positive,
and put g4 = (/72/ck — |€/|2. The incident and transmitted rays move towards decreasing 2", while

the reflected ray moves towards increasing ™. Since the normal ray velocity is —ciﬁyqﬁj /T, we must
take

(5.11) 1 =sgn(r)qy, Oy¢r = —sgn(r)qy, Oypdr = sgn(r)q-.
These roots and the boundary value ¢ determine the reflected and transmitted phases locally by
the method of characteristics.

Let 61, 6r and 61 be the acute angles the rays make with the normal line, with angle zero at
normal incidence. The spatial covector is parallel to the ray up to sign, so the sine of each angle is
|€'|/|dz¢;|. By the eikonal equation |d;¢;| = |7|/c+. Thus 6 = 601, and we get Snell’s law

sinfp @ _ sinfp

(5.12) o T e
The boundary system. Let h; = u;|s. Given the incident trace hj, we have two unknown
functions on R; x S, the reflected trace hr and the transmitted trace hr. Write A o for the local
outgoing Dirichlet-to-Neumann maps on S4, and AL ;, for the incoming map on S;. Each map
uses the outward normal of its own side, as in (1.5). These derivatives are —9, on S and 40, on
S_. Thus the two outward derivatives sum to zero in (5.1), and the transmission conditions give

<Id —Id)(hR>__< hi )
A—‘,—,out A—,out hT A+,inhl '

This is a 2 x 2 pseudodifferential system in the tangential variables (¢,z’), microlocally in the
region where both normal roots are simple and real. Indeed, taking the normal derivative of each
local wave parametrix and restricting back to S gives a tangential operator of order one, modulo
smoothing terms. Put e = sgn(7). By (5.11) the outgoing DN symbols are ieq; and ieq_, while the
incident one is —ieqy. Taking the principal symbol in each row gives the matrix

1 —1
ieqy ieq_ )’
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Its determinant is ie(¢4+ 4+ ¢—) # 0. Thus the system is elliptic with row orders zero and one, and
we can solve for both traces microlocally modulo smooth errors.

Let us apply this symbol matrix to the leading amplitudes A; = a§-0)| s. The first row gives
Ar + Ar = Ar. Dividing the second row by ie and moving the reflected term to the incident side
gives

q+(Ar — ARr) = g Ar.
Substituting At = A; + Ag gives the leading amplitudes at the interface,

q+ —q- 2q+

(5.13) Agr T Aj, A ot Aj.

How much of the incident energy crosses S? For a real wave the energy density in (5.2) gives the
flux —u;0,u in the direction v. Take the real part of Ae*? and average over one cycle. At leading
order the signed normal flux is —%)\27 9,9 |A2. All three waves have the same 7. The magnitude
of the normal phase derivative, however, is ¢4 for the incident and reflected waves and ¢_ for the
transmitted wave. Dividing each outgoing flux magnitude by the incident one therefore gives the
reflected and transmitted energy fractions

o Ar|? (qr — g )?
A (et
(5.14) e
o A g
0 [ Ar] (a++¢-)?
Adding the two fractions gives R +7 = 1, as expected from conservation of energy. At normal
incidence gy = |7|/cy+ and q— = |7|/c—. Thus (5.13) reduces to (5.9), and the flux weights agree

with (5.10).

What happens as we approach the critical angle? Suppose c— > ¢4 and fix 7 # 0. By (5.12),
as 01 increases to 0. = arcsin(cy /c_), the transmitted angle tends to 7/2. Then g = |7|cosfr/c—
tends to zero while g4 stays positive. By (5.13) the transmitted amplitude tends to 2A; for fixed
incident amplitude, yet (5.14) gives 7 — 0. The transmitted ray becomes tangent to S, so the
normal component of its energy flux vanishes in the limit.

The boundary system above the critical angle. Suppose now that
7l/e- < |1 <|rl/ew,  w=1[Ig|? =712/

On S, the incident and reflected roots are still real. On S_ we take the decaying solution. To see
which root to use, freeze the coefficients at the interface. The transmitted normal factor is e**"
since 2" < 0 on S_. Thus Jd,¢T = —ik, and the outward derivative on this side is +0,». Acting
on the decaying factor it gives +\x times its boundary value. The transmitted DN map therefore
has principal symbol +x at (7,&’). For a curved interface the phase and transmitted amplitudes
are constructed as in Section 2.3, by solving the eikonal and transport equations to infinite order
at S only.

