
SCATTERING RIGIDITY FOR HAMILTONIAN SYSTEMS

WITH AN APPLICATION TO FINSLER GEOMETRY

NIKOLAS EPTAMINITAKIS AND PLAMEN STEFANOV

Abstract. We study scattering rigidity for Hamiltonian systems on T ∗M\0, whereM is a manifold
with boundary equipped with a positively homogeneous Hamiltonian function H(x, ξ). We show
thatH can be uniquely determined by the scattering relation up to a canonical transformation fixing
the boundary (in a suitable sense) for positive energy levels H = E > 0. We define the travel times
T (x, y) between boundary points, and show that their linearization leads to an X-ray transform
over Hamiltonian curves, which we invert. When E = 0, scattering rigidity can be formulated in
terms of a diffeomorphism of the zero energy surfaces which preserves the boundary and respects
the orbits of the Hamiltonian flows there, as well as the restricted symplectic form. The travel
times are replaced by a defining function of pairs of boundary points which can be connected by a
locally unique zero bicharacteristic. Its linearization leads to the “Hamiltonian light ray transform”
which we invert modulo a gauge as well. As an application of this phase space approach, we prove
semiglobal lens rigidity of non-trapping Finsler manifolds. The group of the gauge transformations
consists of certain canonical transformations composed with Legendre transforms.
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1. Introduction

This paper studies lens and boundary rigidity problems for Hamiltonian systems on T ∗M \ 0
related to Hamiltonians H(x, ξ) homogeneous of order two, where M is a compact manifold with
boundary, as well as their applications to Finsler geometry. We are in part motivated by the study
of hyperbolic systems, which, microlocalized under a non-degeneracy assumption, diagonalize to a
collection of scalar equations with such Hamiltonians. The main question is to what extent the
scattering relation S or the travel times between boundary points determine H. Note that this
is a formally underdetermined problem: the data depends on 2n − 2 variables, accounting for the
homogeneity, while H depends on 2n − 1 variables. We give a complete characterization for the
problem with local data. The order of homogeneity can be any positive integer, actually, but we
chose order two in the exposition for two reasons: first, to be able to compare the results to the
metric case H = 1

2g
ij(x)ξiξj , where g is Riemannian or more generally, pseudo-Riemannian; and

second, to make the results easier to apply to second order hyperbolic systems, in particular to
anisotropic elasticity. The scattering relation and the travel times are encoded in the (singularities
of) the Cauchy data for the corresponding PDE, see Appendix A.

The first round of results say, roughly speaking, that two Hamiltonians with the same data at
a fixed positive energy level (and therefore, at any positive one), are related by the pull-back of
a homogeneous canonical transformation κ which, in a certain sense made precise in Theorem 2.1
below, is identity on the boundary. The proof is relatively straightforward. Note that this does
not solve the Riemannian case right away, which has been the subject of extensive research, see,
e.g., [11, 17, 22, 29, 30, 32, 34]. The Riemannian rigidity actually requires κ to be generated by a
diffeomorphism ψ of the base variable, lifted to TM (which we can identify with T ∗M when g is
fixed). This is a much harder problem.

Under a non-conjugacy assumption, we define the travel times T (x, y) between boundary points
and then we linearize them with respect toH. The standard derivation in the Riemannian case relies
on the first variation of the energy functional. We prove a Hamiltonian counterpart in Lemma 3.1
and, perhaps non-intuitively, show that a Hamiltonian curve connecting a fixed pair of points is not
a critical point of the Hamiltonian version of the energy functional. Despite that, the linearization
of T turns out to be an X-ray transform on T ∗M of functions f(x, ξ) along the Hamiltonian curves
of H, which we denote by Xf . The inversion of X up to a gauge is obvious: it is the derivative along
the flow of a function ϕ(x, ξ) vanishing for x ∈ ∂M . Back to the Riemannian case, in linearized
boundary rigidity, f(x, ξ) is induced by a symmetric order two tensor and locally takes the form
f = f ij(x)ξiξj ; one would like to show that ϕ(x, ξ) is a one-form (linear in ξ) on M . Again, this is
a harder problem with a lot of progress recently, see, e.g., [18, 21,23,28,31,33,39].

Our second set of results concerns Hamiltonian dynamics at zero energy level, motivated by
propagation of singularities for pseudo-differential operators (ΨDOs) of real principal type. An
important example is H = 1

2g
ij(x)ξiξj with g pseudo-Riemannian [1, 14] (in particular Lorentz

[16, 25–27, 41, 42]), but not Riemannian. An important distinction now is that H−1({0}) is conic,
codimension one, and there is no proper way to define travel times. We show that one can recover the
null cone, up to a diffeomorphism preserving the orbits of the Hamiltonian flow and the restricted
symplectic forms. The scattering relation is homogeneous, and it is the canonical relation of the
corresponding DN (or DD) map, see section A.2 again. We characterize the kernel of the associated
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“light ray transform” L as well. This answers questions posed in [20] both for the scattering relation
and for L. We also show that instead of travel times, one can take any defining function of pairs
of boundary points which can be connected by a null bicharacteristic, and its linearization leads to
this light ray transform. Linearizing such a defining function is more convenient than linearizing
the scattering relation, see also [26].

We present an application where this phase space analysis can be used to solve a specific rigidity
problem. We consider Finsler manifolds and prove rigidity results using the Legendre transform,
which allows us to reduce Finsler metrics to Hamiltonians. Going back, from Hamiltonian to
Finsler, requires Hξξ > 0, which we do not assume in our Hamiltonian analysis, but which we need
here. In applications to anisotropic elasticity, for example, this condition holds for the Hamiltonian
corresponding to waves traveling at fastest speed, but not in general. We derive our main results
using the Hamiltonian formalism only, and a bit of symplectic geometry. Works treating rigidity
problems for Finsler manifolds that we are aware of are [7, 8], where the formulation is different:
one assumes either internal sources or internal reflections. The group preserving the data in [7, 8]
consists of isometries on the base fixing ∂M pointwise. In contrast, here we have a much larger
group of canonical transformations in the phase space that leave the data unchanged, and as we
discuss in Section 5, there exist such transformations which do not arise from diffeomorphisms of
the base manifold. This also shows that the travel time problem in elasticity cannot be solved up
to base diffeomorphisms fixing the boundary by viewing it as a problem in Finsler geometry. A
boundary rigidity problem for a certain subclass of Finsler metrics was also studied in [19], where
it was also remarked that there are non-isometric Finsler metrics with the same boundary distance
function.

We formulate and prove most of our results in a semi-global way, with local data and local re-
covery. With appropriate assumptions, one can formulate them in a global way as well. This would
require more careful analysis of the smoothness of the corresponding canonical transformations and
X-ray transforms near glancing rays.

This paper is organized as follows. We study Hamiltonian systems at positive energy levels in
section 2. We introduce the scattering relation and the travel times there, the latter parameterized
by initial points and directions. We prove a semi-global rigidity result in Theorem 2.1. In section 3,
we parameterize the travel times T (x, y) by endpoints under a non-conjugacy assumption, and
linearize them with respect to the Hamiltonian. The result is the Hamiltonian X-ray transform,
whose kernel we describe. Although we do not need the linearization to solve the nonlinear problem,
which we did in section 2, we do this to connect it to the metric case, and hope this to be useful
for the study of Hamiltonians of special classes. We also show in this section that the travel times
T (x, y) at the boundary recover the scattering relation uniquely, serving in fact as a generating
function. We consider zero energy levels in section 4, solving the nonlinear rigidity problem and
the linearized “light ray” X-ray problem. The Finsler rigidity result is proven in section 5.

Acknowledgments. N.E. would like to thank A.P. Contini for helpful discussions.

2. Positive energy levels. The scattering relation and the travel times

2.1. Preliminaries. Let M be a smooth manifold of dimension n ≥ 2, with or without boundary.
Let H(x, ξ) ∈ C∞(T ∗M \ 0) be a positive and homogeneous1 of degree two Hamiltonian, i.e.,
H ◦Mλ = λ2H for λ > 0, where

Mλ : T ∗M \ 0 → T ∗M \ 0, (x, ξ) 7→ (x, λξ)

1Throughout the paper, “homogeneous” means positively homogeneous, always with respect to the fiber variable.
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is the dilation operator. We can think of the energy level H = 1/2 as the reference level, which
defines the travel times of interest. An example is H = 1

2g
ij(x)ξiξj with g = {gij} being the co-

metric corresponding to a Riemannian metric, written in local coordinates. We call this the “metric
case.” We fix the symplectic two form on T ∗M to be σ = dξ ∧ dx with corresponding matrix
J = (0,−Id; Id, 0) = −JT in block form, and let XH = −J(dH)T = Hξ∂x − Hx∂ξ be the related
Hamiltonian generator of the Hamiltonian flow Φt. (Here and throughout, total differentials are
row vectors.) We assume that H is non-degenerate at energy level 1/2 (and hence, at any positive
one), i.e., dH ̸= 0 on H = 1/2. We denote by α = ξdx the tautological 1-form on T ∗M \ 0, for
which σ = dα.

Euler’s identity ξ ·Hξ = 2H indicates that at positive energy levels, XH is never radial (propor-
tional to ξ∂ξ, and in fact, ξ∂ξ is always transversal to the positive energy level hypersurfaces. We
say that the Hamiltonian curve (x(t), ξ(t)) (or its x-projection) is issued from (x0, ξ

0) if the latter
is an initial condition at t = 0. The actual direction at t = 0 is v := ẋ = Hξ, of course. Note
that the map ξ 7→ v is not necessarily a local diffeomorphism; for that we would need detHξξ ̸= 0.
Define

|ξ|x = (2H(x, ξ))
1
2 , S∗M = {(x, ξ) ∈ T ∗M \ 0 | |ξ|x = 1}. (1)

Due to the non-degeneracy assumption dH ̸= 0 whenever H = 1/2, S∗M is a smooth submanifold
of T ∗M . Moreover, since Hξ ̸= 0 whenever H = 1/2 by Euler’s identity, each fiber S∗

xM for fixed
x is a submanifold of T ∗

xM . Note that |ξ|x is not necessarily a norm, and it may not even satisfy
| − ξ|x = |ξ|x. On the other hand, |λξ|x = λ|ξ|x for every λ > 0, and |ξx| > 0 when ξ ̸= 0. In
the metric case, |ξ|x is the length of the covector ξ. We call bicharacteristics at energy level 1/2
unit ; then |ξ|x = 1. They are related with bicharacteristics on other positive energy levels via the
following lemma.

Lemma 2.1. If γ(t) = (x(t), ξ(t)) is a Hamiltonian curve at energy level E, then for every λ ̸= 0,
γ̃(t) = Mλ ◦ γ(λt) = (x(λt), λξ(λt)) is a Hamiltonian curve at energy level λ2E. In terms of the
flow map, Φt ◦Mλ = Mλ ◦ Φλt.

Proof. It is straightforward to check that dMλJ = λJ(dMλ−1)T. By homogeneity of H,

d

dt
γ̃ = λdMλXH

∣∣
γ̃(t)

= −λdMλJ(dH)T
∣∣
γ̃(t)

= −λ2J(dMλ−1)T(dH)T
∣∣
γ̃(t)

= −J(dH)T
∣∣
γ̃(t)

= XH

∣∣
γ̃(t)

,

which shows the claim. □

For example, whenH = |ξ|2/2 on T ∗Rn, the Hamiltonian curves are of the form γ(t) = (x0+tξ
0, ξ0).

Rescaling as above, we get γ̃(t) = (x0 + (λt)ξ0, λξ0) = (x0 + t(λξ0), λξ0) which is a Hamiltonian
curve with the initial condition (x0, λξ

0), at energy level λ2|ξ0|2/2.

2.2. The scattering relation and the travel times. Throughout and unless otherwise stated,
let M be a manifold with boundary. We say that (x, ξ) ∈ T ∗M \ 0

∣∣
∂M

is incoming (resp. outgoing)
if the initial velocity vector Hξ(x, ξ) = dπXH of the corresponding bicharacteristic (where π :
T ∗M → M is the projection) is inward (resp. outward) pointing. Fix two disjoint open subsets
U and V of ∂M and let (x0, ξ

0) ∈ T ∗M \ 0 with x0 ∈ U be an initial covector giving rise to a
unit bicharacteristic γ0, and assume that γ0(s) hits V (more precisely, T ∗M \0

∣∣
V
) transversally for

time s = s(x0, ξ
0) ̸= 0 (positive or negative) at some (y0, η

0) for the first time, see also Figure 1.
The transversality is preserved for each bicharacteristic γx,ξ issued from (x, ξ) in a small conic
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U

Vx

yHξ

M

Figure 1. The scattering relation S. The covectors ξ, ξ′, η and η′ are not plotted.
The domain between the dotted lines represents Γ, see (6) (projected to the base).

neighborhood of (x0, ξ
0), with x ∈ U , and an endpoint (y, η) at s(x, ξ) with y ∈ V . As a first step,

we can define the local scattering relation

Ŝ : (x, ξ) 7→ (y, η). (2)

We also set
travel time = ℓ̂(x, ξ).

