THE LINEARIZED MINIMAL SURFACES PROBLEM
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ABSTRACT. We characterize the kernel of the linearization R of the minimal surface problem
about the Euclidean metric in a bounded smooth domain 2 C R", n > 2, with the background
minimal surfaces being the Euclidean planes. We show that, in the whole-space Euclidean
decomposition, the kernel consists of potential fields and TT fields. For bounded domains, a
similar phenomenon appears with additional boundary coupling conditions; in particular, the
TT part may be coupled to a harmonic conformal component.

1. INTRODUCTION

The nonlinear minimal surface problem asks whether we can determine a Riemannian metric
g on a compact Riemannian manifold M with boundary, up to an isometry fixing the boundary
OM, from the knowledge of the areas of all minimal (hyper)surfaces 3 with given “loops”
XN OM. For the recent progress with this problem, and its relevance to physics, we refer
to [1,4], and the references therein.

The purpose of this note is to analyze the kernel of the linearization R of the minimal
surface problem about the Euclidean metric in a bounded smooth domain 2 C R", n > 2,
with the background minimal surfaces chosen to be the Euclidean planes. This linearization was
computed in [4] to be a certain Radon transform of tensor fields of order two over the minimal
surfaces chosen, see Definition 1 in the appendix. In the Euclidean case under consideration,
it reduces to

R(S) = /E trs(f) dp,

where 3 runs over all hyperplanes, try(f) is the trace of f restricted to X, and du is the
surface measure. Of course, even in R™ the shape of minimal hypersurfaces can be quite
complicated, such as catenoids, or helicoids, for example. Here we only consider the trivial
minimal hypersurfaces, namely the hyperplanes in R™. Notice that the (oriented) hyperplanes
in R” can be parameterized by (s,w) € R x S" ! as {x € R" : 2 - w = s}. We first study the
Radon transform of tensor fields defined on the whole Euclidean space. We can write

Rf(s.0)= [ (6] = fyw'ed)dn

where tr f = fi;6 = S°I | fi; with 6% the Kronecker delta function. It is straightforward
to see that potential fields f = d°v (here d° is the symmetric differentiation), for one-form
v vanishing on the boundary 0f, are in Ker R even in the general Riemannian case, see the
appendix. This is expected since the nonlinear minimal surface problem has the diffeomorphism
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gauge invariance, and potential fields linearize it. We show however, that Ker R contains T'T
tensor fields as well (divergence-free and trace-free) satisfying certain boundary conditions.
This is unexpected since it was proven in [1], that the nonlinear problem has a unique solution
up to the diffeomorphism gauge. Therefore, there is no second gauge group of transformations
preserving the data, which TT tensors would linearize. On the other hand, we study a formally
determined problem, while in [1], the nonlinear problem is overdetermined by infinitely many
dimensions. Perhaps we can view the T'T subspace as an instability one.

In a recent paper [4], it was shown that R is invertible when f is kept in a fixed conformal
class with a background analytic metric; which also leads to uniqueness and stability results
for the nonlinear problem. In the conformal case, R reduces to a generalized Radon transform
of a function over minimal surfaces, which is elliptic, at least under the Bolker condition, see
also [1,3,9], where the surfaces do not need to be minimal.

We present several characterizations of Ker R. First, using a Fourier transform based analysis
in section 2, we show that once we decompose f, originally supported in 2, into

f=dv+ fTT + de,

with the potential part d*v, the TT part fTT and the conformal part \e in the whole R,
then Ker R consists of the first two parts, which in general extend their supports to the whole
R™. We turn our attention next to a characterization of Ker R without “escaping” to R™. In
Lemma 3, we prove that Ker R coincides with the kernel of the simple differential operator

(1) Pfi=—Atrf+00'f;

when we view f extended as zero outside 2. The operator P happens to be the linearization of
the scalar curvature about the Euclidean metric corresponding to an infinitesimal perturbation
f (a covariant symmetric 2-tensor field) of the metric tensor. The extension as zero could
generate delta type terms at OS2, and their vanishing gives us boundary conditions. We exploit
them in Theorem 1 and Theorem 2 to formulate characterizations of Ker R in terms of the
standard decompositions of tensor fields of order two in ). Even though those theorems give
necessary and sufficient conditions, they still leave unanswered the question whether one can
simplify the description even further.

