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1. Introduction

Consider the wave equation
U,— Aut+q(t,x)u=0 (1.1

teR, xeR*, n=3 odd. The potential g(t, x) depends on t and satisfies the
following conditions:
(i) geC* (R, X IRY),

(i) there exist some positive constants p, C, N such that g(t, x)=0 for
|x|>p and [q(t, x)| < C(L+]t])™.

The aim of this paper is to prove that the potential g(¢, x) is uniquely deter-
mined by the scattering data.

The inverse scattering problem for stationary (time independent) potentials
q(x) has been attacked by many authors. The reader should consult [2], [10],
[18] and the references given there for the history and the recent progress in
the analysis of this problem. Most of the works in this direction deal with
the Schrédinger equation. Nevertheless it is clear that the results obtained in
these papers are applicable to the wave equation u,— Au+q(x) u=0. It is
known that for stationary potentials the uniqueness holds. The proof is based
on the Born approximation of the scattering amplitude A(k, o', w) as k— o
(see [7], [16], [22]).

The situation considerably changes when we deal with time dependent poten-
tials. The techniques used in the papers cited above are not available in this
case. One of the reasons is that we cannot use the tools from the spectral
theory. The local energy decay for (1.1) was examined by Tamura [28], while
the existence of the scattering operator was proved in [1], [8], [19], [20] for
certain classes of potentials g(t, x). In [8] Ferreira and Perla Menzala proved
that if the scattering operators related to ¢;(t, x), i=1, 2 coincide and if g, =¢,
then q,=gq,, provided that g, are non-negative, “small” in a suitable sense
and ¢,=0(t|™% as |t| > 00, 0<a=1. Recently the author [23-26] extended
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this result to a large class of potentials without assuming that the potentials
are small. Nevertheless the problem of uniqueness was not completely solved
because of the restriction g, =¢,.

The main purpose of this work is to prove the uniqueness of the inverse
scattering problem for (1.1) assuming only (i) and (ii). It is important to note
that (i) and (ii) do not guarantee the existence of the scattering operator S.
Following Cooper and Strauss [5], [6] for this reason we define a generalized
scattering kernel K* (s, o'; s, o), (s, s)eR?, (@', w)eS"~ ! x S*~ 1. This kernel
describes the scattering of the plane waves 6{(t+s— x- ) by the potential. Here
the unprimed variables denote the parameters of the incoming wave and the
primed variables those of the outgoing wave. The kernel K* will be shown
to be smooth in @', s, @ with values in the space of distributions 2'(R;) and
C* off the diagonal (5, w')=(s, w). If the scattering operator S exists, K* is
the Scwartz kernel of the operator S—1I in the Lax-Phillips translation represen-
tation [14]. Our principal result is the following.

Theorem 1.1. Let q,(t, x) and q,(t, x) be two potentials satisfying (i) and (ii)
and let K (s', o'; s, w), i=1, 2 be the corresponding generalized scattering kernels.
Suppose there exist ¢>0 and woeS" ' such that K¥ (s, o'; s, 0©)=K3 (s, o';
5, 0) for [w—wg|<e, |0 —wol<e, |§—s|<e Then q,(t, x)=q,(t, x) for all t,
X.

The structure of the paper is as follows. Section 2 contains some basic facts
which are necessary for our exposition. The generalized scattering kernel K*
is introduced in Sect. 3. Next we examine the singularities of the solution u(z,
x; s, w) of (1.1) which coincides with the plane wave §(t+s—x-w) for t large
negative. For this reason in Theorem 4.1 we construct a parametrix for uf(t,
x; s, w) in the form of a progressive wave expansion. In particular, we prove
that u(t, x; s, w)=0{t+s—x-w)+u.lt, x; s, w) where u,, is a locally bounded
function. In Sect. 5 we derive a suitable representation of K* involving the
solution u(t, x; s, ). As a consequence, for @' +w K* has the form

K*(,0';s,0)=—2"1Qm)t " g" =32 00~ V2 M(s, '; 5, ),

where
1
M@, o' s, 0)=—; (x-w—s,x)dS,
) |0) —0)! x-(w'—({)=s’fs q
+ig(x-o' —5, x)ug (x-0'—5,x;5, w)ydx (1.2)

(see Corollary 5.4). In Sect. 6 we prove Theorem 1.1. The main idea is the follow-
ing. Let us examine the limit of |’ —w| M as (s', @) - (s, w). Since u,, is locally
bounded, the second term in the right hand side of (1.2) gives no contribution
to this limit. On the other hand, the limit of the first integral in (1.2) depends
on the choice of the sequence (s, @) — (s, ). We set

o' (u)= cos u+a sin y,

sS@y=s+asiny, (4 aeR?,
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where aeS" ™!, a-w=0. Note that the primes here do not denote derivatives.
Letting u — 0, we obtain that

1in2)|w’—cu|M= { qlx-w—sx)ds,.
u—

a-x=ua

This relation allows us to determine the integrals of g over some characteristic
rays. In this way the problem of uniqueness is reduced to the proof of the
fact that these integrals determine ¢ uniquely. Finally, in Sect. 7 we discuss
briefly the connection between our time dependent approach and the Born
approximation of the scattering amplitude for stationary potentials.