If (x, ξ) is incoming (resp. outgoing), so that (y, η) is outgoing (resp. incoming), then ℓ̂(x, ξ) > 0

(resp. ℓ̂(x, ξ) < 0). Note that since H is not necessarily symmetric with respect to the antipodal

map in the fibers, its flow needs not be reversible. Therefore, if we know that Ŝ(x, ξ) = (y, η) ∈
T ∗M

∣∣
V

for some positive time s(x, ξ), there is no reason why a bicharacteristic starting at (x,−ξ)
would intersect T ∗M

∣∣
V

for any time, positive or negative.
In view of the intended applications to PDEs, the scattering relation and the travel times are

extracted from wave front sets on T ∗∂M . For this reason, we parameterize those quantities with
such covectors. The pullback by the canonical inclusion ι : ∂M ↪→ M induces a map ι∗ : T ∗M →
T ∗∂M , which corresponds to restricting an element of T ∗M

∣∣
∂M

to T∂M . We pull (x, ξ) ∈ T ∗M
∣∣
U

and (y, η) ∈ T ∗M
∣∣
V

back to U and V , respectively, denoting the pullbacks with primes, that is,

(x, ξ′) = ι∗(x, ξ), (y, η′) = ι∗(y, η). (3)

In terms of boundary coordinates (x′, xn) for the base with xn = 0 on U and corresponding linear
coordinates (ξ, ξn) for T

∗M , ι∗(x, ξ) = (x′, ξ′).
Given ξ′ at x ∈ U , it is not true for a general Hamiltonian that there is a unique unit ξ, say

incoming or outgoing, with that pullback, smoothly depending on (x, ξ′). The “slowness surface”
|ξ|x = 1 is not necessarily strictly convex or even convex, see Figure 2. To guarantee existence of
unique ξ with a given (x, ξ′) locally, we impose on Hξ = dπXH the following condition:

⟨dρ,Hξ⟩ ̸= 0 (4)

at (x0, ξ
0), where ρ is a boundary defining function2. Passing to boundary local coordinates in

which U = {xn = 0}, condition (4) takes the form Hξn(x0, ξ
0) ̸= 0. By the Hamiltonian system,

this can be written as ẋn ̸= 0. Then the bicharacteristic γx0,ξ0(s) is incoming/outgoing if and only if
±⟨dρ,Hξ⟩ > 0 but never tangent to U . In Figure 2, for example, ⟨dxn, Hξ⟩ < 0, thus ξ is outgoing.

2A boundary defining function ρ on a manifold with boundary M by definition satisfies ρ > 0 on M◦, ρ = 0 on
∂M , and dρ ̸= 0 on ∂M .
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Under condition (4), knowing ξ′ = (ξ1, . . . , ξn−1) at some x ∈ U , uniquely recovers ξn locally given

|ξ|x = (2H(x, ξ))1/2 = 1 by the Implicit Function Theorem; and then it recovers ξ. Denote this
solution by

ξ = ζ(x′, ξ′) = (ξ′, ζn(x
′, ξ′)). (5)

This defines a local inverse ζ = ζ(x0,ξ0) of the pullbacks in (3). In the metric case, ξn = (1−|ξ′|2g)1/2,
written in boundary normal coordinates. We also note that in the Hamiltonian case, an inequality
of the form |ξ′| < 1 does not imply that |ξ| = 1 is solvable for a given ξ′. In fact, we work locally
near some (x0, ξ

0) and we do not even assume that H(x0, ξ
0′) is defined.

ξn

ξ′

ξ

0

Figure 2. The slowness surface |ξ|x = 1 (in 2D) in dual coordinates associated
with boundary coordinates (x′, xn) at U , where locally xn is a boundary defining
function. Condition (4) means that the vertical line dropped from the vertex of ξ is
transversal to the surface there. It does not exclude existence of other ξ’s pointing
into M with the same restriction ξ′. For the ξ pictured above, dxnHξ = Hξn < 0,
indicating that ξ is outgoing.

We assumed above that the unit bicharacteristic γ0(s) issued from (x0, ξ
0), with (4) satisfied, hits

T ∗M \ 0
∣∣
V

at s = s0 ̸= 0, transversely. The latter means that x(s0) ∈ V , and ẋ(s0) is not tangent
to V (and in particular, does not vanish there), where, temporarily, x(s) is the space component of
γ0. Set (y0, η

0) = γ(s0). Then we have (4) at (y0, η
0) as well. Clearly, the transversality condition

(4) at x0 and y0 is stable under small perturbations.

Definition 2.1. Let (x0, ξ
0) ∈ S∗M with x0 ∈ U , satisfy (4). For (x, ξ′) ∈ T ∗U , close enough to

(x0, ξ
0′), let (x, ξ) be the locally unique solution to ι∗(x, ξ) = (x, ξ′) and |ξ|x = 1 in a neighborhood

of (x0, ξ
0), and let γx,ξ(s) be the unit bicharacteristic issued from (x, ξ). Assume that γx,ξ(s) hits

V transversely for s = ℓ(x, ξ′) ̸= 0 at y ∈ V , with a restriction η′ of its fiber there to TV . Then we
call

S : (x, ξ′) → (y, η′),

the scattering relation, and ℓ(x, ξ′) the associated travel time (positive or negative).

Note that with our notation,

S = ι∗ ◦ Ŝ ◦ ζ.
Whenever we need to emphasize the dependence of S or Ŝ on H, we will add it as a superscript.
The pair (S, ℓ) is called lens data. We follow the accepted terminology, see [6], for example. Perhaps
the terms “scattering” and “lens” should be swapped since time of propagation plays no role in
geometric optics for optical lenses, and “scattering” can be applied to spacetime.

To make the localization more specific, let U ⊂ T ∗U be a neighborhood of (x0, ξ
0′) for which

the local solvability assumption with respect to (x0, ξ
0) and the transversality assumption at V in
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Definition 2.1 hold. We denote the set of the restrictions to TV of the corresponding endpoints
of the bicharacteristics over V by V ⊂ T ∗V . The set V is open as well since S : U → V is a
diffeomorphism (symplectic, in fact), having as inverse the scattering relation on V relative to

Ŝ(x0, ξ
0).

So far, we related S and ℓ to an energy level 1/2. We can extend S to a λ-dependent family
Sλ(x, ξ

′) with λ > 0, requiring it to be homogeneous with respect to ξ′ of order one, by setting
Sλ(x, ξ

′) = Mλ(S(x, ξ
′/λ)). We also set ℓλ(x, ξ

′) = λ−1ℓ(x, ξ′/λ). Then Sλ and ℓλ correspond to
Hamiltonian curves at energy level λ2/2, and are uniquely determined by S, ℓ. Next, we set

Uλ = {(x, ξ′) ∈ T ∗U | (x, ξ′/λ) ∈ U}.

We have a map ζλ : Uλ → T ∗M \ 0
∣∣
U
, which extends (5) by homogeneity (of order 1).

In the metric case, U can be taken to be the open unit ball bundle in T ∗U , denoted B∗U , and
similarly for V. In boundary normal coordinates, 2H(x, ξ) = |ξ′|2g + ξ2n, and 2H = 1 can be solved
smoothly for ξn when ξn ̸= 0, which in this case is equivalent to (4). The two solutions correspond
to incoming/outgoing rays. For λ > 0, we solve 2H = λ2 to define Sλ.

Let (x0, ξ
0) ∈ T ∗M \ 0

∣∣
U
be as in Definition 2.1; for simplicity we assume throughout that it is

incoming (the outgoing case can be addressed similarly). Let Γ(x0,ξ0) ⊂ T ∗M \ 0 be the conic set

Γ(x0,ξ0) :=
⋃
λ>0

{
(y, λη)| (y, η) lies on the unit bicharacteristic issued from

some (x, ξ) in a small neighborhood of (x0, ξ
0) in S∗M with (x, ξ′) ∈ U

}
,

(6)

that is, ξ is the locally unique solution of H(x, ξ) = 1/2 with restriction to TxU given by ξ′.
Whenever (x0, ξ

0) is fixed throughout a certain discussion we will suppress it in the notation and
write it as Γ. Note that Sλ is defined by Hamiltonian curves passing through Γ only, and it could
only possibly recover H there. Throughout, for (y, η) ∈ Γ we write

ℓ−(y, η) = inf{t ≥ 0 : π ◦ Φ−t(y, η) ∈ U}, ℓ+(y, η) = inf{t ≥ 0 : π ◦ Φt(y, η) ∈ V }. (7)

By Lemma 2.1, ℓ± are homogeneous of order −1.

2.3. Rigidity results. It is well known, see, e.g., [2, Ch. 45A], that given a canonical transforma-

tion (x̃, ξ̃) = κ(x, ξ), the Hamiltonian H̃ = H ◦ κ−1 defines a new Hamiltonian system related to

H̃ with a solution (x̃(s), ξ̃(s)) = κ(x(s), ξ(s)) for any solution (x(s), ξ(s)) of the original one. This

can be written as κ◦Φs = Φ̃s ◦κ, where Φ̃s is associated with H̃, see also (10) below. Equivalently,
XH̃ = dκXH . Here and below, a canonical transformation stands for a symplectic diffeomorphism
from its domain (always excluding the zero section) onto its image. We are especially interested in
homogeneous diffeomorphisms on conical domains, i.e., these that intertwine the dilation operator
in the domain and image respectively. Homogeneous canonical transformations preserve the ho-
mogeneity of Hamiltonians and correspond in a suitable sense to contactomorphisms between the
corresponding cosphere bundles, see [2, Appendix 4].

One can show that a diffeomorphism κ between open subsets of T ∗M \ 0 conjugates the flows of
H and H ◦κ−1 for all H if and only if it is a canonical transformation. Indeed, with the symplectic
form written as J = (0,−Id; Id, 0) in block form in terms of Darboux coordinates as before, the
symplectic condition for κ can be written as (dκ)TJ(dκ) = J , equivalently (dκ)J(dκ)T = J . Recall,

XH = −JdHT. Writing H̃ = H ◦ κ−1, we have XH̃ = −J(dκ−1)TdHT. If κ is canonical, then
XH̃ = −dκJdH = dκXH , confirming the conjugacy of the flows. On the other hand, if the flows

are conjugated for every Hamiltonian H, then for all H we have J(dκ−1)TdHT = dκJdHT, which
implies the symplectic condition for κ.
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Let M̃ be a manifold with boundary, having the same boundary asM . Having two Hamiltonians
H and H̃ on T ∗M \ 0 and T ∗M̃ \ 0 respectively, we denote the objects corresponding to H̃ with

tildes over them. Assume that (x0, ξ̃
0) ∈ T ∗M̃ \ 0 with x0 ∈ U is such that (4) holds there for

H̃; then (x0, ξ̃
0) gives rise to a conic set Γ̃ ⊂ T ∗M̃ \ 0 as in (6). Let ΓU be the collection of all

(x, ξ) with x ∈ U , (x, ξ) ∈ Γ; and define ΓV , Γ̃U , Γ̃V similarly. Then for every κ homogeneous and

canonical, with H = κ∗H̃, if

κ(ΓU ) = Γ̃U , κ(ΓV ) = Γ̃V , and ι∗ ◦ κ = ι∗ on ΓU ∪ ΓV , (8)

then S = S̃ on U . A map κ as above is the analog of a diffeomorphism on M fixing ∂M pointwise
in the metric setting, and the pullback by the differential of such a diffeomorphism is an example of
a canonical transformation κ as above. Note that π ◦κ(x, ξ) = x for all (x, ξ) ∈ ΓU by the first and
third property in (8), and similarly for V . There is a rich non-trivial set of such transformations,
see, e.g., Remarks 5.3 and A.2.

The converse is also true, which is our semi-global rigidity theorem.

Theorem 2.1 (semi-global rigidity for Hamiltonian systems at a positive energy level). With

notations as before, assume that SH = SH̃ , ℓ = ℓ̃ on U (relative to incoming covectors (x0, ξ
0),

(x0, ξ̃
0)). Then there exists a homogeneous canonical transformation κ : Γ → Γ̃ so that (8) holds,

and one has κ∗H̃ = H on Γ.

Remark 2.1. Locally, every two non-degenerate Hamiltonians are equivalent by a pull-back of
a canonical transformation, by the Darboux Theorem, see [12, Theorem 21.1.6]. Indeed, one can
start with p1 = H in a neighborhood of some (x, ξ) and complete it to a symplectic coordinate
system (q, p) in which XH = ∂/∂q1. When H is homogeneous, and XH is never radial (as in our
case), then one can choose the transformation to be homogeneous as well. Indeed, one can apply

the homogeneous Darboux theorem [12, Theorem 21.1.9], [9, Prop. 6.1.3], to H1 := (2H)1/2, which
is never radial by the Euler identity again, to conclude that H1 is equivalent to G1 := ξn in a conic
neighborhood of any (x0, ξ

0) ∈ T ∗M \ 0; then H is equivalent to G := ξ2n/2 with XG = ξn∂xn (with
n being the dimension, no summation), or to |ξ|2/2 if we wish. The theorem says that under its
assumptions, there exists such a semi-global transformation satisfying certain boundary conditions.
Also, it says that we cannot extract anything more from the lens data.

