SHARP STABILITY ESTIMATE FOR THE GEODESIC RAY TRANSFORM
YERNAT M. ASSYLBEKOV AND PLAMEN STEFANOV

ABSTRACT. We prove a sharp L? — H'/? stability estimate for the geodesic X-ray transform of
tensor fields of order 0, 1 and 2 on a simple Riemannian manifold with a suitable chosen H 1/2
norm. We show that such an estimate holds for a family of such H 1/2 norms, not topologically
equivalent, but equivalent on the range of the transform. The reason for this is that the geodesic
X-ray transform has a microlocally structured range.

1. INTRODUCTION

Let (M, g) be a smooth compact n-dimensional Riemannian manifold with boundary oM. We
assume that (M, g) is simple, meaning that OM is strictly convex and that any two points on OM
are joined by a unique minimizing geodesic. The weighted geodesic ray transform I, , f of a smooth
covariant symmetric m-tensor field f on M is given by

(L1) Lo f(7) = / KL A fir i (YO (1) -4 (£)

where k is a smooth weight, v runs over the set I' of all unit speed geodesics connecting boundary
points, and the integrand, written in local coordinates, is invariantly defined.

When k = 1, we drop the subscript x and simply write I,,. It is well known and can be checked
easily that for every ¢ regular enough with ¢ = 0 on M, we have d¢ € Ker I;. Similarly, for every
regular enough covector field v of order m — 1 vanishing at OM, we have d*v € Ker I,,,, where d° is
the symmetrized covariant differential. Those differentials are called potential fields. Many works
have studied injectivity of those transforms up to potential fields and stability estimates.

In the present paper, the bundle of symmetric covariant m-tensors on M will be denoted by
Shp- If F is a notation for a function space (H®, C*°, LP, etc.), then we denote by F(M;SYy;) the
corresponding space of sections of S7;. Note that S, = C and in this case we simply write F(M)
instead of F(M;SY,).

The goal of this paper is to prove sharp L?(M; Sy — H 1/2 stability estimates for those trans-
forms when m = 0,1,2 with an appropriate choice of an H'/2 space on I'. The Sobolev exponents
0 and 1/2 are natural in view of the properties of I,,, as a Fourier Integral Operator in the interior
M™ of M. The complications happen near the boundary. Before stating the main results, we will
review the known estimates first.

If g = e is Euclidean, a natural parameterization of the lines in R" is as follows:

(1.2) lg={z+t0,tcR}, (2,0)€%:={(2,0) cR"xS" | 2-0=0}.
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One defines the Sobolev spaces H*(¥) by using derivatives w.r.t. z only, see also (2.2). Then, with
I§ being the Euclidean X-ray transform on functions,

(1.3) [f @)/ C < Mo fll svrrzcsy < Ol s @mys

for every f € Cg°(Q2) with @ C R" a smooth bounded domain, see [17, Theorem II.5.1] with
C = C(s,n,Q) (the constant on the right depends on n only). This implies the estimate for every
[ € H§, see the discussion of the Sobolev spaces in Section 2.1. It is straightforward to see that
the estimate still holds if we define H*(X) using all derivatives, including the € ones.

Estimate (1.3) was recently proved by Boman and Sharafutdinov [5] for symmetric tensor fields
of every order m for s = 0 and f replaced by the solenoidal part f* of f, which is the projection of
f to the orthogonal complement of its kernel in L?:

(1.4) 12l 205y /C < L fll ey < ClFPlLz@usm)

where I¢, is the Euclidean ray transform of tensor fields of order m supported in €.

In the Riemannian case, injectivity of I, up to potential fields (called s-injectivity) has been
studied extensively, see, e.g., [9, 13, 14, 15, 19, 23, 22, 24, 31, 26, 27, 33, 32, 35]. The first
proofs of injectivity/s-injectivity of Iy and I; for simple metrics in [16, 2, 1] provide a stability
estimate with a loss of an 1/2 derivative. The ray transform there is parameterized by endpoints
of geodesics. Another estimate with a loss of an 1/2 derivative, conditional when m = 2, follows
from Sharafutdinov’s estimate in [21] for I,,, see (1.6) below. Stability estimates in terms of the
normal operator N,, = I}* I,;, are established in [26]:

(1.5) N lz2arsgy/C < (INmfllaranssy ) < ClFP sy, Ve L*(M;Sp), m=0,1,

where M1 © M is some extension of M with g extended to M; as a simple metric. When m = 0,
f® = f above. In [7], this estimate was extended to the weighted transform Iy ,, with x never
vanishing, under the assumption that the latter is injective, and even to more general geodesic-like
families of curves without conjugate points. An analogous estimate for the weighted version of Iy,
assuming injectivity, is proved in [8]. Those estimates are based on the fact that IV, is a ¥DO of or-
der —1 elliptic on solenoidal tensor fields (or just elliptic for m = 0) and injective. The need to have
M there comes from the fact that the standard YDO calculus is not suited for studying operators
on domains with boundary. On the other hand, WDOs satisfying the transmission condition can
be used for such problems. In [14], it is showed that Ny does not satisfy the transmission condition
but satisfies a certain modified version of it. Then one can replace M; by M in (1.5) for m =0 at
the expense of replacing H' by a certain Hérmander type of space. A sharp stability estimate for
Ion: HV2(M) — L2(0_SM) on the orthogonal complement on the kernel is established in [9];
see (2.1) and next section for the Sobolev norms we use.