I would like to thank Vesselin Petkov for several helpful discussions during the preparation
of this work.

2. Preliminary Results

We first recall some facts about the free wave equation Ju=0, [1=02— A,
(see [14]). Denote by # =H,(R")@I*(R" the completion of the set CF (R")
x C¥ (R"=f=(f, f>) with respect to the energy norm

= {3 (VA2 +1 1) dx} V2

# is a Hilbert space with energy scalar product. It is well-known that for
all R>0, ge CP(R") we have

2

R 2
Mjéx Ig(x)lzdxsz—(n_—z)ﬂvg(xn dx. (2.1)

Estimate (2.1) shows that H,(R") < I3 .(IR"). Denote by U,(t)=exp(tA) the uni-
tary group in # with generator Af=(f,, Afy), D(A={f=(f1, fL)e#; (/2
A fi1)e #'}. Then the solution of the Cauchy problem

Ou=0,
u(0,x)=11(x), w0,x)=1f(x), f=(fi,f)eH
is given by u(t)=U,(¢)f. Here and in what follows we denote the pair (u(t,*),
u,(£,*)) by u(¢). The Huygens’ principle says that supp Uy (¢) f< {xeR"; [x — y|=|¢|
for some yesupp f}. There exists a unitary map £#,: # — I*(R x $"" ') called

the free translation representation, such that (%, Uy (t) Z, * k) (s, w)=k(s—t, w).
For fe Cy (R") x C§ (IR™) the map £, is given by

k(s, )= (R, f) (s, 0)=c,(— 0" "2 Rfy + 002 RS), 22

where Rg is the Radon transform of g and for simplicity of notations we set
c,=2"tQ2r) ™2, 7 =271 (—2xm) ™2, The inverse map %, ! is given by

(B k) (x)=2¢c, [ (=09 Pk(x-w,w), "V k(x w w)do. (2.3)

lol=1
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Next we turn our attention to the perturbed Eq. (1.1). Following [12, Theo-
rems 4.5 and 6.1] (see also [[1], [24], [26]) it is easy to show that the solution
of the Cauchy problem

(O+4(t, x)u=0,
uls, x)=fi(x)  wls,x)=fK), f=(/,f)e#

is given by u(f)=U{(t, s)f. Here U(t, s) is a strongly continuous two-parameter
family of operators in J# satisfying the conditions
a) U, s) U(s,)=U(t, r)forallt,s,r; U(s, s)=1;

b) U, )] Sexp {y|t—s| sup |q(, xn};
sstst
xelRn

c) for fe D(A) we have U(t, s) fe D(A) and

(d/d) U(t,s)f=(A-Q@) Uz, 5),
(@/ds) U(t,s)f=—U(t,5)(A— Q)T

where Q(t)f=(0, g(t, x) f1(x)). Note that Q(t) is a bounded operator in #
in view of (2.1).
The operatur U(t, s) admits the representation

U(t, s)=Up(t—s)+ i Vi(t, ), (2.4)

k=1
where

t 2 -1
Vit,s)f=(—1) {doy | do, ... | doy

- Up(t—01) Qloy) ... Up(o4— 1 — ) Qo) Up (o —9) L, 2.5

k=1 (see [12, Theorem 4.5], [24], [26]). The convergence of (2.4) follows from
the estimate

L k
it 9 <2 (Xsup IIQ(T)II).

k! <e=t

Expansion (2.4) shows that for (1.1) is valid the principle of causality. More
precisely, causality means that

supp U(t, s)f={xeR"; |x—y|<|t—s| forsome yesupp f}.

This property enables us to extend U(z, s) (and U,(t)) on the space #,.={f;
pfe A for each peCF (IR")} by using a partition of unity.

Below we recall some results of Cooper and Strauss [4], [5] which are
necessary for our exposition.

Definition 2.1. The continuous function t—v()es], is called outgoing if
lim (v(t), Uy(t) g)=0 for each ge CF (R") x CF(IR™).
t—>—o0
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Here (-,*) is the scalar product in #.