Proof of Theorem 2.1. The proof follows an argument, known at least in the metric case, which
establishes conjugacy of the flows under a map in the phase space, see, e.g., [4, 40]. To illustrate

the idea, we start first with an easier setup, namely under the stronger assumption that H = H̃ to
infinite order at ∂TM \ 0, as well as ΓU = Γ̃U , and ΓV = Γ̃V (so that ζ = ζ̃) and treat the general
case afterwards. Under these assumptions, we can embed M into a larger open manifold N of the
same dimension and extend H and H̃ smoothly to N \M in such a way that H̃ = H there. Set

κ(y, η) := Φ̃ℓ−(y,η) ◦ Φ−ℓ−(y,η)(y, η), (9)

see Figure 3, which is homogeneous by Lemma 2.1 and takes values in Γ̃ ⊂ T ∗M̃ by the equality
of the travel times. We check that it is invertible. Let (ỹ, η̃) = κ(y, η), which lies in the orbit

of (x, ξ) := Φ−ℓ−(y,η)(y, η) ∈ ΓU = Γ̃U . Substituting (ỹ, η̃) = Φ̃ℓ−(y,η)(x, ξ) into the statement

Φ̃−ℓ̃−(ỹ,η̃)(ỹ, η̃) ∈ Γ̃U we see that Φ̃ℓ−(y,η)−ℓ̃−(ỹ,η̃)(x, ξ) ∈ Γ̃U . We have ℓ−(y, η) ≥ ℓ̃−(ỹ, η̃) by

definition of ℓ̃−; if ℓ−(y, η) > ℓ̃−(ỹ, η̃), the bicharacteristic γ(x,ξ) intersects ∂T ∗M̃ at an incoming

covector for positive time. This contradicts the equality of travel times, according to which Φ̃t(x, ξ)

does not leave T ∗M for t ∈ [0, ℓ−(y, η)] ⊂ [0, ℓ̂(x, ξ)]. We find that ℓ−(y, η) = ℓ̃−(ỹ, η̃), thus κ is

inverted by κ−1(ỹ, η̃) = Φℓ̃−(ỹ,η̃) ◦ Φ̃−ℓ̃−(ỹ,η̃)(ỹ, η̃). Further, it is a canonical transformation: indeed,
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given (y, η) ∈ Γ, we can find a locally constant t0 > ℓ−(y, η) such that Φ−t0(y, η) ∈ N \M and

upon noticing that κ(y, η) = Φ̃t0 ◦Φ−t0(y, η) since H = H̃ on N \M , the symplectic property holds

because Φ̃t0 and Φ−t0 are both symplectic. By construction and the equality ℓ = ℓ̃, κ = Id on ΓU

and κ(ΓV ) = Γ̃V . Moreover, ι∗ ◦κ = ι∗ trivially on ΓU , and on ΓV we have, with notation as above,

ι∗κ(y, η) = ι∗Φ̃ℓ−(y,η)(x, ξ) = ι∗Φ̃ℓ̂(x,ξ)(x, ξ) = ι∗Ŝ
H̃
(x, ξ) = SH̃(x, ξ′)

= SH(x, ξ′) = ι∗ŜH(x, ξ) = ι∗Φℓ̂(x,ξ)(x, ξ) = ι∗(y, η).

Since a Hamiltonian stays constant along its bicharacteristic flow and H = H̃ on T ∗M \ 0
∣∣
U
,

κ∗H̃ = H on Γ. We also mention that κ conjugates the flows: with t0 as before,

Φ̃s ◦ κ(y, η) = Φ̃t0+s ◦ Φ−t0(y, η) = Φ̃t0+s ◦ Φ−t0−s ◦ Φs(y, η)

= Φ̃t0 ◦ Φ−t0 ◦ Φs(y, η) = κ ◦ Φs(y, η).
(10)

y

ỹ

Figure 3. The canonical relation κ. The codirections are not plotted.

We now treat the general case. Here we need not have ΓU = Γ̃U , hence we will replace (9) with

κ = Φ̃ℓ−(y,η) ◦ ζ̃λ ◦ ι∗ ◦ Φ−ℓ−(y,η), λ =
√

2H(y, η); (11)

the arguments below aim to show its symplectic property. Choose local coordinates x′ on U , and
let ξ′ be the dual ones, in T ∗U . Define the map Ψ : (x′, s, ξ′, E) 7→ (y, η) as follows

(y, η) = Φs((x′, 0), ξ), ξ = (ξ′, h(x′, ξ′, E)), E > 0, (x′, ξ′) ∈ U√
2E , s ∈

[
0, ℓ√2E(x

′, ξ′)
]
.

(12)
The function h(x′, ξ′, E) := (ζ√2E)n(x

′, ξ′) satisfies H(x′, 0, ξ′, h) = E and we have the homogeneity

property h(x′, ξ′, E) = (2E)1/2h(x′, (2E)−1/2ξ′, 1/2).
We claim that Ψ is a canonical transformation on its domain. We check the symplectic property

at s = 0 first by computing the Jacobian there. By the implicit relation, we have

∂x′h = − ∂x′H

∂ξnH
, ∂ξ′h = −

∂ξ′H

∂ξnH
, ∂Eh =

1

∂ξnH
.

We differentiate in s at s = 0, writing y = (y′, yn) and η = (η′, ηn):

∂sy = dyXH = ∂ξH, ∂sη = dηXH = −∂xH.



10 N. EPTAMINITAKIS AND P. STEFANOV

For all other derivatives, when s = 0, we have (y′, yn, η′, ηn) = (x′, 0, ξ′, h(x′, ξ′, E)). Combining
the above, the Jacobian for s = 0 takes the form

Dx′,s,ξ′,E(y
′, yn, ξ′, ηn) =


Id dξ′H

T 0 0
0 ∂ξnH 0 0
0 −dx′HT Id 0

− dx′H
∂ξnH

−∂xnH − dξ′H

∂ξnH
1

∂ξnH

 =


Id C 0 0
0 a 0 0
0 D Id 0

DT/a b −CT/a 1/a

 ,

(13)
where the lowercase letters denote scalars and C, D have dimensions (n − 1) × 1. It is now a
straightforward computation to check that if J = (0,−Id; Id, 0) in block form as before and A is
any matrix of the form (13), one has ATJA = J . So the map (12) satisfies the symplectic property
at s = 0. We can now propagate this property away from s = 0. For any fixed s0,

dΨ
∣∣
s=s0

= d(Φs(x′, 0, ξ′, h))
∣∣
s=s0

= d(Φs0 ◦Ψ(x′, s− s0, ξ
′, E))

∣∣
s=s0

= dΦs0 ◦ dΨ
∣∣
s=0

, (14)

which is symplectic as a composition of symplectic maps.
We have constructed a canonical transformation Ψ : (x′, s, ξ′, E) 7→ (y, η) which is bijective from

the domain indicated in (12) to Γ by the definition of Γ. It has the homogeneity property

Ψ(x′, s, ξ′, E) = (y, η) =⇒ Ψ(x′, λ−1s, λξ′, λ2E) = (y, λη), λ > 0.

Given H̃, we construct the same transform related to it. Then (11) is given by the composition

κ : (y, η)
Ψ−1

7−→ (x′, s, ξ′, E)
Ψ̃7−→ (ỹ, η̃)

mapping Γ to Γ̃, which is canonical, and also homogeneous of order one. We still have κ∗H̃ = H
since H(y, η) = E = H̃(ỹ, η̃) = H̃(κ(y, η)). The rest of the properties are easily verified. □

Remark 2.2. Alternatively, we could have considered a change of coordinates (x′, t, ξ′, λ) 7→
(y, η) ∈ Γ, given by

(y, η) = Φt/λ((x′, 0), λζ(x′, ξ′/λ)),

where λ := |η|y = (2H(y, η))1/2. We could then have proceeded in the same way to find that this
coordinate change corresponds to a homogeneous canonical transformation (unlike our construction
in the proof above). The current approach however is easier to adapt to the zero energy case in
Section 4.1, which is the reason we preferred it.

Remark 2.3. In each cosphere bundle, the kernel of the canonical 1-form α = ξdx = ξ∂ξ⌟σ defines
a maximally non-integrable distribution, in other words a contact structure (see [2, Appendix 4]).
The proof above could also have been formulated using the language of contact geometry, namely
by defining instead of (12) the map (y, η) = Ψ̂(s, x′, ξ′) = Φs(ζ(x′, ξ′)) : Rt × U(x′,ξ′) → S∗M and

showing that it satisfies Ψ∗α = α′, where the kernel of α′ = ds + ξjdx
j defines a natural contact

structure in the domain space. Using this, one would obtain a map between unit sphere bundles,
which could then be extended by homogeneity to obtain the required result. Again, we did not
take this approach because it does not appear to generalize in an obvious way to the zero energy
case in Section 4.1. An inverse problem for contact forms and Reeb fields is addressed in [15].

Remark 2.4. So far we have not required H(x, ξ) to be even in the fiber variable ξ. If it is, which
is often the case with the applications we have in mind, then (x(s), ξ(s)) is a unit bicharacteristic
if and only if (x(−s),−ξ(−s)) is, by Lemma 2.1. Then (4) would be satisfied at (x0,−ξ0) as well,
and we can define ζ in (5) as ζ(x′,−ξ′) = −ζ(x′, ξ). Then S(x,−ξ) is well defined (the parameter s
reverses sign along the ray). If (y, η′) = S(x, ξ′), then (y,−η′) = S(x,−ξ′), i.e., S is odd in the fiber
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variable. Therefore, knowing S on outgoing rays, in addition to the incoming ones (or vice-versa)
provides no additional information. In that case, κ is odd as well.

3. Linearization of the travel times

3.1. Travel times T (x, y). We will parameterize now the travel times by their initial and endpoints
x and y, writing T (x, y). This requires a no-conjugacy assumption. Such travel times correspond
to the actual time it takes a signal from x ∈ ∂M to arrive at y ∈ ∂M when the model is the
hyperbolic PDE (43).

Definition 3.1. For (x, ξ) ∈ T ∗M \ 0, the exponential map is defined by expx ξ = Φ1
x(x, ξ).

In the metric case, this is the well known exponential map with ξ associated with a vector by the
musical isomorphism.

Definition 3.2. We say that y = expx ξ is not conjugate to x along the bicharacteristic issued from
ξ, if expx is a local diffeomorphism near ξ. If so, we call |ξ| =: T (x, y) the travel time between x
and y.

This is a generalization of the same notion in the metric case but there are some possible new
effects. We do not a priori know that x and y are not conjugate if they are close enough. Also,
note that T (x, y) is defined as the travel time of the unique unit bicharacteristic from x to y, when
they are close enough to x0 and y0, respectively, issued with codirection close enough to ξ0, having
travel time a priori close enough to ℓ̂(x0, ξ

0).

3.2. A variational formula. Assume that H(x, ξ; s) is a one-parameter family of Hamiltonians
near s = 0 with travel times T (x1, x2; s). If the Hessian Hξξ is positive, we can use the Legendre
transform to get a Finsler metric (see Section 5), and use the fact that the Hamiltonian curves
transform into lifts of geodesics, which are critical curves of the energy functional. For the fastest
speed, the strict convexity is true in elasticity, at least, but in general it is not.

The next lemma is an analog of the first variation of the energy functional in Riemannian
geometry. There are two essential differences however. First, the perturbed curves are Hamiltonian,
of some perturbed Hamiltonian function, not just any smooth variation. Second, there is a non-
trivial integral term in (15) below, while in the analogous situation in metric case, where one
perturbs the energy for curves near the lift of a geodesic to the tangent bundle, no such term
appears. In fact, the total variation then vanishes if the endpoints are fixed, consistent with the
well known fact that the geodesic we perturb is a critical point of the energy functional. Relation
(15) shows in particular that Hamiltonian curves are not energy-minimizing among nearby curves.