The case m > 2 is harder and the m = 2 one contains all the difficulties already. S-injectivity is
known under an a priori upper bound of the curvature [23] and also for an open dense set of simple
metrics, including real analytic ones [27] (and for a class of non-simple metrics, see [30]). It was
shown in [18] that I, is s-injective on arbitrary simple surfaces for all m > 2. Under a curvature
condition, using the Pestov identity, Sharafutdinov [23] proved the stability estimate

(1.6)  [fllzearsy) =€ (HImeHl(a_SM) +m(m — 1)||Imf||L2(8_SM)Hjuﬂ@MHLz(aM;SAn}[—l)) :

Vf e HY (M, Shp), m =0,1,2, where j, f equals f “shortened” by the unit normal v and the spaces
above are introduced in the next section. This estimate is of conditional type when m = 2 since
f appears on the r.h.s. as well; and not sharp since one would expect I,,,f to be in some form of
an H'/2 norm, as in (1.3). In terms of the normal operator, a non-sharp stability estimate for Io
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was established in [27]; and in [24], the second author proved the sharp stability estimate (1.5) for
m=2:

(1.7) 17 st /€ < WNofllmqnist, ) < O lsarszyy: YF € P2(SR0)

The new ingredient in [24] was to use the Korn inequality estimating [[v|| g1y, s1,) in terms of
[0l 251,y + 14°01| L2 (a2,

The main result of this paper is a sharp estimate of the kind (1.3), (1.4) (but for g non- necessarily
Euclidean) for simple metrics and m = 0, 1, 2. Our starting point are the estimates (1.5) form = 0,1
and (1.7) for m = 2. As evident from (1.3), and the remark after it, there is some freedom in defining
the Sobolev space for I, f since its range is microlocally structured, see also Example 6. We show

that if one defines a Sobolev space, using as derivatives at least n — 1 non-trivial Jacobi fields
covering M and pointwise linearly independent in M, then an analog of (1.3) and (1.4) holds.

We define first the space Hll/ % called H{(0-SMy) in section 2.4, in the following way. Let
My M be close enough to M so that g extends as a simple metric to M;. We parameterize
the maximal unit geodesics I'y in M; by initial points on 0M; and incoming unit directions, i.e.,
by 0_SMj, see (2.1) below. This defines a smooth structure in the interior of I'; and natural

Sobolev spaces in that interior (see also next section). We define HIE/ ? as the subspace of H'/2 (Dint)
consisting of the functions supported in I'; the latter identified with their initial points and directions
on 0_SM; (but the geodesics are restricted to M). While the dot product depends on the extension,
the topology does not.

Clearly, if we try a similar parameterization by _SM, we do not get a diffeomorphic relation at
the boundary of I" consisting of geodesics tangent to OM (and having only one common point with

OM). One can still give an intrinsic definition of HI{/ ? without extending (M, g). We parameterize
the maximal unit geodesics in M in some neighborhood of the boundary by a point z on each
one maximizing the distance to M and a unit direction 6 at that point, see also Figure 1 and
section 2.4. Omne can view this as taking the strictly convex foliation dist(-,0M) =p, 0 < p < 1
first and then taking geodesics tangent to each such hypersurface. For this reason, we call it the
foliation parameterization. One can extend it smoothly to geodesic in M7 3 M, with g extended
as a simple metric there, in a natural way. Then we define HIE/ ? as the subspace of H/2(Tirt)
consisting of functions supported in I'; and this space is topologically equivalent to one in the
previous paragraph by Proposition 2.2. We refer to section 2.4 for more details. The resulting
space is independent of the extension (Mj,g). In Theorem 1.1 below, we show that one can use

prove sharp estimates with the HI{/ % horm of I, f, as a special case.