In the 2 x 2 system for the traces we now use this decaying DN map in the lower right entry.
The incident term on the right and the reflected term on the left are just as before. At the principal
symbol level the system reads

(5.15) (i; _,il> (fx?) - (ie;ﬁl) '
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Its determinant is x+ieqy. The squared modulus is 2 —I—qi =72 ((::L2 —c:2). Hence the determinant
is elliptic of order one on every closed conic patch inside this region. We can still solve the boundary
system microlocally for both traces, even though only the reflected wave propagates away from the
interface. At the critical angle the limiting determinant is nonzero, but the transmitted square root
loses smoothness there. The pseudodifferential argument applies away from glancing.
Solving (5.15) gives
Ap = 2R Ap= A+ Ag.
l1eq+ + K

The numerator and denominator of the reflected coefficient have the same modulus. Thus the
reflected wave carries all the incident normal energy flux, while the transmitted trace generates the
evanescent field of Section 2.3.






Chapter VI

The Helmholtz
equation in a domain
with boundary

We study Helmholtz type of equations of the type (—c2A — A?)u = 0 in smooth domains € with
boundary. If Q is bounded, then —c?A has a discrete spectrum and the boundary value problem is
uniquely solvable only when A? is not an eigenvalue; in fact the solution operator has poles at the
eigenvalues. The relation between the solutions and the dynamical system consisting of geodesics
reflecting off the boundary is delicate since it is affected by the long-time behavior of that system.
Such an analysis is well behind the scope of those notes. In the hyperbolic case, we could just
restrict the time interval over which we do the analysis, i.e., localize in time. We cannot do this
here; in some sense A is the dual of ¢ and “feels” the time behavior for all . For this reason, we will
consider domains which are exterior to a compact obstacle. There can still be trapped trajectories
which never escape to infinity. Our construction near the boundary is local in either case. In a
connected exterior domain the outgoing solution at a fixed positive frequency is unique even when
some rays are trapped. Where trapping makes a difference is in estimating the error of a parametrix
as A — +oo.

Roadmap

Our starting point is the outgoing wave f(¢ — x/c) on the half-line in Chapter V. With the Fourier
kernel e of Chapter I and A > 0, its spatial factor is €**/¢. The corresponding time factor is
e M 5o the full temporal Fourier covector is —\. If we write the wave as €? with ¢ = 1 (x) — t,
the phase derivative is 7 = 9y = —1 and the full tangential covector is (—A, Adv). We will use
(V.1.6) as a sign check.

The half-space problem. We will start with Dirichlet and Neumann data on the plane
2™ =0, with £ > 0 in the domain. At normal incidence the outgoing Dirichlet-to-Neumann map
is multiplication by —i\/¢, and the incoming one by +i\/¢, since 9, = —0,n. For general tangential
frequency we will distinguish the two propagating roots, the decaying root in the elliptic region,
and the failure of the simple-root construction at glancing.
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A curved boundary. Next we will construct a local parametrix for oscillatory boundary data
b, We will use the inward distance coordinate of Chapter V, choose the outgoing normal root,
and determine the boundary value for the first transport equation from either trace. Here dian¢p
is the tangential differential of the phase. The tangential frequency of the boundary oscillation is

A dtan@'

Scattering by an obstacle. Given an incident wave, we will seek the scattered wave that
makes the total Dirichlet or Neumann trace vanish. This will recover the reflection signs of Chap-
ter V. How does a local choice of outgoing root fit the radiation condition at infinity? We will keep
the normal pointing out of the exterior domain, into the obstacle. Far from it, where we assume
¢ = Ceo 18 constant, the outgoing Sommerfeld condition on the scattered field selects the radial
factor e*" with k = A/coe.

From the parametrix to the exact solution. A small residual in the equation leads to
a question about the resolvent. In a bounded domain we must specify the Dirichlet or Neumann
realization of —c?A. Its resolvent has poles at the eigenvalues in the variable z = A2. In a connected
exterior domain, outgoing uniqueness at a fixed positive frequency holds even in the presence of
trapped rays. We will explain where a nontrapping hypothesis enters when we want estimates
uniform at high frequency. This is where the long-time behavior of reflected rays matters.

We will close with a short transmission example. In the notation of the oblique-incidence
calculation in Chapter V we take (7,¢') = (—1,d,¢)). The amplitude ratios are homogeneous of
degree zero, while the DN symbols have degree one and pick up a factor of A at the full covector.
We can then read off Snell’s law (V.5.12), the amplitudes (V.5.13), and the normal energy fractions
(V.5.14) of that chapter.
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