Lemma 3.1. Let [0, 1] ∋ t 7→ γ(t; s) := (x(t; s), ξ(t; s)) be Hamiltonian curves related to H(x, ξ; s),
smoothly dependent on a real parameter s. Then the energy

E(γ( · ; s)) :=
∫ 1

0
H(x(t; s), ξ(t; s); 0) dt

satisfies

d

ds

∣∣∣
s=0

E(γ( · ; s)) = ⟨ξ(t; 0), xs(t; 0)⟩
∣∣∣t=1

t=0
− 2

∫ 1

0
Hs(x(t; 0), ξ(t; 0); 0) dt. (15)

Proof. We have

∂

∂s

∣∣∣
s=0

H(x(t; s), ξ(t; s); 0) = Hx · xs +Hξ · ξs = −ξ̇ · xs +Hξ · ξs,
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all restricted to s = 0. Integrate with respect to t from 0 to 1, and use integration by parts for the
term ξ̇ · xs. We get

d

ds

∣∣∣
s=0

E(γ( · ; s)) =
∫ 1

0
(−ξ̇ · xs +Hξ · ξs) dt

= −⟨ξ(t; 0), xs(t; 0)⟩
∣∣∣t=1

t=0
+

∫ 1

0
(ξ · ẋs +Hξ · ξs) dt

= −⟨ξ(t; 0), xs(t; 0)⟩
∣∣∣t=1

t=0
+

∫ 1

0
((∂sHξ) · ξ +Hξ · ξs) dt, (16)

where, again, all quantities are restricted to s = 0. Here, (∂sHξ) stands for the s-derivative of
Hξ(x(t; s), ξ(t; s); s) with respect to all occurrences of s at s = 0, not just the last one. By the
Euler identity, the integrand in (16) equals

∂

∂s

(
Hξ(x(t; s), ξ(t; s); s) · ξ(t; s)

)
= 2∂s

(
H(x(t; s), ξ(t; s); s)

)
at s = 0, and in particular, independent of t. This yields

d

ds

∣∣∣
s=0

E(γ( · ; s)) = −⟨ξ(t; 0), xs(t; 0)⟩
∣∣∣t=1

t=0
+ 2

∂

∂s

∣∣∣
s=0

∫ 1

0
H(x(t; s), ξ(t; s); s) dt. (17)

For the latter term, we have

2
∂

∂s

∣∣∣
s=0

∫ 1

0
H(x(t; s), ξ(t; s); s) dt = 2

d

ds

∣∣∣
s=0

E(γ( · ; s)) + 2

∫ 1

0
Hs(x(t; 0), ξ(t; 0); 0) dt. (18)

Combining (17) and (18) proves (15). □

Example 3.1. We compare the energy above with its counterpart in the metric case. The energy
there is defined as an integral of gij γ̇

iγ̇j however. Converting this to the cotangent bundle, we have
gij(gγ̇)i(gγ̇)j , with gγ̇ = ξ. Then one varies γ by keeping g the same. In the way we defined the
energy in (17) however, in the metric case ξ(t; s) is obtained from γ̇ by lowering the index with
g(x; s), not with g(x; 0). Then the s-derivative would have additional terms. Using δ to denote
variation, i.e., the s-derivative at s = 0, we have

∂s|s=0 (H(x(t; s), ξ(t; s); 0)) = gijδ((gγ̇)i(gγ̇)j)

= 2
(
g−1(δg)γ̇

)
· (gγ̇) + 2

(
g−1(gδγ̇)

)
· gγ̇ = −2((δg−1)(gγ̇)) · (gγ̇) + 2δγ̇ · gγ̇.

Integrate this identity with respect to t from t = 0 to t = 1. The first term gives us an integral of
−2Hs(x(t; 0), ξ(t; 0); 0). The second one is δ((g( · ; 0)γ̇) · γ̇) for which we can apply the first variation
formula of the energy of a geodesic to get the boundary terms in (16). Therefore, (16) is confirmed
in this case.

Back to the general case, when the Legendre transform L is invertible (see section 5), the curves
solving the Euler-Lagrange equation on TM minimize the action locally. They are critical curves
of the action functional, which is how the Euler-Lagrange equation is derived in the first place. The
conversion to the energy defined on T ∗M above involves Ls depending on s, then being differentiated
as s = 0. This is the reason we cannot expect the integral (15) to be zero in general.

3.3. Linearization of T (x, y).

Corollary 3.1. Assume that x1 and x2 ∈ M are not conjugate along the bicharacteristic issued
from (x1, ξ

1) related to H(x, ξ, 0). Let [0, 1] ∋ t 7→ (x(t; s), ξ(t; s)) be Hamiltonian curves related to
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H(x, ξ; s), smoothly dependent on s for |s| ≪ 1, such that their x-projections connect x1 and x2.
Then

∂

∂s

∣∣∣
s=0

1

2
T 2(x1, x2; s) = −

∫ 1

0
Hs(x(t; 0), ξ(t; 0); 0) dt. (19)

Parameterizing the bicharacteristics as unit ones, we get

∂

∂s

∣∣∣
s=0

T (x1, x2; s) = −
∫ T (x1,x2;0)

0
Hs(x(t; 0), ξ(t; 0); 0) dt. (20)

Proof. Apply Lemma 2.1 with λ = T (x1, x2; s). Then the rescaled curves in the current lemma are
on energy levels T 2(x1, x2; s)/2 and they reach x2 for t = 1. We have

1

2
T 2(x1, x2; s) =

∫ 1

0
H(x(t; s), ξ(t; s); s) dt (21)

in a trivial way because we are integrating the constant T 2/2 on the right. We get (19) from (15)
and (17). We make the change of the parameterization t̃ = Tt. Then (x(t̃/T ), T−1ξ(t̃/T )) is a
Hamiltonian curve at energy level 1/2. Performing that change of variables, we get (20). □

Example 3.2. Let g be a Riemannian metric and let H = 1
2g

ijξiξj . We have H = 1
2gij γ̇

iγ̇j

along the flow, where γ are the geodesics. Energy level 1/2 means unit speed geodesics γ(t). Set
t = τT (x1, x2; s) and γ̃(s) = γ̃(T (x1, x2; s)τ). Then the “travel time” is one in the τ parameter.
We have d

dτ γ̃(τ) = T (x1, x2; s)γ̇(T (x1, x2; s)τ), having length T (x1, x2; s). The energy E is given
by

E(γ( · , s)) = 1

2

∫ 1

0
gij(γ̃; s) ˙̃γ

i(τ ; s) ˙̃γj(τ ; s) dτ =
1

2
T 2(x1, x2; s).

Differentiate with respect to s and use the minimizing property of the geodesics to get

TTs|s=0 =
1

2

∫ 1

0
(∂sg)ij(γ̃) ˙̃γ

i ˙̃γj |s=0 dτ.

Going back to the original parameterization, we obtain

∂sT |s=0 =
1

2

∫ T (x1,x2;0)

0
(∂sg)ij γ̇

iγ̇j |s=0 dt, (22)

a well known formula. We will convert this to the cotangent bundle. The co-metric is g−1, and its
s-derivative is ∂sg

−1 = −g−1(∂sg)g
−1. Then the variation Hs of the Hamiltonian, written in the

tangent bundle, becomes Hs = −1
2(∂sg)ij γ̇

iγ̇j . Then we get the same formula as in Corollary 3.1.
This formula in the metric case is well known but it is usually written in the form (22), not in its
covector version (19).

3.4. T (x, y) as a generating function of S.

Corollary 3.2. Assume that x0 and y0 are not conjugate along the bicharacteristic γ0 issued from
(x0, ξ

0), relative to H(x, ξ). Let T (x, y) be the (locally defined) travel time between x and y in a
neighborhood of (x0, y0). Then the following holds near (x0, y0).

(a) (y, dyT ) = ΦT (x,y)(x,−dxT );
(b) We further have that

C :=
{
(x,−d′xT, y,d

′
yT )

}
is the graph of the scattering relation S (relative to an incoming covector (x0, ξ

0) for which (4)
holds), in a neighborhood of (x0, ξ

0′, y0, η
0′).
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Proof. We apply Lemma 3.1, where the Hamiltonian is independent of the parameter s and the
curves depend on s only through their endpoints. Then Hs = 0 in (15), and the variation of the
energy relation looks similar to its metric equivalent. Let x(s), y(s) be smooth curves in M for
|s| ≪ 1 with x(0) = x0, y(0) = y0. Let (q(t; s), p(t; s)) be the smooth Hamiltonian curves with
q(0, s) = x(s), q(1, s) = y(s). Set p(0, 0) = ξ0, p(1, 0) = η0, v = qs(0; 0), w = qs(1, 0). Then, see
(21),

∂s
1

2
T 2(x(s), y(s))|s=0 = ⟨η0, w⟩ − ⟨ξ0, v⟩. (23)

The derivative on the left equals T ⟨dxT, v⟩+ T ⟨dyT,w⟩ at s = 0. Divide by T to get

∂sT (x(s), y(s))|s=0 = ⟨η̃0, w⟩ − ⟨ξ̃0, v⟩,

where ξ̃0 and η̃0 are normalized now to unit ones. Since this is true for every two vectors v (at x0),
and w (at y0), this proves (a).

Part (b) follows immediately from (a). □

3.5. The X-ray transform. We define the X-ray transform

Xf(γ) =

∫
f ◦ γ(t) dt =

∫
f(x(t), ξ(t)) dt, f ∈ C∞(S∗M)

over all unit maximal Hamiltonian curves γ through S∗M , assuming they are defined for finite time.
We can also define Xf over not-necessarily unit curves by assuming that f(x, ξ) is homogeneous of
order m = 0, 1, . . . in ξ; then Xf(x, ξ) is homogeneous of order m−1 when parameterized by initial
points. The transform X is a linearization of the travel times, as Corollary 3.1, equation (20) shows.
There, f = Hs|s=0 is a priori homogeneous of order two but since it is restricted to H = 1/2, the
homogeneity is irrelevant.

The transform X is easy to invert modulo a gauge.

Theorem 3.1 (Inversion of X). Let H, U , V, and Γ be as in the discussion preceding Theorem 2.1.
Then for every f ∈ C∞(S∗M ∩ Γ), Xf = 0 for all maximal unit bicharacteristics in Γ if and only
if f = XHϕ with some ϕ ∈ C∞(S∗M ∩ Γ) so that ϕ = 0 on ΓU ∪ ΓV .

Proof. The “if” part is obvious. For the “only if” statement, set ϕ(x, ξ) =
∫ 0
−ℓ−(x,ξ) f(Φ

s(x, ξ)) ds.

Clearly, ϕ = 0 on ΓU . Since Xf = 0, ϕ = 0 on ΓV . □

We show now that linearizing a family of gauge equivalent Hamiltonians we obtain the natural
nullspace of X. Let κ( · , ϵ) = Id + ϵF + O(ϵ2), |ϵ| ≪ 1 be a family of homogeneous canonical
transformations satisfying π ◦ κ(ΓU ), π ◦ κ(ΓV ) ⊂ ∂M and ι∗ ◦ κ = ι∗ on ΓU ∪ΓV . We may assume
that we are working in a small enough neighborhood of our reference bicharacteristic that ΓU is
contractible; then Γ is also contractible. The infinitesimal canonical transformation F is of the
form F = Xϕ for some ϕ ∈ C∞(Γ), uniquely determined up to constant. Indeed, since κ(·, ϵ) are
symplectic, by Cartan’s formula d(F⌟σ) = LFσ = 0 (L is the Lie derivative), and because Γ is
contractible, F⌟σ = −dϕ for some ϕ, that is, F = Xϕ. Further, by homogeneity of κ we have

ξϕξξ = 0, ξϕxξ = ϕx =⇒ d(ϕ− ξϕξ) = 0 on Γ. (24)

We now check that ϕ = 0 on ΓU ∪ ΓV (up to constant). Choose a point ζ0 = (x0, ξ
0) =

((x′, 0), (ξ′, ξn)) ∈ ΓU , written in boundary coordinates as usual. Then write F (ζ0) = a · ∂x + b · ∂ξ,
with a = ∂ξϕ

∣∣
ζ0
, b = −∂xϕ

∣∣
ζ0
. Since for all |ϵ| ≪ 1 we have π ◦ κ(ζ0, ϵ) ∈ U and ι∗ ◦ κ(·, ϵ) = ι∗,

we see that a = 0 and b′ = −∂x′ϕ
∣∣
ζ0

= 0. Since ζ0 ∈ ΓU was arbitrary, we see that ϕ
∣∣
ΓU

is locally

constant, hence also constant there and can be taken to be 0. Taking it to be 0 on ΓU we have
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ϕ − ξϕξ = 0 on ΓU , thus ϕ = ξϕξ on Γ by (24), that is, ϕ is homogeneous of degree 1 on Γ. An
argument as before shows that ϕ is also constant on ΓV , so by homogeneity it has to vanish there.

Linearizing the Hamiltonians, we find

(κ−1( · , ϵ))∗H(x, ξ) = H
(
(x, ξ)− ϵF (x, ξ)

)
+O(ϵ2)

= H(x, ξ)− ϵdH · F +O(ϵ2) = H(x, ξ) + ϵXHϕ+O(ϵ2).
(25)

Thus the linearization is XHϕ indeed, with ϕ homogeneous of degree 1 vanishing at ΓU ∪ ΓV .
We finally mention that if κ( · , ϵ) = (f( · , ϵ), d(f−1)∗( · , ϵ)) for a family f( · , ϵ) of diffeomorphisms

on M fixing ∂M pointwise, in which case the linearization of f( · , ϵ) is a vector field V on M which
vanishes at ∂M , one checks that F = (V,−dx(ξ · V )), so the potential above is given by ϕ = α(V ),
up to constant. If in addition H = 1

2g
ijξiξj one checks, for instance using local coordinates, that

the linear term in (25) is given by XHϕ = ξ(∇ξ♯V ) = (dsV ♭)(ξ♯, ξ♯), where the covariant derivative
g, the symmetric differential ds, and the musical isomorphisms are with respect to g. This is the
well known expression for the linearization of a 1-parameter family of metrics, transferred to the
phase space.

4. Zero energy level: Scattering rigidity for operators of real principal type

4.1. Setup. Let pm(x, ξ) ∈ C∞(T ∗M \ 0) be real and homogeneous of order m in ξ. Let p be
a symbol in Sm with principal symbol pm. Assuming ∂M = ∅, Hörmander’s propagation of
singularities theorem says that WF(u) \ WF(f) of the solutions of p(x,D)u = f is contained in
p−1
m (0) and invariant under the Hamiltonian flow of pm (at energy level pm = 0). There is no

time-space separation of the variables here. The parameterization of the zero bicharacteristics
is irrelevant; they are considered as point sets in the theorem. In fact, multiplying pm by an
elliptic symbol (on pm = 0) changes the parameterization only, as we show below in Lemma 4.1
(and which is known). This makes sense, because it amounts to applying an elliptic ΨDO to our
equation. This motivates our interest in studying the scattering relation for such homogeneous
Hamiltonians H ∈ C∞(T ∗M \ 0). We assume m = 2 (which can be converted to any other order
by a multiplication by an elliptic factor), and that dH ̸= 0 on H−1({0}). Moreover, we assume
that H−1({0}) ̸= ∅ (the case H−1({0}) = ∅ corresponds to elliptic operators and is not interesting
from our point of view).