Theorem 2.2 [4], [S]. Let p(t, x)e L}, (R; IZ(IR"), p(t, x)=0 for |x|> p. Then

a) there exists a unique outgoing solution u(t)=(u, u,) of the equation u,,
—Au=p(t, x);

b) there exists a unique function u* el (R x S"™ 1Y), called the asymptotic
wave profile of u, such that for each pair R; <R, we have

| |y (2, X)— |x| =@~ D2y # (le _t, i) Pdx—0, ast—w;(2.6)

Ri+t<|x|<R2+t x|

c) the map p —u* is continuous.
Note that condition (2.6) can be written in the following equivalent form

u*(s,w)= tlim t D2y, (t+5) w), 2.7

where the convergence takes place in I3 (R x $*~1).
There is another situation when the asymptotic wave profile exists. Let u(¢)
=U, () 1, fe #. Setting

u¥=(—1)""V2,f1, (2.8)

one can prove that (2.6) and (2.7) hold for t » + c0. Moreover, then the integra-
tion in (2.6) can be taken over R” and similarly (2.7) holds in IZ(R x $"~1)

(see [14], [5]).

3. The Generalized Scattering Kernel

We are going to introduce the generalized scattering kernel K*. Our definition
(see also [26], [27]) is close to that given in [5], [6] in the case of scattering
by a moving obstacle. Let hj(r)=1//j! for 120 and h;(r)=0 otherwise. Then
h;=h;_,, hy is the Heaviside function. Denote by I'(t, x; s, ) the solution
of the Cauchy problem

(O+4q(@x) I'=0,
TMi<—g—p=h(t+s—x-w), (s,0)eRxS"7"

In other words, (I', L)=U(t, —s— p) (hy(—p —x- W), he(— p—x- w)). The function
L.t x; s, w)=I(t, x; s, ®)—h,(t+s—x-w) is the unique outgoing solution
of the equation [I},=—q(t, x)I(t, x; s, @) eCR,x % *; L (R,; IZ(RY)).
By Theorem 2.2 the function I, has an asymptotic wave profile L¥ (s, o'; s,
w)eCR, x %1 ; I2 . (R, x §%7 1)) satisfying (2.6) and (2.7). We define

K*(¢,0';s,0)=2¢; 0"V LE(S, o; s, ). (3.1)

To describe the role which plays K* in the scattering theory for Eq. (1.1),
consider the following situation. Let fe# be such that #,feCF(R xS 1Y),
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(%, 1) (s, w)=0 for |s|> R and set v, (t)=Uy(t) f. Then v,(¢) vanishes in the back-
ward cone |x|< —t—R [14], hence v,y(¢) is a solution of (1.1) for t<—R—p.
Denote by v(t) that solution of (1.1) which coincides- with v,(t) for t< —R—p.
Then the function v(t)—v,(¢) is the outgoing solution of the equation [ (v—uv,)
= —qv. By Theorem 2.2 v—v, has an asymptotic wave profile. Since v, is a
free solution, there exists vy given by (2.8). Consequently, we can define v* =(v
—vo)* + v . Definition (3.1) of the generalized scattering kernel K* is motivated
by the following.

Proposition 3.1. Let v, and v be as above. Then

v*(8, 0)=v§ (s, )+ | [K*($, 055 0)v8 (s 0)dsdo,

lof=1
where the integral is to be considered in the distribution sense.
Proof (following [5]). First we will show that

v(t, X)=0vo(t, X)—2¢, [ [LAt;x;50)3" 208 (s, w)dsdo. (3.2)
loj=1

Denote by v, (¢, x) the right hand side of (3.2). Since I, vanishes for s< —t—p
and vF vanishes for |s|> R, it follows that v, =v, for t< —R—p. On the other
hand, (2.3) and (2.8) yield

vot,x)=—2¢, [ Vi (x-0—t,w)do.
lw]l=1

We have
v (6, X)=vo(t, x)+2¢, | [hi(t+5—x-@)dr VP of(s,w)dsdw
lw]=1
—2¢, | It x;sw)of V25 (s,wydsdow
lo|=1
=-—2¢c, [ (It x;s0)0" 205, w)dsdo.
Jol=1

Hence v, (¢, x) is a solution of (1.1) with Cauchy data v, =v, for t< —R—p.
This fact proves (3.2). Taking the asymptotic wave profiles of each side of (3.2)
we complete the proof of the proposition.

In the remainder of this section we will study the case when the scattering
operator exists. The wave operators associated with (1.1) are

Q,=s—1lim U0, —¢t) Uy(—1),
t—>
Wi=1im Uy,(—)U(,0)f, feRanQ,.
t—> oo
We say that the scattering operator S exists, if the limits £, and W exist defining

bounded operators. Then we set S=WQ .. We refer to [1], [8], [19], [20]
for sufficient conditions guaranteeing the existence of S.
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Proposition 3.2. Suppose the scattering operator S exists. Then the distribution
K* is the Schwartz kernel of the operator R,(S—1) &, *.

Proof. Let ke C3 (R x S"~ 1) and set =2, ' k, v,(1)=U,(?) f. Let v(t) be related
to vo(f) as in Proposition 3.1. Obviously v(1)=U(t, 0) Q. f. The definition of
S implies that

NUg(t) SE—v(®)| >0, ast— oo.