The space Hll/ % is too large in the Euclidean case, at least, as evident from (1.3) and (1.4), where
the derivatives used in the definition of H'/2(X) are the z-ones only. We show that a smaller space
can be chosen in the Riemannian case, as well. As mentioned above, we define a space (a family
of such, actually) Efl{/ % in section 3, roughly speaking as Hll/ % but we use k > n — 1 derivatives on
O0_SM having the properties that the corresponding Jacobi fields are pointwise linearly independent
over every point of M. If k = 2n — 2, we have I:I%/Q = HIE/Q but forn — 1 < k < 2n — 2, FIIE/z is
a proper subspace of Hll/ 2, Therefore, those spaces are not topologically equivalent, at least not

when k changes; but they are, on the range of I,,.
Our main result is the following.
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Theorem 1.1. Let (M, g) be a simple manifold. Let HI{/Z be any of the spaces defined in section 3.
Then
(a) If Iy is injective, then for all f € L*(M),

£l z2(ar)/C < Hfo,anH;/z < Ol fllz2(ary-
(b) For all f € L*(M;S},),
1o 2 a3,/ C < ML fll gre < Ol N 2 anssy, -
(¢) If I is s-injective, then for all f € L?(M;S%,),
1° 22 ars2,)/C < HI2ng;/2 < Ol 2,82, -

Note that if k is constant, or more generally related to an attenuation depending on the position
only, then Iy, is injective on surfaces [20], and I; is injective, too [1]. The transform Iy, is not
injective for all, say non-zero, weights [4, 3] when n = 2 and ¢ is Euclidean but it is injective for
n > 3 under some conditions on the metric, as it follows from [35, 32], for example. Injectivity and
stability of I , has been studied in [8] and the estimate there implies an estimate of the type above
which we do not formulate. Conditions for injectivity of I can be found in [23, 21, 28, 27, 33].

Theorem 1.1 generalizes (1.3) and (1.4) to the Riemannian case, in particular. In section 3,

we present several specific realizations of the ETI{/ ® norms with k < 2n — 2 (strictly), i.e., Sobolev
spaces defined with fewer derivatives. Whether one can define such spaces in the natural 9_SM or
B(OM) parameterizations (see section 2.4) for which Theorem 1.1 would remain valid, is an open
problem, see also Example 5.

Acknowledgments. The authors thank Gabriel Paternain and Francois Monard for the discussion
about the results in [14] and for their helpful comments which helped improve the exposition, in
particular.

2. PRELIMINARIES

2.1. Sobolev spaces. Consider a simple manifold (M, g). Let SM := {(x,v) € TM : |[v|g) = 1}
be its unit sphere bundle and 9+ SM be the set of inward /outward unit vectors on OM,

(2.1) 0+SM := {(x,v) € SM :x € OM and =+ (v,v(x))4(z) < 0},

where v is the inward unit normal to 9M. By d¥?"~! we denote the Liouville volume form on SM
and by dX?"~2 its induced volume form on d+SM. Following [21], the Sobolev spaces H*(SM),
H§(SM), H*(SM) and H*(0+SM), H5(0+SM), H™*(0+SM), for s > 0, are the ones w.r.t. the
measures d¥?" 1 and d¥?" 2, respectively, defined in a standard way.

We recall that for s > 0, there are several “natural” ways to define a Sobolev space when €2 C R"™
is a domain (or a manifold) with a smooth boundary: H?*(Q2) is the restriction of distributions
in H*(R") to € next, Hg(2) is the completion of C§°(Q2) in H*(Q); and HY is the space of
all u € H*(R™) supported in ©, also equal to the completion of C§°(Q2) in H*(R"), also the
space of all f which, extended as zero outside Q, belong to H*(R™). We have HE = HG(Q) for
s#1/2,3/2,..., and H3 C H§(Q) C H*(Q) in general; and Hg(Q2) = H*(Q) for 0 < s < 1/2. We
have H*(2)* = Hy® and (Hg)* = H™*(2), for all s € R. Those definitions extend naturally to
manifolds with boundary. We refer to [12] for more details.

In a similar way, we can define the weighted Sobolev spaces on H(0-SM), s € R. More

precisely, for k& > 0 integer, H/'j((‘?_SM) is the H*-Sobolev space on 0_SM w.r.t. the measure
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dp(z,v) = (0,0(x))g(z) dX*""%(z,v). For arbitrary s > 0, H;(0-SM) is defined via complex
interpolation. Restricted to distributions supported in the compact set I' however, the factor y is
bounded by below (and above) by a positive constant and it can be removed from the definition.

2.2. Geodesics and the scattering relation. One way to parameterize the geodesics going from
OM into M is by the set 0_SM, see also Section 2.4. More precisely, for (z,v) € 0_SM), we write
Yew(t), 0 < t < 7(x,v), for the unique geodesic with = 7,,(0) and v = 4, ,(0). Here and in
what follows, we set 7(x,v) := max{t : 75 ,(s) € M for all 0 < s <t} for (z,v) € SM, i.e. the first
positive time when 7, , exits M. If (M, g) is simple, then 7 is smooth up to the boundary SOM
of 0_SM; more precisely, the extension as 7(z, —v) to d_SM (and extended by continuity on the
common boundary) is smooth, see [21, Lemma 4.1.1]. Note that 7 is not smooth when z is not
restricted to OM; the normal derivative has a square root type of singularity at OM.