The inverse problem for such operators was studied in [20]. It was shown there that the Cauchy
data on the boundary determines uniquely the scattering relation S0 (defined below) and the zero
bicharacteristic transform L (see (35)) of the terms of order one or two lower. The inversion of
those transforms was left as an open problem.

Lemma 4.1 ( [27]). Let M be a manifold with or without boundary. Let H(x, ξ) be a Hamiltonian
defined near (x0, ξ

0) ∈ T ∗M \ 0, and assume H(x0, ξ
0) = 0, dH(x0, ξ

0) ̸= 0. Let µ(x, ξ) > 0 near
(x0, ξ

0).

(a) Then the Hamiltonian curves of H and H̆ := µH near (x0, ξ
0) on the zero energy level coincide

as point sets but have possibly different parameterizations. More specifically, if (x(s), ξ(s)), and

(x̆(s̆), ξ̆(s̆)) are solutions related to H and H̆, with initial conditions (x0, ξ
0) at s = 0, s̆ = 0,

respectively, then

(x̆(s̆(s)), ξ̆(s̆(s))) = (x(s), ξ(s)) (26)

with s̆(s) solving
ds̆

ds
=

1

µ(x(s), ξ(s))
, s̆(0) = 0. (27)
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(b) Let s̆(s;x0, ξ
0) be such that ds̆/ds > 0, and define µ on the Hamiltonian trajectory through

(x0, ξ
0) by (27). Then (26) holds with the trajectory (x̆, ξ̆) determined by H̆ := µH for any

smooth extension of µ.

Proof. Part (a) is proved in [27]. The proof of (b) follows from that of (a) there. □

An example is p = gij(x)ξiξj/2, with g Lorentzian. Any positive conformal factor reparameterizes
the zero bicharacteristics but keeps them the same as point sets. There is no natural way to
define travel times here unless one chooses a time function (in a non-unique way). Note that our
assumptions also allow g to be pseudo-Riemannian of any signature (p, q), as long as pq ̸= 0. The
scaling Lemma 2.1, with E = 0 now, confirms those arguments.

Remark 4.1. Two possibly different Hamiltonians H̆ and H with the same zero energy hypersur-
face H satisfy H̆ = µH with some non-vanishing µ ∈ C∞(T ∗M \ 0) which is homogeneous of order

0. Thus by Lemma 4.1, the Hamilton flows of H̆ and H on H agree up to reparameterization,
which by (27) depends only on the values of µ on H. From another point of view, the Hamiltonian
vector field XH is determined on H = H−1({0}) once one knows the differential dH there. The

differentials of two different Hamiltonians H and H̆ with zero energy hypersurface H are related
there by dH̆ = µdH for some scalar function µ ∈ C∞(H) (since they are both conormal) and on
H, XH̆ = µXH . From either point of view, we see that the zero Hamiltonian flow depends on H
(any defining function of which determines the bicharacteristics as point sets) and on a conformal
factor on H (which fixes their parameterization). The values of the conformal factor µ on H are
course the same, regardless of which point of view one takes.

This is markedly different from the case of a positive, homogeneous Hamiltonian at positive
energy level: then a positive energy hypersurface is not conic, and in fact for any ξ ̸= 0 the radial
ray s 7→ sξ intersects {H = E} transversely. This implies that {H̆ = E} = {H = E} is equivalent

to H̆ = H, since H (hence also its flow) is determined globally by {H = E} using homogeneity.

Assuming detHξξ ̸= 0, for fixed x and E > 0, the image of expx(tξ), for ξ in an open set with

|ξ| =
√
2E and for t in an open set about 0, is open again. When E = 0, the domain is contained a

conic set of codimension one, and the image is diffeomorphic to it when detHξξ ̸= 0, at least before

it hits conjugate points. Basic examples are x = x0 + sθ, |θ| = 1 when H = 1
2 |ξ|

2/2, E = 1/2;

and x = x0 + s(1, θ) when H = 1
2g

ijξjξj with g Minkowski. In the latter case, the image is the

light cone (x0)2 = (x1)2 + · · · + (xn)2. This observation is important when H(x, ξ) has no special
structure in the x variable, but it does in the ξ one, like being a polynomial of ξ or an eigenvalue
of such a matrix.

4.2. Scattering rigidity. Similarly to section 2, we start with a zero bicharacteristic curve γ0 in a
manifold with boundary M connecting some distinct covectors (x0, ξ

0) and (y0, η
0) in T ∗M \ 0

∣∣
∂M

and contained in {H = 0} for a fixed Hamiltonian H. Choose two disjoint open subsets U ∋ x0
and V ∋ y0 of ∂M so that (4) holds at each one of them. By our assumption, ℓ±(x, ξ) < ∞ along
γ0 (ℓ± are as in (7) but at energy level 0), so by (4) the same holds in a neighborhood of (x0, ξ

0) in

H−1({0}) and ℓ± is smooth there. One can define the scattering relation Ŝ0(x, ξ) = Φℓ+(x,ξ)(x, ξ)
for incoming covectors, as in (2) (with the subscript zero indicating a zero energy level), and it
is homogeneous of degree 1. To define the scattering relation S0 for covectors in T ∗U, we restrict
(x, ξ) and (y, η) = Ŝ0(x, ξ) to TU and TV as before to obtain respectively elements (x, ξ′) ∈ T ∗U
and (y, η′) = S0(x, ξ

′) ∈ T ∗V . By the Implicit Function Theorem, one can solve H(x, ξ) = 0 with
respect to ξ for given (x, ξ′) in a sufficiently small conic neighborhood U ⊂ T ∗U of (x0, ξ

0′), and
similarly in a conic neighborhood V of (y0, η

0′) = S0(x
0, ξ0′). The new moment now is that U and
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V are conic, and S0 is homogeneous of order one. When H = 1
2g

ijξiξj with g Lorentzian and U
is timelike, U can be any conic open subset of the timelike cone g(ξ′, ξ′) < 0 on T ∗U . When U is
spacelike, then U can be any conic open subset of T ∗U . There is no natural choice of travel times
now. Relative to our fixed (x0, ξ

0) we set

Γ0 :=
{
(y, η)| (y, η) lies on the zero bicharacteristic issued from some (x, ξ) with (x, ξ′) ∈ U}.

We assume, upon shrinking Γ0 if necessary, that for (x, ξ) ∈ Γ0

∣∣
U

= {(x, ξ) ∈ Γ0 : x ∈ U}, the
equation H(x, ξ) = (x, ξ′) is uniquely solvable for (x, ξ), and we set (x, ξ) = ζ(x, ξ′). By shrinking
Γ0 further if needed, we can assume also that on Γ0 we have ℓ± <∞ and that ℓ± are smooth. We
denote by σ0 the restriction of the symplectic form on T ∗M to Γ0.

Below, M̃ is a manifold with boundary with the same dimension as M and the same boundary,
and with H̃ ∈ C∞(T ∗M̃ \ 0) a homogeneous Hamiltonian having the same properties as H. All

quantities, sets, etc corresponding to (M̃, H̃) will be denoted with tildes, and on them we will have
the same assumptions as for the analogous ones corresponding to (M,H).

Theorem 4.1 (Semi-global rigidity at a zero energy level).

(a) Suppose that there exists a smooth, homogeneous diffeomorphism κ : Γ0 → Γ̃0 satisfying κ
∗σ̃0 =

σ0 and (8). Then the scattering relations of H and H̃ agree on U .
(b) Assume that SH

0 = SH̃
0 on U . Then there exists a positive µ ∈ C∞(Γ0), homogeneous of degree

0, such that for the Hamiltonian H̆ := µH one has ℓ̆+◦ζ = ℓ̃+◦ζ̃ on U . If µ′ is another function
with the same properties as µ, then

∫
(µ−1 − µ′−1) ◦ γ(t)dt = 0 for null every bicharacteristic

γ contained in Γ0. Moreover, there exists a unique homogeneous diffeomorphism κ : Γ0 → Γ̃0

with κ∗σ̃0 = σ0 satisfying (8) and conjugating the flows of H̆ and H̃, that is,

κ ◦ Φ̆t(x, ξ) = Φ̃t ◦ κ(x, ξ) ∀(x, ξ) ∈ Γ0, t ∈ [−ℓ̆−(x, ξ), ℓ̆+(x, ξ)]. (28)

Remark 4.2. Note that by taking the identity in (a), if Γ0 = Γ̃0, the scattering relations of H and

H̃ agree. In particular, H and µH have the same data for any (homogeneous) µ ̸= 0 on H−1({0}).
Moreover, part (a) implies that if a Hamiltonian H is the pullback of H̃ by a homogeneous canonical

transformation satisfying (8) up to multiplication by conformal factor, then H and H̃ have the same
scattering relations. This is the situation one expects in the metric case. If two Lorentzian metrics
on M are related by g = µψ∗g̃, where ψ is a diffeomorphism of M fixing ∂M and µ is a conformal
factor, we automatically obtain a canonical transformation of the whole phase space relating the
corresponding Hamiltonians up to conformal factor which only depends on the base variables.

In the inverse problem, one could extend κ to a diffeomorphism K defined in a neighborhood of
Γ0 (and one could even make it canonical, for example using the coisotropic embedding theorem,

see [5]). Then K∗H̃ = µ̃H near Γ0 for some extension µ̃ of µ, whose existence is guaranteed by the

fact that H and H̃ are defining functions of the same hypersurface. However, these extensions are
not unique, and our data only allows us to construct a diffeomorphism between the codimension one
hypersurfaces Γ0 and Γ̃0, without providing us with a preferred way to extend it to a neighborhood.

Proof of Theorem 4.1. For part (a), we will show that for every ζ0 ∈ Γ0

∣∣
U

there exists a smooth,
strictly increasing function α : [0, ℓ+(ζ0)] → [0,∞) such that for t ∈ [0, ℓ+(ζ0)] one has

κ ◦ Φt(ζ0) = Φ̃α(t) ◦ κ(ζ0). (29)

First observe that Γ0 is coisotropic with respect to σ, as a codimension 1 submanifold of a symplectic
manifold. Hence for each ζ ∈ Γ0, the 1-dimensional symplectic complement of TζΓ0 with respect
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to σ is contained in TζΓ0, and one sees that it is actually spanned by XH

∣∣
ζ
. A similar discussion

holds for Γ̃0. Given ζ̃ ∈ Γ̃0 and v ∈ Tζ̃ Γ̃0, and using that κ∗σ̃0 = σ0,

σ̃(dκXH , v) = σ̃0(dκXH , v) = σ0(XH , dκ
−1v) = σ(XH , dκ

−1v) = 0,

that is, dκXH

∣∣
ζ̃
is in the symplectic complement of Tζ̃ Γ̃0 and therefore it must be a scalar multiple

of XH̃

∣∣
ζ̃
. Since dκXH and XH̃ are both smooth and non-vanishing, there exists a non-vanishing

function µ ∈ C∞(Γ̃0) such that dκXH = µXH̃ . Since by (8) κ takes incoming covectors to incoming
ones, µ > 0 everywhere. Hence the flows of dκXH and XH̃ are agree up to orientation preserving
reparametrization, implying the existence of α satisfying (29).

Using (8) and (29) we see that α(ℓ+(x, ξ)) = ℓ̃+(κ(x, ξ)), which leads us to

κ ◦ ŜH
0 (x, ξ) = ŜH̃

0 ◦ κ(x, ξ), (x, ξ) ∈ Γ0

∣∣
U
. (30)

To pass to the scattering relations on U , we use that SH = ι∗◦ŜH
0 ◦ζ, and similarly for H̃. Recalling

that ι∗ ◦ κ(x, ξ) (8)
= (x, ξ′) and κ(x, ξ) = ζ̃(x, ξ′), we find

SH(x, ξ′) = ι∗ ◦ ŜH
0 ◦ ζ(x, ξ′) (8)

= ι∗ ◦ κ ◦ ŜH
0 (ζ(x, ξ′))

(30)
= ι∗ ◦ ŜH̃

0 ◦ κ(ζ(x, ξ′))

= ι∗ ◦ ŜH̃
0 ◦ ζ̃(ι∗ ◦ κ(ζ(x, ξ′))) = SH̃

0 (ι∗(ζ(x, ξ′))) = SH̃
0 (x, ξ′).

Thus the scattering relations of H̃ and H agree on U .
For part (b), to construct µ, extend by constancy along the flow of XH the function Γ0

∣∣
U

∋
(x, ξ) → ℓ+(x,ξ)

ℓ̃+(ζ̃◦ι∗(x,ξ)) ∈ (0,∞). In other words, for (y, η) ∈ Γ0 we set µ(y, η) :=
ℓ+(Φ−ℓ−(y,η)(y,η))

ℓ̃+
(
ζ̃◦ι∗(Φ−ℓ−(y,η)(y,η))

) .
This is homogeneous of degree 0 and satisfies XHµ = 0 by construction. By Lemma 4.1, for the
flow Φ̆s̆(s) of H̆ := µH we have Φ̆s̆(s) = Φs, where by (27) we have

s̆(s;x, ξ) =
ℓ̃+

(
ζ̃ ◦ ι∗(Φ−ℓ−(x,ξ)(x, ξ))

)
ℓ+(Φ−ℓ−(x,ξ)(x, ξ))

s for (x, ξ) ∈ Γ0.

