INVERTING THE LOCAL GEODESIC X-RAY TRANSFORM ON TENSORS

PLAMEN STEFANOV, GUNTHER UHLMANN AND ANDRAS VASY

ABSTRACT. We prove the local invertibility, up to potential fields, and stability of the geodesic X-ray trans-
form on tensor fields of order 1 and 2 near a strictly convex boundary point, on manifolds with boundary
of dimension n > 3. We also present an inversion formula. Under the condition that the manifold can be
foliated with a continuous family of strictly convex surfaces, we prove a global result which also implies
a lens rigidity result near such a metric. The class of manifolds satisfying the foliation condition includes
manifolds with no focal points, and does not exclude existence of conjugate points.

1. INTRODUCTION

Let (M, g) be a compact Riemannian manifold with boundary. The X-ray transform of symmetric covector
fields of order m is given by

(11) 170) = [ (), 37 @) de

where, in local coordinates, (f,v™) = f;, 4, v ...v% and v runs over all (finite length) geodesics with
endpoints on M. When m = 0, we integrate functions; when m = 1, f is a covector field, in local
coordinates, fjdx’; when m = 2, f is a symmetric 2-tensor field f;;jdz’dz?, etc. The problem is of interest by
itself but it also appears as a linearization of boundary and lens rigidity problems, see, e.g., [21, 20, 24, 25,
27, 6, 5, 4]. Indeed, when m = 0, f can be interpreted as the infinitesimal difference of two conformal factors,
and when m = 2, f;; can be thought of as an infinitesimal difference of two metrics. The m = 1 problem
arises as a linearization of recovery a velocity fields from the time of fly. The m = 4 problem appears in
linearized elasticity.

The problem we study is the invertibility of I. It is well known that potential vector fields, i.e., f which
are a symmetric differential d®v of a symmetric field of order m — 1 vanishing on M (when m > 1),
are in the kernel of I. When m = 0, there are no potential fields; when m = 1, potential fields are just
ordinary differentials dv of functions vanishing at the boundary; for m = 2, potential fields are given by
d*v = %(fui,j +v;;), with v one form, v = 0 on 0M; etc. The natural invertibility question is then whether
If =0 implies that f is potential; we call that property s-injectivity below.

This problem has been studied extensively for simple manifolds, i.e., when OM is strictly convex and any
two points are connected by a unique minimizing geodesic smoothly depending on the endpoints. For simple
metrics, in case of functions (m = 0), uniqueness and a non-sharp stability estimate was established in
[14, 13, 2] using the energy method initiated by Mukhometov, and for m = 1, in [1]. Sharp stability follows
from [24]. The case m > 2 is harder with less complete results and the m = 2 one already contains all the
difficulties. In two dimensions, uniqueness for simple metrics and m = 2 has been proven in [19] following
the boundary rigidity proof in [16]. For any m, this was done in [15].

In dimensions n > 3, the problem still remains open for m > 2. Under an explicit upper bound of the
curvature, uniqueness and a non-sharp stability was proved by Sharafutdinov, see [20, 21] and the references
there, using a suitable version of the energy method developed in [17]. Convexity of M is not essential
for those kind of results and the curvature assumption can be replaced by an assumption stronger than
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requiring no conjugate points, see [22, 7]. This still does not answer the uniqueness question for metrics
without conjugate points however. The first and the second author proved in [24, 25], using microlocal and
analytic microlocal techniques, that for simple metrics, the problem is Fredholm (modulo potential fields)
with a finitely dimensional smooth kernel. For analytic simple metrics, there is uniqueness; and in fact, the
uniqueness extends to an open and dense set of simple metrics in C*, k > 1. Moreover, there is a sharp
stability L2(M) — H'(M) estimate for f — I*If, where M is some extension of M, see [23]. We study the
m = 2 case there for simplicity of the exposition but the methods extend to any m > 2.

The reason why m > 2 is harder than the m = 1 and the m = 0 cases can be seen from the analysis
n [24, 25]. When m = 0, the presence of the boundary OM is not essential — we can extend (M, g) to a
complete (M ,g) and just restrict I to functions supported in a fixed compact set. When f is an one-form
(m = 1), we have to deal with non-uniqueness due to exact one-forms but then the symmetric differential
is d® just the ordinary one d. When n > 2, d° is an elliptic operator but recovery of df from d°f is not a
local operator. One way to deal with the non-uniqueness due to potential fields is to project on solenoidal
ones (orthogonal to the potential fields). This involves solving an elliptic boundary value problem and the
presence of the boundary dM becomes an essential factor. The standard pseudo-differential calculus is not
suited naturally to work on manifolds with boundary.

In [26], the first two authors study manifolds with possible conjugate points of dimension n > 3. The
geodesic manifold (when it is a smooth manifold) has dimension 2n — 2 which exceeds n when n > 3. We
restrict I there to an open set I' of geodesics. Assuming that I' consists of geodesics without conjugate points
so that the conormal bundle {T%~| v € T'} covers T*M \ 0, we show uniqueness and stability for analytic
metrics, and moreover for an open and dense set of such metrics. In this case, even though conjugate points
are allowed, the analysis is done on the geodesics in I' assumed to have no such points. We point out that
this condition allows for some trapping. Recently Guillarmou [8] in a very interesting paper has proven
s-injectivity in dimension n > 3, in the case m = 2, when there are no conjugate points and the trapping is
hyperbolic.

A significant progress is done in the recent work [29], where the second and the third author prove the
following local result: if OM is strictly convex at p € OM and n > 3, then If, acting on functions (m = 0),
known for all geodesics close enough to the tangent ones to M at p, determine f near p in a stable way.
The new idea in [29] was to introduce an artificial boundary near p cutting off a small part of M including
p and to apply the scattering calculus in the new domain 2., treating the artificial boundary as infinity, see
Figure 1. Then €. is small enough, then a suitable “filtered” backprojection operator is not only Fredholm,
but also invertible. We use this idea in the present work, as well. The authors used this linear results in a
recent work [28] to prove local boundary and lens rigidity near a convex boundary point.

The purpose of this paper is to invert the geodesic X-ray transform f — If on one forms and symmetric
2-tensors (m = 1 and m = 2) for n > 3 near a strictly convex boundary point. We give a local recovery
procedure for f on suitable open sets @ C M from the knowledge of If(7) for Q-local geodesics v, i.e. ¥
contained in © with endpoints on M N ). More precisely, there is an obstacle to the inversion explained
above: one-forms or tensors which are potential, i.e. of the form d*v, where v is scalar or a one-form, vanishing
at OM N Q, have vanishing integrals along all the geodesics with endpoints there, so one may always add
a potential (exact) form or a potential two-tensor to f and obtain the same localized transform If. Our
result is thus the local recovery of f from If up to this gauge freedom; in a stable way. Further, under an
additional global convex foliation assumption we also give a global counterpart to this result.

We now state our main results more concretely. Let p be a local boundary defining function, so that p > 0
in M. It is convenient to also consider a manifold without boundary (M, g) extending M. First, as in [29],
the main local result is obtained for sufficiently small regions Q = Q. = {z > 0, p > 0}, x = z; see Figure 1.
Here z = 0 is an ‘artificial boundary’ which is strictly concave as viewed from the region {2 between it and
the actual boundary OM; this (rather than OM) is the boundary that plays a role in the analysis below.

We set this up in the same way as in [29] by considering a function & with strictly concave level sets from
the super-level set side for levels ¢, |¢| < ¢g, and letting

Te=2+¢, Qe={x.>0, p>0}.
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(A convenient normalization is that there is a point p € OM such that Z(p) = 0 and such that dZ(p) = —dp(p);
then one can take e.g. #(z) = —p(2) — €|z — p|? for small € > 0, which localizes in a lens shaped region near
p, or indeed & = —p which only localizes near 9).) Here the requirement on Z is, if we assume that M is
compact, that there is a continuous function F' such that F(0) = 0 and such that

Q. Cc{Z < —c+ F(c)},

i.e. as ¢ — 0, Q. is a thinner and thinner shell in terms of Z. As in [29], our constructions are uniform in ¢
for |¢| < cg. We drop the subscript ¢ from Q., i.e. simply write €2, again as in [29], to avoid overburdening
the notation.

M

S

FIGURE 1. The functions p and # when the background is flat space M. The intersection
of p > 0 and z. > 0 (where z. = T + ¢, so this is the region & > —c¢) is the lens shaped
region O,. Note that, as viewed from the superlevel sets, thus from O, Z has concave level
sets. At the point z, L integrates over geodesics in the indicated small angle. As z moves
to the artificial boundary x. = 0, the angle of this cone shrinks like C'z. so that in the limit
the geodesics taken into account become tangent to z. = 0.

A weaker version, in terms of function spaces, of the main local theorem, presented in Corollaries 4.17-
4.18, is then the following. The notation here is that local spaces mean that the condition is satisfied on
compact subsets of Q\ {z = 0}, i.e. the conclusions are not stated uniformly up to the artificial boundary (but
are uniform up to the original boundary); this is due to our efforts to minimize the analytic and geometric
background in the introduction. The dot denotes supported distributions in the sense of Hérmander relative
to the actual boundary p = 0, i.e. distributions in z > 0 (within the extension M) whose support lies in
p >0, ie. for H*, this is the H} space.

Theorem 1.1. (See Corollaries 4.17-4.18.) With Q = Q. as above, there is ¢y > 0 such that for ¢ € (0,c¢),
if f € L*(Q) then f = u+ d*v, where v € HL (Q\ {z = 0}), while u € L} (Q\ {z = 0}) can be stably
determined from I f restricted to Q2-local geodesics in the following sense. There is a continuous map I f — u,
where for s >0, f in H*(), the H*~! norm of u restricted to any compact subset of Q\{x = 0} is controlled
by the H® norm of I f restricted to the set of Q-local geodesics.

Replacing Q. ={% > —c} N M by Qe ={7 >3 > —c+ 7} N M, ¢ can be taken uniform in T for T in a
compact set on which the strict concavity assumption on level sets of T holds.

The uniqueness part of the theorem generalizes Helgason’s type of support theorems for tensors fields for
analytic metrics [10, 11, 3]. In those works however, analyticity plays a crucial role and the proof is a form
of a microlocal analytic continuation. In contrast, no analyticity is assumed here.

As in [29], this theorem can be applied in a manner to obtain a global conclusion. To state this, assume
that z is a globally defined function with level sets 3; which are strictly concave from the super-level set for
t € (—T,0], with £ < 0 on the manifold with boundary M. Then we have:

Theorem 1.2. (See Theorem 4.19.) Suppose M is compact. Then the geodesic X-ray transform is injective
and stable modulo potentials on the restriction of one-forms and symmetric 2-tensors f to &=*((—=T,0]) in
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the following sense. For all T > —T there is v € HL _(37'((7,0])) such that f —d*v € L2 (#=1((r,0])) can
be stably recovered from If in the sense that for s > 0 and f € H* locally on =1((7,0]), the H*~! norm of
v restricted to compact subsets of 71((7,0]) is controlled by the H® mnorm of If on local geodesics.

Remark 1.3. This theorem, combined with Theorem 2 in [27] (with a minor change — the no-conjugate
condition there is only needed to guarantee a stability estimate, and we have it in our situation), implies
a local, in terms of a perturbation of the metric, lens rigidity uniqueness result near metric satisfying the
foliation condition.

Manifolds satisfying the foliation condition include manifolds without focal points [18]. Subdomains M of
R"™ with the metric ¢~ 2(r)dx?, r = |z| satisfying the Herglotz [9] and Wiechert and Zoeppritz [30] condition
d%ﬁ > 0 on M satisfy it as well since then the Euclidean spheres |z| = r form a strictly convex foliation.
Conjugate points in that case may exist, and small perturbations of such metrics satisfy the condition, as
well. We can also formulate semi-global results: if we can foliate M \ K with K C M compact, then we
can recover f up to a potential field there in a stable way, with stability degenerating near M. This
can be considered as a linearized model of the seismology problem for anisotropic speeds of propagation.
One such example is metrics ¢~2(r)dz? (and close to them) for which d%% > 0 holds for ¢ < r < b and
M C {|z| <b}. Then f can be stably recovered for |z| > a up to a potential field.

Similarly to our work [28], this paper, and its methods, will have applications to the boundary rigidity
problem; in this case without the conformal class restriction. This paper is forthcoming.

The plan of the paper is the following. In Section 2 we sketch the idea of the proof, and state the main
technical result. In Section 3 we show the ellipticity of the modified version of LI, modified by the addition
of gauge terms. This essentially proves the main result if one can satisfy the gauge condition. In Section 4

we analyze the gauge condition and complete the proof of our main results.

2. THE IDEA OF THE PROOF AND THE SCATTERING ALGEBRA

We now explain the basic ideas of the paper.

The usual approach in dealing with the gauge freedom is to add a gauge condition, which typically, see
e.g. the work of the first two authors [25], is of the solenoidal gauge condition form, dgf = 0, where 4y is
the adjoint of d° with respect to the Riemannian metric on M. Notice that actually the particular choice of
the adjoint is irrelevant; once one recovers f in one gauge, one could always express it in terms of another
gauge, e.g. in this case relative to a different Riemannian metric.

In order to motivate our gauge condition, we need to recall the method introduced by the last two authors
in [29] to analyze the geodesic X-ray transform on functions: the underlying analysis strongly suggests the
form the gauge condition should take.

As in [29] we consider an operator L that integrates over geodesics in a small cone at each point, now
multiplying with a one form or symmetric 2-tensor, in the direction of the geodesic, mapping (locally defined)
functions on the space of geodesics to (locally defined) one forms or tensors. The choice of the operator, or
more concretely the angle, plays a big role; we choose it to be comparable to the distance to the artificial
boundary, x = 0. In this case LI ends up being in Melrose’s scattering pseudodifferential algebra, at least once
conjugated by an exponential weight. (The effect of this weight is that we get exponentially weak estimates
as we approach the artificial boundary.) The main analytic problem one faces then is that, corresponding to
the gauge freedom mentioned above, LI is not elliptic, unlike in the scalar (function) setting.

Concretely L is defined as follows. Near 0f), one can use coordinates (z,y), with z = 2. = Z + ¢ as
before, y coordinates on 0f2. Correspondingly, elements of T, M can be written as A0, + n9d,. The unit
speed geodesics which are close to being tangential to level sets of & (with the tangential ones being given
by A = 0) through a point p can be parameterized by say (A, w) (with the actual unit speed being a positive
multiple of this) where w is unit length with respect to say a Euclidean metric. The concavity of the level
sets of Z, as viewed from the super-level sets, means that %:ﬁ o« is bounded below by a positive constant
along geodesics in ()., as long as ¢ is small, which in turn means that, for sufficiently small C; > 0, geodesics
with |A| < C14/z indeed remain in > 0 (as long as they are in M). Thus, if If is known along Q-local
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geodesics, it is known for geodesics (z,y, A\,w) in this range. As in [29] we use a smaller range |A| < Cax
because of analytic advantages, namely the ability work in the well-behaved scattering algebra. Thus, for
X smooth, even, non-negative, of compact support, to be specified, in the function case [29] considered the
operator

Lo(z) = 272 / X0 (g r) AN doo,

where v is a (locally, i.e. on suppx, defined) function on the space of geodesics, here parameterized by
(r,y,\,w). (In fact, L had a factor z~! only in [29], with another =1 placed elsewhere; here we simply
combine these, as was also done in [28, Section 3]. Also, the particular measure dAdw is irrelevant; any
smooth positive multiple would work equally well.) In this paper, with v still a locally defined function on
the space of geodesics, for one-forms we consider the map L

(2.1) Lv(z) = /X()\/I)v(’yl7y,,\7w)gsc()\ O +w 0y) d\ dw,
while for 2-tensors
(2.2) Lo(z) = 2? / X200y goc (A s + wDy) @ goc(A s + w0 D) dA doo,

so in the two cases L maps into one-forms, resp. symmetric 2-cotensors, where g is a scattering metric used
to convert vectors into covectors — this is discussed in detail below.