2. FOURIER TRANSFORM BASED ANALYSIS IN R"

Note first that Rf is well defined on L'(R"™) with values in L>(S"~1; L1(Ry)). It is also
well-defined on L?(R") so that to |D,|" D/2Rf € L2(R x S*; dsdw), where the subscript e
stands for the subspace of even functions of (s,w). That map is actually unitary after scaling
by a proper constant.

We start with a Fourier slice theorem.

Lemma 1 (Fourier Slice theorem for R). For f € L'(R") U L?(R"),

(2) / e STRf(s,w)ds = fij(rw)((sij —ww’), VreR,VweS"
R
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Proof. Write
/Re"st(s,w) dSI/R/ - e (tr f — fijw'w?) dpds
:/R/ - e (tr f — fijw'w?) dpds
= / ) e~ T (tr f — fiw'w) da.

Recall that the symmetric differentiation of a one-form v is given by
1
(d*v)ij = 5(9v; + Jjvi),

so it’s easy to check that

— . igg

(@0):5(6) (57 - "‘C 52) _0,
Therefore we can show directly by (2) that the potential tensors are in the kernel of R (through
the extension of a compactly supported potential tensor by zero to the whole space R™). Of
course, this is already verified in the appendix even for the Riemannian case.

On the other hand, (2) also shows that there are additional elements in the kernel of R.
Let div be the adjoint to —d® under the L? inner product. Symmetric tensors f satisfying
the equation div f = 0 are called divergence free (or solenoidal) tensors. We denote by div
the divergence of one-forms, as well. We have the following orthogonal decomposition of L?
symmetric tensor fields on R", see [10].

Lemma 2. For any symmetric 2-tensor f € L*(R™) of compact support, there exists uniquely
determined symmetric 2-tensor f3. € L*(R") and 1-form vgn € HL_(R™), smooth outside
supp f, such that

[ = fan + d°vrn, div fRn =0, wvrn — 0 as |z| = oco.
Moreover, the following estimates hold for |x| large enough
|fgn (@)| + |d*ogn (2)] < C(L+[2)7", Joga(2)] < C(L+ |z])' "

We already know that R(dvgn) = 0. We consider the L? solenoidal symmetric 2-tensors,
i.e., those f satisfying

These equations imply

Therefore

(3) IAGICE

) = Fis(€)67 = x(F)(&),

and by (2) again, this implies that trace-free solenoidal 2-tensors are in the kernel of R (when
defined on the whole space R™). They are called transverse-tracefree (TT) tensors in relativity.
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Proposition 1. For any symmetric 2-tensor f € L*(R™) of compact support, there exists
uniquely determined symmetric 2-tensor fga € L*(R™), 1-form vgn € HL _(R™) and a function
Arn € L2(R™), smooth outside supp f, such that

f = fad 4+ dvgn + Agne,  div fad =0, tr(fgr) =0,
where e is the Euclidean metric, and for || large enough,
(4) |figr! ()] + [d*vgn (2)] + [ AR (2)] < C(L+[2) 7", ogn (2)] < C(L+ [2)! 7

Proof. The proof is provided in [12], and it follows the proof in a bounded domain with bound-
ary given in [11], see Proposition 3. O

Observe that (4) implies that R is well-defined on each component.
Proposition 2. With f as in Proposition 1, assume Rf = 0. Then Agrn =0, i.e.,
f=fand + dvgn, divfga =0, tr(fga) =0,

with fu—g, vrn having the regularity in Proposition 1, satisfying estimate (4). On the other
hand, for every such f, fly—, vRrn, we have Rf = 0.

Proof. The second statement follows from (3). For the first one, we get first 0 = Rf = R(Agne),
which is just the Euclidean Radon transform of the function (n—1)Agn, therefore, Agn = 0. O

The representation (2) indicates that Ker R might consist of the kernel of the differential op-
erator P introduced in the Introduction in (1), with the right boundary conditions or conditions
at infinity.

We denote the standard Radon transform of scalar functions by Rjy.

Lemma 3. For every symmetric two-tensor field f € E'(R™),
RoPf = —0°Rf.
In particular, such an f is in Ker R if and only it is in Ker P.

