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Abstract

In this paper, we consider an anticipative nonlinear filtering problem, in which the
observation noise is correlated with the past of the signal. This new signal-observation
model has its applications in both finance models with insider trading and in engi-
neering. We derive a new equation for the filter in this context, analyzing both the
nonlinear and the linear cases. We also handle the case of a finite filter with Volterra
type observation. The performance of our algorithm is presented through numerical
experiments.

Keywords Nonlinear filtering - Anticipative systems - Asymptotic stability -
Volterra-type integral equations

1 Introduction

In its most classical setting, the filtering problem can be summarized as follows: let
(2, F,P) be a complete probability space, let (F;, ¢ > 0) be an increasing family
of sub o-fields of F, and suppose that all P-null sets belong to Fo. We assume the
existence of an underlying signal process (X;);>0 with values in R™ which can not be
observed directly, and we are given an observation process (Z;);>o with values in R"
which is related to (X;);>0 and disturbed by the noise process (V;);>0. A main task
in the filtering theory is to estimate the signal process (X;);>0 based on the (Z;);>0.
To give an example close enough to the situation which will be handled in the current
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paper, a model for the dynamics of both X and Z can be given as:

t
X = Xo +/ a(Xs)ds + Wy,
0

t
Z =/ h(X)ds + Ny, (1.1)
0

where X and Z are respectively the signal and the observation process, and W and N
are standard Brownian motions (or martingales), both adapted to the filtration F;. In
(1.1), we also assume that the noises W and N are decorrelated for convenience.

We refer to [8, Chapters 2, 3], [17, Chapter 8] and [22] for a detailed account on the
classical model (1.1) in full generality. Although we cannot give a real overview of
the vast literature on filtering in this short introduction, let us mention that a first basic
step in order to solve the nonlinear filtering problem (1.1) is to obtain an equation for
the unnormalized conditional density of the signal X; given Z. This equation turns
out to be a linear stochastic PDE called Zakai’s equation (see [29]), which is one of
the most classical objects studied in stochastic analysis. Then the numerical methods
either rely on a particle representation of Zakai’s equation (see [10,19]) or on a direct
discretization of Zakai’s equation [13,23]. The reader is sent to [8] for the abundant
literature on this topic. We should also mention a different direction which aims at
taking into account possible time correlations for both the signal and observation
noises. This is mainly achieved by considering a fractional Brownian motion model
for the noises W and N (see e.g [7,18]), for which a complete answer in the nonlinear
case is still a challenging issue.

In the current contribution, we wish to go back to one of the fundamental assump-
tions in Eq. (1.1), namely the fact that the initial condition X and the observation noise
N are independent (which follows from the fact that N is F;-Brownian motion). While
this assumption seems to be natural at first sight, one can argue that this hypothesis is
violated in many interesting situations. Among the possible applications we have in
mind, let us mention the following:

(i) Consider a classical target tracking problem (see e.g. [14, Chapter 5]). Suppose that
the misspecification of the initial condition occurs due to temperature, wind conditions
or other environmental variables. Since the observation noise of the system is usually
influenced by the same factors, it is often an oversimplification to assume that the
initial conditions and the observation noise are completely independent.

(i1) Another important context in which X and N cannot be assumed to be indepen-
dent concerns finance models with insider trading (see e.g. [2,6,21] for the insider
problem and [27, Sect. 1.1.2 and Example 5.8] for applications of filtering to finance
models), where some investors of a public company’s stock have access to nonpublic
information about the company. In such models the signal is the nonpublic information
of that company, and the observation is stock price and other public information. In
this situation, we expect the observation noise to be related with X, since the initial
nonpublic information creates some fluctuations on the stock price.

With those potential applications in mind, in the sequel we will see how the classical
filtering problem is modified when X and N are correlated, by considering X as an
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anticipative random variable (the reader might think of X as a Wiener integral of the
form fooo ¢s d N for a deterministic function ¢ € L*(R,.) in order to have a concrete
example in mind). Notice that explicit real-valued optimal filters for this anticipative
filtering problem have been obtained only recently; see [1], where the authors assume
that the signal X; = X is constant in time and correlated to the observation noise,
and where the observation is linearly dependent on X.

The aim of this paper is thus to consider the aforementioned anticipative filtering
problem in the general setting given by (1.1), where we just assume the following
general correlation property between the initial condition X and the noise N.

Hypothesis 1.1 Let Xy, W and N be given as in Eq. (1.1). We assume that the family
(X0, Wi, N, 0 <t < T) is Gaussian, such that the correlation

pn () :=EN,X(), 0=<t=<T (1.2)

is a function in C2([0, T'], R™*™).

Within this general framework, we will focus on the following issue concerning the
filtering problem:

(i) In the general nonlinear case given by Eq. (1.1), we derive a Zakai type equation
for the unnormalized filter, as well as a Kushner-FKK type stochastic equation
for the normalized filter. As the reader will see, the anticipative nature of our
problem will affect all the coefficients of those equations.