Since it plays a crucial role even in the setup, by giving the bundles of which our tensors are sections
of, as well as the gauge condition, we need to discuss scattering geometry and the scattering pseudodiffer-
ential algebra, introduced by Melrose in [12], at least briefly. There is a more thorough discussion in [29,
Section 2], though the cotangent bundle, which is crucial here, is suppressed there. Briefly, the scattering
pseudodifferential algebra U7/(X) on a manifold with boundary X is the generalization of the standard
pseudodifferential algebra given by quantizations of symbols a € S™!, i.e. a € C®°(R" x R") satisfying

(2.3) DS Da(z,0)| < Cap(z)! 717 (¢) 71

for all multiindices «, 8 in the same way that on a compact manifold without boundary X, \Ifm(X ) arises
from (localized) pseudodifferential operators on R™ via considering coordinate charts. More precisely, R™
can be compactified to a ball R", by gluing a sphere at infinity, with the gluing done via ‘reciprocal polar
coordinates’; see [29, Section 2]. One then writes W!(R") for the quantizations of the symbols (2.3). Then
Pl X) is defined by requiring that locally in coordinate charts, including charts intersecting with X, the
algebra arises from WU!(R™). (One also has to allow smooth Schwartz kernels on X x X which are vanishing
to infinite order at (X x X), in analogy with the smooth Schwartz kernels on X x X.) Thus, while the
compactification is extremely useful to package information, the reader should keep in mind that ultimately
almost all of the analysis reduces to uniform analysis on R™. Since we are working with bundles, we also
mention that scattering pseudodifferential operators acting on sections of vector bundles are defined via local
trivializations, in which these operators are given by matrices of scalar scattering pseudodifferential operators
(i.e. are given by the R™ definition above if in addition these trivializations are made to be coordinate charts),
up to the same smooth, infinite order vanishing at (X x X) Schwartz kernels as in the scalar case.

Concretely, the compactification R™, away from 0 € R® C R™, is just [0, 00), x S?~!, where the identifica-
tion with R™\ {0} is just the ‘inverse polar coordinate’ map (z,w) + 1w, with 7 = 27! the standard radial
variable. Then a straightforward computation shows that translation invariant vector fields 9., on R” lift to
the compactification (via this identification) to generate, over C*°(R™), the Lie algebra V.(R") = zV,(R")
of vector fields, where on a manifold with boundary Vy,(X) is the Lie algebra of smooth vector fields tangent
to the boundary of X. In general, if x is a boundary defining function of X, we let Vi (X) = 2Vp(X). Then
U1.0(X) contains Vie(X), corresponding to the analogous inclusion on Euclidean space, and the vector fields
in WL0(X) are essentially the elements of Vi.(X), after a slight generalization of coefficients (since above
a does not have an asymptotic expansion at infinity in z, only symbolic estimates; the expansion would
correspond to smoothness of the coefficients).
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Now, a local basis for Vi.(X), in a coordinate chart (z,y1,...,yn—1), is
220,20y, . ..,10,, |

directly from the definition, i.e. V' € Vs.(X) means exactly that locally, on U C X
V = ag(x?0,) + Zaj(ajﬁyj), a; € C(U).

This gives that elements of Vi (X) are exactly smooth sections of a vector bundle, **TX, with local basis
220,,20,,,...,20,, ,. Inthe case of X = R", this simply means that one is using the local basis 229, = —&,,
0y, = rilc'“)wj, where the w; are local coordmates on the sphere. An equivalent global basis is just 0.,
j=1,...,n,ie *°TR® =R? x R" is a trivial bundle with this identification.

The dual bundle *°T* X of T X correspondingly has a local basis gf , dgl ey dy’;’l, which in case of
X = R" becomes —dr, r dw;, with local coordinates w; on the sphere. A global version is given by using the
basis dz;, with covectors written as ) (; dz;; thus **T*R" = R? x RZ; this is exactly the same notation as in

the description of the symbol class (2.3), i.e. one should think of this class as living on S*T*R”. Thus, smooth
scattering one-forms on R”, i.e. sections of S*T*R", are simply smooth one-forms on R™ with an expansion
at infinity. Similar statements apply to natural bundles, such as the higher degree differential forms SCA* X,
as well as symmetric tensors, such as Sym?s°T*X. The latter give rise to scattering metrics gs., which are
positive definite inner products on the fibers of **T'X (i.e. positive definite sections of Sym?seT* X ) of the
form go. = 2~ *d2? 4+ 2~ 2h, h a standard smooth 2-cotensor on X (i.e. a section of Sym?7*X). For instance,
one can take, in a product decomposition near 90X, gsc = 2~ *da? + 27 2h, h a metric on the level sets of x.

The principal symbol of a pseudodifferential operator is the equivalence class of a as in (2.3) modulo
Sm=LI=1 i e modulo additional decay both in z and in ¢ on R™ x R™. In particular, full ellipticity is
ellipticity in this sense, modulo S™~1!=1 ie. for a scalar operator lower bounds |a(z,¢)| > c(z)H{(¢)™
for |z| + |¢|] > R, where R is suitably large. This contrasts with (uniform) ellipticity in the standard
sense, which is a similar lower bound, but only for |{| > R. Fully elliptic operators are Fredholm between
the appropriate Sobolev spaces HS"(X) corresponding to the scattering structure, see [29, Section 2]; full
ellipticity is needed for this (as shown e.g. by taking A — 1 on R™, A the flat positive Laplacian). If a is
matrix valued, ellipticity can be stated as invertibility for large (z,(), together with upper bounds for the
inverse: |a(z,¢) 7| < ¢ 1z)7H{¢)~™; this coincides with the above definition for scalars.

We mention also that the exterior derivative d € Diffl, (X;%A* ¢AF+1) for all k. Explicitly, for k = 0, in
local coordinates, this is the statement that

df = (0:f) dw + D _(9y, f) dy; = (2°0, f Z

with 220,,20,, € Diffl,(X), while . dgf are smooth sections of *°*T*X (locally, where this formula makes

sense). Such a computation also shows that the principal symbol, in both senses, of d, at any point £ j—g +

Z ;5 i s wedge product with & i—g + Zj n; d% A similar computation shows that the gradient with

x

respect to a scattering metric gsc is a scattering differential operator (on any of the natural bundles), with
principal symbol given by tensor product with § -+ Z 77j -, hence so is the symmetric gradient on one

xr
of these principal symbols are actually independent of the metric gs., and d itself is completely independent

of any choice of a metric (scattering or otherwise).

If we instead consider the symmetric differential d® with respect to a smooth metric g on X, as we are
obliged to use in our problem since its image is what is annihilated by the (g-geodesic) X-ray transform
I, it is a first order differential operator between sections of bundles 7*X and Sym?7*X. Writing dz, dy;,
resp., dz?, dx dy; and dy; dy; for the corresponding bases, this means that we have a matrix of first order
differential operators. Now, as the standard principal symbol of d® is just tensoring with the covector at
which the principal symbol is evaluated, the first order terms are the same, modulo zeroth order terms,

as when one considers d; , and in particular they correspond to a scattering differential operator acting

forms, with principal symbol given by the symmetrized tensor product with ?2 +> r 9Yi Note that all
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between section of S°T*X and Sym?°T*X. (This can also be checked explicitly using the calculation done
below for zeroth order term, but the above is the conceptual reason for this.) On the other hand, with
dz? = do @ dz, de dy; = %(dcc ® dy; + dy; ® dz), etc., these zeroth order terms form a matrix with smooth
coefficients in the local basis

dz? @ 0y, di* @ Oy, drdy; ® Oy, drdy; ® 0y, dyr dy; ® Oz, dyi dy; ® 0,
of the homomorphism bundle hom(7* X, Sysz*X). In terms of the local basis

dz dy; 2
22 @ (270:),

dyr dy; dyp. dy;
® (0,,), L @ (220,), P @ (20),)

2 2

d% ® (220,), % ® (x0y,),
dx dy;
22

of hom(**T* X, Sym?**T*X), these are all smooth, and vanish at dX to order 2,3,1,2,0,1 respectively,

showing that d° € Diff;C(X ,SCT* X, Sym?seT* X ), and that the only non-trivial contribution of these zeroth

order terms to the principal symbol is via the entry corresponding to % ® (220,) = dyy dy; ® ., which

however is rather arbitrary.

Returning to the choice of gauge, in our case the solenoidal gauge relative to g would not be a good
idea: the metric on M is an incomplete metric as viewed at the artificial boundary, and does not interact
well with LI. We circumvent this difficulty by considering instead the adjoint §° relative to a scattering
metric, i.e. one of the form x~*dz? +x~2h, h a metric on the level sets of . While §°, d® are then scattering
differential operators, unfortunately §°d® on functions, or one forms, is not fully elliptic in the scattering
sense (full ellipticity is needed to guarantee Fredholm properties on Sobolev spaces in a compact setting),
with the problem being at finite points of °T*X, X = {z > 0}. For instance, in the case of X being the
radial compactification of R™, we would be trying to invert the Laplacian on functions or one-forms, which
has issues at the 0-section. However, if we instead use an exponential weight, which already arose when LI
was discussed, we can make the resulting operator fully elliptic, and indeed invertible for suitable weights.

Thus, we introduce a Witten-type (in the sense of the Witten Laplacian) solenoidal gauge on the scattering
cotangent bundle, 5°T*X or its second symmetric power, Sym?**T* X . Fixing f > 0, our gauge is

e2F/a:§se—2F/zfs =0,

or the e~/ /" _solenoidal gauge. (Keep in mind here that §° is the adjoint of d® relative to a scattering
metric.) We are actually working with

fr=et/7f
throughout; in terms of this the gauge is

5 fp =0, 5 =el/Ttel/m,

Theorem 2.1. (See Theorem 4.15 for the proof and the formula.) There exists F o > 0 such that for F > F g
the following holds.

For Q = Q., ¢ > 0 small, the geodesic X-ray transform on e*! /*-solenoidal one-forms and symmetric
2-tensors f € el /7L2.(Q), i.c. ones satisfying 6°(e=2! /% f) = 0, is injective, with a stability estimate and a
reconstruction formula.

In addition, replacing Qe = {2 > —c} "M by Q, . ={7 > % > —c+7}NM, ¢ can be taken uniform in T
for T in a compact set on which the strict concavity assumption on level sets of T holds.

3. ELLIPTICITY UP TO GAUGE

With L defined in (2.1)-(2.2), the main analytic points are that, first, LI is (after a suitable exponential
conjugation) a scattering pseudodifferential operator of order —1, and second, by choosing an additional
appropriate gauge-related summand, this operator LI is elliptic (again, after the exponential conjugation).
These results are stated in the next two propositions, with the intermediate Lemma 3.2 describing the gauge
related summand.
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Proposition 3.1. On one forms, resp. symmetric 2-cotensors, the operators Ny = e~ t/*LIet /% lie in
U LO(X 5T X, T X)), resp. Wl 0(X; Sym*°T* X, Sym**°T* X)),
for F > 0.

Proof. The proof of this proposition follows that of the scalar case given in [29, Proposition 3.3] and in a
modified version of the scalar case in [28, Proposition 3.2]. For convenience of the reader, we follow the latter
proof very closely, except that we do not emphasize the continuity statements in terms of the underlying
metric itself, indicating the modifications.

Thus, recall that the map

(3.1) Ty SM x [0,00) = [M x M;diag], Ty (z,y, \,w,t) = (%, 9), Yeyrw(t))

is a local diffeomorphism, and similarly for I'_ in which (—oco, 0] takes the place of [0, 00); see the discussion
around [29, Equation (3.2)-(3.3)]; indeed this is true for more general curve families. Here [M x M; diag]
is the blow-up of M at the diagonal z = 2/, which essentially means the introduction of spherical/polar
coordinates, or often more conveniently projective coordinates, about it. Concretely, writing the (local)
coordinates from the two factors of M as (z,2’),

_ S
(3.2) z, |z — 2| —

"z = 2|
give (local) coordinates on this space. Since the statement regarding the pseudodifferential property of LI

is standard away from x = 0, we concentrate on the latter region. Correspondingly, in our coordinates
(z,y,\,w), we write

('Yw,yyk,w (t), 7;,3;,)\,1;.) (t)) = (Xr,y,%w (t)7 Y$7y7)\7w (t)a Abm,y,)\,w (t)v be,y,)\,w (t))
for the lifted geodesic v,y xw(t)-
Recall from [29, Section 2| that coordinates on Melrose’s scattering double space, on which the Schwartz
kernels of elements of U2 (X) are conormal to the diagonal, near the lifted scattering diagonal, are (with
x>0)

!/ /

r —x —
Z, y,X:7,Y:ymy

Note that here X,Y are as in [29] around Equation (3.10), not as in [29, Section 2| (where the signs are
switched), which means that we need to replace (£, 1) by (—¢, —n) in the Fourier transform when computing

principal symbols. Further, it is convenient to write coordinates on [M x M: diag] in the region of interest
(see the beginning of the paragraph of Equation (3.10) in [29]), namely (the lift of) |z — 2’| < Cly — ¢/|, as
-z Y-y

ly =o'y =yl

with the norms being Euclidean norms, instead of (3.2); we write '+ in terms of these. Note that these
are x,y, z|Y], %, Y. Moreover, by [29, Equation(3.10)] and the subsequent equations, combined also with

z,Y, |y - y/|7

Equations (3.14)-(3.15) there, A\,w,t are given in terms of z,a’,y,y’ as

X -
(horg") (2. y,2y], 5. ¥)

Y
X —a(z,y Y[, B Y)Y X
v ) |y‘7 2 X
=z +x Ai(x,y,x|Y|,—,Y)
Y| Y|
with ]\i smooth,
X . . - X .
(20T (2 2lV], T2, 7) = ¥ +al V[ (2, 2lY], T, 7)
) Y| Y|
with Q4 smooth and
X 4 ~ X -
(T T (o lV], 57, V) = alY |+ WPT (29,0l 157V
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with 7" smooth.
In particular,
(AoTE")dy +(QolL") 9,
X —Oé(l‘,y,l‘|Y| e Y))|Y|2

gk 9% X A))
= A Y|, —.Y ) )0,
(.’IJ |Y| +x i(%%ﬂ |7 ‘Y|’

N ~ X .
+ (¥ + alv1Q (2, 21V, %,Y)) 9y,

Thus, a smooth metric go = dz? + h applied to this yields

(AoT3Y)dz + (oT3!) h(dy) = x(a:(A ol'yh) ;% +(Qorlyh h(fy))

(3.3) _z(x2(X—a(x,y,x|}}j||,%,Y))Y| +$Ai( y:z:IY| ) %:
+ (7 alv 160 (.2l |Y| v)) (j))’

while so gs. applied to this yields

21 (x_l(/\ o 1—;1) % +(Qo F:T:Al) @)
(3.4) _ x—l((X Oz(:v,y,:clijI,%vY))le +zAy (9673/,33|Y|7%’y)> Cxl%c
(5 (], T ) MY,

Notice that on the right hand side of (3.4) the singular factor of x=! in front of i—g disappears due to the
factor x in A, while on the right hand side of (3.3) correspondingly ‘i—"g has a vanishing factor z?. This means,
as we see below, that the i—”ﬁ component behaves trivially at the level of the boundary principal symbol of
the operator Ny o defined like Ny but with go in place of g, so in fact one can never have full ellipticity in
this case; this is the reason we must use gs. in the definition of N .