Proof. We can assume w = e, without loss of generality. Let f € C§°(R") first. We have

Ron(s,en):/n_ (—Atrf+8i8jf¢j)dx’:/ (=02 tr f + 0,0 fnj) da’

rh=s

- / (=02 tr f + &2 fum) da’ = —B2Rf (s, cn).

We used Green’s formula once (integral of A/(tr f) = 93 tr f+---+02_, tr f on 2™ = s is zero),
and the divergence theorem twice.

To prove the first statement for f € E£'(R™), given such an f, we approximate it with
fn € C§°(R™) in D'(R™).

Now, let f € Ker PN &' (R™). Then 0?Rf = 0, and since Rf is compactly supported, we
get Rf = 0. Assume f € Ker RN E'(R™). Then RyPf = 0 with Pf € &(R™), which implies
Pf=0. O
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3. R RESTRICTED TO A BOUNDED DOMAIN

It is known that on a compact Riemannian manifold (M, ¢g) with boundary, there is a unique
decomposition of L? symmetric 2-tensor f [11, Theorem 3.3]:

Proposition 3. For every symmetric 2-tensor field f € H*(M), k=0,1,...,
f=dv+Ag+ 1T, vlo=0, divfTT =0, te(f'") =0,

for uniquely determined one-form v € HF a scalar function X € HF, and a symmetric
2-tensor f11 € H, depending continuously on f € HF.

In 10C&1 coordina(es
S 1
(d U)z] = 7(v,ﬂ}j —|— Vj’l}i),

where
8Uj

Vivi = ot

k
_— Fijvk7

Ffj are the Christoffel symbols.

and
tr f = g% fij,

where g~! = (g%) represents the dual metric of g.

In particular f'7 is divergence-free and trace-free. In our case, ¢ is Euclidean, and M is the
closure of a bounded smooth domain 2 C R"™.

First, if f = d°v is potential, d® commutes with the extension as zero because v = 0 on 02,
and such fields are in Ker P (as well as in Ker R).

Let v be the unit outer normal vector along the boundary 0. Given a symmetric 2-tensor
f, we denote f,, = f(v,v) and f,r is the tangential part (w.r.t. the boundary 9Q) of the

1-form f(v, -). Next, divgq is the tangential divergence (i.e. the divergence operator of the
boundary 0f).

Theorem 1. The symmetric two-tensor field f € H?(Q) belongs to Ker R if and only if its
decomposition by Proposition 3 satisfies the following:

AN=0 1inQ,
;I'l;l' = (n — 1))\’ divgn Jj—! = (n — 1)81,)\ on O0f2.

We need the following lemma for the proof of the theorem. In it, we use the standard
convention

Goont) = [ wdS,  (D,6000) = — / By dS
o0 o0

for any test function ¢ € C§°(R™). Next, (div f), = (div f)(v), and the notation h|,g 0,090
denotes the distribution in D’ (R™) given by

(hlgn Ovdan, ¥) = —/ hlgq Ovt dS = —/ h O, dS.
o0 o0

for any ¢ € C3° (R™).
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Lemma 4. For f € H?(Q),
P(fx) = (Pf)x
(5) + [0y tr f — (div f), — divoa(fur)] don
+ (tr f = fur)laq Ovdon.
Proof. Let f € C?(Q) first. Set
T =trf, Pf=—Ar+ 0 f;.

For a test function v,

(P(fx),¥) Z/QTA¢dx+/inj8i8j1/)dx.

Integrating the first term by parts twice gives

_/QTde:_A(AT)wdx+AQaVT¢d5—/mfaywds.

For the second term,
/ fi;0' 07 dx = — / (0" fi;)07 dx +/ fuj074 dS
Q Q oN

:/8j3ifij@/}d$—/ (divf)ywdSJr/ fuj® 4 dS.
Q oN o0N

On 092,
fl/jajw = ful/al/w + <fVT7 V891/1>
Since 012 is closed,

/ (fur, Voay)dS = — divga(fur)y dS.
o0 o0

Therefore

(P(fx), ) = /Q (—Ar+ D0 f,,) v da
+ [ o = (@ )y - divan(fr)] 0 dS
0N

+ /6 (o= Tlon 0,1 dS.