2.3. The weighted geodesic ray transform and its adjoint. Let x be a smooth function on
SM. Then the weighted geodesic ray transform I, . f of f € C°°(M;S}}) in (1.1) can be expressed
in local coordinates as

(z,0) . .
I wf (2, 0) = /0 (Va0 (), Y0 (0) fir i (Voo () il () - - A () dE, - (2,0) € DS M,

see also (1.1). Using Santalé formula [6, Lemma A.8], one can see that I, , is bounded from
L2(M; S7) to LZ(0-SM). Its properties as a Fourier Integral Operator suggest that those norms
are not sharp, see Proposition 2.3.

Consider the adjoint operator I;, . : LZ(O,SM) — L2(M; ST}). Then again by Santald’s formula
[6, Lemma A.8],

7(z,v) ) )
(Im,ﬁfa w)Li(ﬁ_SM) = /8 su A "Q('Y:L“,vv '.Yx,v)fil.--im (’YCI?,U) 7;1,11 T '7;3% U_](l‘, ’U) dt d/L(:E, U)

- / H(x7 v)fil"'i7n (‘T)Uil e vim ww (x7 U) d22n717
SM

where wy, is the function on SM that is constant along geodesics and wy|s_sy = w. Hence, we
have

I w(r) = / o' R (2, 0) wy (2, v) dog (v),
’ SeM
where do,(v) is the measure on S; M such that do,(v)d Vol,(z) = d¥?" (x,v).

2.4. Parameterizations of the geodesic manifold. There are three main parameterizations
of the set T' of the maximal directed unit speed geodesics on a simple manifold (M, g). We in-
clude geodesics generating to a point corresponding to initial directions tangent to M to make
I" compact; we call that set OI'. We recall those three parameterizations below, and we include
our foliation one for completeness. Note that the first three are global and their correctness is
guaranteed by the simplicity assumption.

0_SM parameterization: by initial boundary points and incoming directions. Each ~ € I is
parameterized by an initial point x € M and initial unit direction v at z, i.e., by (z,v) €
0_SM. We write v = 7, (t), 0 <t < 7(x,v), where the latter is the length of the maximal
geodesic issued from (x,v).

B(OM) parameterization: by initial points and tangential projections of incoming directions.
Each v € I is parameterized by an initial point x € dM and the orthogonal tangential



STABILITY ESTIMATE FOR THE GEODESIC RAY TRANSFORM 6

projection v’ of its initial unit direction v at z, i.e., by (z,v") € B(OM), where B stands for
the unit ball bundle. We write somewhat incorrectly v = v, ..

OM x OM parameterization: by initial and end points. Each v € I' is parameterized by its
endpoints © and y on OM. If we think of v as a directed geodesic, then the direction is
from x to y. We use the notation v = 7, .

foliation parameterization: Near OI', let z be the point where the maximum of dist(y,0M) is
attained, and let § € SM be the direction at z. We use the notation v = (-, z,0). Away
from OT', we can use any of the other parameterizations. We give more details below.

Identifying I' with the corresponding set of parameters, each one of them being a manifold,
introduces a natural manifold structure on it. While those differential structures are different (near
dl'), the first two ones are homeomorphic but not diffeomorphic. In the _SM and in the B(OM)
parameterizations, I' is a compact manifold with boundary OI'. The boundary in the first one can
be removed by allowing geodesics to propagate backwards. In the OM x M one, I' is a compact
manifold without a boundary; then OI is an incorrect notation and it represents the diagonal. If we
project the unit sphere bundle to the unit ball one in the standard way v — v, the resulting map is
not a diffeomorphism up to the boundary, i.e., at v tangent to M. The foliation parameterization
makes I' a manifold with a boundary OI'" as well but it allows a natural smooth extension of I" to a
smooth manifold of geodesic I'; on an extended M; © M, as we show below.

We describe the foliation parameterization in more detail now. Fix a point ¢ € M and assume
that OM is strictly convex at g w.r.t. g. Let OM; be as above. We work in boundary normal
coordinates near ¢ in which ¢ = 0 and z™ is the signed distance to 0M, non-negative in M. We
can always assume that OM; is given locally by 2" = —§ with some 0 < § < 1. Let I'; be a small
neighborhood of the geodesics tangent to OM at ¢ extended until they hit OM;. Note that this
includes geodesic segments which may lie outside of M. We will choose a parameterization of I'y
in the following way. First, since any geodesic v € I'; hits dM; transversally at both ends when
d < 1, we can parameterize 7 by its initial point 3’ € OM; and incoming unit directions w or their
projections w’ on T,y 0M;. Denote this geodesic by 7,/ ,,. The foliation parameterization of ~y is by
(2,0), where z = (2/,2") is the point maximizing the signed distance form v to 9M (regardless of
whether ~ is entirely outside M or hits M), and by the direction 0 at z which must be tangent to
the hypersurface ' = 2™. In Figure 1 on the left, we illustrate this on an almost Euclidean looking
example (which is more intuitive) and in the right, we do this in boundary normal coordinates. We
call the corresponding geodesic (-, z, ).