One also needs to have A” () QZ%AM (t) evaluated at (', 3’), since this is the tangent vector A9z’ +
w'0ys with which our tensors are contracted as they are being integrated along the geodesic. In order to

compute this efficiently, we recall from [29, Equation (3.14)] that
' =2+ M+ a(z,y, \,w)t2 + OF), v =y + wt + O(t?),
with the O(#3), resp. O(t?) terms having smooth coefficients in terms of (z,y, \,w). Correspondingly,
dx dy

N ===+ 2(z,y \w)t+0(#), o = - =w+0(t).

This gives that in terms of z,y,z’,3’, N is given by
ANoTI' =AoTi' +2a(z,y, Ao T, QoI ) (T o T 4+ (T o TY)?A o',

with A’ smooth in terms of z,y, A o I‘;l, Qo I‘;l, To I‘;l. Substituting these in yields
X —a(z,y,z|Y], 25, V)|V |2

X .
Noli'=z bk + 2z|Y|a(z, y, z]Y|, x—,Y)
* Y] Y]
- X .
+x2|Y|2A’<x7y,w\Y\,%,Y>
X +alz,y.2|Y], 2, 7)Y ]2 ) X
—z v b +x2|Y|2A'<x,y,m|Y|,f7|7Y>
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while

N X
Vol =V + 2l (2, y, 2|V, =

Y).
Y|

Correspondingly,
(N oT{Y 0, +(Vol{Ho, =21 (x_l(A' oTZ") 220, + (2 oT1h) x8y>

X 4 a(z,y,z|Y], 25, 7)Y ]2 _ .
_ —1(( v P 257
=z +z|Y|°AL (x y,a:|Y| YY) ) 220,
Y] |Y|
N ~ X -

Then, similarly, near the boundary as in [29, Equation (3.13)], one obtains the Schwartz kernel of Ny on
one forms:

K (2,9, X,Y)
a(z,y, z|Y |, 55, V)Y 2 z|X|
_ ~F X/(1+2X) 4l A Y Y
2 X( V] +ah (. pnalV), 35 7))
(3.5) ; o)
(+7 (Ao rz) 55+ (@oT2!) =8 ) (271 (A o 131 20, + (¥ 0 T1Y) 0, )
|Y|7n+1Ji($,y,m,|Y|,Y>,

with the density factor J smooth, positive, = 1 at « = 0; there is a similar formula for 2-tensors. Note that
the factor 7! in (3.4), as well as another =1 from writing

(MolEh) o, + (ol =a™" (x*(A’ o1 2?9, + (2 o) xay)

are absorbed into the definition of L, (2.1)-(2.2), hence the different powers (—2 for functions, 0 on one-forms,
2 for 2-cotensors) appearing there. Here
X
z,y, Y],
|Y|
are valid coordinates on the blow-up of the scattering diagonal in |Y| > €|X]|, € > 0, which is the case auto-
matically on the support of the kernel due to the argument of x, cf. the discussion after [29, Equation(3.12)],
so the argument of x is smooth on this blown up space. In addition, due to the order x vanishing of A,
d h(0
“(AoTh) x—f +(QoT3h) %, resp. 2 ' (AoT3") 220, + (Qo L") 29,

are smooth sections of T* X, resp. T X, pulled back from the left, resp. right, factor of X2, thus their
product defines a smooth section of the endomorphism bundle of ¢T™ X.

Since this homomorphism factor is the only difference from [29, Proposition 3.3], and we have shown its
smoothness properties as a bundle endomorphism, this proves the proposition as in [29, Proposition 3.3].

If we defined Ny o as Ny but using a smooth metric go in place of gs., we would have the Schwartz kernel

Ky(z,y,X,Y)
X - az,y,a|Y], 55, V)|V o]
_ —FX/(142X) ’ VY] A Yy z Y
> e x( V] + ok (o palY, v )
(3.6) p ho,)
(4 oT2h G5 + (@0 M) (o7 (4 or3) 20, + (0 13 20
.Z’ X
\Y|’"+1Ji<a:,y,m,\Y|,Y>,
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and

z(AoTLh) ;if +(Qolz! hfy), resp. 2~ (Ao T1) 2?0, + (o T1') 29,

are again smooth sections of S°T* X, resp. **TX, pulled back from the left, resp. right, factor of X2, but, as

pointed out earlier, with the coefficient of % vanishing, thus eliminating the possibility of ellipticity in this

case. |

Before proceeding, we compute the principal symbol of the gauge term dj 6j. For this recall that dj =
e t/edset /* with d* defined using the background metric g (on one forms; the metric is irrelevant for
functions), and &} is its adjoint with respect to the scattering metric gs. (not g). In order to give the
principal symbols, we use the basis

dr dy
22’
for one forms, with d?y understood as a short hand for %, ceey %, while for 2-tensors, we use a decom-

position
de dr dr dy dy dr dy dy
2O 2® 0 % L9
x x?’ x x ¢ oz x

Note that symmetry of a 2-tensor is the statement that the 2nd and 3rd (block) entries are the same (up to
the standard identification), so for symmetric 2-tensors we can also use

dx dr dzx dy dy dy
s o Ys T ? Qs !

22 x2 22 x x

dz

where the middle component is the common 7 ® %y and ‘i—” ® 42 component.

Lemma 3.2. On one forms, the operator dj ;- € Diffgc’O(X;SCT*X7 s¢T*X) has principal symbol

E+iF . o E+F? (E+iF )
(n® >(€_” L”)_<(€—iF)n® nQ iy n)'

On the other hand, on symmetric 2-tensors dj 6;j € Diﬂ?gc’O(X;Sy](nQSCT*X7 SmeSCT*X) has principal
symbol
E+if 0

1 1 , §—iF iy <a,->>
e denin) (07 @y G
&2 4 2 L(E+iF ), (€ +iF){a,.)
=3¢ —iFm® @)+ 1(E@+F2) n®(a,.)+ 3(E+iF )
(E—iF)a  Faw+ 5(E—iF )n® afa,.) + 1 Qs Ly,

where a is a suitable symmetric 2-tensor.

Proof. This is an algebraic symbolic computation, so in particular it can be done pointwise. Since one can
arrange that the metric g used to compute adjoints is of the form z~*dx? + 2~2dy?, where dy? is the flat
metric, at the point in question, one can simply use this in the computation. With our coordinates at the
point in question, trivializing the inner product, gs., the inner product on one-forms is given by the matrix

o 1)

while on 2-tensors by

o O O
o
2
(an)
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First consider one-forms. Recall from Section 2 that the full principal symbol of d, in Diﬂ“iC (X;C,5°T*X),
with C the trivial bundle, is, as a map from functions to one-forms,

(3.7) (i@) .

Thus the symbol of dj = e~F /d%e! /= which conjugation effectively replaces € by {+iF (ase™ ! /22 Dyel /% =
22D, +iF), is
E+ir
< e ) '

Hence 67 has symbol given by the adjoint of that of df with respect to the inner product of gs., which is

(§ —iF Ln) .
Thus, the principal symbol of dj d} is the product,
( E+r2 (¢4 Z'F)Ln>
E—iF)n®  n®uw )’
proving the lemma for one forms.
We now turn to symmetric 2-tensors. Again, recall from Section 2 that the full principal symbol of the

gradient relative to g, in Diff! (X;5°T*X;5T*X @ °T*X), is, as a map from one-forms to 2-tensors (which
we write in the four block form as before) is

¢ 0
n® 0
b n®

where b is a 2-tensor on Y = 90X, and thus that of d* (with symmetric 2-tensors considered as a subspace of
2-tensors) is

¢ 0
1% 3¢
an® 58 |7

a N&s

with a a symmetric 2-tensor (the symmetrization of b). (Notice that a,b only play a role in the principal
symbol at the boundary, not in the standard principal symbol, i.e. as (£,7) — 0c.) Here a arises due to the
treatment of d®, which is defined using a standard metric g, as an element of Diff. (X ;5T* X Sym2S°T*X); it
is acting on the one-dimensional space Span{i—g} by multiplying the coefficient of i—g to produce a symmetric
2-tensor on Y. Note that here the lower right block has (ijk) entry (corresponding to the (ij) entry of
the symmetric 2-tensor and the k entry of the one-form) given by %(méjk + n;0:,). Thus the symbol of
dy = e~F/=d%e! /= which conjugation effectively replaces € by € +if (as e~ ! /22D el /* = 22D, +iF ), is

E4F 0
%n@ %(5 +if)
n®  g(E+if)

a N&s

Thus, d; has symbol given by the adjoint of that of dj with respect to this inner product, which is

(5 & 1 )
0 5(E—ir) 3E—iF) )

Here the lower right block has (¢ij) entry given by %(mdgj +n;0,¢). Here the inner product (a,.) as well as
ty are with respect to the identity because of the trivialization of the inner product; invariantly they with
respect to the inner product induced by h. Correspondingly, the product, in the more concise notation for
symmetric tensors, has the symbol as stated, proving the lemma. (]
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The proof of the next proposition, on ellipticity, relies on the subsequently stated two lemmas, whose
proofs in turn take up the rest of this section.

Proposition 3.3. First consider the case of one forms. Let F > 0. Given Q, a neighborhood of X N M =
{x >0, p>0}in X, for suitable choice of the cutoff x € C°(R) and of M € ¥ _3>°(X), the operator

Ar = Np +dj M&}, Ny =e F/op1et /=, di = e Flzgeel /o,

is elliptic in W10 (X;5T* X, 5T* X)) in ().

On the other hand, consider the case of symmetric 2-tensors. Then there exists Fo > 0 such that for
F > Fo the following holds. Given 2, a neighborhood of X "M = {x >0, p > 0} in X, for suitable choice
of the cutoff x € C(R) and of M € W 30(X;5T*X 5°T*X), the operator

AF = NF + dSFM(SSF, NF = e*F/leeF/x, dSF = ef'r/zdse'f/x,

is elliptic in W10 (X; Sym?s°T* X, Sym**°T* X) in Q.
Proof. The proof of this proposition is straightforward given the two lemmas we prove below. Indeed, as
we prove below in Lemma 3.4, provided x > 0, x(0) > 0, the operator e~/ /*LIef /* has positive definite
principal symbol at fiber infinity in the scattering cotangent bundle when restricted to the subspace of *°T* X
or Sym?°T*X given by the kernel of the symbol of 65, where the inner product is that of the scattering
metric we consider (with respect to which §® is computed); in Lemma 3.5 we show a similar statement for
the principal symbol at finite points under the assumption that x is sufficiently close, in a suitable sense,
to an even positive Gaussian, with the complication that for 2-tensors we need to assume f > 0 sufficiently

large. Thus, if we add dj M6} to it, where M has positive principal symbol, and is of the correct order, we
obtain an elliptic operator, completing the proof of Proposition 3.3. (]

We are thus reduced to proving the two lemmas we used.

Lemma 3.4. Both on one-forms and on symmetric 2-tensors, Ng is elliptic at fiber infinity in S°T* X when
restricted to the kernel of the principal symbol of 6} .

Proof. This is very similar to the scalar setting. With

X—aMY? . Y
S=" L Y=
Y] Y]

the Schwartz kernel of Ny at the scattering front face x = 0 is, by (3.5), given by

dx dy

e*FX|Y|*”+1X(S)((Sﬁ Y ?) ((s +2a|Y ) (228,) + V- (zay)))

on one forms, respectively

XY S)
(5547 e ((s5+7- 7))
(((S +2a[Y])(228,) + Y - (:an)) ® ((S +2a|Y))(228,) + Y - (xay)))

on 2-tensors, where Y is regarded as a tangent vector which acts on covectors, and where (S+2a|Y|)(228,)+
Y - (20,) maps one forms to scalars, thus

((s +2a|Y])(228,) + Y - (xay)) ® ((S 4 20|V ) (228,) + V- (may))
maps symmetric 2-tensors to scalars, while S i—‘;” +Y- dgy maps scalars to one forms, so

(Si—f+?- dy)@(Si—f+Y- @)

x X
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maps scalars to symmetric 2-tensors. In order to make the notation less confusing, we employ a matrix
notation,

(5% +7 - DY ((5 + 20l¥ ) 20) + ¥ - (20,)

<§<S+2a¥|> $<f@->>
N Y(S+2alY]) Y(,))’

with the first column and row corresponding to %7 resp. 220,, and the second column and row to the

(co)normal vectors. For 2-tensors, as before, we use a decomposition
de dr dr dy dy dr dy ® dy
x2 7 2’ g2 oz 2% x x’

where the symmetry of the 2-tensor is the statement that the 2nd and 3rd (block) entries are the same. For

the actual endomorphism we write

(3.9)
52
ﬁéyil (S +2a]Y])2¥1¥s (S +2a|Y)Vi¥a(V, )1 (S + 20|V )Vi¥a(V,)s ¥1¥a(V, )1 (¥, )s)
<Y">1<Y/v'>2

S2(S 4+ 2a|Y])2 S2(S + 20|V ) (Y, )y 52(S+2a|y|)<ff, o SHY L)Y, ),
S(S+2aY)?V:  S(S+2a|Y)Vi(Y, )1 S(S+2a[Y V(Y ) 51:/1<Y, 1Y)
S(S +2a|Y])?Y, S(S+2aIYL)S”2<Y, ) S(S+2aIY|)Y2 Y, )2 SYa(Y, >1<Y7 )2
(S +2a|Y)2V1Ys (S +2a|Y 1Yo (Y, )1 (S+2a|Y V1Yo (Y, Yo Y1V (Y, )1 (Y, )y

o~ o~

Here we write subscripts 1 and 2 for clarity on Y to denote whether it is acting on the first or the second
factor, though this also immediately follows from its position within the matrix.