(i1) Whenever a linear situation is considered in the system (1.1), we get a modi-
fied version of the Kalman-Bucy filter. As in the general case alluded to in (i),
the coefficients of the linear filter are nontrivially affected by the correlation
pn. However, the Kalman-Bucy filter derived in Sect. 4 is very convenient to
implement numerically.

(iii) If we further assume that the correlation pp defined by (1.2) is compactly sup-
ported, then as expected, we will be able to give some stability results for the
anticipative Kalman-Bucy filter. More specifically, we show that for large times
the difference between the anticipative and non-anticipative Kalman-Bucy filters
converges exponentially fast to 0.

(iv) Still in the linear case, we handle the case of a weighted Volterra type observa-
tion Z and get the corresponding expression for the anticipative finite dimensional
optimal filter. This should be seen as an alternative point of view on [7], where
a nonlinear Voterra type signal-observation system had been considered. Our
method yields a straightforward implementation for the computation of the con-
ditional mean and variance of the signal X.

(v) Our simulation section will be focused on a classical radar-tracking example,
where the vehicle’s initial location is correlated with the observation noise. The
simulations show a significant improvement on the estimation accuracy whenever
the anticipative filter is used.

Remark 1.2 Our anticipative filtering problem can be considered as a particular
instance of filtering problems with path-space valued signal and observation pro-
cesses. These path-space models allow to consider diffusion-type signal-observation
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processes that depend on the whole history of the process. For discrete time problems
these path-space filtering models and their genealogical tree based particle approx-
imations are rather well understood, see for instance [11]. A stochastic analysis for
the continuous time version of path-space models have been developed in [12] for
filtering purposes, and in [5,16,26] in a mathematical finance context. These papers
are based on elegant functional approaches allowing to write the analog of the tra-
ditional Kallianpur-Striebel formula, as well as the Kushner-Stratonovich equations,
with innovations processes and generators of processes evolving on path spaces.

However, we should mention that our methods yield an algorithm which does not
require the introduction of genealogical trees. In particular, in case of a linear system
our filtering equation will be finite dimensional (as opposed to the genealogical trees
obtained in the path-space valued SPDEs context [3]). An interesting task is thus to
evaluate the numerical performance of our algorithm in a linear situation (see Sect. 6
for an implementation). In the general nonlinear case, however, both our algorithm
and the path-dependent algorithm are based on infinite dimensional filtering equations.
Hence a careful numerical algorithm comparison is required. We will deal with this
problem in some subsequent papers.

The basic technique we will resort to in order to deal with the anticipative filtering
framework given by (1.1) can be summarized as follows.

(a) We first rely on a general result concerning enlargements of filtrations. Namely,
we will show that one can modify N by a simple enough drift so that it becomes a F;-
Brownian motion (let us insist again on the fact that the system filtration F includes the
information on X¢). This general additional drift is then reflected in the coefficients of
the filtering equations. Note that the general enlargement of filtration result we invoke
is interesting in its own right. It can be seen as a multidimensional generalization of
[15] and is detailed in Sect. 2.

(b) Once the enlargement of filtration result is obtained, another key ingredient in the
construction of the filter is a convenient introduction of some auxiliary signal process.
Therefore, at the price of increasing slightly the dimension of our system and changing
its coefficients, we will be able to go back to a more standard filtering setting.

Notation 1.3 For any integrable process G;, t > 0, we denote by ftG, t > 0 the
filtration o (G, s € [0, t]). For convenience, we also write G, = E[G,|.7—'tz ] and
G, =Gy — G,, where Z is the observation process.

2 Enlargement of Filtration

When we consider an anticipative model like (1.1) under Hypothesis 1.1, one of the
main problems is the following: while N can be seen as a standard Brownian motion in
FN | itis no longer a Brownian motion with respect to the system filtration . Having
this problem in mind, in this section we show that there is a simple transformation
of N that makes it a Brownian motion in the enlarged filtration. This result will be
first handled in a general framework. As mentioned in the introduction, it should be
considered as a multidimensional generalization of [15].
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Lemma 2.1 Let (B;,0 <t < T) be a standard n-dimensional Brownian Motion,
and let X = (X1, Xa, ..., Xm)T be a centered (mean zero) Gaussian random vector
in R™ with covariance ¥ € R™ ™. Suppose that E[B,XT] = p(t), where p €
C2([0, T); R™™™). In addition, we assume that the Jamily {X, B;;0 <t < T}is
Jjointly Gaussian. We consider a function g(t) € C([0, T]; R"*"™) defined on [0, T]
(see Lemma 2.2 for the existence of such a function) such that

t
g (E —/0 p/(u)Tp/(u)du> =p'(1), g(0)=0. 2.1)

Let also A = {A(t,5); 0 < s <t < t} be the two-parameter R"*"-valued function
defined by

A, s) = g(0)p(s) +q(s), (2.2)
where p € C([0,T]; R™") and q € C([0, T]; R**") are respectively given by

p(s) = p" ()T and q(s) = —g(s)p" ()T — g’ (s)p'(s)T. Then the process B defined
by

t
B, = B, — / A, u)Bydu — g(1)X (2.3)
0

is a n-dimensional (G;)-Brownian motion, where (G;) is the augmented filtration
o(X,Bs;0<s<1),0<t<T.