For a general f € H?(Q), approximate f by a sequence {f, € C?(Q)} in H?, apply (5) to each
fn, and then take the limit of both sides in D'(R™). O

Proof of Theorem 1. We have R(xd*v) = 0, where yx actually stands for extension from € to
R™ as zero, and we used the fact that d* commutes with it on H}(£2) (or see Corollary 1 below).
Similarly, P(xd*v) = 0. We need to analyze R and P applied to xfT'T and x\e. For the latter,
by Lemma 4, we have

P(Xex) = (n — 1)[=(AN)x + (0uA)daa + Alaad.doql-
For the T'T part, we have
P(fTTx) = —divaa(f,7 )daa — f1, loadydaq.

Combining those two with Lemma 3, we complete the proof. O
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Remark 1. Tt is not a priori clear how rich the space of (), fTT) satisfying the conclusions of
Theorem 1 is. When A = 0, such non-trivial TT tensors exist, as mentioned above. We do not
know if A can be non-zero.

If fis TT a priori, it is in Ker R if and only if
fl/l/ = 07 diVaQ fVT - O

In dimension 3, non-zero compactly supported TT tensor fields exist, see [5, Appendix B], [8,
Proposition 3.10] for explicit constructions. They can be constructed by applying the linearized
Cotton—York operator to compactly supported trace-free symmetric 2-tensors; see Beig [2].
Moreover, on compact manifolds without boundary, in suitable weighted Sobolev topologies,
compactly supported TT tensors are dense in the corresponding TT space; see Remark 9.9 in
Delay [7] and Dahl-Kroncke [6]

The theorem shows that the whole space equivalent to Proposition 2 does not hold since
we need extra conditions on f1T to guarantee that it is in Ker R. If those conditions are not
met, Rf = 0 need not force the conformal component in the bounded-domain decomposition
to vanish.

We can use the standard potential-solenoidal decomposition instead.

Theorem 2. The symmetric two-tensor field f € H*(Q) belongs to Ker R if and only if its
standard potential-solenoidal decomposition f = d*v + f° in Q satisfies the following:

Atrf°=0 inQQ,
o, =trf* diveq fir =0, tr f* on 0.

The proof follows directly from Lemma 3 and Lemma 4. The theorem does not require
tr f* = 0 (and does not separate it from a conformal term) but it requires the trace to be
harmonic. It is not clear whether solutions for f* with non-zero traces exist. If tr f* = 0, then
such tensors reduce to the ones in Theorem 1.

APPENDIX A. LINEARIZATION OF THE AREA FUNCTIONAL

We recall the linearization of the minimal surface functional, derived in [4], as well, and show
that potential fields belong to its kernel. Let (M, g) be a compact Riemannian manifold with
boundary of dimension n > 2. For 1 < k < n, given a (k— 1)-dimensional closed submanifold ~
of M, under some conditions, see, e.g., [4] for k = n— 1, we can find a k-dimensional minimal
surface ¥ (w.r.t. the metric g) in M such that 0¥ = . We denote the area of the minimal
surface ¥ by A(X). We consider the linearization of the area A(X) = Ay(3) w.r.t. the metric
g.

When k£ = 1, ¥ is a geodesic on Riemannian manifold M, and A(X) is its length. The
problem then is reduced to the usual boundary rigidity problem of Riemannian manifolds,
which has been extensively studied, see the recent survey [13] and the references therein for
more details.

Proposition 4. Let f be an arbitrary symmetric 2-tensor, and define g° = g+sf for s € (—e,€)
with 0 < € < 1. Let v be a (k — 1)-dimensional closed submanifold in OM, for each s, we
denote the unique k-dimensional minimal surface w.r.t. g°, whose boundary is v, by Xs. Let
Ays(Es) be the area of £ w.r.t. g°. Define the embedding v : g — M. Then

(6) Sl ®0 =5 [t (0700)

dsls=0
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where dy is the volume form of ¥g.

Notice that 9*(g) = (1*(g)ap) is the induced metric on Xy, whose dual metric is ¢*(g) ™! =
{@b*(g)aﬂ}. In local coordinates tr«(q) ¥*(f) = V*(9)*P* (f)agp is the trace of the pull-backed
tensor ¢*(f) on the minimal surface ¥y. Given an orthonormal basis {e1,- - ,ex} for 3o, the

trace is simply 22:1 fleaseq)-

Proof. For s € (—¢,¢€), we consider proper embeddings 95 : X9 — M with 14(39) = X5 and
sly = id, so Y9 = 1. Let {xl, -, 2"} be local coordinates on M and {y',---,4*} be local
coordinates for Xg. So ws(yl, . ) 7/’37 -, 7) and

Ay /\/Wdy_/ \/det (s (y gjﬁgﬁ)d

Then

d - 1 d i 0
ds s:oAgS(Es) o /Eo 2,/det(y*(g)) ds ls=0 det (g” (ws(y))ay 8y5) dy.