Now, the standard principal symbol is that of the conormal singularity at the diagonal, i.e. X =0,Y = 0.
Writing (X,Y) = Z, (§,17) = ¢, we would need to evaluate the Z-Fourier transform as |¢| — oo. This was
discussed in [29] around Equation (3.8); the leading order behavior of the Fourier transform as |¢| — oo can
be obtained by working on the blown-up space of the diagonal, with coordinates |Z|,Z = é‘ (as well as

= (z,y)), and integrating the restriction of the Schwartz kernel to the front face, |Z|~! = 0, after removing
the singular factor |Z|~"T!, along the equatorial sphere corresponding to ¢, and given by Z - ¢ = 0. Now,
concretely in our setting, in view of the infinite order vanishing, indeed compact support, of the Schwartz
kernel as X/|Y| — oo (and Y bounded), we may work in semi-projective coordinates, i.e. in spherical
coordinates in Y, but X/|Y| as the normal variable; the equatorial sphere then becomes (X/|Y|)é+Y - =0
(with the integral of course relative to an appropriate positive density). With S=X /Y|, keeping in mind
that terms with extra vanishing factors at the front face, |Y'| = 0 can be dropped, we thus need to integrate

§ BV o (S e oy
(3.10) <SY Vv >> x(8) = <Y> ® (S Y)x(9),
on this equatorial sphere in the case of one-forms, and the analogous expression in the case of symmetric
2-tensors. Now, for x > 0 this matrix is a positive multiple of the projection to the span of (5’, Y) As
(5’ ,Y) runs through the (£,n)-equatorial sphere, we are taking a positive (in the sense of non-negative)
linear combination of the projections to the span of the vectors in this orthocomplement, with the weight
being strictly positive as long as X(S ) > 0 at the point in question. But by Lemma 3.2, the kernel of the
standard principal symbol of 6} consists of covectors of the form v = (v, v") with {vg+n-v" = 0. Hence, if we
show that for each such non-zero vector (vg,v’) there is at least one (S, Y) with x(S) > 0 and €S +7-Y =0
and Svg +Y - v # 0, we conclude that the integral of the projections is positive, thus the principal symbol

of our operator is elliptic, on the kernel of the standard principal symbol of §;. But this is straightforward
if x(0) > 0:
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(1) if v/ = 0 then & = 0 (since vy # 0), one may take S # 0 small, ¥ orthogonal to 7 (such Y exists as
neR™ n> 3),
(2) if v/ # 0 and v’ is not a multiple of 7), then take Y orthogonal to 1 but not to v/, S = 0,
(3) ifv' =en Wlth v # 0 (so ¢ and 1) do not vanish) then vg + ¢[n? = 0 so with ¥ stlll to be chosen if
we let S = —2X then Svg + Y - v/ = ¢(Y - n)(1 + ‘ ‘ ) which is non-zero as long as Y -7 # 0; this
can be again arranged together with Y- 71 being sufﬁClently small (such Y exists again as n € R* 1,
n > 3), so that S is small enough in order to ensure x(S) > 0.
This shows that the principal symbol is positive definite on the kernel of the symbol of § .
In the case of symmetric 2-tensors, the matrix (3.10) is replaced by
52
| ST A (e¥)Nd)
Vi @Y,
which again is a non-negative multiple of a projection. For a symmetric 2-tensor of the form v = (vy N, UNT, UNT, UTT)
in the kernel of the principal symbol of §; , we have by Lemma 3.2 that

(3.11)

Eunn + 1Nt =0,
(3.12)

1
Eont + =(m +n2) - vpr =0,

2
where 77 resp. 7 denoting that the inner product is taken in the first, resp. second, slots. Taking the inner
product of the second equation with 7 gives

&n-ont + (@ n)vrr = 0.
Substituting this into the first equation yields
oy = (n®n)vrr.
We now consider two cases, £ = 0 and & # 0.

If £ # 0, then for a symmetric 2-tensor belng in the kernel of the principal symbol of §; at fiber infinity
and of (3.11) for (S,Y) satisfying €S +7-Y =0, i.e. S = —2 .Y is equivalent to

ovn = E 2 (n @ n)vrr,

1
(3.13) UNT = *i(m +n2) - vpr

(Y2 1Y ey ve!

and the last equation is equivalent to

((@Yg+y)®(ng+y».wTo

If » = 0, the first two equations say directly that vyy and vyr vanish, while the last one states that
(Y ®Y)-vpp =0 for all Y (we may simply take S = 0); but symmetric 2-tensors of the form ¥ ® Y span
the space of all symmetric 2-tensors (as w ® wy + wa ® w1 = (w1 + wa) ® (w1 + wa) — w1 Q@ Wy — Wwe @ wa),
so we conclude that vppr = 0, and thus v = 0 in this case. On the other hand, if n # 0 then taking
YV = e+ (1 — €2)/2Y+ and substituting into this equation yields

)+Y®?)WT=Q

((1+'Zf) i@ +(1+Z|22) (1= eVt + Ve + (1 -Vt e¥™) vy =0,

Note that S = ,em so | S| is small when |e| is sufficiently small. Substituting in € = 0 yields (Y @ Y+) -

vpr = 0; since cotensors of the form Y+ ® Y+ span nt @ nt (nt being the orthocomplement of 1), we
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conclude that vpp is orthogonal to every element of n* ® nt. Next, taking the derivative in € at ¢ = 0
yields (7 ® Vt+vi® ) - vpr = 0 for all f/l; symmetric tensors of this form, together with n ® n*, span
all tensors in (n ® 7)*. Finally taking the second derivative at ¢ = 0 shows that (7 ® %) - vpr = 0, this in
conclusion vpr = 0. Combined with the first two equations of (3.13), one concludes that v = 0, thus the
desired ellipticity follows.

On the other hand, if £ = 0 (and so 5 # 0), then for a Symmetrlc 2-tensor bemg in the kernel of the
principal symbol of 6} at fiber infinity and of (3.11) for (5,Y) satisfying €S +n-V =0,ie.n-Y =0 is
equivalent to

n-UvNT = 07
(3.14) (m +m2) -vrr =0,
S2unn +25Y conr + (Y @Y) - vpp = 0.

Since there are no constraints on S (apart from |S| small), we can differentiate the last equation up to two
times and evaluate the result at 0 to conclude that vyny = 0, Y- vyt = 0 and (Y ® Y) -vpp = 0. Combined
with the first two equations of (3.14), this shows v = 0, so again the desired ellipticity follows.

Thus, in summary, both on one forms and on symmetric 2-tensors the principal symbol at fiber infinity
is elliptic on the kernel of that of §f, proving the lemma. O

Lemma 3.5. For F > 0 on one forms N is elliptic at finite points of °T*X when restricted to the kernel
of the principal symbol of 67-. On the other hand, there exists I o > 0 such that on symmetric 2-tensors N
is elliptic at finite points of T X when restricted to the kernel of the principal symbol of 6} .

Proof. Again this is similar to, but technically much more involved than, the scalar setting. We recall from
[29] that the kernel is based on using a compactly supported C* localizer, x, but for the actual computation
it is convenient to use a Gaussian instead y( instead. One recovers the result by taking ¢ € C*(R), ¢ > 0,
identically 1 near 0, and considering an approximating sequence xx = ¢(./k)xo. Then the Schwartz kernels
at the front face still converge in the space of distributions conormal to the diagonal, which means that the
principal symbols (including at finite points) also converge, giving the desired ellipticity for sufficiently large
k.

Recall that the scattering principal symbol is the Fourier transform of the Schwartz kernel at the front
face, so we now need to compute this Fourier transform. We start with the one form case. Taking x(s) =
e=+*/(2v(Y) a5 in the scalar case considered in [29] for the computation (in the scalar case we took v = F ~la;
here we leave it unspecified for now, except demanding 0 < v < 2f ~!a as needed for the Schwartz kernel
to be rapidly decreasing at infinity on the front face), we can compute the X-Fourier transform exactly as
before, keeping in mind that this needs to be evaluated at —¢ (just like the Y Fourier transform needs to be
evaluated at —n) due to our definition of X:

—n —ia(—E—i )‘y|2 D372OZ|Y|DJ D < ,> T
A A A R RC ST

Y (=D, +2a|Y]) (Y )

with ¢ > 0, and with D, differentiating the argument of y. One is left with computing the Y-Fourier
transform, which in polar coordinates takes the form

/ / ilY IV |y 2m gia(4iF )Y I

(—Dg(—Da +2a|Y]) —D,(Y,)
YV (=D, + 2a|Y)) (Y,

= VD[V [2neieE+HRIY (ADE —2a|Y|D;  —Do (Y w)) o (EHIE Y22

) (€ +in)[Y DY 2 d)Y| Y,

and the factors |Y|i(”_2) cancel as in the scalar case. Explicitly evaluating the derivatives, writing

G, Y) = v(Y)(E+iF)? — 2ia(Y)(E +iF),
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yields
/ / i (w@ i) (i€ +iF) + 20)| Y +v i€+ if)|Y](Y, ~>)
g2 Y(iv(§+iF )+ 2a)|Y| YV,
x e ?YI*/2 gy | qv.

(3.15)

We extend the integral in |Y| to R, replacing it by a variable ¢, and using that the integrand is invariant
under the joint change of variables t — —t and Y — —Y. This gives

th n
§n—2

<w 5 +iF)(iv(§+iF ) + 200t +v (€ + z,f)t(ff, )>
Y(iw(§+if ) + 20)t YY)

x e 12 dt dy .
Now the t integral is a Fourier transform evaluated at -Y. 7, under which multiplication by ¢ becomes Dy, 0

Since the Fourier transform of e~#&Y)**/2 is a constant multiple of
(3.16) b€, }A/)*l/?e*(?-n)?/(?aﬁ(&y))’

we are left with

Sn—2

S T2 (il/(§ +ib )€ +if) +20)DY +v i€+ i)Y, ->Dy,n>
’ )

Y (iv(€ +iF ) 4+ 2a) Dy, " Y(Y,-
« e~ (T /(20(67) gy,

which explicitly gives
(&, ¥)"1/?
Sn—2
. . . . B (Y-n)?
(3.17) w(€+iF )(iv(€ +iF) + 204)( . Y)Q + ¢(€ 7
Y (iv(€ +iF) + 2a)i (5 Y)

e~ (T @oET)) gy

)y i)Y, )i

Now observe that the top left entry of the matrix is exactly

(V- ) 1 ) ,_ v’
P(EY) p(LY)

Thus, the matrix in the integrand is

(FEP ) o (e gr,).

=v 1 v iF) — ia(i.
oY) E+iF)(w(E+ir)—2 )qs(g,f/)?

—vole, V) (-

Y

Now, if we take
v=r"ta
as in the scalar case in [29], then
V(€4 iF) — 2ia =v(§ —iF),
while
6= (i) W(E+iF) = 2ia) = v(E* + F7)
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is real, so the matrix, with this choice of v, is orthogonal projection to the span of (—@(Y ‘n), }7) The
expression (3.17) becomes

(52 + F2)71/2

. _v(E+iF) (v . . N
(3.18) / -1/ ( e ¥ ?7>> @ (MR ) (7)) e ) gy,
S§n—2

£2+F2

which is thus a superposition of positive (in the sense of non-negative) operators, which is thus itself positive.
Further, if a vector (vg,v’) lies in the kernel of the principal symbol of 6}, i.e. (§ — iF )vg + tv" = 0, then

orthogonality to (— ”E(fi;rz) (Y -n), Y) for any particular Y would mean
I/(f —ifF ) () 9 / v AYAY ¥ ’
0=——7F— Y nu+Y vV=55—=nv)Y -n)+Y v.
52 +F2 ( 77) 0 52 +F2 (77 )( 77)

Note that S*72 is at least one dimensional (i.e. is the sphere in at least a 2-dimensional vector space).
Consider v’ # 0; this would necessarily be the case of interest since vg = —(£ —if )~1(n-v'). If n = 0, picking
Y parallel to v/ shows that there is at least one choice of Y for which this equality does not hold. If n # 0,
and v’ is not a multiple of 1, we can take Y orthogonal to 1 and not orthogonal to v, which again gives a

choice of Y for the equality above does not hold. Finally, if v’ is a multiple of 7, the expression at hand is

; v|n|?
Just el

does not hold. Therefore, (3.18) is actually positive definite when restricted to the kernel of the symbol of
7, as claimed.

We now turn to the 2-tensor version. With B;; corresponding to the terms with 4 factors of S and j
factors of S + 2a|Y| prior to the Fourier transform, the analogue of (3.15) is

(Y -v') +Y - ¢/, so choosing any Y not orthogonal to v’ again gives a Y for which the equality

Bas B21A<Y1'>1 BQ{<Y1'>2 BQOA<YZ 1( 1')2
/ /Oo Gl 1Vn BioY1 BuYi(Y, ) BiYi(Y, )2 BioY1 (Y, )1 (Y, )2
(3.19) sn-2 Jo BiYy  BuYa(Y, )1 BuYa(Y,.)2  BioYa(Y,)1(Y, )2
BpoY1Yy, BoiY1Ya(Y, )1 BoaY1Ya(Y,-)a BooY1Ya(Y, )1(Y, )2
x e VP2 gy qy,
with
By =1,

Bio =iv({+iF)[Y],
Bao = = (E+iF )*|Y|* + v,
Bor = i(v(§ +iF ) — 2ia)|Y],
Bi = —v(§+iF ) (€ +iF) = 2ia)[Y]* + v,
Boy = —iv? (€ 4+iF )2 (v(€ +iF ) — 2ia)|Y > + (3iv? (€ +iF ) + 2av)|Y |,
Boy = —(v(€+iF ) — 2ia)*|Y]? + v,
By = —iv(§ +iF )(v(€ +iF) — 2ia)?[Y],
Bag = v*(§+iF ) (v(& +iF ) — 2ia)*[Y|* + v(—60° (€ +iF )* 4+ 12ival(€ +iF ) + 40%)|Y[* + 307,
Note that the leading term of By, in terms of the power of |Y| involved, is simply (iv (€ +if )|Y])7 (i(v(€ +

iF ) — 2ia)|Y|)*; this arises by all derivatives in (3.9) arising by Fourier transforming in S (which gives
a derivative —D, in the dual variable o) falling on the exponential, e=vo’/ 2 which is then evaluated at
o =—(£+1iF)|Y|. However, for the full scattering principal symbol all terms are relevant.

Next, we extend the |Y| integral to R, writing the corresponding variable as t and do the Fourier transform

in ¢ (with a minus sign, i.e. evaluated at -y n) as in the one-form setting. This replaces t by Dy g 88
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above, and in view of (3.16), explicitly evaluating the derivatives, we obtain the following analogue of (3.17)
Caa 021A<5A/1 N 021A<5A/1 D2 CquA/l '>1<YZ D2
/ Ci2Y1 C11¥1 <¥, 1 C11¥1 <¥, D2 C10¥1 <¥, '>1<¥, D2
sr| Cute QRO GUBNDe  CullVUh(Y
CoeY1Ys CoiY1Yo(Y, )1 CoiY1Ya(Y, )2 CooY1Ya (Y, )1(Y, )2
K (&, V)2~ T/ o) g

(3.20)

where, with p = Y- 7,

Coo =1,

Cro = —v(E+il )¢~ p,

Coo = V(€ +il )29 %p* = 2iave™ ' (€ +if ),

Co1 = —(v(E+iF ) — 2ia)¢™ ' p,

Cii = v(€+il)) (W€ +iF) — 2ia)p™?p?,

Cor = —1V*(E+iF (W€ +iF) — 2ia)d*p* + 2avigp™' p,

Coa = (V(E+iF) = 2ia)?¢™2p* + ¢~ (W(E +if ) — 2ia)2ia,

Cra = —v(E+iF )(W(E +iF ) — 2i)?¢™%p° — 2iawg™p,

Coy = V2(E+iF)2(v(€ +iF) — 2ia)*¢~*p* — 402vgp™2p* + 4ave .
Note again that the highest order term, in terms of the power of p, of Cjj, is (v(§ +iF )T (v(€ +iF ) —
22’0{)’“(—1)3""’%;5_]'_"’7 corresponding to all derivatives D, falling on the exponential e‘p2/(2¢)7 evaluated at
p=Y 1.

Notice that Cy; is exactly the (1,1) entry in the one-form calculation, (3.17), while Cyq, resp. Cy1, are

the factors in the (1,2) and (2,1) entries, for similar reasons. Now, it is easy to check that the matrix in
(3.20) is

O

Y1Cho
il
1Y,

(3.21) ® (Coz Cor(Y, )1 Cor(Y,-)a (Y, )1(Y,")a).

Letting v = F ~!a as in the one-form setting, the second factor here is the adjoint (involving of complex
conjugates) of the first, in particular (with p =Y - 7)

Cor = —v(€—iF )¢ 'p, Coa =1V (&—iF )¢ 2p* + 2iaw(§ —iF )™, o =v(E2 + F?),

so (3.21) is just a positive multiple of projection to the span of (C’go,f’l Clo,ffng,fﬁf@). Thus, as in the
one form setting, we have a superposition of positive (in the sense of non-negative) operators, so it remains
to check that as ¥ varies, these vectors span the kernel of d; .