Proof We are going to show that B; is a G-martingale. Then, taking into account
Lévy’s characterization and the continuity of B, we can conclude immediately that B
is a standard G-Brownian motion.

On a Gaussian space, it is well known that decorrelation implies independence.
Therefore, in order to show that Bisa G-martingale, it suffices to show that

E{(B, — B)X"} =0 and E{(B,— BB} =0, 0<r<s<t. (24

Note that by (2.3) and the identities E[XX”] = ¥ and E[B,XT] = p(¢), the first
equation of (2.4) is equivalent to

t
0= <p<r) —/0 3t w)p()du —g(r)Z)
= (p(s) = /0 (s, w)p(u)du — g(s)z) . 2.5)

We will now focus on the proof of (2.5). To this aim observe that, due to the fact that
p(0) = 0 and g(0) = 0 (see relation (2.1)), Eq. (2.5) is equivalent to

0=p() — f3 16, )pudu — g . (2.6)

We are now reduced to the proof of (2.6).
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Denote by 9, the partial derivative with respect to the parameter s. Thanks to the
definition (2.2) of A(t, s), the reader can easily check that X satisfies the following
relation:

1. s) =8 (800 ®)T ~ 8P’ ) ) - @.7)

Substituting (2.7) into the right side of (2.6) and then by integration by parts (together
with the fact that p(0) = 0) we obtain

t
p(t) — /0 Mt wpdu — g = p(t)
t
+ fo ()0 ()T — g T Wdu — g(1)S
t
— () + /0 [5(t) — gG0)1p' )T o' (w)du — g (). 2.8)

We now apply integration by parts again to U(u) = g(t) — g(u) and dV(u) =
o' )T p’ (u)du, which yields

t t u
/0[g(t)—g(u)]p/(u)T,o/(u)du:/O g’(u)/0 o' T p' (s)dsdu.  (2.9)

Substituting (2.9) into (2.8) and writing g(1) X = fot g’ (u)Zdu we obtain

t
p(1) —fo At wpdu — g = p(1)

¢ u
+/ g () (f ,o/(s)T,o/(s)ds — E) du. (2.10)
0 0

Recalling that g satisfies (2.1), it is now readily checked that the right-hand side of
(2.10) vanishes. Hence we have proved our claim (2.6), which in turn proves the first
assertion of relation (2.4).

Let us turn to the second equation of (2.4). Similarly to (2.5) and recalling that A is
a R™*"-valued function, the second equation of (2.4) can be written as

UAr 0 UANF 0

t s
O:—/ AL, u) du—i—/ A(s, u) du
0 0

0 UuANr 0 UANTr

—gp(N" +g®)pr)"
t r ) r
= —r/ At, u)du —/ At, u)udu +rf A(s, u)du +/ A(s, u)udu
r 0 r 0

—gp)" +g)pr)'. 2.11)
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In the following, we show that (2.11) holds. Note that, owing to the fact that g(0) =
0, it is clear that (2.11) holds for r = 0, so Eq. (2.11) is equivalent to

t K
0=— / At w)du + / M, wdi — g0p' T + g0 . (2.12)

which is obtained by differentiating both sides of (2.11) with respect to r. Furthermore,
along the same lines as for (2.6) and invoking the fact that f: A(s, u)du = 0 when
s = r, itis easy to see that Eq. (2.12) is equivalent to

0=— [ 2t wydu — g()p' ()" + g(r)p' (). (2.13)

Now relation (2.13) follows immediately from (2.7). Plugging this information in our
previous considerations, we get that (2.12) and therefore (2.11) hold true. This proves
that the second equation of (2.4) is satisfied. The proof is complete. O

With Lemma 2.1 in hand, notice that one can derive an explicit formula for g (¢) from
(2.1) if the symmetric matrix ¥ — f(; 0’ ()T p'(s)ds is non-singular. The following
result provides an equivalent condition to the non-singularity of ¥ — fot 0 ()T p'(s)ds.

Lemma 2.2 Let the assumptions be as in Lemma 2.1. Then
(a) The following identity holds for all t > 0:

o /Ot o) p'(s)ds = E ((X - IE(X|.7-",B)) (X - E(X|f,B))T> .

(b) The matrix ¥ — fot ' ()T p'(s)ds is non-singular for all t € [0, T] whenever
X ¢ FE.