Thus the asymptotic wave profiles of U, (t) Sf and v(¢) must coincide. Combining
(2.8) and Proposition 3.1 we find

(#,8DH (s, 0)=(Z, D (5, )+ j jK#(s’,w’;s,?o)(%’,,f)(s,w)dsdw,

lol=1

which yields the required result.

4. Construction of Parametrix for u,,

An important role in our analysis plays the function u, defined by u.(t, x;
s, w)=02 I.(t, x; 5, w). Clearly u,.(t, x; s, w)=u(t, x; 5, w)—6(t+s—x-w), where
u(t, x; s, o) solves the Cauchy problem

(O+4(@ x) u=0,
Ul -, =0(t+5s—x-w). 4.1)

Note that by causality u, u,, and I, vanish for t+s<x-m. A priori u, is a
distribution. Below we prove that in fact u,, is a function which is continuous
for t+s>x-w and it has a jump at t+s=x-w. The next theorem could be
considered as a generalization of the corresponding result in [17] (see also
[3]) established for stationary potentials.

Recall the functions h;(t) introduced in Sect. 2. We are looking for an approx-
imative solution uy of the problem (4.1) in the form of the progressive wave
expansion

N
un(t, x;s,w)=0(+s—x-w)+ 3 At x, w) bt +s—x-w).
j=o

For convenience denote 4_, =6 and h;=h;(t+s—x-w). We have

N N
(D +Q)UN= - Z (Vx“a)at)'(vx'*'wat)(Ajhj)+q5+q z Ajhj

j=0 ]:O

N N
=23 [@O+ -V ATk + X O +9) AT b+ q6.

i=0 i=0
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Equating singular coefficients we obtain the following transport equations for
j
200+ w-V) Ag=—q,
2(6t+wvyc)AJ=_(|:|+q)AJ—1s j=1929-“9N'

These equations can be solved setting

1 0
Ay(t, x, w)= — | qt+o,x+ow)da,

—

1 0
Aj(t,x,w)=—5 [ O+9A4;-,¢t+0,x+00,w)ds, j=1,...,N.
Clearly,
A;t,x,)=0 for x-w<—p andfor [x—(x-w)w|>p. 4.2)

Thus we obtain ((J+¢q)uy=[(0+9g) Ax] hy. This equality shows that the
remainder Ry =u—uy solves the Cauchy problem

(O+q) Ry=—[(0O+9q) Ax] hy, RN|t<—s—p:0' (4.3)

Observe that the right hand side of (4.3) is supported in the compact set {xeR";
—pSx-w=t+s, |x—(x-w) o|<p} in view of (4.2). Hence it belongs to C(R,
xR, x 8"~ 1; HY(RY), where H" is the Sobolev space. Since [J+4(t, x) is a
strictly hyperbolic operator, the above Cauchy problem has a unique solution
RyeC(R,; H¥*" Y RY))n C1(R,; H¥(R?) (see [11, Theorem 23.2.3]). Moreover,
Ry depends continuously on s, . Thus we have proved

Theorem 4.1. For each integer N we have

N
u(t,x;s,w)=06(t+s—x-w)+ Y, A;(t,x,») hj(t+s—x-w)+Ry(t, x, s, 0),
j=0

where Rye C(R, x Ry x S%™1; HY*1(RY)).

Following similar arguments, it is easy to prove that Ry depends smoothly
on t, s, w with derivatives 8% 8% 9!, Ry belonging to H™(R") with m=N+1—a
—B—Iyl.

Corollary 4.2. u(t, x; s, W)=A,(t, X, ©) ho(t+s—x-w)+Ry(t, x, s, w), where
Ry, is continuous in t, X, s, w. Moreover, supp t,, < {X; |x|St+5+2p, x- 0=t +5}.

N
Proof. Fix N>n/2—1. Then Ro= Y, A;h;+Ry. Since the sum is continuous
j=1
function, it is sufficient to examine Ry. Clearly Ry depends continuously on
x provided ¢, s, w are fixed. Furthermore,

| Ry (2, x, 5, @)~ Ry(to, X0, So> ®o)l S |Rn(to, X, So» Wo) — Ry(to, Xo, S9, Wo)l
+ |RN(t= X, S, C())_IQN(toa X, So, a)O)l
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The first term tends to zero, as x — x,, while the second one can be estimated
by

C ” RN(I) 55, w)_R\N(th *5 580, 6OO)“Ll(IR")
SCHA+[EP) V1 dEY? | Ry, -, 5, 0)—Rylto, * 5 Sa» Do)l v+ 1wy

which goes to zero, as t—ty, 5 5o, @ —> @, in view of Theorem 4.1. Here R,
denotes the Fourier transform of R, with respect to x.

To prove the last assertion of the corollary, it is sufficient to consider the
support of I,,. Duhamel’s principle implies that

GooL)=— | Uho)Q(o)h(o)do,

s—p

where h{c)=(h,{6+s—x-w), ho(0 +s—x-w)). According to (ii), Q (o) h(c) van-
ishes for |x|> p. By causality I;,=0 for |x|>t+s+2p. This completes the proof
of the corollary.