For a symmetric 2-tensor of the form v = (vyn,vNT, UNT, v77) in the kernel of the principal symbol of
07, we have by Lemma 3.2 that

(& —iF)onn+n-vNT +a-vpr =0,
(3.22) ‘ .
(€ —iF JonT + 5(771 +m2) - vy =0,

where 77 resp. 7o denoting that the inner product is taken in the first, resp. second, slots. Taking the inner
product of the second equation with 7 gives

(€ —iF)n-vnr + (n@n) - vrr = 0.



20 PLAMEN STEFANOV, GUNTHER UHLMANN AND ANDRAS VASY

Substituting this into the first equation yields
(f—iF)zvNN—k((é—iF)a—n@n) ~vpr =0,
o
onn = (E—iF) 2@ — (€ —iF)a) - vrr, vnr = =271 —iF) " (m +12) - vrr
For a fixed Y for v in the kernel of the symbol of 07 to be in the kernel of the projection (3.21) means that
(Corle —ir)2@n— (€= iF )a) = Con(¢ —ir ) '@ ¥V +V @n) +V & Y) -vpr =0,
so recalling v = F ~ta, ¢ = v(£2 + F2),
((€+iF)HE+FH)T T ) + 20l + FAT)(E i) (@) - a)
+(§2+r2)*1(ff~n)(n®?+?®n)+?®Y) ~vrr = 0.
Now, it is convenient to rewrite this in terms of ‘semiclassical’ (in h = f ~!) variables
§&r =&/F, np =n/F.
It becomes
(& +07 (€ + D)7 (7 0)? + 20 algE + )& — ) o @)~ F )
G+ D)V ) @Y + V@) + Y @) v =0,
Letting F =1 = h — 0, one obtains
(6 +D71 & + D7 T 026 =) r @)
+(€;2r+1)_1(Y'77r)(77r®?+5A’®77r)+57®?) ~vrr =0,
ie.
((€ +07' 0 noyr +¥) @ (€ + 07" npdnp +7)) - vrr = 0.

One can see that this last equation, when it holds for all Y, implies the vanishing of vy just as for the
principal symbol at fiber infinity. Indeed, if n; = 0 then we have (Y ® Y) - vpp = 0 for all ¥, and
symmetric 2-tensors of the form ¥ ® Y span the space of all symmetric 2-tensors (as w1 @ we + wo @ wy =
(w1 + we) @ (w1 + wg) —wy ® w; —wg @ ws), so we conclude that vpr = 0, and thus v = 0 in this case. On
the other hand, if nr # 0 then taking Y = e + (1 — 62)1/2}>J‘ and substituting into this equation yields

2 (2 2
Ua . nr R I
(v ) i o+ (14 )= vy o7+ 47 00

+ (1 — 62)YJ‘ ® YJ'> -vpp = 0.

Substituting in e = 0 yields (Y ® Y1) - vpp = 0; since cotensors of the form Y+ ® Y span nit @0 (nj
being the orthocomplement of 7y ), we conclude that vpr is orthogonal to every element of nff ® nff. Next,
taking the derivative in € at € = 0 yields (i ® Y+ + YL @7y ) - vpr = 0 for all Y+; symmetric tensors of
this form, together with n;- ® n;-, span all tensors in (7 ® 1y )*. Finally taking the second derivative at
e = 0 shows that (f ® 7jf) - vpr = 0, this in conclusion vy = 0. Combined with the first two equations
of (3.13), one concludes that v = 0. Correspondingly one concludes that for sufficiently large f > 0 one has
ellipticity at all finite points, which proves the lemma. ([l

As already explained, this lemma completes the proof of Proposition 3.3.
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4. THE GAUGE CONDITION AND THE PROOF OF THE MAIN RESULTS

The still remaining analytic issue is to check that we can arrange the gauge condition, 7 fr = 0. We do
this by considering various regions {2;, which are manifolds with corners: they have the artificial boundary,
0X, which is ‘at infinity’ in the scattering calculus sense, as well as the ‘interior’ boundary Oin¢{2;, which
could be M, or another (farther away) hypersurface.

Recall that our gauge freedom is that we can add to f (without changing I f) any tensor of the form d®v,
with v vanishing at M or on a hypersurface further away, such as 0i,§2;, i.e. to fr = e~ F/%f (without
changing Ief /7 f) any tensor of the form dj vy = e~f/2de! /*v; with a similar vanishing condition. If we
let Ay s = 67 dj be the ‘solenoidal Witten Laplacian’, and we impose Dirichlet boundary condition on 0in€2;
(to get the desired vanishing for v ), and we show that Af s is invertible (with this boundary condition) on
suitable function spaces, then

Sr6= 0., = 0~ 4 A7 676
Pro,6=d; Qro;¢,  Qrea,0=A40 0070,

are the solenoidal (S), resp. potential (P) projections of ¢ on €2;. Notice that Pf q,¢ is indeed in the range
of dj applied to a function or one-form vanishing at 0in§2; thanks to the boundary condition for Ay ,
which means that Qf o, maps to such functions or tensors. Thus Sy ;¢ differs from ¢ by such a tensor, so
Iet/®fp = IeF/mSRijF. Further,

58t 0,6 = 86— 03 di AL g 576 =0,

so 0f fr = 0, i.e. the gauge condition we want to impose is in fact satisfied.
Thus, it remains to check the invertibility of Ap s with the desired boundary condition. Before doing this
we remark:

Lemma 4.1. For F > 0, the operator Ay , = d7-dy- is (jointly) elliptic in Diff2°(X) on functions.
On the other hand, there exists I o > 0 such that for I > F o the operator Ay o = 67dj is (jointly) elliptic
in Diff20(X;5T* X ,5T* X)) on one forms. In fact, on one forms (for all [ > 0)

1 1
(4.1) Opdy = GViVi + 5dedr + A+ R,

where R € xDiffl (X;5°T*X,*T*X), A € Diff} (X;3°T*X;5°T*X) is independent of I and where VI =
e~t/evel /* with V gradient relative to gy (not g), d = e~t/®de! /* the eaterior derivative on functions,
while 0 is its adjoint on one-forms.

Proof. Most of the computations for this lemma have been performed in Lemma 3.2. In particular, the
symbolic computation is algebraic, and can be done pointwise, where one arranges that g is as in Lemma 3.2.
Since the function case is simpler, we consider one-forms. Thus the full principal symbol of dj (with
symmetric 2-tensors considered as a subspace of 2-tensors) is

E+iF 0
§n® %(g +if)
577® §(§ +1F ) ’
a Ns

that of 6} is
(5 —iF gy stn (o, .>>
0 3E—iF) 5E—ir) & )
with the lower right block having (¢ij) entry given by %
has symbol

£+ r24 1pP2 F(E+iF ) {a,-)a (a,.)n@s
(4.2) ( le- ip)2n® %(522+ F2)+ L%U@)S) " ( bn@ 0 ) ,

(nid¢; + n;0;¢). Correspondingly, the product, Af,

)
s
n
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with the lower right block having ¢k entry %({2 +F)60 + %|n\25gk + %nmk, and where we separated out
the a terms.

Now ellipticity is easy to see if a = 0, with a F-dependent lower bound then, and this can be used to
absorb the a term by taking F > 0 sufficiently large.

To make this more explicit, however, we note that, similarly, the principal symbol of the gradient relative
to gsc i

& 0

n® 0
0 E |
0 n®

with no non-zero entry in the lower left hand corner unlike for the g-gradient in (3.8), and thus the adjoint

7 of V has principal symbol
E—iF 0 0
0 0 &—iF )"
Correspondingly, ViV has symbol

E 412+l 0
(4'3) ( 0 §2+F2+|77|2 ’

which is certainly elliptic (including at finite points in *°T} X!), and indeed is simply €2+ F2 + |n|? times
the identity matrix. Now, d = d® going from functions to one-forms has symbol ¢ , so its conjugate
n

e~F/*def /* has symbol ({ J;ZF) its adjoint, F has symbol (f —iF Ln), and now dpdr has symbol

( E+r2 (¢4 z‘F)Ln>
E—iF)n  n®uw )’

Combining these, we see that the first term in (4.2), i.e. in the principal symbol of 6} d*F, is the same as
%V*FVF + %dp 0, with both terms non-negative, and the first actually positive definite, with a lower bound
€2+ F2 +|n|? times the identity. This proves (4.1), with the principal symbol of A given by the second term
n (4.2), which is in particular independent of F. Since with C' a bound for a, the symbol of A is bounded
by C% +2C|n| < C?(1+ € 1) +¢€|n|? for any € > 0, in particular € < 1, this shows that the principal symbol
of 07 d°F is positive definite if / > 0 is chosen large enough, completing the proof of the lemma. O

We now turn to the invertibility question. Let H2!(Q;) be the subspace of H!(X) consisting of
distributions supported in ;, and let H7"!(£2;) the space of restrictions of elements of H™!(X) to Q;.
Thus, HH(Q,)* = HZ ™4 (52;). Here we shall be mostly interested in m = 1, [ = 0; then at 9;,,Q;, away
from 0X, H;C’O(Qj) is the standard HJ-space (which is H' in Hérmander’s notation, which we adopt), while
H 'O is H=' there (which is H~' in Hormander’s notation). Further, C'°°(€2;), with the dot denoting
infinite order vanishing at all boundary hypersurfaces, or indeed C2°(€2;) (compact support), are dense in
HLO, so HL0(Q;) is the completion of these spaces in the HL%(X)-norm. In addition, the norm on HL°(X)
is equivalent to ||Vul|2, + ||ul|2., where the norms are with respect to any scattering metric, and V is any
differential operator with principal symbol given by d, such as the gradient relative to any (perhaps different
from the one giving the norm) scattering metric. For L2, = HZ or for the weighted L2?-spaces H', the
dots and bars do not make any difference (do not change the space) as usual. Further, the inclusion map
HL' — L2 (or indeed even HL! — L?) is compact. As usual, all these spaces can be defined for sections of
vector bundles, such as *T¢, X, by local trivializations. The norm on Hslc’O(Qj, S¢T*Q;) is still induced by a

gradient V with respect to any scattering differential operator the same way.

Lemma 4.2. The operator on functions Ap o = 6jdy-, considered as a map HLO — (HLO* = A0 is
invertible for all F > 0.
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On the other hand, there exists F o > 0 such that for F > F g, the operator Ay s = 0j-dj on one forms is
invertible.

Remark 4.3. The reason for having some [ o > 0, and requiring f > F o, in the one form case (rather than
merely F > 0) is that d® is relative to a standard metric g, not a scattering metric. The proof given below
in fact shows that if d* is replaced by dj_ , relative to any scattering metric gsc, then one may simply assume
F>0.

Proof. The following considerations apply to both the function case and the one-form case. Relative to the
scattering metric with respect to which 0° is defined, the quadratic form of Ap  is (Ap su,v) = (df u, dj v).
So in particular
2 -1 2 2
ldpullze <MAF sull gorollull gro < € IAF sullg_1o + €llufl o

Correspondingly, if one has an estimate
(4.4) Jull g0 < Clld ul e,
or equivalently (for a different C)
IVullze + [lullz> < Clld ul| 2,
then for small € > 0, one can absorb €Hu||§{10 into the left hand side above, giving
Jull gro < Clldjullze < C"|AF sull 1o

This in turn gives invertibility in the sense discussed in the statement of the theorem since Ay ; is formally
(and as this shows, actually) self-adjoint, so one has the same estimates for the formal adjoint.
On the other hand, if one has an estimate

(4.5)

or equivalently

full g0 < Clldullz2 + Clull o+,

[Vullze + lJullL> < Clld}ullL2 + Cllull go,-1,
then for € > 0 small one gets
lull g0 < Clidgull e + Cllull gor < C'llAF sull gzro + Clull o1

Again, by formal self-adjointness, one gets the same statement for the adjoint, which implies that Ay ; is
Fredholm (by virtue of the compactness of the inclusion HL? — H%~1) and further that the invertibility
is equivalent to the lack of kernel on Hslc’o (since the cokernel statement follows by formal self-adjointness).
Note that (4.5) follows quite easily from Lemma 4.1 (and is standard on functions as d®* = V then), in
the form case using the Dirichlet boundary condition to apply (4.1) to u and pair with « but we discuss
invertibility, taking advantage of Lemma 4.1 later.

Now, on functions, d* = V, and as dj differs from d® by a Oth order operator, ||Vu| > < C||dful/z2 +
C|lul|z> automatically. In particular, (4.4) follows if one shows |ul|zz < C||djul|z> for u € HLO, or equiva-
lently (by density) for u € C2°(€2;), which is a Poincaré inequality.

To prove this Poincaré inequality, notice that |[e=f/# (22D, )ef /%ul| 2 < C||d§ u|| 12 certainly, so it suffices
to estimate |lul|z> in terms of the L? norm of

e (22Dl 1w = (4* Dy +if u.

But for any operator P, writing Pg = (P + P*)/2 and P; = (P — P*)/(2i) for the symmetric and skew-
symmetric parts,
1Pull* = || Prull® + | Prull* + (i[Pr, Prlu, ).

. . . 2 . . .
It is convenient here to use a metric dw% + w% where h is a metric, independent of x, on the level sets of x,

using some product decomposition. For then the metric density is 2~ ("1 |dx| |dh|, so with P = 22D, +if,
P* =2?D, +i(n—1)x —iF , so
n—1 n—1 . con—1

Pp=2a’D, +i——ux, Pr=F —
R=1 +12$U,1F 5
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we have
2

2 . 2 _ 2 n—1
II(x DI+2F)U||L2—H<$ D,+i 5 )u‘L2

+](r =52

1
_ H(a:QDx—l—in )u‘
2 L2

+ <((F - n; 1x)2 — ngle)u,u>.

Now, if Q; C {z < x¢}, as long as x¢ > 0 is sufficiently small so that
n—11\2 n-1,
(r - 2 x) T
is positive (and thus bounded below by a positive constant) on [0, x|, which is automatic for sufficiently

small 2o, or indeed for bounded zo and sufficiently large F, one obtains that ||ul|2, < C||(z2Dy + iF )u||3.,
and thus in summary that

2 1
& x2u, u)

L2 2<

2

[ullz> < Clldf ul| 2,
as desired. This proves the lemma for functions, at least in the case of sufficiently small x.
This actually suffices for our application, but in fact one can do better by noting that in fact even in
general this gives us the estimate
[ull> < Clidiull + Cllull L2 ({21 <a<ao})

for suitable small z; > 0. But by the standard Poincaré inequality, using the vanishing at x = z, one
can estimate the last term in terms of C’||d} ul|, which gives the general conclusion for functions. Here, to
place us properly in the standard Poincaré setting, we note that with ¢ = ef /#u, the last required estimate
is equivalent to the weighted estimate ||6_F/x¢||L2({a:1§a:§wo}) < C||e"r/zd¢||Lz({wlgwgmo}), and now the
weights are bounded, so can be dropped completely.
It remains to deal with one-forms. For this we use that (4.1) and (4.3) give that

1 1 1 ~
(4.6) Opdp = 5V*V + §F2 +5drop + A+ R,
where A € Diff! (X) is independent of f and R € zDiff} (X); this follows by rewriting ViV using (4.3),
which modifies R in (4.1) to give (4.6). Thus, in fact

. 1 1 1. _
(4.7) ldj ull® = SIVull® + SF2[ull® + S1167 ull® + (Au, u) + (Ru, u).