(©) If p'(t9) # O for some ty > 0, then ¥ — fé o' ()T p/(s)ds is non-singular for
allt € [0, 1]

Proof Note first that the F2-Gaussian martingale E(X |]—',B) can be represented as a
Wiener integral fé fsdBg , where f; € Ly([0, T], R™*™). By the definition of p () it
is easy to show that f; = p/(¢)T. Therefore, we have

E ((x - E(X|f,3)) (X - 1E(X|f,3))T> ) (E(XI}",B)E(XI]:,B)T>
=3 - / T (5)ds,
0

which finishes the proof of our assertion (a).

We turn to the proof of (b). Note that the matrix E{[ X —E(X |FA)1[ X —E(X|F2)]1T}
is singular if and only if there exists a constant vector (kq, k2, .. ., k;) 7% O such that
" ki X; € FE.Inother words, E{[X —E(X|F2)I[X —E(X|F?)]"} is nonsingular
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if and only if " k; X; ¢ ]—',B for any (ki, k2, ..., ky). But this holds whenever
X ¢ FB. This completes the proof of (b).

In order to prove (c), suppose now that p’(f9) # 0 for some 7y > 0. Then invoking
the continuity of p’ we can find a positive number ¢ > 0 such that p’(s) # 0 for
s € [to, to + €]. On the other hand, we have shown at the beginning of the proof that

to+e

to+e 0]
E@V&9=A pmmm=ﬁpmw&+/ 0/ (5)dB,.

fo

Consider now a given ¢ € [0, o] and note that since p’(s) # 0 for s € [1g, fo + €],
we have E(X|F2,,) ¢ FP. Therefore it is readily checked that X = E(X|F},,) +
(X —EX |]—',f 1) ¢ ftB . We can now apply directly item (b) and we conclude that
¥ — fé 0’ ()T p’(s)ds is non-singular for all 7 € [0, fy]. The proof is complete. m|

We can now give an explicit version for the relation (2.1) of g under non-degeneracy
assumptions in terms of p. This follows immediately from Lemma 2.2 (c).

Corollary 2.3 Let the assumptions be as in Lemma 2.1. Let Ty = sup{t > 0 : p'(t) #
0} € [0, o0]. Fort < Ty we consider a function g defined by g(0) = 0 and

t —1
g'(t) = p'(1) (E - /0 p’(u)Tp’(u)du> .

We also set g'(t) = 0 for t > Ty. Then the function g satisfies Eq. (2.1). In particular,
it is always possible to find a function g such that (2.1) is satisfied.

3 Anticipative Filtering Equation: Nonlinear Case

In this section, we go back to the anticipative filtering problem (1.1), which is recalled
here for the reader’s convenience:

t
&:%+fa&m+m,
0
t
Z;=/ h(X)ds + Ny, (3.1
0

where the family (Xo, Wy, Ny; 0 <t < T) satisfies Hypothesis 1.1. In particular, we
assume that py (7) := E(N,X[), 0 <t < T is a function in C2([0, T], R™™).

In order to derive an equation for the optimal filter, let us first see how Lemma 2.1
allows us to reduce our computations to an adaptive signal-observation system with
modified coefficients.

Lemma 3.1 Let (X, Z) be the solution of (3.1) and assume that Hypothesis 1.1 is
satisfied. Let p, q, A, and g be functions defined as in Lemma 2.1 with p replaced by
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pN. Set
~ t
Ny = N; — / At, u)Nydu — g(t) Xo. 3.2)
0

The following statements holds:

(@) N is a R"-valued F-Brownian motion.
(b) Consider the R™-valued process (X;),<r defined by:

t
X; = Xo +f p(s)Ngds. 3.3)
0
In addition, denote

r(t) =, 1) =—g 0o 07, (34)

and observe that r(t) € R™" for all t < T. We define a process (U,);<r such
that U; € R™ x R™ x R" and some coefficients b, o, ¢ as follows:

X a(X;)
U=|X|, 0bWU)= p(N; )
| N gOX +r)N;
Ly 0
o= 01, c=10]. 3.5)
| 0 I,

Eventually, define a R™-valued coefficient k by:
k(Up) = h(X) + &' ()X, + (0N, . (3.6)
Then (X, Z) satisfies a signal-observation system expressed in terms of (U, Z):

dU, = b(Uy)dt + cdN; + odW, (3.7)
dZ; = k(Uydt + dN,. (3.8)

(¢c) The augmented system (3.7)—(3.8) is now governed by (W, N), which is a F-
Brownian motion.