5. Representation of the Generalized Scattering Kernel

In this section we obtain a representation formula for K* involving the solution
u(t, x; s, w} of the Cauchy problem (4.1).

Lemma 5.1. Let p and u™ be the same as in Theorem 2.2. Then
a) if peC*®, we have

u*(s,w)=c, 0" V2 [p(x-w—s,x)dx,

b) for arbitrary peL,.(R; I?(IR") the above formula is valid in the following
generalized sense:

fu®*(s,0) ¥ (s)ds=c, [[p(t, x) 0" VY (x-w—1t)dtdx (5.1

Jor each Y (s)e Cg (R).

Proof. The outgoing solution u(f) of the equation [Ju=p(t, x) has the form
[4],15]

ut)= | Uot—1)p()dr,

where p(7)=(0, p(z, *)). Fix R; <R, and set
—R;+p

f= I Uy(—1)p(r)dz

—Rz—p
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and denote v(tf)=U,(¢) f. Huygens’ principle implies that v(¢f)=u(t) for R, +¢
<|x|£R,+t Hence v*(s, w)=u*(s, ) for R, <s<R,. On the other hand,
by (2.2) we get

—Ri+p
v (s0) = (D IR@, D 0)=c V2 | [ pix-w—sx)dSdr,

—Ry—p x0=s+1
For R, £s<R, we obtain
u* (s, 0)=v*(s, w)=c, 3"V [p(x-w—s,x)dx.

Since the numbers R; <R, are arbitrary, we complete the proof of (a). To prove
(b), choose a sequence p,eC®, p=0 for |x|>p+1, py—p in L} (R; Z2(RY),
as k— oo. Then uf - u® in I3, (IR x $" 1) and by (a) we have

fuf (s, 0y (s)ds=c, [[p(t, x) 0"~ V> Y(x-w—1t)dt dx.

Letting k — oo, we see that the left hand side of the above equality tends weakly
to the left hand side of (5.1), while the second term above tends to the second
term in (5.1) uniformly in weS"~*. This completes the proof of the lemma.

Remark. A straightforward proof of (a) in the case n=3 can be found in [4].
Now we are ready to derive the desired representation formula for K¥,
Recall the equality [ I;,= —qI. By Lemma 5.1 for each ¢(s)e C§ (IR) we have

(K*(s,0's5,0),0(8))=2¢c; 07TV (L¥(S, 0'ss,0) p(s)ds
=—2c2 0" V2 [q(t, x) I(t, x;3,0) (—3,)" "V o(x- o —t)dt dx. (5.2)
Here and in what follows we denote by <{f, ¢)> the action of the distribution

S on the test function ¢. Applying the results of the preceding section it is
easy to show that (5.2) depends smoothly on ', s, . Thus we have proved

Theorem 5.2. K* admits the following representation
K*(s,';s,0)=—=2712m)' 7" [fq(t, x) 67~ ut, x; 5, )
STV (t+5 —x-0)dtdx, (5.3)
where u(t, x; s, @) is the solution of the Cauchy problem (4.1). Moreover, K* (s,
'; s, w)eC?(S xR, xS" 1 ; 2'(R,)).
Remark 1. Integral (5.3) is to be considered in the sense of (5.2)

Remark 2. A similar formula was found by Morawetz [17] for stationary poten-
tials. Representations of this kind for scattering by obstacles were established

in [6], [15].
Corollary 5.3. K¥(5, o'; 5, )=0 for s >s+¢|o' —v|.
Proof. Assume s'>s+plo'—o), |x|Zp, t+5 —x-@ =0. Then §'—5>x- (@0 —w),

hence t+s—x-w<0 and by causality the solution u(t, x; s, ®) in integral (5.3)
vanishes.
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Formula (5.3) can be written in the following useful form.

Corollary 5.4. For o' +w we have

1
K*(s,w';s,0)=—2c2 on 312 8§',’_1)/2[ - { q(x-w—s,x)dS,
|(D —CO] x (0 —w)=s"—s
+fq(x-o =5, x) ug (x-' —5, x; 5, w)dx]. (5.4)

Proof. Inserting the equality I'=1T;,+ h, (t +5—x-w) in (5.2) we find
<K#(S',a)’;s, (,0), (P(S')>=Il+129 (55)
where
I;==2c200 92 [[q(x- o' —5, %) uge(x- &' — 5, X; 5, )
(= 0,)" "V p(s) dx ds,
I,=—=2c2 002 {fq(t, x) hy (t+5—x-w)

A=) V2 p(x-w’ —t)dx dt
=—2¢; 08I [q(x-0—5,x)(—0,)" "V p(x- (0 —w)+s)dx. (5.6)

Let us represent R” as a union of the planes {x; x-(w'—w)=5—s}, s’€R. Then
I, becomes

1
L=—2g0 L1 [ ae-sy
I(,O—COI x (o' ~w)=s"—s
(=8,)" V2 o(s) dS, d¥ .7)

Combining (5.5), (5.6) and (5.7), we complete the proof of (5.4).