Vz,6 Z=.~ 4

/ PR \ oM
° ,
< \
\8M1
/

FIGURE 1. The foliation parameterization by (z,0)

Another way to describe the foliation parameterization, which explains it name, is to think of the
hyperplanes ¥, := {2" = p}, |p| < 1, as a strictly convex foliation near ¢. Then v, g is the geodesic
through z € ¥,» tangent to it with unit direction § € S,3,». This defines a natural measure on the
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set of (z,0) which we may identify with I'; given by d Vol, dug, where duy is the natural measure
on S.%,. Then (z,0) belongs locally to the foliation T'%,, |p| < 1 with p = 2", (2/,0) € TS,.

Let us compare the 9_SM parameterization by (y',w) € d_SM; to the B(OM;) one by (y',w’).
As we emphasized above, they are related by a diffeomorphism which becomes singular when w is
tangent to OM;. Such almost tangent geodesics (to dM;) however do not hit M; therefore when
parameterizing I f with supp f C M, those two parameterizations are diffeomorphic to each other.

Proposition 2.1. Assume that OM is strictly convex at q. Then the map (y',w) — (z,0) is a local
diffeomorphism.

Proof. Let 7(y',w) be the travel time of the unit speed geodesic issued from (y',w) € 0_SM; to
z, l.e., 7 maximizes v, ,(7) locally. Then 7 is a critical point, i.e., 4, ,(7) = 0. Let 7, ., be a
geodesic tangent to M at ¢ = 7y 4,(70) With some 7o. To solve 7, ,(7) = 0 for (y, wo) near

(70)5, (7o) and

0,W0 Yo, Wo
the latter equals twice the second fundamental form at ¢, we get a unique gmooth T(Ey’ ,w) with
7 (Y4, wo) = To.

Since z = vy ,u(7(y',w)) and 6 = 7, , (7(y',w)) (the prime stands for the projection onto the
first n — 1 coordinates in boundary normal coordinates), we get that (y',w) — (2, 6) is smooth.

To verify that the inverse map (z,6) — (y',w) is smooth, it is enough to show that the travel
time t(z,0) at which v, ¢(t) reaches OM; = {2 = —4} is a smooth function as well. This follows
easily from the fact that geodesics tangent to OM hit OM; transversally when § < 1. O

(y',w), we apply the Implicit Function Theorem. Since ﬁ;{,)wo (r0) = T} (q)"y;

2.5. The space H}. As before, we embed (M, g) in the interior of a simple manifold (M7, g) (the
metric on M is an extension of the metric on M). We also extend x smoothly to SM; and keep
the same notation for the extension. We denote by I,],\z/{; the geodesic ray transform on M;. The set
of the oriented geodesics through M will be called I as before. They are a subset of (the extensions
to) all oriented geodesics I'y in M;. The latter set is parameterized by 0_SM;; and we identify
Iy with it. In particular, I'y becomes a manifold with boundary and I' is a compact submanifold
contained in its interior. On 0_SM; = I'y we have two natural measures, as above: one is dE%”*Q
and the other one is dyu1, the subscript 1 indicating that they are on I';. They are equivalent (define
equivalent Sobolev spaces) away from OI'y.

Note that the simplicity is not really needed and assuming non-trapping instead of no conjugate
points is enough. The strict convexity of OM is convenient for parameterizing I' on SM; but that
assumption is not needed either, see e.g., [28].

In the (z,0) coordinates, I is given by z™ > 0. For u supported in I, we define the Sobolev space
Hyp as H§ above. In particular, when s is a non-negative integer, identifying ¢ locally with some

parameterization in R"2, we define locally

(2.2) ||| % :/ 0% gu|?dz db.
e R xRn—2 Z o

laf<s
This norm is not invariantly defined but under changes of variables, it transforms into equivalent
norms. Note that u above is considered as a function defined on I'y but supported in I', as in the
definition of H§ above.

We make this definition global now. Without changing the notation, let I'; be the manifold of
all geodesics with endpoints on M7, and let I be those intersecting M. We can choose an open
cover of I' consisting of neighborhoods of geodesics tangent to M as above, plus an open set I'g of
geodesics passing through interior points only, and having a positive lower bound of the angle they
make with M. In the latter, we take the classical H® norm w.r.t. the parameterization (y’, w), for



STABILITY ESTIMATE FOR THE GEODESIC RAY TRANSFORM 8

example. In the former neighborhood, we use the norms H{ defined above. Then using a partition
of unity, we extend the norm H} to functions defined in I'y and supported in I'. This defines a
Hilbert space which we call Hf again.