Proof Item (a) follows from a direct application of Lemma 2.1 with B = N, X = X,
and p = pn.
We turn to the proof of (b). First, plugging (3.2) into (3.1) we can write

t t
zt=/ h(Xs)ds—i—/ A(r, $)Nyds + g(t)Xo + N; . (3.9)
0 0
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Recall that in (2.2) we have defined A as A(z,s) = g(t) p(s) + g(s). Therefore, we
can write the second and third terms of the right side of (3.9) as

t
/ A(t, s)Nsds + g(1)Xo = g (1) (f
0 0

t
=g(OX, + / q(s)Nyds,
0

t

t
p(s)Nyds + Xo) +/ q(s)Nyds
0

where the second relation stems from (3.3). We now apply the elementary relation
a By = apBo + fé o) Bsds + fé o Bids to the C!-functions o;; = g(r) and B; = X,
which yields

t t

t t
/ A(t, $)Ngds + g(1) Xo :f g/(S))_(stJr/ g(S)P(S)Nst+/ q(s)Nyds
0 0 0 0

t '
Z/ g'(s)Xds +/ r(s)Nyds, (3.10)
0 0

where the last equality is due to the definition (3.4) of r. Reporting (3.10) into (3.9),
and taking the definition (3.6) of k into account,

' ' '
Z =/ h(Xs)dS'F/ g/(S))_(st-F/ r(s)Nsds + N;
0 0 0
'
=/ k(Us)ds + Ny,
0

which is equation in (3.8).
In the following, we derive the Eq. (3.7) for U. Note again that by (3.2) and taking
into account (3.10) we obtain

t
N, = / M(t, 5)Nyds + g() Xo + N
0
t _ t ~
=/ g/(S)Xst+/ r(s)Nsds + N;. (3.11)
0 0

In order to get the equation for the process U given by (3.5), it is thus sufficient to
combine Eq. (3.1) for X, Eq. (3.3) for X and relation (3.11) for N. O

In Lemma 3.1, let us highlight again the fact that the new system (3.7)—(3.8) is
governed by a F-Brownian motion (W, N). Hence we have reduced our anticipative
problem to a classical filtering equation with modified coefficients. In order to give
specific statements in this context, we now recall some basic notation.

Notation 3.2 In the context of Lemma 3.1, set

t 1 t
M, = exp (/ k(UHTdZ, — 5/ |k(US)|2ds> )
0 0
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We also denote by P the measure on € that is absolutely continuous with respect to [P
with a Radon-Nickodym derivative on (2, F;) given by:

U

dPlr —
where recall that F; is the system filtration.

With our modified setting in hand, the classical filtering results contained e.g. in
[27] yield the following result.

Theorem 3.3 Let (X, Z) be the solution of (3.1) and let U be as in Lemma 3.1. Then
(a) The optimal filter 7w, . (7ry, ) = E(f(Uy) |.7-'IZ) satisfies the following nonlinear
stochastic differential equation on [0, T]:

t
(7, f) = (7o, f) +/O (s, Lf)ds

t
+/ (s, Ve + fKT) = (75, f) (s, kT )dvs, (3.12)
0

forall f € Cg(Rz”H'”), where v is the innovation process defined by vi = Z; —

fot (s, k)ds and where V f stands for the vector Vf = (01 f, ..., 04 f).
(b) Let V; be the unnormalized filter, defined by:

(Vi, ) = E(M, f(U)IFP),

where E refers to the expectation with respect to the measure P. Then V satisfies the
following linear stochastic differential equation (usually called Zakai’s equation):

t

t
Ve, f) = <V0,f>+/ (Vs,Lf)dS+/ (Vi, Vfe+ fkT)dZs,
0 0

where the second order differential operator L is defined by

d d
Lf :% Z A,‘jaizjf“rzbiaif' (3.13)

i,j=1 i=1
In (3.13), we have also set A = ccT + oo, and d is the dimension of U.

Remark 3.4 1In (3.12) we have obtained an equation for the augmented signal U;, while
we are originally interested in the optimal filter 77,(-) = P(X; € ~|ftZ ). However,
one can easily derive an equation for 7 by taking f € Cl% (R™) in Eq. (3.12) (that is
freezing the X and N components in (3.12)). Therefore the equation for 7; is in the
same form as (3.12), and it still depends on X and N.
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Remark 3.5 The uniqueness of the solution for the filtering Eq. (3.12) can be obtained
by applying some classical uniqueness results for nonlinear SPDEs (see e.g. [19]). For
sake of conciseness, we leave to the patient reader the task of checking that the usual
conditions of [19] are satisfied in our case.

4 Anticipative Filtering Equation: Linear Case
This section is devoted to a particularization of problem (3.1) to a linear context. As
usual in filtering theory, we will see that more explicit solutions to the filtering problem

can be computed in this case. We also study the asymptotic stability of the filter in this
framework.