Remark. Applying the results of Sect.4 to (5.3) or (5.4), it is not hard to see
that K* is C* off the diagonal (s, o) =(s, ).

6. Proof of Theorem 1.1

Denote by M(s', «'; s, @) the expression in the square brackets in (5.4). As
we have just shown, M is C*® for (s, w')=*(s, w). We are going to examine
the limit of |0’ —w| M(s, ®'; s, w) as (s, @) —(s, w). Since M is singular at
this point, the limit will depend on the choice of the sequence (s, ®). Fix (s,
w)eR xS" tandletaeS" !, a-w=0. Set

o' (W)= cos u+asin y,
S{=s+asiny, (o peR?
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By Corollary 4.2 the function u,, is locally bounded. Hence the second integral
in (5.4) remains bounded when s, @ are fixed and s, © run over bounded
sets. Consequently,

lim |0’ (1) — | M(5' (1), @' (u); 5, ) = lim ] q(x-m—s,x)dS,
L0 ”qox-(a—~wtanu/2)=a
e

= [ q(x-w—sx)dS,. (6.1)

Now, let g; and ¢, be the potentials of Theorem 1.1. Denote by M; the
function M related to gq;, i=1, 2. We first claim that

M, (s, 0'; s, 0)=M,(5, @'; s, ©)

for | —s|<e,, |0 —mwol<ey, |@—wol<ey, 0 Fw (6.2)

with some positive ¢; <e¢. Indeed, fix ', @ so that ' + w, |0 —we| <V, |0 —we| <V
with 0 <v=<e. Then | — | <2v. The assumptions of Theorem 1.1 imply

ormI2 - iZ(M, —M,)=0 for |s'—s|<é, (6.3)
M, =M,=0 for s>s+2vp. (6.4)

Choosing v so that 2 pv<e/2, it is easy to derive from (6.3) and (6.4) that M, =M,
for [s'—s|<e, |0 —wo| <V, |[0—wol<v, @ Fw. Of course, the same is true for
o'=w. This proves (6.2). For convenience we denote g=¢q,—¢q,. Combining
(6.1) and (6.2) we find

{ qlx-w—s,x)dS,=0 (6.3)

for all (s, ®)eR?, (w, a)eS™ 1 x 8" 1 such that |w—wy|<e;, a-w=0. Fix (s,
w) so that |@—w,| <&, . Given aeS"~ ! orthogonal to w, denote by %, ,={xeIR";

x-w=x-a=0} the hyperplane in R" orthogonal to « and a. Setting x=oa
+pow+y, yeX,, ., we write (6.5) in the form

I} fq(ﬁ—s,aa+ﬁco+y)dﬁdSy=0 for aalow, (6.6)

2w,a —P

where dS, is the surface measure on %, ,. Consider the function

0oo@= | aB—s.24p0)df,  zeZ,={x;x-0=0}
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Letting a run over the set {aeS""'; a-w=0}, we deduce from (6.6) that the
integrals of the function Q; ,(z) over each hyperplane in %, vanish. Hence Q, ,,
=0, ie.

f qg(f—s,0a+pw+y)df=0 6.7)

—-p

for o —my|<ey, all s, xalom, yeX, ,.

We wish to show that (6.7) implies ¢g=0. To do this we realize below the
following idea (see also [9, Proposition 7.5]). By (ii), ge.#'(R"**1), hence the
Fourier transform §(z, £) is well-defined. Let us write formally

4(z, &) =ffe " 7= %q(t, x) dt dx. (6.8)
Introduce new variables §, s, a, y, such that

t=f-—s,
x=fw+aa+y, (B s,0)eR? yeZ, .. 6.9

Clearly, dtdx=df dsdodS, and (6.8) becomes (formally)

4(t.&)= | [{fe7**q(B—s,fo+aa+y)dpdsdads,,

Zw.a

where the phase function ¢ =f(t+¢&-w)—st+aa-E+y-& does not depend on
B if T+ &-w=0. In this case §=0 in view of (6.7). Thus we obtain that § vanishes
in the interior of the set U= |} {(z, &); t+&-w=0}. Then exploiting the
lo—wo| <&1

fact that § is analytic with respect to &, we can show that ¢=0. If ¢(¢, x) is
compactly supported in ¢ these arguments prove Theorem 1.1.

To justify these considerations in the general case, fix aeS"~ 1, so that a-w,
=0 and for simplicity denote Z=2%, ,.Put

w(p)=w, cos p+a sin p,

a(p)= —w, sin p+a cos p.