Notice that g° = g + sf, it is not difficult to check that

; oYL oYl d ) Oyl ol
| det (g50sw) oy 8yﬁ) = 2| det (9(0u») o 8yﬁ)
d ) ot I
| det (950 (w) 5y ayﬂ)

By the first variational formula for the area and the fact that Y is a minimal surface w.r.t. g,
we get that

oYt ol
ot (g () s 25

d v OV
= —_ d t 37 s = d — 0
/20 — s:o\/ e (g](w (y))ﬁy"‘ ayﬁ) Y
Now by Jacobi’s formula

da Ags(zs)—/Z 4 det(afj(w(y))awiawﬂy

s=0

/20 2\/det (v dS

dsls=0 o 2¢/det(¥*(g)) dsls=0 dy> dyP
= [ vt w{w o) g _ (o055 b

-5 [ e{wor (nowgs )

2
-2 /E g (v*()) dn.
0

We consider the r.h.s. of (6) as a generalized Radon transform of symmetric 2-tensors. Given
a k-dimensional minimal surface ¥ of (M, g), let ¢ : ¥ — M be the classical inclusion. For the

sake of simplicity, we simplify the notation tr,- ([,*( f )) as try(f). We define
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Definition 1.
RIS) = [ trgy () diu= [ ers()
b by
with dp the volume form on X..

It’s easy to see that in the conformal case, i.e. g° = (1 + sc?)g, the above linearization gives
exactly the usual Radon type transform of a scalar function over minimal surfaces of M.

Recall the definition of the potential symmetric 2-tensor fields d®v, where d° = oV is the
symmetric differentiation with the Levi-Civita connection V, for some 1-form v with v|sy; = 0.

Proposition 5. Let ¥ C (M, g) be an embedded k-dimensional submanifold, with inclusion
t:X — M. Let v be a one-form on M. Then

try(d®v) = dive (L v) — v(H),
where divy, denotes the divergence on one-forms with respect to the induced metric, i.e.
divy o = (1*9)PVZay,

and H is the mean curvature vector of ¥ in M, defined by
k 1
H=Y (Ve,ea)
a=1

for any local t*g-orthonormal frame ey, ... ep of T>X. Here 1L denotes the normal part of a
vector w.r.t. the submanifold . In particular, if X is minimal, then
try(d®v) = divy(c*v).

Proof. Let ey, ..., e be a local t*g-orthonormal frame of T3. By definition,
< 1
(d*v)(X,Y) = 5((va)(Y) + (Vyv)(X)).

Therefore
k k

try(d*v) = Y (d°v)(earea) = > (Ve 0)(eq).

a=1 a=1

Let V = v¥ be the vector field on M dual to v. Then
(Veav)(ea) = 9(Ve, V, €a).
Decompose V' along ¥ into tangential and normal parts:
V=vT+vh

Since VT = (1*v)*, we have

k
Zg(veaVT, eq) = divy ((L*’U)ﬁ).
a=1

For the normal part, using g(V+,e,) = 0, we get
0= eag(vl’ €a) = g(veaVL’ €a) + Q(VJ_v Ve, €a)-

Hence
9(VeVEiea) = =g (V5 (Venea)t).
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Summing over «, we obtain

k
Y 9(Ve Vi ea) = —g(VE H).

a=1

Since H is normal, g(V+, H) = g(V, H) = v(H). Therefore

trs(d°v) = divs ((¢*0)*) — v(H).

If ¥ is minimal, then H= 0, and the claimed identity follows. O

Corollary 1. Potential fields belong to Ker R.

Proof. Since ¥ is a minimal surface, we have H=0. By the divergence theorem,

R(d*v)() = /

by

trsy(d*v) dp = /

. divy(¢*(v)) dp = /v(y) do =0,

Y

where v is the unit outer normal vector along 0¥ = v C M of the minimal surface ¥ and do
is the volume form on ~. O

[1]
2]

(10]
(11]

12]
(13]
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