On the other hand, we have the space H(0-SM;) of distributions on I' defined through the
parameterization of I' given by (y/,w) € d_SM; in a similar way: we define the H® norm for
functions supported in the interior of I'; first (the behavior near the boundary of I'y corresponding
to w tangent to OM; does not matter in what follows), and then define H(0—SM;) as the subspace
of those v € H*(0_SM;) which are supported in I'. We define H*(I'™) similarly, where I'"™ is the
interior of I'.

Proposition 2.1 then implies the following.

Proposition 2.2. The Hilbert spaces H{(0—SMi) and H} are topologically equivalent.

2.6. Mapping properties of I, , and [}, .. We study the mapping properties of I, x, Iy, .
restricted a priori to tensor fields/functions supported in fixed compact subsets. This avoids the
more delicate question what happens near the boundaries of M and I" but we do not need the
latter.

Proposition 2.3. Suppose that (M, g) is simple, kK € C*°(SM), and m > 0. Then, for s > —1,
(a) I} - Hy (M, ST — H;H/Q is bounded,
(b) (Ih)* HF_S_l/2 — H=%(Mint; ST s bounded.

Proof. Part (a) is proved in [29, Proposition 5.2] for m = 0 and s > 0 but the proof applies to
s > —1 as well (and it is actually simpler when s = —1). Its tensor version m > 1 is an immediate
consequence.

To prove (b), it is enough to prove that

(2.3) If‘,f}i : Hyy (My, Syy,) — H5PY2(T™)  is bounded,

then (b) would follow by duality. Here, I%k is considered as the operator acting on tensor fields
supported in M; restricted to geodesics in ' We can think of I'"™ as an open subset of the
geodesics T with T'y defined as 'y but related to an extension My of Mj. Then by (a), I%E :

Hy, (Shp,) — H;;Ll/z is bounded, which also proves (2.3) and therefore, (b). O

3. THE SPACES FIIE/Q

Let v0(t), 0 <t < T is a fixed unit speed geodesic on a Riemannian manifold and let S be a
hypersurface intersecting 7o transversally. We are interested in integrals of functions supported in
a compact set separated from the endpoints of 79. We parameterize geodesic (directed) segments
close to 7 (and that parameterization defines the topology) by initial points on S and initial unit
directions. Assume that S is oriented; then we insist that ¢ increases on the positive side of S.
Then we can identify the unit directions with their projection on the unit ball bundle BS. We will
apply this construction when S is a piece of either OM or dM;. Note that we exclude geodesics
tangent to them in those cases.

Let (y%, ...,y 2) be local coordinates near a fixed (29, wp) € BS. Denote by 7, (t) the geodesics
issued from (z,w) parameterized by y. For some k < 2n — 2 fixed, denote y = (v/,y”) with
v = ..y, v = (yFTY, ... y?2) with ¢ = y and y” non-existent if k = 2n — 2. Then we
define the Hl‘i norm near (29,wp) by using y/-derivatives only; more precisely for h supported near
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(z0,wp), we set
(3.1) thés==(/°(1+-EWZ)SLFQ/»gh(ﬁﬂy”)F a' dy’

This is a special case of the spaces introduced in [10, Definition 10.1.6] and [11, Definition B.1.10].
Given a compact subset I' C B(0Mj), and a finite cover of coordinate charts of that kind, we
use a partition of unity x; to complete that norm to a global one, which we call an Hp norm:

1Rl = D sl
J

This norm depends on the cover. We are going to require the following non-degeneracy condition
in each chart:

(3.2) Vy", the map (t,y") = Yy ) (t) is a submersion.

In other words, the differential of that map has full rank any time when the image is in M.
Another way to interpret (3.2) is to say that the Jacobi fields 0,7, (t), j = 1,..., k, projected
to "y(ly,vy,,)(t), span the latter at every point. Clearly, condition (3.2) requires k¥ > n — 1. When
k =2n —2 (no y” variables), (3.2) hold trivially.

Example 1. If we use the 0_SM; parameterization of I' on dM; and take k = 2n — 2, the space

I:I%/ ? reduces to HI{/ 2((9_,S'M1). The latter is equivalent to Hll/ ? defined through the foliation
parameterization, see Proposition 2.2.