Substituting s = ℓ+(x, ξ) for some (x, ξ) ∈ Γ0

∣∣
U
(so that ℓ−(x, ξ) = 0), we see that Φ̆ℓ̃+(ζ̃◦ι∗(x,ξ)) ∈

Γ0

∣∣
V
, from which it follows that

ℓ̆+(x, ξ) = s̆(ℓ+(x, ξ);x, ξ) = ℓ̃+(ζ̃ ◦ ι∗(x, ξ)). (31)

This is equivalent to ℓ̆+ ◦ ζ = ℓ̃+ ◦ ζ̃ on U . If µ′ is another function with the same properties as µ,
it follows by (27) that it must satisfy∫ ℓ+(x,ξ)

0

1

µ(Φs(x, ξ))
ds = ℓ̃+(ζ̃ ◦ ι∗(x, ξ)) =

∫ ℓ+(x,ξ)

0

1

µ′(Φs(x, ξ))
ds,

for (x, ξ) ∈ Γ0

∣∣
0
. From this one also sees that if XHµ = XHµ

′ = 0, they must agree.

Similarly to the proof of Theorem 2.1 we construct κ : Γ0 → Γ̃0 by taking

κ(y, η) = Φ̃ℓ̆−(y,η) ◦ ζ̃ ◦ ι∗ ◦ Φ̆−ℓ̆−(y,η)(y, η).

The smoothness and homogeneity follow from the remarks in the beginning of section 4.2. The
properties (8) follow using (31), and (28) can be checked using that ℓ̆−(Φ̆

t(y, η)) = t + ℓ̆−(y, η).

Regarding uniqueness, (28) for t = ℓ̆−(y, η) implies that κ is uniquely determined by its values on

Γ0

∣∣
U
. There, (8) implies that we must have κ = ζ̃ ◦ ι∗.
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We now show that κ∗σ̃0 = σ0. As usual, we extend the manifold M to a slightly larger manifold
N of the same dimension and H̆ to a neighborhood of T ∗M \ 0 in T ∗N \ 0. Fix (y1, η

1) ∈ Γ0 and

let (x1, ξ
1) = Φ̆−s0(y1, η

1) ∈ Γ0, where s0 := ℓ̆−(y1, η
1). Define the map

Ψ̆(x′, s, ξ′, E) = Φ̆s(x′, 0, ξ′, h̆(x′, ξ′, E))

exactly as in (12), except now s ∈ (s0 − ϵ, s0 + ϵ), where 0 < ϵ ≪ 1 and h̆ is defined implicitly by

H̆(x′, 0, ξ′, h̆) = E for E near 0. Note that (x′, 0, ξ′, h̆(x′, ξ, 0)) = ζ(x′, 0, ξ′) and Ψ̆(x1
′, s0, ξ

1′, 0) =

(y1, η
1). By (13) and (14), dΨ̆

∣∣∗
s=s0

σ̃ = σ and the map is locally invertible. Constructing a

similar map Ψ̃ corresponding to H̃, which is symplectic for the same reasons, we have κ(y1, η
1) =

Ψ̃(x1
′, s0, ξ

1′, 0) = Ψ̃ ◦ Ψ̆−1(y1, η
1) and d(Ψ̃ ◦ Ψ̆−1) = dκ on TΓ0. Since

(
d(Ψ̃ ◦ Ψ̆−1)

∣∣
(y1,η1)

)∗
σ̃ = σ,

κ∗σ̃0 = σ0. □

4.3. Linearization. There are no natural travel times in this case but one can define defining
functions of pairs of points serving as initial and endpoints of null Hamiltonian curves, assuming
no conjugacy. The second author showed in [26] that in the Lorentzian case, any such function is
a generating function of the scattering relation, and its linearization is the light ray transform. We
prove an analogous result in this case. We assume

y0 ∈ V is not conjugate to x0 ∈ U along γ0. (32)

Then for (x, y) ∈ U×V close enough to (x0, y0), there is unique (not necessarily null) bicharacteristic
close enough to γ0. We shrink U and V if needed, to ensure that property.

Definition 4.1. Assume (32).

(a) The set Σ ⊂ U × V consists of pairs (x, y) so that x and y are connected by a locally unique
zero bicharacteristic.

(b) We call r(x, y) a defining function of Σ on U × V if (i) Σ = {r = 0}, (ii) dr ̸= 0 on Σ,
and (iii) r > 0 if and only if the locally unique Hamiltonian curve connecting x and y is on a
positive energy level.

Condition (iii) is just a sign convention, consistent with that in [26].

Theorem 4.2. With the assumptions above, including (32),

(a) Σ is a codimension one submanifold of U × V , assuming that U and V are small enough.
(b) Let r(x, y) be a defining function of Σ on U × V . Then

C = {(x,−λd′xr, y, λd′yr); λ > 0, (x, y) ∈ Σ} (33)

is the graph of S0, locally near (x0, ξ
0, y0, η

0).
(c) If H( · , · ; s) is a one-parameter family of Hamiltonians satisfying the assumptions above,

smoothly depending on s near s = 0, and rs is smooth family of defining functions of the
corresponding Σ(s), then

∂

∂s

∣∣∣
s=0

rs(x, y) = −ρ(x, y)
∫ 1

0
f ◦ γ[x,y](t) dt on Σ = {r(x, y) = 0}, (34)

where f = dH( · , · ; s)/ds|s=0, [0, 1] ∋ t 7→ γ[x,y] is the locally unique null bicharacteristic of
H|s=0 connecting x and y, and ρ > 0 is a smooth function.

Proof. We follow the proof of Theorem 2.1 in [26]. By the non-conjugacy assumption (32), the
image of H = H−1({0}) under the exponential map corresponding to each fixed x is a codimension
one hypersurface ofM near y0. The image of the radial ray ξ 7→ tξ originating from x0, with t close
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to 1, is transversal to V by (4) near y0. This shows that the intersection of that hypersurface and
V is a codimension one submanifold of V . We can include the initial point x ∈ U as a parameter
in those arguments as well. This proves (a).

Consider (b). It is enough to prove it for one choice of r, see also the argument at the end of
the proof of the theorem. We chose a defining function r using the notion of energy defined in
Lemma 3.1. Let

E(γ) =

∫ 1

0
H(γ(t)) dt

be the energy of the Hamiltonian curve [0, 1] ∋ t 7→ γ(t) = (x(t), ξ(t)) ∈ T ∗M \ 0. The integrand,
independent of t, vanishes on null bicharacteristics only. With the parameterization γ[x,y](t) by
initial and end-points as in (c), we get E(γ[x,y]) = 0 on U × V if and only if (x, y) ∈ Σ. We set

r(x, y) = E(γ[x,y]).

We claim that r is a defining function of Σ. We prove below that its differential does not vanish
there.

The variational Lemma 3.1 remains valid in the zero energy case. We get, arguing as in (23),

∂s
∣∣
s=0

r = ∂sE(γ( · ; s); s)
∣∣
s=0

= ⟨η0, w⟩ − ⟨ξ0, v⟩

with ξ0, η0, v and w as in that proof. Since this holds for every v ∈ Tx0U , w ∈ Ty0V , we get
rx = −ξ0, ry = η0 at s = 0. Those covectors are normalized by the requirement t ∈ [0, 1].
Removing that normalization places the factor λ > 0 in (33).

In order to prove that dr ̸= 0 on Σ; assume that it does not hold. Then ξ0′ = 0 at x0, and also
η0′ = 0 at y0. This shows that ξ

0 ̸= 0 is conormal to U at x0, similarly, η0 ̸= 0 is conormal to V at
y0. We can replace dρ by ξ0 in (4), and respectively by η0, but then we get a contradiction with
Euler’s identity implying ξ ·Hξ = 0. Note that we showed a bit more than (ξ0′, η0′) ̸= 0; we showed
that each component does not vanish. This is consistent with the expectation that C would locally
map T ∗U \ 0 to T ∗V \ 0. This proves part (b).

Consider (c) now. With

r(x, y; s) := E(γ( · ; s); s) :=
∫ 1

0
H(x(t; s), ξ(t; s); s) dt,

write

d

ds

∣∣∣
s=0

r(x, y; s) =

∫ 1

0
Hs(x(t; 0), ξ(t; 0); 0) dt+

d

ds

∣∣∣
s=0

E(γ( · ; s))

= −
∫ 1

0
Hs(x(t; 0), ξ(t; 0); 0) dt,

yielding (34) with ρ = 1 there. Finally, any other defining function of Σ(s) is of the kind
α(x, y; s)r(x, y; s), α > 0 on Σ(s). Differentiating with respect to s at s = 0, this brings the
additional non-vanishing factor ρ(x, y) = α(x, y, 0) above, as claimed. □

4.4. The Hamiltonian light ray transform. The previous section leads us naturally to the
“Hamiltonian light ray transform”

Lf(γ) =

∫
f ◦ γ(t) dt =

∫
f(x(t), ξ(t)) dt, f ∈ C∞(T ∗M \ 0) (35)

over null rays (H = 0). We assume that f is homogeneous of degree m with some m because of
the freedom we have with rescaling, and in view of Lemma 2.1. Recall that Γ0 ⊂ H−1(0) is a
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conic codimension one set. Then f has to be defined there as well, and it is natural for it to be
homogeneous.

Note that (34) determines Lf up to a smooth elliptic multiplier only. That non-uniqueness is
caused by the freedom to multiply H by such a factor without changing SH

0 . On the other hand,
injectivity of L and a possible microlocal invertibility are unaffected by such a factor.

Theorem 4.3. Lf = 0 for every null bicharacteristic contained in Γ0 if and only if f = XHϕ on
Γ0 with some ϕ(x, ξ) defined there, homogeneous of order m − 1 and vanishing for x ∈ ∂M . This
is equivalent to f = XHϕ + µH near Γ0 with ϕ any smooth homogeneous extension of ϕ near Γ0,
and some µ(x, ξ) homogeneous of order m− 2.

Proof. The proof is as that of Theorem 3.1. The homogeneity of ϕ follows by construction. For the
second part, take any extension of ϕ as above. Then f −XHϕ = 0 on Γ0, thus f = XHϕ+µH with
some µ since H is a defining function of H−1({0}). Then away from Γ0, µ is uniquely determined
from that equation, and in particular, it must be homogeneous of order m− 2. By continuity, this
would be true on Γ0 as well. Note that another extension of ϕ would produce another µ having the
same value on Γ0. □

The extensions of ϕ and µ do not need to be homogeneous outside H−1(0) but we keep them
this way because we assume f homogeneous as well. The equivalency statement above has to be
considered in the homogeneous class.

5. Rigidity of Finsler manifolds

In this section we apply the results of Section 2 to prove a rigidity result for Finsler metrics. We
assume that M is a manifold with boundary equipped with a Finsler structure, that is, a smooth
function F : TM \ 0 → (0,∞) whose restriction to the tangent space TxM is a Minkowski norm
for each x ∈M . This means by definition that F (x, ·) is positively homogeneous of order one, and
its Hessian3 gv(x) :=

1
2∂

2
vF

2(x, v) is a positive definite quadratic form for each (x, v) ∈ TM \ 0. We
extend F by continuity to the zero section for convenience. Note that the Finsler structure need
not be reversible, i.e. invariant under the map (x, v) 7→ (x,−v), and we do not assume this. A
standard reference for Finsler geometry is [3]. A Riemannian metric g induces a reversible Finsler

structure upon setting F =
√
g(v, v). Inverse problems in Finsler geometry have attracted interest

in the recent years, partly due to its relevance in the study of the propagation of elastic waves in
anisotropic elasticity (see e.g., [7, 8, 19]).

The dual Finsler function F ∗(x, ξ) on T ∗M is defined on each T ∗
xM , x ∈M , as the maximum of

ξ(v) for F (x, v) = 1. It turns out that F ∗(x, ·) is a Minkowski norm on each T ∗
xM , called a co-Finsler

norm, see [3, Sec. 14.8], in particular 1
2(F

∗(x, ·))2 has a positive definite Hessian away from the zero

section. The Legendre transform LF : TM \ 0 → T ∗M \ 0 with respect to 1
2F

2 is defined pointwise

for each x, mapping TxM \ {0} to T ∗
xM \ {0} by LF (x, v) = ∂v(

1
2F

2) = F∂vF = gv(x)(v, ·), where
we used Euler’s identity. It is a diffeomorphism, in general not linear in the fibers, and satisfies

F = F ∗ ◦ LF . (36)

Moreover, (LF )
−1 = LF ∗ . The Finsler geodesic flow Φt

L on TM is the flow determined by the

Euler–Lagrange equations for L = 1
2F

2. The co-Finsler flow on T ∗M is the Hamiltonian flow of

H := 1
2(F

∗)2. The corresponding flows are conjugated by LF :

Φt
H ◦ LF = LF ◦ Φt

L. (37)

3The subscript v here and throughout the section does not stand for differentiation.
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(This is a general fact about Lagrangians with positive definite Hessians, see e.g. [5, Theorem
20.10].) The Hamiltonians we obtain from Finsler metrics are homogeneous of order two, and have
convex Hessians. We will call them convex (homogeneous of order two) Hamiltonians. Conversely,
given any such Hamiltonian, we can apply the Legendre transform related to it to get a Finsler
metric on M . This gives us an one-to-one correspondence between Finsler metrics and strictly
convex, homogeneous of order two Hamiltonians, which we exploit.