Since A € DiffL.(X), [(Au,u)| < C|lul

an estimate, for sufficiently large F,

(4.8) IVl + F2(lu]® < Clld} ul® + Clla'ulf?,

with the constant C' on the right hand side depending on F, and thus
(1= Cx)u,uy < C||dj ull.

Again, if xg is sufficiently small, this gives

frolluflz2, and there is a similar estimate for the last term. This gives

[ul| < Cld}ul,
and thus the invertibility, while if zq is larger, this still gives
[ull> < ClldiullL2 + Cllull 2 ({o; <o<ao})-

One can then finish the proof as above, using the standard Poincaré inequality for one forms, see [24,
Section 6, Equation (28)]. O

A slight modification of the argument gives:
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Lemma 4.4. The operator on functions Ay s = 6 dy-, considered as a map HSIC’T — HZV7" is invertible for
all F >0 and allr € R.

On the other hand, there exists [ o > 0 such that for [ > F g, the operator Ay ; = 0}dj on one forms is
invertible as a map HSIC*T — H V" for all v € R.

Proof. Since the function case is completely analogous, we consider one forms to be definite. Also note that
(full) elliptic regularity would automatically give this result if not for 9in€2;.

An isomorphism estimate Ay  : HSIC’T — H " is equivalent to an isomorphism estimate 2 "Ap ;2" :
HLY — H 0. But the operator on the left is Ay 4 F, where F' € xDiffl. Thus, 2~ "Ay sz" is of the form
(4.6), with only R changed. The rest of the proof then immediately goes through. O

Before proceeding with the analysis of the Dirichlet Laplacian, we first discuss the analogue of Korn’s
inequality that will be useful later.

Lemma 4.5. Suppose Q; is a domain in X as above. For [ >0 and r € R,

—Tr _Js

lull g0,y < Clla™"diul

for one-forms u € HL™(Q;).

2.0, + lulle=rzz 0;)-

Proof. First note that if one lets & = ™ "u, then ||U||HSIC,T'(Qj) is equivalent to Hﬂ”HSlC,o(Qj), and ||z "djul| 12 (o,)+
lulle-rr2 (0, is equivalent to ||dfllLz (o) + [|%]lL2, (o) since the commutator term through dj- can be ab-
sorbed into a sufficiently large multiple of |ul[,-rr2 ;) = ||@]lz2,(o,).- Thus, one is reduced to proving the
case 1 = 0.

Let Qj be a domain in X with C*° boundary, transversal to 9.X, containing §TJ We claim that there is a
continuous extension map F : HLO(€;) — HLO(€;) such that

(4.9) ||d;SrEu||LgC(Qj) + ||EU||L§C(QJ-) < C(||df ul £2.(2;)) u € H (),

i.e. Fu is also continuous when on both sides the gradient is replaced by the symmetric gradient in the
definition of an H'-type space. Once this is proved, the lemma can be shown in the following manner. By
(4.1) of Lemma 4.1 any v € HL?(Q;), in particular v = Eu, satisfies, for any € > 0,

2., + llul

||vv||2L§C(Qj) + ”vHQLgC(Qj) < 2||d,sf”||2L§C(Qj) + ”vHQLgC(Qj) + CHU”Lgc(Qj)HUHFISIC'O(Q,-)

s 0112 2 2
< 20dj vl a,) + ol @,) + el @,
and now for € > 0 small, the last term on the right hand side can be absorbed into the left hand side. Using

this with v = Fu, noting that E is an extension map so

%gc(szj) < ||VEUH2L§C(QJ) + ||EUHi§C(QJ.)»

IVuls o) + llul
we deduce, using (4.9) in the last step, that
lull g0,y < CUIdFBulls g, + 1Bull2 q,) < C'(ldfullzs, ;) + lullzz,9,),
completing the proof of the lemma.

Thus, it remains to construct F. By a partition of unity, this can be reduced to a local extension, local
on X. Since 0f); is transversal to 0X, near points on 0X N 0§2; one can arrange that locally (in a model
in which a neighborhood of p is identified with an open set in R") 095 is the hypersurface z, = 0, Q; is
x, > 0; the analogous arrangement can also be made away from dX near points on 0€;. Since HZ"(X),
Hjc”"((lj), ij(ﬂj), are locally, and also for compactly supported elements in the chart, are preserved by
local diffeomorphisms of X to R™ in the sense that X is replaced by R™, Q; by @ (by virtue of these
spaces are well defined on manifolds with boundary, without additional information on metrics, etc., up
to equivalence of norms), it suffices to prove that there is a local extension map E; that has the desired
properties.

Let @4 (2, z,) = (2, —ka,,) for z,, < 0, and consider a variation of the standard construction of an H'(R")
extension map on one-forms as follows. (Note that the usual extension map is given by trivialization of a



26 PLAMEN STEFANOV, GUNTHER UHLMANN AND ANDRAS VASY

bundle, in this case using dx; as a local basis of sections, and extending the coefficients using the extension
map on functions.) Let E; given by

3
(B Y day) (@) = D k@ (Y uyday), @, <0,
j k=1

J

and

(E4 Zuj dz;)(z',x,) = Zuj dz;, x, >0,

J

with ¢, chosen so that E; : C 1(@) — CY(R™). We can achieve this mapping property as follows. We have,
with 0; acting as derivatives on the components, or equivalently but invariantly as Lie derivatives in this
case,

Qru;dry = u; (2!, —kwzy,) dzj, j#n,
Siuy, dr, = —kuy, (2, —kzy) dog,
0;Ppu; dr; = (Oyu;)(a, —kxy) dxj, 1,7 #n,
0;®iuy, dry, = —k(O;un) (', —kxy) dxy, i # n,
O @i dr; = —k(Onguy) (2, —kxy,) dxj, j#n,
On Qi up dxy, = k2(8nuj)(x', —kaxy,) dx,,
so the requirements for matching the derivatives at x,, = 0, which gives the C! property, are, for j # n,
ci+co+te3=1,
—c1 —2c3 —3c3 =1,
while for j =n
—c1 —2c3 —3c3 =1,
c1 +4ca 4+ 9c3 =1,
which gives a 3-by-3 system

1 1 1 C1 1
-1 -2 -3 2|l =11
1 4 9 cs 1

The matrix on the right is a Vandermonde matrix, and is thus invertible, so one can find ¢; with the desired
properties. With this, £y : Ci(R) — CZ(R") has the property that |[Erullgign) < Cllullmi(gn), since
each term in the definition of Ey has derivatives 0; satisfying [|0;®ullr2®n) < C||9;ullr2(r), and since
Ei1u € C(R™) assures that the distributional derivative satisfies 9; F1u € L?(R™), whose square norm can
be calculated as the sum of the squared norms over R? = {z,, > 0} and R” = {z,, < 0}. Correspondingly,
E; extends continuously, in a unique manner, to a map H'(R?) — H*(R™).

Before proceeding we note that with this choice of coefficients, E; defined as the analogous map on
functions, is actually the standard H? extension map. However, on one-forms the same choice, defined in
terms of pull-backs, i.e. natural operations, as above, rather than trivializing the form bundle, does not
extend continuously to H2. On the other hand, if one trivializes the bundle and uses the H? extension map,
one does not have the desired property (4.9) for symmetric differentials, a property that we check below with
our choice of extension map.

Notice that, with ®} acting on 2-tensors as usual, for all ¢, 7,

dr; ® (8,@;;1@ dCL’J) + (83(1);;’11,, dl‘,) X dZCj = (I>,*€(((')Zuj + @uz)dxz X da?j),
as follows from a direct calculation, or indeed from the natural invariance of the symmetric gradient d* = d

for a translation invariant Riemannian metric go: the two sides are the 4j component of 2d°®}, resp. 2®;d°,
as for such a metric the symmetric gradient is actually independent of the choice of the metric (in this class).
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Since, summed over i, j, the left hand side is the symmetric gradient of ®} > u;dz; in x, < 0, while the
right hand side is the pull-back of the symmetric gradient from x,, > 0, this shows that

[d°QhullL2@®n) < Clld*ullL2ry)-
This proves that one has
HdSE1UHL2(]R") S C”dSuH[g(Ri)

Now, using a partition of unity {p} to localize on €2}, as mentioned above, this gives a global extension
map from H'(;): Y ¢ E1 kpk, where 9y, is identically 1 near supp px. While d* depends on the choice of a
metric, the dependence is via the Oth order term, i.e. one has dju = dj u + Ru for an appropriate Oth order
R. Using the Euclidean metric in the local model, this shows that

||d;¢kE17kpku||L2(R”) < C(Hd;OPkUHL?(Ri) + ||Pku||L2(R1))-
Since dj- differs from d* by a Oth order term, one can absorb this in the L? norm (using also the continuity
of the extension map from L? to L?):
ldg, rorErkprullpzeny < C(lldg, rporullL2@n) + lprullL2een))-
Summing over k proves (4.9), and thus the lemma. O

We now return to the analysis of the Dirichlet Laplacian.

Corollary 4.6. Let ¢ € C°(Q; \ 0intQ2;). Then on functions, for f > 0, k € R, the operator ¢A;}S¢ :
H VP — Hslck is in W 20(X). There is F o > 0 such that the analogous conclusion holds for one forms for
F > Fo.

Proof. This follows from the usual parametrix identity. Namely, by Lemma 4.1, Ag ¢ has a parametrix
B € ¥ 20(X) so that
BAp s =1d+Fp, Ap B =1d+Fpg,

with F, Fp € U °~°°(X). Let ¢ € C2°(Q; \ dmt$2;) be identically 1 on supp ¢. Thus,
Y = BAp st — Frp = BYAp s + B[Ap 5,9] — Frip
and
V=9Ap B—9YFr=Ap VB +[¢,Ap |B—¢Fk.
Then
VAP = VAT Ap B + YA ([, Ap ) B — ¢ Fr)
= V"B + BYAr A ([0, Ar J)B — ¢ Fr)
+ (BIAF s, 9] — FL)AF ([0, Ap s]B — ¢ FR)
— 2B + BY([t, Ay 4] B — ¥Fp)
+ (BAf 5, ¢] = FL)AF ([0, Af 5] B — ¥ FR).
Multiplying from both the left and the right by ¢ gives
SN[ L6 = 0Bo + oBY([Y, Ar 5] B — Y FR)$
+(BIAF 0, ¥] = FL)Ar ([0, A 5B — ¥ Fr)¢.
Now, the first two terms on the right hand side are in W20 resp. W >~ in the latter case using

the disjointness of suppdy and ¢ for [¢, Ap s]B¢, resp. that Fy, € U_ >~ for ¢)Fr¢. For this reason,
([, Ar s]B — FRr)¢ and ¢(B[Af s,9] — Frip) are smoothing, in the sense that they map HZ"(X) to
H:;’T/(X ) for any s',7/,s,r, and they also have support so that they map into functions supported in
9, \ 0intQ;, and they also can be applied to functions on Q;. As A;}S is continuous H'"*(9;) — HL*(Q;),
this shows that the last term is continuous from H2"(X) to HE " (X) for any §',7”, s, 7, which means that
it has a Schwartz (rapidly decaying with all derivatives) Schwartz kernel, i.e. it is in ¥ °>~°°(X). This
completes the proof. O
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Corollary 4.7. Let ¢ € C(Q; \ OintQ;), x € C>®(Q;) with disjoint support and with x constant near
OntSYj. Let F, Fo as in Corollary 4.6. Then the operator xAF}Sqi) s HVR(Qy) — Hslc’k(Qj) in fact maps
HE"(X) — HL*(y) for all s, 7, k.

Similarly, ¢A;713X CHVR(Q)) — HYR(Q;) in fact maps HVF () — HET(X) for all 5,7, k.

Proof. Since the second statement follows by duality, it suffices to prove the first.
As x¢ = 0, we can write

XAF L6 =6 Ap o = Ap Ay o XA 6.
By Corollary 4.6, [Af s, X]A; ¢ € U 2>°(X) since it is in W 10(X) (this uses supp dx disjoint from ;ne€2;)
but dy and ¢ have disjoint supports. Thus, it maps Hy"(X) — H'*(X), and thus, in view of supp dy, to
HY*(Q;), giving the conclusion. |

sc

Corollary 4.8. Let ¢ € C(Q; \ i), x € C>®(Q;) with disjoint support and with X constant near
Omt€Yj. Let I, Fo as in Corollary 4.6.

Then 6Sr 0,6 € WO(X), while xSp 0,6 : HX"(X) — ¥ L2,(2) and ¢Sy g, : 2P L2,(Q;) — HE"(X)
for all s,r, k.

Proof. This is immediate from Sy o, = Id —dSFA;’lS’Qj 07 and the above results concerning A;}S’Qj, using
that dj and d; are differential operators, and thus preserve supports. O

We also need the Poisson operator associated to 0i,§2;. First note that if H is a (codimension 1)
hypersurface in ; which intersects 0€; away from 0in:§2;, and does so transversally, then the restriction
map

v COO(STJ) — C®(H),
with the dots denoting infinite order vanishing at 0€2;, resp. 0H, as usual, in fact maps, for s > 1/2,
(4.10) vir s HY () — Hi V7 (H)

continuously. This can be easily seen since the restriction map is local, and locally in (Tj, one can map a
neighborhood of p € 9H to a neighborhood of a point p’ € 9R"~! in R” by a diffeomorphism so that H is
mapped to R*~1, and thus by the diffeomorphism invariance of the spaces under discussion, the standard R"
result with the usual Sobolev spaces H*(R") = H2°(R™), using that weights commute with the restriction,
gives (4.10). The same argument also shows that there is a continuous extension map

(411) €[ : HSSC*1/2,7’(H) - HGSCIT(QJ)7 YHEH = Id7

since the analogous result on R™ is standard, and one can localize by multiplying by cutoffs without destroying
the desired properties.

Considering 2; inside a larger domain €, with 0i,¢Q2; satisfying the assumptions for H, we have a
continuous extension map H2"(Q;) — HZ" (') by local reduction to R™. Correspondingly, we also obtain
restriction and extension maps

Yoy HE () = HITVPT (0m0y), €onun, « H 37 (0me ) — HET ().
With this background we have:

Lemma 4.9. Let [, Fo as in Corollary 4.6, and let k € R.
For € H;C/Q’k(ﬁintﬂj) there is a unique u € HL*(€;) such that Ay su =0, yo,,.0,u = V.
This defines the Poisson operator Bq; : HS1C/2’k(8intQj) — HL*(Q;) solving

Ar sBa, =0, 79,.9,Ba; =1d,

int

which has the property that, for s > 1/2, and for ¢ € C™(Q;) supported away from OnSY;, ¢Bq,
T (O Y) — HET ().