4.1 Filter Equations

Let us specify the filtering system we consider in this linear case. Namely, the couple
(X, Z) is assumed to satisfy the following system:

13
X = Xo —l—/ a(s)Xsds + ogWy, “4.1)
0

t
Z, = / h(s)Xsds + N, , 4.2)
0
where X; e R™, Z, e R", W, € R!, a(s) € R"*™" &y € R"*! and h(s) € R*™>",

In our linear context, we still define X by (3.3). We also define an R2m+1_yalued
augmented signal U and some augmented coefficients b, o, ¢ and k by

b¢ at) 0 0 %0 0
U=]| X |, b(t) = 0o 0 p@ |, o= 01, c=1|0 |,
N 0 g'@)r@ 0 I,

and

k(t) = (h(1), &' (1), r (1)),

where a is defined by (4.1), p and g are introduced in Lemma 2.1 and r is given in
Lemma 3.1. It then follows from Lemma 3.1 that the linear system (4.2) is equivalent
to the following regular Kalman-Bucy signal-observation system:

dU; = b(1)Usdt + cdN; + odW,
dZ, = k(t)U,dt + dN,. 4.3)
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Let us also recall that for the linear filtering problem (4.3), the optimal filter ; is
obtained as the following regular conditional law:

7 =N, Pr), (4.4)

where 0, = E[U,|.7-',Z] and P, = E((U; — Ut)(Ut — lA],)T|.7-'lZ) designates the con-
ditional variance of U, given ]—",Z . The following theorem specifies the expressions of
U and P:

Theorem 4.1 Let U and P be the conditional mean and covariance of U given by
(4.4). Then:

@) U, solves the equation
. A t R t
U, = U +/ b(s)Usds —|—/ (c+ Psk(s)T)dvs, 4.5)
0 0

where the innovation process v is given by vy = Z; — fot k(s)ljsds.
(ii) The R¥"*m2m+1_yalyed conditional variance P satisfies a Riccati equation of the
form:

Pl = Pb)T +b(t)P + A — (c + Pk()T)(c + Pk()T)T, (4.6)
where A = cc! + o007 asin Eq. (3.13).

Proof Once expression (4.3) is given for the augmented Kalman filter, our result is
obtained as in the standard case, see e.g. [27, Chapter 9]. O

4.2 Asymptotic Stability

We now particularize our situation to a linear context with constant coefficients. That
is, we consider the following signal-observation system:

t
Xt = X() +/ aXSdS + Wta
0

t
Z:/h&M+M, 4.7
0

where a € R™*™ and h € R™*™ are constant matrices. In order to state and prove our
asymptotic stability result, we first need to recall some classical notions which can be
found in [20, Theorem 4.11] or [27, Chapter 9].

Definition 4.2 In the following, A stands for a m x m matrix, while D € R"*" and
B e R"™! for given integers [, m, n.

(i) We define the stable subspace of matrix A as the direct sum of the (right) kernels
of (A;I — A)™, where X; are negative eigenvalues of A and m; is the multiplicity of
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Ai. We define the unstable subspace of A as the orthogonal of the stable subspace of
A

(i) We call the couple of matrices (A, D) detectable if the (right) kernel of

D
DA

DA;”71

is contained in the stable subspace of A.
(iii) We call the couple of matrices (A, B) stabilizable if the unstable subspace of A
is contained in the linear space spanned by the columns of (B, AB, ..., A"~ B).

With the preliminary notions we have just introduced, we can state a result about
existence of solutions for Riccati equations.

Lemma4.3 Let a and h be the coefficients given in (4.7). We assume that (a, h) is
detectable and (a, 1) is stabilizable. Then
(i) The algebraic Riccati equation

VooaT + aYoo +1 — VoohThVoo =0 (4.8)

admits a unique solution y, in R™*™,
(i1) We have

*o = inf{—Rex : A is an eigenvalue of the matrix a — ysoh' h} > 0. (4.9)

In the classical situation (i.e. for X independent of N) and for a system like (4.7),
it is well-known that the covariance of the optimal filter X ; = E(X ,|.7-'tZ ) converges
exponentially fast to the solution of the algebraic Riccati equation (4.8); see [25]. The
stability problem has been further studied in the recent works [3,4], where the stability
of the optimal filter X, with respect to (Xo, P) and the corresponding convergence
rate is obtained.

Our aim now is to prove that this convergence still holds true, and recover the rate
of convergence exhibited in [3,4], when the covariance between Xy and N vanishes
in finite time.

Theorem 4.4 Consider the signal-observation system given by (4.7) under the same
conditions as for Lemma 4.3. We also assume that there exists Ty > 0 such that
o' (t) =0forallt > Ty. Then

(a) Let P,11 be the conditional variance of X; given .7-",2 . Forall A < Ay, where Ag is
defined by (4.9), we have

Jlim ™ (P! — yoo) = 0. (4.10)
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(b) Let ()A(?) be the optimal conditional expectation of X; given the observation
obtained when Xy and N are indepenc{ent (tflat is, pny = 0). Then for all .. < Lo
we have the convergence lim;_, 5o MX, — X?) = 0 almost surely.

(c) Let 1y be the conditional Gaussian probability measure with mean X, and covari-

ance matrix P;. In the same way, we define a conditional Gaussian measure JTZO

given as w0 = N()A(?, PY), where )A(? is defined in item (b) above and PP is the
conditional covariance of the usual Kalman filter(see e.g. [27, Eq. (9.8)]). Then
we have

lim dw (774, nto) — 0, almost surely,

where dyw denotes the Wasserstein metric in the space of probability measures.