Clearly |o(p)l=la(p)i= 1, w(p)la(p) and |p| <&, implies |w(p)— w,| <&, . Relation
(6.7) yields

[ q(B—s,2a(p)+ Bo(p)+)df=0 (6.10)

for all (s, @)eR? yeZX, |p|<e,. Fix 1R and choose ¢,eR" such that 1,
+&4-wo=0, &,-a>0. Then

lo=aga—1omp+Yo, YVoE€Z, ap>0.
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By the implicit function theorem there exist functions a=ua(r, &), y=y(z, &),
p=p(z, &) defined in some neighborhood [t —1y| <V, |E—E&y| <V of (74, &) such
that a=uay, y=y,, p=0for (z, {)=(1,, o) and

E=aa(p)—to(p)+y, ye (6.11)

(then T+ ¢-@w=0). Moreover, the Jacobian |d(t, £)/d(z, o, y, p)| is equal to a.
Let ¢(z, )eC (R x R") be supported in the set |t — 1ol <v, {E—&o| <v. Then

4, 8, 0, O =[[q(t,x) | | [fe” iz éwarn
- @(t,¢(r, 0y, p)adrdadS,dpdrdx, 6.12)

where £(7, o, y, p) is determined by (6.11). Here the integration in 7, o, p is
taken over small neighborhoods of 74, o4, 0 and yeZ belongs to some neighbor-
hood of y,. Choosing a new constant v>0, we can assume that the support
of ¢ is so small that (z, é(z, o, y, p))esupp ¢ implies |p| <e; .

We will change the order of integration dp dt dx—dt dx dp in (6.12).
To justify this, it is sufficient to prove that the function

[t x,p)=q(t,x) | [fe" " eCerD o, {(1,0,y, p)) adT da dS,
z

satisfies the estimate
If(t,x,p|SC(1+t3)"1  forall t,x,p. (6.13)
Indeed, according to (ii) we have

I1+22) f(t, x, p)l
SC(A+%)'*N sup |97m [ Jemixe@erP (1, &(z,a, y, phadads,
p

Ix{<p

<C, sup sup [ f|(1—82)! "Ne 022D (g, {(c, 0, y, p)) ada dS,.

Ix]€p t 2

Here #,_, denotes the Fourier transform with respect to t. The inequalities
above lead immediately to (6.13). Changing the order of integration we write
(6.12) in the form

§ [”‘I(Tsx)(zj [femimizt@ann

Ipl<e:

ot é(t,o, y, p)adtda dSy)dtdx] dp. (6.14)

A second change of variables (see (6.9))

t=f8—s,
x=fo@E)+odap)+y, (B,5x)eR? yeX,
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yields
Q.80 = [ {J...J[JaB—s Bo@) + ap)+))df]

lpl<es

- e TSR EEY) (¢, E(1, 0, y, p)) ad T dodS, dsdo’ dS,} dp.

Here we have used the fact that the phase function —st+a'a+y -y does not
depend on f. By (6.10) the integral in the square brackets above vanishes. Thus
we have proved that for each t,eR there exists {,eR" and v>0 such that
for each ¢(t, £)eCY(R™* ') supported in {(z, &); |t — 10| <V, |E— &l <v} we have
4, &), o(r, £)y=0. Let ¢(z, )=y (7) (%), where yeCg(R), Y(r)=0 for |z

—1o|>v, neCY R, n(&)=0 for | —&y|>v. Then
Y@ O Y@@ =[fat,x) [fe " ">y () n)dedfdtdx
={fqt.x)fe @O n&)dEdtdx
=7 e(fa@t, ) () d)n(§) de.

Hence the Fourier transform

F(O)=F-(fa(t,x) ¥ () dv)

vanishes for | — &y <v. Since the last integral is compactly supported function,
it follows that F({) is real analytic. Hence F(£)=0 for all £. Consequently,

(Z..9)(t,x)=0 for |T—1o|<v, allx.

Since 1, is arbitrary, we obtain g=0. This completes the proof of Theorem 1.1.

7. The Stationary Case

In this section we assume g(x) stationary (time-independent). In this case we
obtain a simple recovering procedure for g(x). At the end of the section we
make a connection with the proof of the uniqueness of the inverse scattering
problem for stationary potentials based on high-frequency asymptotics of the
scattering amplitude.

The introduction of K* in this case is simplified as follows. Let [T(t, x,
) be the solution of the Cauchy problem

(O+4q(x) =0,
Flycp=hi(t—x-w)

and set I (t, x, w)=TI(t, x, ®)—h,(t—x-w). The generalized scattering kernel
we define by (see (3.1))

R* (5,0, @) =2n)t =2 90~ 12 F¥ (5, 0, o),

where for each weS"™ !, I}¥(s, o', w) is the asymptotic wave profile of I7,.
It is not hard to see that the kernel K* (s, @’; 5, w) introduced in Sect. 3 depends
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merely on 5'—s in the stationary case and we have K*(s'—s, o, w)=K*(s,
'; 5, ). Theorem 1.1 then reduces to the following

Corollary 7.1. Assume q;(x)e CF (R"), n=3 odd and let K (s, ', w) be the general-
ized scattering kernels related to q;, i=1, 2. Suppose there exist >0 and w,eS" !
such that

Kf@, o, w)=K¥(s,0,0) for |s|<s, jo—wy|<e, |0 —w,|<e.