INVERTING THE LOCAL GEODESIC X-RAY TRANSFORM ON TENSORS 29

Proof. The uniqueness follows from the unique solvability of the Dirichlet problem with vanishing boundary
conditions, as we already discussed, while the existence by taking u = es,.q,% — A;}sApvseaimij, where
A;}S is, as before, the inverse of the operator with vanishing Dirichlet boundary conditions. The mapping
property also follows from this explicit description, the mapping properties of eg, o, as well as Corollary 4.7,
since one can arrange that eg,, o, maps to distributions supported away from supp ¢. O

Let Qy be a larger neighborhood of Q; all of our constructions take place in Qz. Let Q; = Q; \ 9
(so the artificial boundary is included, but not the interior one). Let G be a parametrix for Ap in Qo; it is
thus a scattering pseudodifferential operator (ps.d.o.) with Schwartz kernel compactly supported in Qo x Q.
Then GAy = I + E, where WF._(FE) is disjoint from a neighborhood ; (compactly contained in ) of the
original region 2, and ' = —Id near 0;,122. Now one has

G(Np +djMéj) =1+ FE,
as operators acting on an appropriate function space on Q3. We now apply Sy o, from both sides. Then
NFSF,Qz = Nr,
since
NpPr.a, = Npdp Qr 0, =0,
in view of the vanishing boundary condition @)y ¢, imposes. On the other hand,
0p S, =0p —6;dy Qr 0, =0
SO
8f792GNf = 8f792 +8r792E8r792'

In order to think of this as giving operators on €2, let e;o be the extension map from 2y to s, extending
functions (vector fields) as 0, and r2; be the restriction map. (Note that ejs correspondingly maps into a
relatively low regularity space, such as L?, even if one starts with high regularity data.) Then, with the
understanding that Ny = Npejo,

7’21SF,QQGNF = T215F,92€12 + Ky, K, = 7"215F,92E5F,Q2612~
We have:

Lemma 4.10. Let F, o as in Corollary 4.6.

The operator K1 = 118 0, ESy a,e12 is a smoothing operator in the sense that it maps kagc(Ql) to
HE™(Q) for every s,r, k. Further, for ¢ € C°°(Qy) with support in Q1, WK1 € W ~°(X).

Further, for any s,r,k, given € > 0 there exists 6 > 0 such that if es1 is the extension map (by 0) from
ng = {.73 < 5} Ny to Ql, then HK1651”E(szgc(Qé),ﬁ:C’,r(Qﬂ) < €.

Proof. This follows from Corollary 4.8. Indeed, with x = 1 near ;{22 but with £ = —1Id on supp x, and
with ¢ € C°°(£3) vanishing near supp x, supp ¢ N WF.L.(E) = 0, ¢ = 1 near Qy, and with T defined by the
first equality,

T = ¢Sr 0, ESr 0,0 =0SF 0, XEXSF 0, ¢
+ ¢Sr 0. (1 = X)EXSF 0,0
+ ¢Sr 0, xE(1 = X)SF 0,9
+ ¢Sr 0.(1 = X)E(L — X)Sr 0, ¢.
Now, E(1—X)SF 0,6, ¢Sr 0, (1—X)E € ¥ >>~°°(X) since they are in ¥%°(X) and WF,_(E)Nsupp ¢ = 0, so
they are smoothing. In combination with Corollary 4.8 this gives that 1" : H;C/’T/ (X) — HZ"(X) continuously
for all s,7,s’,r’, so composing with the extension and restriction maps, noting ro1¢ = ro1, ¢pe1a = €12, proves

the first part of the lemma.
To see the smallness claim, note that

Kies1 = raTes, = ro1(Ta ™) (zes2)



30 PLAMEN STEFANOV, GUNTHER UHLMANN AND ANDRAS VASY

zesy 1 P L2,(Q°) — L2 (1) has norm < supg, < 4, while T2~ : HO*(X) — Hg"(X) is bounded, with
bound independent of §, and the same is true for ro1 : HS"(X) — HE"(Q2), completing the proof. O

Now

)

Sr.a, —r21SF 0,12 = —dp Qr o, +ra1dy QF a,€12
= —dy Qr .o, +dirnQr a,e12
= —d; (Qr 0, —rnQr 0.€12)
and with vg, 0, denoting the restriction operator to 0int{21 as above,
Vom0 (QF 01 — T21QF ,€12) = —Y0,,,0, @F 0,612,
SO
ro1Sr .0, GNp = Sp o, +d; (QF 0, — r21Qr 0,€12) + Ki.
Thus, with Bg, being the Poisson operator for Ay s on €; as above,
ro1SF .0, GNp = Sp o, +dj (QF 0, — r21Qr 0,€12 + Ba, V61,0, QF 0,€12)
— dy B, Y00, Qr 0,012 + K1,
SO
Sr.0.7218r 0, GNF = Sp 0, — Sr 0.4} Bo, 70,9, Qr 2,12 + SF 0, K1.
Now we consider applying this to vector fields in € = g, writing eg; for the extension map to ;. Composing
from the right,
Sr,0,m218r 0,GNr = Sp a,e01 — S ,0,d} Ba, V8,0, Qr ,0.€02 + Sr .0, Kieor.

Now:

Lemma 4.11. Let F, o as in Corollary 4.6. o

The operator K| = S o, d} Ba, Yo, QF 0,02 is smoothing in the sense that for ¢ € C° (21 \ Oint 1),

OSE 01} Bo, Vou.01 Qr 0502 + L3 () = HZ'(X)

for all s,r, and indeed ¢Sy q,d} Ba,Vo,,.0, Qr ,0.¢ € V.07 F(X).

Further, for any s,r,k, given € > 0 there exists § > 0 such that if

QCcQ ={zx<6nQy,
then
1K 2 ar 2 0,57 (90)) < €

Proof. By Corollary 4.6, using that ; is a differential operator,

VQr 0,90 € V.77 (X)

whenever 1, ¢ € C*(£),) have disjoint supports, also disjoint from 0§22 since this operator is in W .10(X)
directly from the corollary, and then the disjointness of supports gives the conclusion. Taking such v, ¢, as
one may, with ¢ = 1 near 2, while ¢ = 1 near 9,41, we see that va,,,0, QF 0,€02 : T8L(Q) = HE™(0ine 1)
for all s,7,k, i.e. mapping to C(8;,sQ1). The first part then follows from Bg, mapping this to HL"(Q;)
for all r, with the additional property that gZ;BQl maps to H3"(Q) for all s, r if (;~5 has properties like ¢, and
then Corollary 4.8 completes the argument.

For the smallness, we just need to proceed as in Lemma 4.10, writing

Voue 2 Qr 02€02 = Yo (VQF 0,07 ") (zen2),

where now YQf q,¢x~! € ¥ °7°°(X), thus bounded between all weighted Sobolev spaces, with norm
independent of &, while zegy : z¥L2.(2%) — 2¥L2.(€25) has norm < 4. O
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Thus,
(4'12) SF791r21SF,QzGNF = 8F7Q1 eo1 + Ko,

with Ko smoothing and small if Q C {z < ¢}, with ¢ suitably small. This is exactly Equation (5.7) of
[25], and from this point on we can follow the argument of the global work of Stefanov and Uhlmann [25,
Section 5], with the addition of having a small rather than just compact error, giving invertibility.

Restricting to €2 from the left, the key remaining step is to compute Sy o — r10SF 0, €01 in terms of the
already existing information. As above,

Sr.a —r10Sr 0,01 = —dj- (Qr 0 — 110Qr 0, €01),

but now we compute u = (Qr.ao — r10QF o,€01)f using that it is the solution of the Dirichlet problem
Ar su=0, va,,0u = —Ya,.0@r 0,01 f, s0

(4.13) u = —BaYs,..0Qr 0, €01f,

and using that one can compute vy, 0@ o,e01f from djQr a,eo1f. Concretely, we have the following
lemma on functions:

Lemma 4.12. Let HY0(Q, \ Q) denote the restriction of elements of HL0(Q1) to Q1 \ Q (thus, these need
not vanish at 0ins€2), and let po,\q be a defining function of 0insQ2 as a boundary of Qy \ Q, i.e. it is positive
in the latter set. Suppose that Orpo,\q > 0 at 0in€2; note that this is independent of the choice of po\q
satisfying the previous criteria (so this is a statement on x being increasing as one leaves  at 0ins2). Then
on functions, for F >0, k € R, the map

dj « HiM (1 \ Q) = 2" L2 (1 \ Q)
is injective, with a continuous left inverse Po,\q : t*L*(Q \ Q) — HLE(OQ\ Q).

Proof. Consider k = 0 first.
The norm of dj u is certainly equivalent to that of Vu in L*(€; \ Q) modulo the L*(Q; \ ) norm of u,
so one only needs to prove a local Poincaré inequality

(4.14) [ull L2@\0) < ClldullL2@i\0)

to conclude that

lull g0 0,\0) < Clldiullr2i\0),

which proves the lemma in this case, since it proves that dj, between these spaces, has closed range and is
injective, so it is an isomorphism between HL?(Q; \ Q) and its range, and then its inverse in this sense can
be extended continuously to L?(€; \ ).

But (4.14) can be proved similarly to Lemma 4.2, by showing that

(4.15) ull L2(0\0) < CI(@* Dy + iF Jul|p2(0,\0)-

Here we want to use P = 22D, +if and || Pul|? again; we need to be careful at 9;,{2 since u does not vanish
there. Thus, there is an integration by parts boundary term, which we express in terms of the characteristic
function xgq,\q:

1Pull720,\0) = (XanaPu, Pu)r2,) = (P xa\oPu, w) 2(q,)
= (P*Pu, U/)LQ(QI\Q) =+ <[P*, XQI\Q}PU, u>L2(Q1).
Similarly,

| Prul|72(0,\0) = (PRPrU, w) 2(0\0) + ([Phs Xool PrY, w) £2(0,) -
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On the other hand, with P; being Oth order, the commutator term vanishes for it. Correspondingly,
1Pull720,\0) = (P*Pu,u)r20,\0) + ([P* xanol Pu, u) L2 (a))
= (PrPru,u)2(0,\q) + (P Pru,u)r2,\q) + (i[Pr, Prlu, u)12(0,\0)
+ ([P, xana]Pu, u)r2(0,)
= [|1Prull20,\0) + 1 Prullzo,00) + (iPr, Prlu, u) 220, \0)
+([P*, xanelPu, u)r2 () — ([Prs X \ol PRY, 4) £2(0,)-
Now, as P — Pg is Oth order, [P*, xa,\a] = [Pg; Xa,\a), 0 the last two terms on the right hand side give

n —

" . 1
(4.16) ([P*, xanoliPru, u) 120,y = (°0xxo o (F — T)U,u) 12(0y),

which is non-negative, at least if x is sufficiently small (or F large) on 0in:Q since xo,\0 = X(0,00) © PO, \Q-
Correspondingly, this term can be dropped, and one obtains (4.15) at least if « is small on §; just as in
the proof of Lemma 4.2. The case of x not necessarily small on €; (though small on ) follows exactly as
in Lemma 4.2 using the standard Poincaré inequality, and even the case where x is not small on 2 can be
handled similarly since one now has an extra term at 0i,;{2, away from x = 0, which one can control using
the standard Poincaré inequality. This gives

[ull 20 @0y < Clldpullz@ine)

showing the claimed injectivity. Further, this gives a continuous inverse from the range of d$, which is closed
in L2(2; \ Q); one can use an orthogonal projection to this space to define the left inverse Pg \q, completing
the proof when k£ = 0.

For general k, one can proceed as in Lemma 4.4, conjugating dj by x®, which changes it by 2 times a
smooth one form; this changes 2D, + if by an element of xC°°(X), with the only effect of modifying the
2251 term in (4.16), which does not affect the proof. O

‘We now turn to one forms.

Lemma 4.13. Let HL0(Q1 \ Q) be as in Lemma 4.12, but with values in one-forms, and let pa\o be a
defining function of O0int§2 as a boundary of 1\, i.e. it is positive in the latter set. Suppose that 9,pa,\q > 0
at Ome); note that this is independent of the choice of po,\q satisfying the previous criteria (so this is a
statement on x being increasing as one leaves Q at 0in)). Then for r < —(n —5)/2, on one-forms the map

dy + Hi (0 \ Q) = Hy (2 \ Q)
is injective, with a continuous left inverse Po,\q : HE:™ (1 \ Q) — HL2(Q,\ Q).

Remark 4.14. Unfortunately the argument given above for functions would give an unfavorable boundary
term, so instead we proceed proving the local Poincaré inequality directly and using our generalized Korn’s
inequality, Lemma 4.5, to avoid a loss of derivatives. However, our method still produces a loss of weight,
essentially because as presented the estimate would be natural for standard tensors, not scattering tensors,
hence the presence of the loss —2 in the weight in the statement of the lemma.

Proof. As in the work of the first two authors, [24, Section 6], we prove the Poincaré inequality using the
identity, see [20, Chapter 3.3],

(417) SO = [ Sl w6 .
[ 17

where ~ is a unit speed geodesic of the original metric g (thus not of a scattering metric) with (0) € 921
(so v(v(0)) vanishes) and ¥(7) € 9 U X, with v, in Q1 \ Q. Identity (4.17) is just an application
of the Fundamental Theorem of Calculus with the s-derivative of the Lh.s. computed using the rules of
covariant differentiation. In this formula we use [d*v(vy(t))];; for the components in the symmetric 2-cotensors
corresponding to the standard cotangent bundle, and similarly for [v(y(s))];. Notice that this formula gives
an explicit left inverse for d} , as discussed below.



INVERTING THE LOCAL GEODESIC X-RAY TRANSFORM ON TENSORS 33

Here we choose 7 such that z o+ is strictly monotone in the sense that f%(ac o+) is bounded below (and
above) by a positive constant, thus (z 07)2%(93*1 0+) has the same property. Note that one can construct a
smooth family of such geodesics emanating from 0;,;§2;, parameterized by 0;,42, in a manner that, with dw
a smooth measure on 0,21, dw dt is equivalent to the volume form dg, i.e. also to dx dy; ... dy,_1. Thus,
for any k > 0, using z(y(s)) < x(y(t)) along the geodesic segment, ¢ € [0, s],

\67F/I(7(S))I(V(S))kZ[U(V(S))Mi(S)\Z
=| [ e 00 o o) 07 0
’ « e~ F (/20 =1/20) 3 (1)) ! dtf
<( [ D OO o 0D O OF )

" (/9 =2 (/)10 (5 (1)) 2 at).
0

Thus,
e /20D (y(5)F D [o(v())A (5]

< ( /OT z}: e 2 12O gy (1)) 22 [do v (v ()] i3 () (£) 2 dt)

s 0
=2F (1/2(v(s))=1/z(v®)) ( _ 2L (p—1
X (/0 e ( at(x (’Y(t)))) dt)

. 271 (4(5))
< c’(/ =2 /510) g (4(£))2K42) a0 (4 (1)) dt)(/ o—2F (1/w(x(s) =) dr)
0

To

for suitable ro > 0, where we wrote 7 = 27!, and we used the lower bound for (z 0)?£ (27 o) in the

second factor, and that ~ is unit speed in the first factor, with ¢? being the norm as a symmetric map
on T,X. The second factor on the right hand side is bounded by (2f)~!, so can be dropped. Now, as

Tdr + (dy = (2%7) ‘i% + (z¢) d?y, so e.g. the dz? component of d*v is =% times the 2%2 component in the

scattering basis, we have

(4.18) | o(v(1)]ez < Cx(v (1)) d*v(4(1))lez,
so the right hand side is bounded from above by

€t [ e O () PO asul () di

Integrating in the spatial variable, v(0) € 9;,4Q1, and using that the second factor is (2F )7}, gives
||€7F/z17kv(7/)”2L2(Ql\Q) < CFilkaigeiF/mdeUHQL?(Ql\Q;SmeSCT*X)'
Using different families of geodesics with tangent vectors covering T'X over {25 \ Q,
— k — k—3 —
e Hieg v||2L2(Ql\Q;T*X) <CF 1||9U Se F/ngSUH2L2(Ql\Q;Sym2SCT*X)'
Now, similarly to (4.18), but going the opposite direction,
lo(P)llez, < z(P)llv(p)lle2,

SO
He_F/rxk_lv“%Q(QI\Q;schx) < CF_l||xk_36_F/zdS’U||%2(91\Q;Sym25CT*X)'
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Changing the volume form as well yields
||67F/acl,k71+(n+1)/2

2 —1y,.k=34+(n+1)/2 —F [z 35,112
U‘ L2.(Q1\Q;5°T* X) < cr ||117 € d IU”L?.C(Ql\Q;SyszCT*X)'

With u = e~F /%4, this gives, for u € C°(Q; \ Q), vanishing at 9, Q1, of compact support,

(2.19) g0 < OF i ul

2
Hge™ (u\Q)’

r < —(n — 5)/2, which then gives the same conclusion, by density and continuity considerations for u €
HL™(Q4\ Q), the desired Poincaré estimate.