Proof 1t follows from Theorem 4.1 that the filter equations for the augmented version
of Eq. (4.7) is:

dU, = (b(t) — ck(t) — Pk() k@) U,dt + (¢ + Pk(t)T)d Z,, 4.11)
P, = P,(b(t) — ck@)T + (b(1) — ck()P, + 00T — Pk(t) k(1) P,, (4.12)

where U, b, o and c are respectively defined by:

X a 0 0 L 0
u=\|X|, bit)y=10 0 p@® |, o=1| 0], c=1 01,
N 0g' (@) r@ 0 1,
and k(t) is the matrix given by
k() =[h g'@®) rm]
Observe that the following elementary identities hold true:
0 0 O a 00
ck)y=10 0 0 |, bi)—ck@®)y=1| 0 0p@) |. (4.13)
h g'(t) r(t) —h0 O

Moreover, recalling that P; is a R +1)xCm+m) matrix, we decompose P; into blocks
of size k x I with k, I € {m, n} according to the 3 components of U. Hence, projecting
Eq. (4.11) on the X component and recalling (4.13), it is readily checked that X,
satisfies

dX, = aXdt — (P'RT + P2¢ ()T + PRr()TY (R, + & (O X, + r()N)dr
+P"RT + PRS0 + PPr)Hdz,. (4.14)
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In the same way, projecting relation (4.12) on the first component of U, we obtain that
P! =E((X; — X)(X; — X)") is

pll — PllaT—i-aPll—I-I
+PPr)"H RPN + ¢ PP 4+ r () P, (4.15)

Let us recall that the expression for g’ is obtained in Corollary 2.3 and r is defined
by (3.4). Therefore, since p’(t) = 0 for t > T, we easily get that for t > Ty we also
have g'(t) = 0 and r(¢) = 0. Plugging this information into (4.14) and (4.15), the
equations for X and P'! becomes:

dX, = aX,dt — PpyhThX,dt + Py hTdZ, ,
P =paT ap 41— pURTHP!,

According to Lemma 4.3, if (a, k) is detectable and (a, I) is stabilizable, then Eq.
(4.8) has a unique solution. Furthermore, it is shown in [20, Theorem 4.11] that under
the same conditions we have

[1_1)1’210 eM(Ptll — Yoo) =0,

which is our claim (4.10). Observe also that Lemma 4.3 implies that the matrix a —
yoohTh is asymptotically stable. Items (b) and (c) in our Theorem thus follow from
the results in [25, Sect. 2] (see also [27, Sect. 9.5]). O

5 A Finite Filter

In this section, we consider another application of the methods used for the anticipative
filter (1.1). Namely, inspired by e.g. [7,18], we wish to handle the case of a weighted
Volterra type observation.

To be more specific, we are now considering a signal (X;);<r and an observation
(Z:):<1 governed by the stochastic differential equations

t
x=mw/am&w+m, 5.1)
0
t
Z,=/ H(t,s)Xyds + Ny, 5.2)
0

where (X¢, W;, N;) is a Gaussian family and the three terms are mutually independent.
As in the previous sections, we assume that (W;, N;) is a standard Brownian motion,
anda : [0, T] — R™ ™ H : [0, T]* — R are continuous functions. The observation
information is given by the filtration of the observation process: }'IZ =0(Zs;5s <t),
t € [0, T]. The initial condition X is assumed to be independent of N in this section.
However, the fact that Z; is governed by a Volterra type dynamics will force us to
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resort to the same augmented filtering equation as in the anticipative case. Observe
that an anticipative initial condition in (5.1) could also be treated with our methods.
We have refrained from going in this direction for sake of conciseness.

In order to ease our computations, we assume that the function H satisfies the
following conditions:

Hypothesis 5.1 Let H be the kernel appearing in the definition (5.2) of Z. We assume
the following holds true:

(i) H is a continuous function on [0, T']%.
(i) H admits the following decompositions:

o
H(t,$) =) pi()qi(s), (5.3)
i=1
where p;, ¢; in (5.3) are such that p; € Cl([O, T]) and ¢; € C([0,T]), and

where the convergence in (5.3) occurs in L1 ([0, T1%).
(iii)) Forn > 1, set

n d n
Ha(t,9) = Y pi0ai(s), La(t,s) = —Ha(t,$) = 3 pj(0)gi(s). (5:4)

i=1 i=1

Then L, converges in L1 ([0, T1?) to a continuous function L(z, s).
Following is the main result of this section:

Theorem 5.2 Consider the signal-observation Eq. (5.2). Suppose that H satisfies
Hypothesis 5.1. For 0 <t < r we define the following augmented signal:

Vi = i
= fotL(r,s)Xsds ’

as well as the augmented coefficients

| a(s) | 1w
B (s) = |:L(r’s):|[1m 0], X= [ 0 ]

and an initial condition
X0
Py = [ 0 0] .
Then the conditional mean ‘A/” =E[V,; |.7-'IZ ] satisfies the equation