Then q,=q,.

Suppose further, we know the kernel K* (s, o', w) for all incident directions
@, |0 —w|<s, [s|<e with some £¢>0. Then we shall obtain explicit formulae
for recovering g(x). By Theorem 5.2 we have

R*(s, 0, 0)=(— 1"~ V22712m)' 7" 3772 M (s, ', w), (7.1)
where
M(s, o, 0)=[q(x) u(x ' —s, x, w) dx. (7.2)

M and K* depend smoothly on o', w with values in &'(R,) and for @'+
or s+0 they are smooth functions. For weS"™ !, 0<|w’ —o|<e, |s|<e let us
define

M (s, 0, 0)=2(=1)""D2Q2m)" ! {ds; {dsy... | ds,_, K¥(5,-,, 0, 0).

(7.3)

By the arguments following (6.1) we see that for |o —w|<v=min(e, ¢/4p) M,
coincides with M. Put

o' ()= cos p+a sin p,

s(w=asinyg, acS" ! a-w=0, (o weR> (7.4)
By (6.1) we can find
J(a,a)= iif}) o (ol M, (s(u), @' (W), w)= | q(x)dS,. (7.5)

L+0

When w runs over $"~ ! we can determine J(a, o) for all aeS" ™!, xelR. Thus
we obtain the Radon transform of g(x). The potential ¢ can then be recovered

by [9]
gx)=2"1 Qo) (=D VEAP2 | J(a,a-x)da.

la|=1

Here J(a, «) is related to K* (s, o', w) via (7.3) and (7.5).
In the remainder of this section we shall discuss briefly the connection be-
tween our time dependent approach and the stationary scattering theory for
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time independent potentials. In particular, we shall show that Corollary 7.1
and the recovering procedure described above are closely related to the Born
approximation of the scattering amplitude at high frequencies. Assume for sim-
plicity n=3 and ¢(x)=0. Then the scattering operator associated with the per-
turbed wave equation

(O+q(x)u=0 (7.6)

is known to exists [13], [14], [21] and by Proposition 3.2 the gistributign
K*(s'—s, o', w) is the Schwartz kernel of #,(S—I) #,;'. Thus K*(and M)
is tempered with respect to s and the scaitering matrix related to (7.6) is given
by

S(k, o', w)=0(w' —w)+ [e " K* (5,00, w) ds.

We define the scattering amplitude by
I o e ,
A(k,w’,a))=—aje ks M (s, ', w) ds. (7.7)
By (7.1) A and K¥* are related by

k N
——— Ak, o, w)=[e* K*(s, 0, w) d>s.
2mi

Substituting (7.2) into (7.7) we see that
1 .
Ak, o', )= —Hje_”“" *q(x)vk, x, w)dx, (7.8)

where v(k, x, w)=|exp(ikt) u(t, x, w) dt. Duhamel’s principle applied to u(t,
x, ) implies that

u(t,x, w)=06(t—x-w)—[E, (t—1,x)=[q(x) u(t, x, w)] dr, (7.9)

where E , (t, x)=(4n|x|)” ' 8(t —|x|) and the star denotes convolution with respect
to x. Taking the inverse Fourier transform with respect to ¢ in (7.9) we obtain
that v(k, x, w) solves the Lippmann-Schwinger equation

U(k, X5 w)=eikmﬂx_le+(ka {X““yl) Q(y) U(k, Vs Cl)) dya

where G, (k, r)=(4=r)~ ! exp(ikr) is the outgoing Green function. Thus relation
(7.8) shows that A(k, «’, ) defined a priori by (7.7) is the classical scattering
amplitude (see [2]).

According to (7.7), the behaviour of M near the singularity s=0, o' =w
affects the high-frequency (k — o0) asymptotic of 4. To understand this relation,
recall the Born approximation of the scattering amplitude [22]

1 e
A(k,w’,co)=—?4—nje_‘k(“’ "o a(x)dx+o(1), k- oco. (7.10)
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Asymptotic (7.10) is used to reconstruct the Fourier transform of g. To do
this, given £€IR3\0 choose weS? so that £-w=0. Set

o' (W)= cos u+ (/1) sin ,
k(p)=|¢|/sin u

(compare with (7.4)). From (7.10) we find (see also [22])

4(C)=—dm Him A(k(u), o' (), ). (7.11)

Let us take the inverse Fourier transform of (7.11) with respect to |£|. Then
the left hand side of (7.11) becomes the Radon transform of g, while the right
hand side can be expressed in terms of M in view of (7.7) and the result is
(7.5). Hence, in the stationary case our approach is closely related to the asymp-
totic (7.10).
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