To obtain the H! estimate, we use Lemma 4.5, which gives, even for u € HL""2(Q; \ Q),

2 s 112 2
||UHHSIC’T72(91\Q) < C(HdFuHHé’C:T*Q(Ql\Q) + ||UHH0 T*Z(QI\Q))a
which combined with (4.19) proves
HU||H51(;T—2(91\Q) < CHd,Sfu”Hgé”‘(Ql\Q)a u € HsléT(Ql \ ),

where recall that our notation is that membership of HL"(€; \ Q) only implies vanishing at ,;Q;, not at
aintQ~

Taking into account the above considerations, namely choosing several families of geodesics to span the
tangent space, and working with v = e/ /%u, the formula (4.17) then also gives an explicit formula for the
left inverse. |

Recall now (4.13):
u = —BaYs,..0Qr 0, o1
Using Lemmas 4.12-4.13, we conclude that
u = —Bova,..0Po\od} QF a,€01f,

and as egy f vanishes on 5 \ Q,

Sr.aceoiflone = —drQr a,e01flono,
SO
u = Bava,.oPo\oSr o, €01 f,
and thus
Sr .o — 1108y 0, €01 = —d} Bova,.2Pa\oSr . €01
Using (4.12) this gives
110Sr 90,7218 0, GNr = Sf o + df Bavs,,.oPa,\aSF 0, €01 + 110 K2.
Using (4.12) again to express Sy o, €01 on the right hand side, we get
r108F 02,7215 0, GNf
= Sr o +dj Bava,.aPo\o(Sr.0,7215F 0,GNp — K3) +rigKo,
which gives
(r10 — df Baya,.oPo\o)Sr .0 r218r 0, GNf
= Sr .+ (110 — di Bava,.0Pa\a) Ka.
We now add Pr o to both sides, and use that the smallness of Ky when (2 is small enough gives that
Id +(r10 — d“"FBQ*yaimQPQl\Q)KQ is invertible. Here we need to be careful in the 2-tensor case: while K5 is
smoothing, including in the sense of producing additional decay, so there is no problem with applying Pq,\q
regardless of the weighted space we are considering, the result will have only a weighted estimate in HL" 2

r < —(n —5)/2, corresponding to Lemma 4.13, so the inversion has to be done in a sufficiently negatively
weighted space, namely H®%"(2), with r < —(n — 1)/2. Thus,

(Id +(r10 — dj Bovay, 0P \a)K2) ™
o ((7’10 — dp Bova,.0Pa\e)Sr 0,m215F 0,GNp + Py Q) =1d,
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and so multiplying from Sy o from the right yields

(Id+(r10 — dj Bavo,.oPaja)K2) ™
o (r10 — df BaYa, 2 Pa\a)Sr 0,718F 0,GNp = Sr .

Now recall that Ny = e~/ LIef /* and that for f € ef /*L2.(Q), Pr.ge~F/f = 0 amounts to ef /#55e~F /= (e~ F /2 f) =
0, i.e. 6°(e~2F/*f) = 0. This in particular gives an inversion formula for the geodesic X-ray transform on
e2F /7_golenoidal one-forms and symmetric 2-tensors.
In order to state the stability estimate it is convenient to consider (x,y, A\,w) € SX to actually lie in ¢SX
via the identification (multiplying the tangent vector by x)

(2,y, A0 +w0y) = (z,y, \/x)(2%0,) + w (20,))
Here *°SX = (*TX \ 0)/R* is the sphere bundle in **7'X, and in the relevant open set the fiber over a
fixed point (z,y) can be identified with vectors of the form A(229,) + @(29,), @ € S*~2, A € R. Then the
region [A/z| < M in SX corresponds to the region |A| < M; this is now an open subset of **SX. Note

that in particular that the ‘blow-down map’ (z,y, 5\7(2) — (w,y,xj\,d)) is smooth, and the composite map
(z,y,\, 0, t) — Ve oo (t) has surjective differential. In particular, with

(4.20)

U ={|\l < M},

the scattering Sobolev spaces are just restrictions to a domain with smooth boundary. Note that U lies
within the set of Q-local geodesics; we choose M so that supp x C M.

This discussion, in particular (4.20), proves our main local result, for which we reintroduce the subscript
¢ for the size of the region €.:

Theorem 4.15. For one forms, let F > 0; for symmetric 2-tensors let F g > 0 be the maximum of the two
constants, denoted there by F ¢, in Proposition 3.3 and Corollary 4.6.

For Q = Q., ¢ > 0 small, the geodesic X-ray transform on e*' /®-solenoidal one-forms and symmetric
2-tensors f € el /TL2.(Q), i.e. ones satisfying 5°(e=2F /% f) = 0, is injective, with a stability estimate and a
reconstruction formula

f=e"(1d+(ri0 — dj Bavon.oPana)K2) " (r10 — dj Bave,.2Pana)
o SF7Q17021$F792 GeiF/zLIf.

Here stability is in the sense that for s > 0 there exist R, R’ such that for any (sufficiently negative in the case
of 2-tensors) r the el /*H="" norm of f on Q is controlled by the et /*HE™ R norm of If on U, provided
[ is a priori in eF /*HE ™R | In addition, replacing Q. = {2 > —c} N M by Qo ={r>% > —c+ 71} N M,
c can be taken uniform in T for T in a compact set on which the strict concavity assumption on level sets of
T holds.

Remark 4.16. Notice that the proof below gives in particular, by composing L and I, LT : ef /*H%"(X) —
el /*H37=1=5(X), s > 0, even though Proposition 3.1 implies the mapping property LI : ef /H"(X) —
el /* {317 (X) (with values in scattering one-forms or 2-tensors). The loss in the derivatives by one order
and of the decay by order > 1 is due to the non-sharp treatment of the scattering Fourier integral operators
L, I below.

Proof. Given (4.20), we just need to show that for s > 0 there exist R;, Ry such that for k € R, L is bounded
el /xH:C,k-i-Pu (U) — of /sték(X>7

while I is bounded
M1 HE R (X) — T HEHU),
with the function spaces on X with values in either one forms or 2-tensors. To see these boundedness

statements, one proceeds as in [29, Section 3], prior to Proposition 3.3, though we change our point of view
slightly, as we are using the ‘blown-up space’ *°SX rather than SX for the geodesic parameterization.
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Concretely, L can be written as the composition of a multiplication operator M, by xx(S\), resp. x3x(5\),
for the one-form, resp. 2-tensor, case, times z~! times a sc-one-form or £~2 times a sc-2-tensor factor, with
a —1 in the power of z in the definition of L being absorbed into the X integral, and a push-forward in which
the \,& variables are integrated out. The pushforward maps L2(U) = 2~ (7= 1+D/2[2 () to L*(X) =
x~(*tD/2[2 (X)) (L? spaces without subscripts being relative to smooth non-degenerate densities) with the

weights arising from the scattering volume forms being 727, resp. 7"~ !, times a smooth volume form.
Further, it commutes with multiplication by functions of x, so it maps e/ /* H%¥(X) to ef /‘"“Hsoc’kﬂrk1)/2(X)7

and (local) lifts of scattering vector fields z*D,, xD,, are still scattering vector fields so it also maps
el ITHSF(U) to ef /2 HEFT "D/ X)) for s > 0 integer, and then by interpolation for s > 0. Also, taking into
account the smoothness of x(\), we see that multiplication by 2Px(\) maps e/ /* HSF(U) — el /= HEFP(U)
for all s > 0, so in the one form case

L:e /stc’k(U) el /stséan—l)/Q(X)

)

while in the 2-tensor case
I eF/mH;C,k(U) R eF/mHSSC””H("_l)/Q(X)-

On the other hand, I can be written as a pull-back to the subset U x R of **SX x R from X, after
contraction with 7;7%%;\@@), via the map v : (z,y,\,®,t) — 'y%y,x;\@(t), which has surjective differential,
followed by integration over (a uniformly controlled compact subset of) the R factor. The integration (push-
forward) maps ef /THSF(U x R) — ef /2 HZF/2(17), where the 1/2 shift is due to the density defining the
scattering space, as above; by the same argument as above. On the other hand, the vector ’y;}y@;\,&(t) is 27!
times a scattering tangent vector, as discussed in Proposition 3.1. Thus, the boundedness of the pull-back
as a map

eL*(X;°T*X) — L2(U x R), i.e. 2~ D/2[2 (X) — 2= CnH+D/2[2 (U x R),
in the one-form case, resp.
22 L2 (X; Sym?*°T* X)) — L2(U x R), ie. o~ 3/2[2 (X) — ¢~ @H+D/2[2 (U x R),

in the 2-tensor case, follows from the surjectivity of the differential of 4. (Concretely here this means that
as for fixed \, @, t, (z,y) — ’Yx,y75\7£)(t) = (2/,4') is a diffeomorphism, one can rewrite the integral expressing
the squared L2-norm of the pull-back in terms of the squared L?-norm of the original function using Fubini’s
theorem.) Further, the  coordinate along 4 4 .., denoted by 2’ in Proposition 3.1, satisfies 2’ > x—CM?2?
(as |A\/z| < M on U) due to [29, Equation (3.1)], which means that e~/ /*z=*e/ /%’ (2/)¥ is bounded on the
curves as —fF /x + F /' — klog(z/2’) is bounded above (with the boundedness for 2’ < x, holding thanks to
the lower bound for z’, being the important point; for ' > x, —F /x — klogx being monotone for small z
can be used). Thus, the mapping property

et P HYF(X) = ef /1P HOF2T1 (U < R),

resp.
el PHEKE(X) — e /THO 22U xR,
follows by the same argument as the L? boundedness. Finally, by the chain rule, using just the smoothness
of v, we obtain that any derivative of the pull-back with respect to the standard vector fields V' € V(U) can
be expressed in terms of linear combinations with smooth coefficients of standard derivatives (with respect
to V' € V(X)) of the original function, so in particular for P € Diff*(U x R) and one-forms, Pf is controlled
in er/””chjk_"/Q_l(U x R) in terms of derivatives of order < s of f in ef /* H%*(X), with a similar statement
for 2-tensors. Now, (with the above notation) 2’ > cx for some ¢ > 0 (so =/’ is bounded), so that = factors
of derivatives like 220, x0y;, x05, 05, being applied to the pull-back can be turned into factors of 2/, so we
see that if P € Diff].(X), then Pf is controlled in e/ /””ch’kfn/%l(U x R) in terms of derivatives of order
< s of f with respect to the vector fields 2/0,s 2’9, in e/ /* H%*(X). Note here the presence of /9, rather
than (27)20,, due to the fact that when one writes the pull-back as FXyy25o(t):Yay 250(t), a derivative
like 20, hitting it is controllable by (2’0, f)(9,X) and (2’0, f)(0yX), with the first of these lacking an extra
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factor of z’. This means that we need to have an extra decay by order s to get a bounded map between the
scattering spaces (since /0, = (2')~1((2')?0,)), so for s > 0 integer the mapping property

e ITHEF(X) = ef [T (U ),
resp.
el THEF(X) — el ITHF TP T(U X R),
follows, and then interpolation gives this for all s > 0. Thus, in the one-form case
It PHEF(X) = el [PH 2P 20U x R),

in the 2-tensor case
It PHEF(X) = el [PH 27320 x R),
completing the proof. O

If f € x"el /*L2.(Q) then the map f — If factors through
Spae ! Tf=e T f—Ppge /T f

since
Ie' epp qe t/ef = IdseF/"A;}S’QeF/wése_QF/xf =0.

By Theorem 4.15, ef /*Sy qe™F /2 f s Ie! /*Sp ge™! /* f is injective, with a stability estimate. Since
e Pp et It f = dtel TALL el It
this means that we have recovered f up to a potential term, i.e. in a gauge-free manner we have:

Corollary 4.17. Let F > 0. With Q = Q. as in Theorem 4.15, r sufficiently negative, ¢ > 0 small, if
feel /a7 [2.(Q) is a one-form then f = u + d*v, where v € el /2" HLO(Q), while u € ef /2" L2.(Q) can
be stably determined from If.

Again, replacing Q. ={% > —c} N M by Qe ={7 > %> —c+ 7} N M, ¢ can be taken uniform in 7 for
T in a compact set on which the strict concavity assumption on level sets of T holds.

Corollary 4.18. Let F,Fq be as in Theorem 4.15. With Q = Q. as in Theorem 4.15, v sufficiently negative,
¢ >0 small, if f € x"el /*L2.(Q) is a symmetric 2-tensor then f = u+ d*v, where v € ef /* HL"=2(Q), while
u € el /772 L2 (Q) can be stably determined from If.

Again, replacing Q. ={Z > —c} N M by Qe ={7>Z > —c+ 7} N M, ¢ can be taken uniform in T for
T in a compact set on which the strict concavity assumption on level sets of & holds.

This theorem has an easy global consequence. To state this, assume that Z is a globally defined function
with level sets ¥, which are strictly concave from the super-level set for ¢ € (=T,0], with Z < 0 on the
manifold with boundary M. Then we have:

Theorem 4.19. Suppose M is compact. The geodesic X-ray transform is injective and stable modulo poten-
tials on the restriction of one-forms and symmetric 2-tensors f to =1((—T,0]) in the following sense. For
all 7 > =T there is v € HL _(£71((7,0])) such that f — d*v € L} (&'((7,0])) can be stably recovered from
If. Here for stability we assume that s > 0, f is in an H®-space, the norm on If is an H®-norm, while the

norm for v is an H* '-norm.

Proof. For the sake of contradiction, suppose there is no v as stated on #=*((r9,0]) for some 0 > 79 > —T,
If =0, and let
T=inf{t <0: Ju, € HL ({& > t}) s.t. f=d°v, on {& > t}} > 70.

Thus, for any 7/ > 7, such as 7/ < 7 + ¢/3, ¢ as in the uniform part of Corollaries 4.17-4.18 on the levels
[7,0], there is v € HL ({# > 7'}) such that f = d*v on {# > 7'}. Choosing ¢ € C°(M) identically 1
near & > 7 + 2¢/3, supported in & > 7+ ¢/3, f — d*(¢v) is supported in & < 7+ 2¢/3. But then by
the uniform statement of Corollaries 4.17-4.18, there exists v/ € HL ({7 — ¢/3 < & < 7 4 2¢/3}) such that
f—d*(¢v) = d*v' in T—¢/3 < & < T7+2¢/3. Extending v’ as 0, the resulting function o/ € HL _({r—¢/3 < &})
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and d*?’ is the extension of d*v" by 0. Thus, f = d*(¢v+17’), and this contradicts the choice of 7, completing
the proof.

The stability of the recovery follows from a similar argument: by the uniform property one can recover
f modulo potentials in a finite number of steps: if ¢ works uniformly on [r,0], at most |7|/c+ 1 steps are
necessary. (Il
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