In contrast to Section 2, we work in the tangent bundle. We denote by SM = {(z, v) ∈ M :
F (v) = 1} the unit sphere bundle with respect to F , which is a smooth manifold with boundary
∂SM . Let U be an open subset of ∂M (we can always think ofM being included in a larger smooth
Finsler manifold, if needed), and let U be an open subset of SM over U consisting of inward pointing
unit vectors4. (As before, we only treat the inward pointing case, since the outward poining one is
similar.) Note that unlike here, in Section 2, U was a subset of T ∗U . We define G ⊂ TM similarly
to Γ in (6) (so G is conic) and we assume that all geodesics emanating from initial velocities in U
intersect ∂M for the first time transversely, in an open set V ⊂ ∂M . By (36), unit codirections in
the sense of section 2 correspond to unit directions in the Finsler sense. Here we will make sense
of the scattering relation as a map

ŜF : U → SM
∣∣
V
,

similarly to (2), although here we only need it on unit length vectors. This is also the approach
in other works studying versions of the scattering relation on Finsler manifolds, see [7]. The travel
time ℓ : U → R is defined similarly to the Hamiltonian case.

In Section 2, the scattering relation was defined between subsets of the cotangent to the boundary,
and we would like to use the results obtained there. We write ∂±SM = {(z, v) ∈ SM : ±dρ(v) > 0}
for the incoming/outgoing portion of the boundary, where ρ is any boundary defining function. We
have a natural map

R± : ∂±SM → T ∗∂M, v 7→ ι∗ ◦ LF (v). (38)

In coordinates near a boundary point as usual, it satisfies ξα = ∂vα(
1
2F

2(x, v)) =
∑

1≤j≤n gαj(v)v
j ,

α ≤ n−1. From this expression one can see, for instance, that (38) depends on the values of F only
in a neighborhood of v – in principle, F does not even need to be defined elsewhere. We assume
that F is defined globally mainly for notational convenience.

Lemma 5.1. The map R± is a diffeomorphism onto its image.

Proof. Recall that F ∗ is a Minkowski norm and LF : TM \ 0 → T ∗M \ 0 is a diffeomorphism.
By (36), it induces a diffeomorphism SM → S∗M , where S∗M is the unit cosphere bundle of
H = 1

2(F
∗)2 as in (1). We denote the spaces of incoming/outgoing covectors by

∂±S
∗M = {(x, ξ) ∈ ∂S∗M : dπXH ∈ ∂±SM}.

Since dπXH(ξ) = Hξ(ξ) = LF ∗(ξ) = (LF )
−1(ξ), the property of being incoming/outgoing is pre-

served by LF and we obtain diffeomorphisms LF : ∂±SM → ∂±S
∗M . It suffices to show that

ι∗ : ∂±S
∗M → T ∗∂M (39)

is a diffeomorphism onto its image.
Choose coordinates (x′, xn) as usual near a boundary point, so that (x, ξ′) = ι∗(x, ξ) for some

(x, ξ) ∈ S∗
xM , x ∈ ∂M , where ξ = (ξ′, ξn). To show that (39) is injective, it suffices to show

that for given (x, ξ′) ∈ ι∗(∂±S
∗M) there exists exactly one ξn such that H(x, ξ′, ξn) = 1/2 and

Hξ(x, ξ
′, ξn) ∈ ∂±SM (note that ξn could have any sign). Denote the unit co-ball bundle by

B∗M = {(x, ξ) ∈ T ∗M : H(x, ξ) ≤ 1/2}.
4This means that for any boundary defining function ρ for M we have dρ(v) > 0 for all (x, v) ∈ U.
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As a consequence of the triangle inequality for Minkowski norms (see [3, Theorem 1.2.2]), the set
B∗

xM is strictly convex for every x ∈ M , in the sense that any line segment in B∗
xM joining two

distinct points is contained in its interior. For fixed (x, ξ′), consider the function t
f7→ H(x, ξ′, t),

which satisfies f ′′ > 0 and f
|t|→∞→ ∞ by convexity and homogeneity of H. The ξn’s in ι

∗(x, ξ′, ξn) =
(x, ξ′) correspond exactly to the solutions of f(t) = 1. There is at least one such solution since
(x, ξ) ∈ ∂±SM , and it satisfies f ′(t) = Hξn(x, ξ, t) ̸= 0, so there has to be exactly one more where
f ′ has the opposite sign, by the aforementioned properties of f . Therefore, (39) is injective. It is
a local diffeomorphism by the condition Hξ ̸= 0, which allows us to solve the equation H(x, ξ, ξn)
smoothly for ξn in a neighborhood of (x0, ξ0) ∈ ∂±S

∗M . □

Remark 5.1. There is another natural map ∂±SM → T ∗∂M , which can be constructed as follows.
As discussed in [24, p. 27-28], there exists a unique inward/outward pointing unit normal vector
field ν± to ∂M , in the sense that g±ν(±ν, w) = w for all w ∈ T∂M (ν± are not necessarily linearly
dependent). Hence we obtain well defined decompositions TM = Rν± ⊕ T∂M , so that one can

define projections P± : ∂TM → T∂M . Since F induces a Finsler structure F̂ on ∂M , we can define
a map ∂±SM → T ∗∂M by LF̂ ◦ P±. If F comes from a Riemannian metric this map agrees with
R±, though in general this need not be the case.

Note that by Lemma 5.1, an inward/outward poiting v ∈ ∂SM can be recovered given the form

⟨ξ′, w⟩ := gv(v, w) for all w ∈ Tx∂M . By (37), we have ŜF = L−1
F ◦ ŜH ◦ LF , recall (2). Moreover,

by Definition 2.1 we can write on U

ŜF = R−1
− ◦ S ◦ R+. (40)

This is our reason for defining R± as in (38) instead of using the approach outlined in Remark 5.1.

Remark 5.2. In the study of the lens rigidity problem in the Riemannian case one often defines
the scattering map S : T∂M → T∂M , by taking projections and “inverse projections” of the
outgoing and incoming data of Ŝ. This has the advantage of requiring knowledge of the unknown
metric g only on T∂M , as opposed to ∂TM . In our case, defining such a projection as described in
Remark 5.1 does not interact well with the Hamiltonian formulation of the problem. To take the
Hamiltonian approach, one could define S := L−1

F̂
◦R◦ Ŝ ◦R−1 ◦LF̂ , however this seems somewhat

artificial. Of course, in the Riemannian case the two approaches agree.

Let M̃ be a second manifold with boundary such that ∂M = ∂M̃ . Write H = 1
2(F

∗) as
before and Γ = LF (G). We denote by KΓ,H the set of homogeneous canonical transformations

κ : Γ → κ(Γ) =: Γ̃ ⊂ T ∗M̃ such that H̃ := H ◦ κ−1 is strictly convex on Γ̃ (see Remark 5.3 below).

Since then H̃ = 1
2(F̃

∗)2 for a Finsler metric F̃ , for κ ∈ KG,H we have the chain of maps

(G, F ) LF−→ (Γ, H)
κ−→ (Γ̃, H̃)

LF̃∗−→ (G̃, F̃ ). (41)

Lemma 5.2. Let F be a Finsler metric onM with G as before, and suppose κ ∈ KG,H is a canonical

transformation satisfying (8). The composition ϕ := LF̃ ∗ ◦κ◦LF : G → G̃ of the maps in (41) (using

the notation there) satisfies ŜF̃ ◦ ϕ = ϕ ◦ ŜF .

Proof. We have already seen that (8) implies SH = SH̃ . We have then

ŜF̃ ◦ ϕ =R̃−1
− ◦ SH̃ ◦ R̃+ ◦ ϕ = R̃−1

− ◦ SH ◦ R̃+ ◦ ϕ (40)
= R̃−1

− ◦ R− ◦ ŜF ◦ R−1
+ ◦ R̃+ ◦ ϕ. (42)
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Writing ζ± for the incoming/outgoing inverse of ι∗ as described in the proof of Lemma 5.1, we have

R−1
± ◦ R̃± ◦ ϕ = L−1

F ◦ ζ± ◦ ι∗ ◦ LF̃ ◦ (LF̃ ∗ ◦ κ ◦ LF ) = L−1
F ◦ ζ± ◦ ι∗ ◦ κ ◦ LF

(8)
= L−1

F ◦ ζ± ◦ ι∗ ◦ LF = Id,

since ζ± ◦ ι∗ = Id on ∂±S
∗M . Substituting in (42) we obtain the claim. □

We have the following analog of Theorem 2.1.

Theorem 5.1 (Semi-global rigidity of Finsler manifolds). The notations in the theorem are as
defined in the present section.

(a) (The direct problem.) Let (M,F ) be a Finsler manifold with boundary, with G as above. Let

M̃ be another manifold with ∂M = ∂M̃ , and let κ ∈ KΓ,H be a canonical transformation from

Γ to Γ̃ satisfying the boundary condition κ(x, ξ) = (x, ξ) on Γ
∣∣
∂M

. If H̃ := H ◦ κ−1 = 1
2(F̃

∗)2,

we have ŜF = ŜF̃ on U and ℓ̃ = ℓ for the corresponding travel times.
(b) (The inverse problem.) Let (M,F ) and (M̃, F̃ ) be two Finsler manifolds with a common

boundary and assume that F = F̃ on TM
∣∣
∂M

. Assume ŜF̃ = ŜF , ℓ̃ = ℓ on U . Then there

exists a homogeneous canonical transformation κ ∈ KΓ,H with κ = Id on Γ
∣∣
∂M

such that

ϕ∗F̃ = F on G, where ϕ = L−1
F̃

◦ κ ◦ LF . In particular, ϕ = Id on G
∣∣
∂M

.

Proof. The proof of (a) follows immediately from Lemma 5.2 upon noticing that now ϕ = Id on

SM
∣∣
∂M

. To prove (b), note that by (40) and ŜF̃ = ŜF , we have R̃−1
− ◦ SH̃ ◦ R̃+ = R−1

− ◦ SH ◦ R+.

Since in our case F = F̃ on TM
∣∣
∂M

, R = R̃ and therefore SH = SH̃ . By Theorem 2.1, there

exists a homogeneous canonical transformation κ satisfying (8) such that H = κ∗H̃ on Γ. The

requirement ι∗ ◦ κ = ι∗ together with F = F̃ on TM
∣∣
∂M

, which implies H = H̃ on T ∗M
∣∣
∂M

, yield

that κ = Id on Γ
∣∣
∂M

. The requirement κ ∈ KΓ,H is satisfied automatically, since we know that

H̃ = 1
2(F̃

∗)2 is a strictly convex Hamiltonian which is homogeneous of degree 2. □

Remark 5.3. Theorem 5.1 poses the following question: given a strictly convex homogeneous
of degree two Hamiltonian H defined on Γ ⊂ T ∗M , can we characterize the set KΓ,H? Any
injective local diffeomorphism on π(Γ) lifts to an element of KG,H (and in fact any such canonical
transformation preserves the convexity of every convex Hamiltonian). These can be perturbed to
elements of KG,H that do not arise as lifts of diffeomorphisms. To see this, pick such a κ0 and a
point ζ0 = (x0, ξ

0) ∈ T ∗M \ 0 and write (y0, η
0) = κ0(x0, ξ0). Then by [13, Prop. 25.3.3] there

exist coordinates y in a neighborhood of y0 and a homogeneous generating function ϕ(x, η), where
U is a neighborhood of x0, with ∂

2
xηϕ ̸= 0 such that in a neighborhood U of (x0, ξ

0, y0, η
0) we have

graph(κ0) = (x,dxϕ, dηϕ, η). Since κ0 is the lift of a diffeomorphism, there exists an invertible
linear map such that ηj = Ai

j(x)∂xiϕ, in particular ϕ is a degree 1 polynomial in η. Slightly
perturbing ϕ in a compact set while preserving its homogeneity but breaking the linear dependence
on η, we obtain the graph of a canonical transformation in KG,H that does not originate from a
diffeomorphism. See also Remark A.2.

Appendix A. Motivation: the Hyperbolic DN map

We review some microlocal constructions motivating our definition of the scattering relation Sλ
and the travel times ℓλ in section 2, related to a positive energy level; and S0 related to a zero
energy level. We show that those quantities appear naturally in boundary observations. Instead of
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studying the Dirichlet-to-Neumann (DN) map, we study the Dirichlet-to-Dirichlet (DD) microlocal
map but the former can be obtained with the same construction, see Remark A.1.