Example 2. The classical parameterizations of lines in the Euclidean case by ¥, see (1.2), is an
example of such a coordinate system. In this case, z belongs to the hyperplane 8+ depending on
f but near a fixed 6, one can always construct a local diffeomorphism smoothly depending on 6
allowing us to think of z as a variable on a fixed hyperplane. If that diffeomorphism is a unitary
map for each 6 (which can be done), then this would not affect the definition of (3.1). Then we set
z =1y € R" ! and choose 3" € R""! to be a local parameterization of §. The map in (3.2) is given

by (t,z) — z + tf which is a diffeomorphism. Then the resulting space ﬁll/ ? is the one appearing
n (1.5). Here, and in the examples below, k = n — 1.

Example 3. Near a point on 9_SM; (or, equivalently, on BM7), we choose coordinates y” € R" 1
to parameterize points on OM; and 3’ € R™! to parameterize incident unit directions. Then the
map (3.2) is a submersion when its image is restricted to M by the simplicity of (M, g), which can
be guaranteed if the extension is close enough to (M, g). Note that we need the initial points of
the geodesics to be outside M since (3.2) is the exponential map in polar coordinates, rather than

in the usual ones, and it is not an submersion when ¢ = 0. The resulting f[%/ 2 space would involve
derivatives w.r.t. the direction (but not w.r.t. the base point) only. While the specific definition
of the norm depends on the coordinates used, a change would yield an equivalent norm. One can

think of those coordinates as fan-beam ones on M7 but we use the directions only to define ﬁll/ 2,

Example 4. With M; as above, we swap v’ and y”. More precisely, near a point on 9_SM;
(or, equivalently, on BMj), we choose coordinates 4/ € R"~! to parameterize points on dM; and
y" € R"! to parameterize incident unit directions. The corresponding Sobolev space ETIE/ % will
include derivative w.r.t. initial points on M only in the chosen coordinate system. A change of
variables would include directional derivatives as well. For rays close enough to ones tangential
to OM, (3.2) will hold by a perturbation argument. Then we use a partition of unity do define
H'Y2(I") near the boundary of I' (consisting of geodesics tangent to M generating to points). In
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the interior of I, we can swap 3’ and y” (use derivatives w.r.t. the directions) or use all variables,
as in Example 2.

Example 5. One may wonder if one of the parameterizations on M (rather than on 9M;) would
work as well. If we view the J_SM parameterization as an d_SM; one projected onto 0_SM,
then the natural measure would be dpu, see section 2.1. The derivatives w.r.t. initial points on
OM (see also Figure 1, with directions tangent to M fixed in some coordinate system (or varying
smoothly) would correspond to Jacobi fields which do not satisfy (3.2) at ¢ = 0, as it is easy to
see. The directional derivatives at every fixed x € M generate Jacobi fields vanishing at ¢t = 0.

Therefore, (3.2) is not satisfied even if we take all possible derivatives. This shows that the space
1/2
w,0—SM

be defined as an complex interpolation space between similar spaces with s = 0 and s = 1, see [12,

Theorem B.9], where one can use classical definitions of norms through derivatives. The fact that

(3.2) fails in this case does not prove that we cannot use the H;/;W

(here, u stands for the measure) does not satisfy (3.2). Note that such a space can also

norm in our main results yet

however.

4. PROOF OF THEOREM 1.1

The starting point are the stability estimates (1.5) for m = 0,1 and (1.7) for m = 2, the latter due
to the second author [24, Theorem 1], valid for all symmetric 2-tensor field f € L?(M;S3,). First
we will estimate |[N™ f[| 157, in the first inequality in (1.5), respectively (1.7), by CILfNl 2,

r

see (2.2), with the corresponding ray transform I. We will take m = 2 below and the proof is the
same for m = 0, 1.

By Proposition 2.3(a), applied to the extension of f € L?(M;S%,) by zero to My \ M, we have
Iéwl fe HIE/ ? and that map is continuous. This proves the second inequality in the theorem, part

(c), because Iy f = I f*. We also have supp(Iéwlf) C I". Applying Proposition 2.3(b) with s = —1
to the middle term of (1.7), we obtain

(4.1) 1790 sy < CIBR Pl e, £ € L3 S3y).

This completes the proof of the first inequality in the theorem with the Hll/ 2 norm, i.e., when
k =2n —2 (in all charts). Then the norm | - ||z is equivalent to || - ||z

In the remainder of the proof, we consider the more interesting case when k < 2n — 2 and (3.2)
holds. Then the norm || - || iz 1s not equivalent to | - | zg. anymore since the former is defined with
fewer derivatives. The main idea is that in that case, locally, while (9,1, ...,9,) is not elliptic (in
RZTL;,,Q), it is elliptic on the Lagrangian of I, ,; more precisely on the image of 7*M \ 0 under the
canonical relation C, where WF (I, ,, f) lies.

We can view I, ,. as a sum of several weighted geodesic X-ray transforms of the scalar components
of the tensor f (in a coordinate system near a fixed geodesic). It was shown in [15] that each such
transform, and therefore I, , itself, is an FIO with the following canonical relation C. Let ((,w)
be the dual variables of (z,w), and & be the dual of x. Then (z,w,(,w;xz,§) € C, if and only if
there exists ¢ so that

y OVl w(t L wl(t
r = 'Yz,w(t)’ fj'}/g«,w(t) =0, C= fjw7 Wa = gj ,7817005 )
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In particular, this shows that the dual variables ({,w) along each geodesic are Jacobi fields projected
to its conormal bundle. Passing to the y variables, the last two equations become

97y (t)

oyt ’
where 7 is the dual to y. We can describe C in the following way. For a fixed (z,§), choose any
7L through z normal to ¢ (that set is diffeomorphic to S™72); then C(z,&) is the union of all
(y,m) so that y parameterizes some of those geodesics and 7y is its Jacobi field corresponding to
0,¢ at x projected to &, see [15]. By our assumption, for every such fixed geodesic, at least one of
those projections corresponding to £ = 1,...,k, would not vanish. This means that A, is elliptic
on the image of 7*M \ 0 under C' (which is conically compact, and therefore, A,/ it is elliptic in a
neighborhood of it), where WF(1,, . f) lies. Therefore, given s, one can build a left parametrix A
of order zero to get

(4.2) Al = Ay )xjidmef =1 = Ay)’xiImef + Rf

with R : C§°(M) — C§°(M;) smoothing. Here the fractional powers are defined through the Fourier
transform and A is properly supported in some neighborhood of supp x; X supp x;. Summing up,
we get the estimate

77[:5] 521,...,271—2,

(4.3) [ m s f s < CllImsf | gz + ONIf 1l -~ (0n)
with N as large as we want. On the other hand, the estimate
(4’4) HIm,f@f”Hii < C”Im,HfHHS

is immediate.
Since we proved Theorem 1.1 with the Hll/2 norm (when k = 2n — 2), by (4.3), (4.4), we can

replace that norm by any norm of the I_Jll/ % ones at the expense of getting an error term; for (c) in
Theorem 1.1, for example, we get

15 2 ass2,)/ © < W12 f | g < ClL N 2 anss,) + ONIF -~

VN, since Iof = Iof*. Since Ir : SL*(M;S3,) — ffllﬂ, where S is the projection onto the
solenoidal tensors, is injective, a standard functional analysis argument implies that the last term
can be removed at the expense of increasing C, see [34, Proposition V.3.1].

The estimate which we prove and even the Euclidean estimate (1.3) may look unexpected. The
transform Iy ,,, is overdetermined in the sense that it acts from an n dimensional space to an 2n — 2
dimensional one. One could expect that n derivatives in the definition of the Sobolev spaces of
the image would be enough but it turns out that n — 1 suffice, under condition (3.2). In the next
example, we demonstrate, in a simple situation, that it is the shape of the the Lagrangian projected
on the image of T*M that matters; its structure is the one allowing us to get away with one less
variable.

Example 6. We will demonstrate explicitly how this argument works for the Radon transform R in
R? with the “parallel geometry” paremeterization x-w = p, |w| = 1, p € R. We parameterize w by
its polar angle ¢ and denote by (p, @) the dual variables to (p,w). It is well known, and also follows
from the analysis above that R is an FIO with a canonical relation which is a local diffeomorphism.
A direct computation [25] shows that under the a priori assumption supp f € B(0, R), we have

(4.5) WE(Rf) C {(¢,p,¢,D); |¢| < Rlp|}
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The symbol p (corresponding to —idp) is not elliptic because it vanishes on the line p = 0, ¢ # 0.
On the other hand, that line is separated from the cone in the r.h.s. of (4.5). Using a partition of
unity on the unit circle |3|? + |p|?> = 1 one can always modify p away from that cone to make it
elliptic of order 1 (for example, by adding a suitable elliptic pure imaginary symbol away from the
cone to ensure ellipticity in the transition region as well where the cutoff is neither 0 nor 1). This
would result in a smoothing error applied to f; and will lead to an elliptic extension of p. This
shows that defining an H'/2 Sobolev space for Rf with the p derivative only should work; and this
is a partial case of (1.5) written in the (p, ) coordinates.

We recall that the main argument in the proof of the main theorem was that A, was elliptic
on the range of the canonical relation C' (away from the zero section). In Example 6, y' = p and
clearly, the dual variable p does not vanish on (4.5). In dimensions n = 2, that range has dimension
4, which is also the dimension of T7*M and also of T*I", see also [15]. For general dimensions n > 2,
this microlocal range has dimension 3n — 2 as it follows from [15]; and when n > 3, this is strictly
smaller than the dimension 4n — 4 of the phase space T*I" of all geodesics.
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