A.1. Hyperbolic ΨDO equations with time-independent coefficients. Consider the pseudo-
differential equation:

(D2
t − q(x,D))u ∈ C∞, (43)

where q(x, ξ) ∼ q2(x, ξ) + q1(x, ξ) + . . . is a classical symbol of order two, i.e., qk is assumed
to be homogeneous of order k in ξ. Assume q2 > 0. The principal symbol q2 is invariantly
defined on T ∗M \ 0. To define the subprincipal symbol invariantly, we need to rewrite q(x,D)
as acting on half-densities first, and then the subprincipal symbol would be q1 + (i/2)∂xj∂ξjq2,
see [12, Theorem 18.1.33] and [20]. The r.h.s. in (43) can be assumed to be microlocally smooth
only, near the bicharacteristics of interest, but that can be also done a posteriori, with microlocal
cutoffs. The same remark applies to the smoothness assumptions below.

The propagation of singularities theorem relates the singularities to the Hamiltonian p = −1
2τ

2+

H(x, ξ) in time-space (the factor −1/2 there is just for convenience), where H = 1
2q2. The Hamil-

tonian system reads

d

ds
t = −τ, d

ds
x = Hξ,

d

ds
τ = 0,

d

ds
ξ = −Hx (44)

with some initial conditions. Therefore, τ = const., and we want to stay on zero energy level for p,
implying H(x, ξ) = 1

2τ
2. The first equation implies t = t0 − τs. In other words,

t = t0 − τs, τ = const., (x, ξ) = Φs(x0, ξ
0) on H(x, ξ) =

1

2
τ2, (45)

where Φt is the Hamiltonian flow of H. We see that the bicharacteristic is future/past propagating
as s increases, when ∓τ > 0. On the other hand, s has no intrinsic meaning in the propagation of
singularities theorem, and we can replace it with t. Then for η := −ξ/τ (unit in our terminology),
τ < 0, we get

d

dt
x = Hξ(x, η),

d

dt
η = −Hx(x, η).

When τ > 0, we set η = ξ/τ . Then (−τ)−1Hξ(x, ξ) = −Hξ(x, η), −τ−2Hx(x, ξ) = −Hx(x, η). In
this case, the Hamiltonian system is as above but with H replaced by −H. We can set t̃ = −t now,
and get the same system. The bottom line is that for τ < 0, the unit codirection in the effective
Hamiltonian would be η = −ξ/τ , while when τ > 0, we have η = ξ/τ propagating back in time.
Thus our setup covers both cases. Note that we described how we can treat t as a parameter (time)
instead of one of the “spatial” variables. If we want to work in spacetime, we should stay with (44).

Example A.1. Take the simplest case H = |ξ|2/2 on T ∗Rn. Then the speed is |ẋ| = |Hξ| = |ξ|.
We are free to rescale s by any constant (or even by functions), which is equivalent to multiplying
p by elliptic factors. This does not change the propagation of the singularities statement but the
new zero bicharacteristics are such for a new Hamiltonian: µp = µ(−τ2/2+H) instead of what we
have, µ = 1. In this constant coefficient case,

t = t0 − τs, x = x0 + sξ

with ξ, τ constant, τ2 = |ξ|2 ̸= 0. Setting t0 = 0, we get

x = x0 − tξ/τ.

Set η = −ξ/τ . Then η is unit, and in fact

x = x0 + tη0, η = η0 (46)
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is a Hamiltonian curve for H = |η|2/2 but now the energy level is H = 1/2. Note that the sign of
τ did not matter above but the Hamiltonian H in this case is an even function of ξ.

Assume now that M = {(x′, xn) ∈ Rn : xn > 0}. Given a singularity (t, x, τ, ξ′) of boundary
data f on R× ∂M , with the prime standing for a restriction, we get two ξ’s with that restriction:
ξ± = (ξ′,±ξn) with ξn := (τ2 − |ξ′|2)1/2 assuming |ξ′| < |τ | (a timelike singularity). The first one
points into M , and the second one points outside of it. If τ < 0, they both propagate to the future,
meaning t increases with s, with (τ, ξ±) propagating in/out M . When τ > 0, they are both past
propagating. On the other hand, when s decreases, they propagate to the future.

If we are just given H in this example, and we want to connect it to (43), we start with (46)
with η0 unit. Restricting it to T∂M , we have η0′ with |η0′| < 1, and there are two covectors η±
with that restriction. The first one, η+ corresponds to a propagation into M for t > 0. The second
one, η− propagates into M for t < 0.

Since H > 0, we can factorize 1
2τ

2 − H = 1
2(τ −

√
2H)(τ +

√
2H). Depending on the sign of

τ , one of the factors is elliptic along the zero bicharacteristics of the other. This shows that it is
enough to analyze just one of the factors microlocally on H(x, ξ) = 1

2τ
2.

A.2. Equations of real principal type. We consider the more general case now, of which sec-
tion A.1 is a special case. We return to the partial case in section A.3. Let p be of real principal
type as in section 4.1. We assume the order to be m ∈ Z. The following theorem is essentially
known, see, e.g., [35] for a Lorentzian version, and directly related to the propagation of singularities
theorem.

Theorem A.1. In the notations of section 4.1, let f ∈ E ′(U), WF(f) ∈ U . Let u solve p(x,D)u ∈
C∞ in a neighborhood of Γ0, and u|U = f mod C∞. Then the map

Λ: f 7→ u|V
is an elliptic FIO of order zero associated with the scattering relation S0 of pm at zero energy level.

Proof (Sketch). In local coordinates in which U = {xn = 0}, we are looking for a parametrix of the
form

u(x) = (2π)−n+1

∫
eiϕ(x,ξ

′)a(x, ξ)f̂(ξ′) dξ′,

where a ∼ a0 + a1 + . . . is a classical amplitude of order zero, and ϕ solves the eikonal equation

H(x, dxϕ) = 0, ϕ|xn=0 = x′ · ξ′. (47)

We solve it for (x, ξ′) in a conic neighborhood of (x0, ξ
0′). The method of characteristics, see [10],

says that we determine dxϕ(x, ξ
′) for xn = 0 first by solving H(x, dxϕ) = 0 for ∂xnϕ there. This

algebraic equation may have more than one locally smooth solution; we pick one of them. In our
case, it is the one giving us ∂xnϕ = ξn, see (5). Then we pass to the ξ′ dependent coordinates
(x′, s) 7→ x(s) = γ(x′,0),ξ(x′)(s), where γ is the projection of the zero bicharacteristic on the base.
In those coordinates, ϕ = x′ · ξ′. Then it happens that dxϕ = ξ(s), where the latter is the fiber
component of that bicharacteristic. To apply p(x,D) to u, we use the asymptotic expansion of a
ΨDO applied to eiρϕa, as ρ → ∞. In this case, ρ = |ξ′|, see [38, Theorem VI.3.1]. The leading
terms yield the eikonal equation (47). The second term, see (3.32) and (3.34) in [37], implies the
first transport equation:

Ta0 = 0, a0|xn=0 = 1,

where

T :=
∑
|α|=1

(∂αξ pm)(x, ∂xϕ)D
α
x + pm−1(x, ∂xϕ) + i

∑
|α|=2

(∂αξ pm)(x, ∂xϕ)
1

α!
Dα

xϕ.
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The transport equation Ta0 = 0 is an ODE along each zero bicharacteristic, projected to the base,
as the leading term indicates. The next two terms are potential-like and they can be handled by an
integrating factor technique. In particular, a0 never vanishes. To determine aj for j ≥ 1, we solve
an inhomogeneous transport equation, with the same T but with a right-hand side determined by
the previous steps. A similar construction is presented in [36, Ch. VIII], for example, by introducing
an auxiliary time variable.

Assume for a moment that the eikonal equation is solvable all the way to V , and a bit behind it.
Then Λ is a formal (at this point) FIO, microlocally from U to V with a Lagrangian parameterized
by the phase ψ := ϕ(x′, ξ′) − y′ · ξ′, x ∈ V , y′ ∈ U , where x′ is x restricted to V in coordinates in
which V = {xn = 0} (note that here we swap the roles of x and y to make our notation consistent
with [36]). The associated canonical relation, see, e.g., [36, VIII.5], is

(∂ξ′ϕ, ξ
′) 7→ (x′, ∂x′ϕ). (48)

We claim (and this is known, in principle) that the above reduces to

(y′, ξ′) 7→ (x′, ∂x′ϕ(x′, ξ′)),

where y′ is such that the bicharacteristic from (y′, 0) ∈ U with co-direction ξ having projection ξ′

hits (x′, 0); then ∂x′ϕ(x′, ξ′) would be the co-direction there. This is exactly S0.
To prove the claim above, let (x, η) = (x(t, y′, ξ′), η(t, y′, ξ′)) be that zero bicharacteristic. Con-

sider F (t) := ϕξ′(x(t, y
′, ξ′), ξ′). Then Ḟα(t) = ẋi(∂xi∂ξαϕ) = Hξi(x, η)(∂xi∂ξαϕ)(x(t, y

′, ξ′), ξ′). The
latter vanishes as it follows by differentiating the Hamilton-Jacobi equation (47) with respect to ξ′.
Then F (t) = F (0) = y′. We refer to [38, p. 322] for a similar argument.

The construction above is local only, and may not extend all the way to V . On the other hand, it
works in the same way starting from a small hypersurface U1 intersecting γ0 transversally, so that
(4) holds at that point, which can be achieved by choosing U1 suitably. We can choose a partition
of unity along γ0 to write Λ as a composition of a finite number of FIOs having a canonical relation
the composition of the corresponding scattering relations, which is S0, see also [35]. □

Remark A.1. One can study the Dirichlet-to-Neumann (DN) map in Theorem A.1 instead, as it
is often done in the literature. The treatment is very similar, one needs to reflect the solution at
V with the Dirichlet boundary condition, and take the trace of the normal derivative at V , see,
e.g., [35] for this construction in the wave equation case. The DN map is an elliptic FIO with the
same canonical relation, of order one.

Remark A.2. Relation (48), without the primes, allows us to construct a large set of canonical
relations κ satisfying the boundary condition in (8), through a generating function ϕ(x, ξ) of kind III.
It is enough to take ϕ(x, ξ) to be homogeneous of order one, with ϕ(x, ξ) = x′ ·ξ′ for x = (x′, 0) ∈ U ,
and ξ in some conic neighborhood of some ξ0 ̸= 0; and similarly on V , with respect to the boundary
coordinates there. As long as (48) is a diffeomorphism from Γ to Γ̃ (true, for example, when ϕ is
small enough in some Ck), then we get a canonical transformation κ with the desired properties.
In particular, one can choose ϕ = x · ξ away from some neighborhood of U ∪ V ; then κ(x, ξ)
would be identity for x close to U or V . Note that the κ’s obtained this way are generated by a
diffeomorphism F if and only if ϕ(x, ξ) = F−1(x) · ξ.

A.3. Back to hyperbolic ΨDO equations with time-independent coefficients. We consider
the special case of (43) now. Then p = τ2 − q is homogeneous of order two, and dividing by 2 for
convenience, we have p2 = τ2/2−H(x, ξ), H = q2/2. The variables denoted by x ∈ Rn in section A.2
are (t, x) ∈ R1+n now. The analog to (x0, ξ

0) is a fixed point (t0, x0, τ
0, ξ0) ∈ (T ∗R × U) \ 0. We

preserve the notation U , V , U , V to be as in section 2, related to x only, keeping in mind that in the
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setup of section A.2, they get replaced by R × U , etc. We assume condition (4) at (t0, x0, τ
0, ξ0),

and at the exit one, (s0, y0, τ
0, η0). In particular, this fixes sgn(τ0). The sign of s in (45) depends

on whether ξ0 is incoming (then s > 0) or outgoing (then s < 0). Then Γ0, related to τ2/2− q2/2,
takes the form

Γ0 =
{
(t, x, τ, ξ)| (x, ξ) = Φ−(t−t̂)/τ (x̂, ξ̂), (x̂, ξ̂) ∈ U|τ |, τ ∈ sgn(τ0)R, t̂ ∈ R

}
,

where the sign of −(t− t0)/τ (which we called s above), determining the sign of t− t̂, depends on
ξ0 as explained. The range of the interval over which t varies is determined by the requirement
that the trajectory is between U and V .

Theorem A.2. Let f ∈ E ′(R×U), WF(f) ∈ (T ∗R×U) \ 0. Let u solve (D2
t − q(x,D))u ∈ C∞ in

Γ0 and u|R×U = f mod C∞. Then the map

Λ : f 7→ u|R×V

is an elliptic FIO of order zero associated with the canonical relation

(t, τ, (y′, η′)) 7→ (t+ sgn(−τ)ℓ(y′, η′/|τ |), τ, S|τ |(y′, η′)),

where S|τ | is the scattering relation of H = 1
2q at energy level τ2/2.

Proof. Set p = −1
2τ

2 + H(x, ξ). The Hamiltonian flow then decouples as in (45). The canonical
relation of Λ then can be written as

(t, x′, τ, ξ′) 7→ (t− τℓ|τ |(x
′, ξ′), y′, τ, η′), (y′, η′) = S|τ |(x

′, ξ′),

where ℓ|τ |(x
′, ξ′) is the value of s at which (the base projection of) Φs((x′, 0), ξ) reaches V , with ξ

solving H((x′, 0), ξ) = τ2/2. We have ℓ|τ |(x
′, ξ′) = |τ |−1ℓ(x′, ξ′/|τ |), which completes the proof. □
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