. - T oats) s ! T
AP fo [ L(r,s)}xsdw /0 PrslH(s,s) Nldv,  (55)
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where v, = Z; — fot[H(s, s) I]‘A/mds, and where the conditional covariance Py ; =
E((V,: — \A/,,,)(VM — V,,,)T|}',Z) verifies the Riccati type equation

t
Rﬁ—m=/1@ﬂ&mﬂ+&@wm+zzT
0

—Ps[H(s,s) 117 [H(s.s) I]Ptfs)ds. (5.6)

Proof We proceed according to the approximation given in Hypothesis 5.1. This will
be done in two steps.

Step 1: High-dimensional augmented signal. ~Consider the signal X given by (5.1),
as well as the following approximation of the observation:

dXt = a(t)X,d[ + th,

t n
ﬂ=/Hmm&w+M=mem+m
0

i=1

where we have set
. t
X} :/ qi(s)Xsds, i=1,...,n.
0
Then an elementary product rule allows to write

t n t
z" 2/0 Hn(s,s)Xsds+Z'/0 pl(s)Xids + Nj. (5.7)
i=1

We now consider an augmented signal and some augmented coefficients as follows:

x! q1(1) ,
ut=1| : |, Vo= : |, o:[(’)"],
X" an(t)
R () =[pi@) - pp®) ], (5.8)

and we set

X a(r) _
U":I:Un:|ﬁ bn(t):|:l;"(t)i|[lm O], hn(l):[Hn(t,t) hn(t)] (5.9)
Then we obtain the following linear system for the observation U":

dU!" = b ()U!dt + cdW;. (5.10)
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In addition, it is easily seen that the process Z" defined by (5.7) verifies
t
Z; = / ' (s)Ulds + N;. (5.11)
0

As in Theorem 4.1, Egs. (5.10) and (5.11) can now be seen as a classical Kalman-
Bucy filtering system. Hence we can invoke [27, Chapter 9] again, which yields the
following equation for U = E(U"|F*"):

t 13
ul =U} +/ b"(s)Ulds +/ PR ()T dv", (5.12)
0 0

where v}' = Z}! — fé " (s)U!"ds is the corresponding innovation process. As far as

the covariance function P} = E((U}' — U DU — 0,")T) is concerned, it satisfies the
following Riccati equation:

t
P’ — P} = /0 (Ps”b”(s)T +b" ()P + o0 — PS”h"(s)Th"(s)PS”) ds. (5.13)

Step 2: Dimension reduction. In Step 1, the dimension of the augmented signal U”
grows with n. In order to go back to a low-dimensional signal, let us first compute the
quantity 2" (t)U]* in (5.11). Thanks to the definition (5.9) of 2" and U" we have

n t
' (OU = Hy(t, )X, + h"(OU} = Ha(t, )X + Zp,‘(t)/o qi(s)Xds
i=1

t
— Hy(t. DX, + / La(t. )X, ds. (5.14)
0

where the second equality is due to the definition (5.8) of 4" and the last equality stems
from (5.4). Interestingly enough, Eq. (5.14) suggests to consider the filtering for the
signal

o0 t t
R, := Z p;(t) qi(s)Xsds = L(t,s)Xds.
i=1 0 0

To this aim, we consider a new process R;', defined for 0 <7 < r by

n t
R, = ZP,{(T)/(; qi(s)Xsds = h"(r)U;",
i=1
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and we consider the following augmented signal (notice that the argument of A" is
frozen to r in the equation below; see Remark):

n o.__ Xt _ 1 _0 n
= ][00 ] 519

We will now get the filtering equations for the augmented signal V", In order to
get the equation for the conditional variance, we set

T
P o=FE(V", — V') V", — V)| FZ = [0 4 pnil 0O
r,t r,t r,t t,t t,t t O hn(r) t O hn(l‘) )

where the second relation is obtaiAned thanks to the definition (5.15) of V" and the fact
that P = E[(U — UM(U!" —UMT].

T
o . I 0 I 0
Hence multiplying relation (5.13) by [0 () :| on the left and by [0 (1) :| on
the right, we get
Prn,t - P
t
= /O <('P;I’S)TBIH(S)T + B's)P! + 237

—PLHa(so5) 1T [HaGs.9) 11(PE)T ) ds,

where the coefficients B” and X are defined by

n _ a(s) _ Im
B'(s) = [Ln(m)}[lm 0], = [ 0 }

Sending n — o0 on both sides of the equation and applying Lemma 5.3 we obtain
Eq. (5.6) for P, ;. The Eq. (5.5) for V, ; can be derived in a similar way by multiply-
ing (5.12) by the proper factor given by (5.15). This completes the proof. O

We now give some details about our auxiliary result needed in the proof of Theo-
rem 5.2. Let us now consider the following auxiliary result:

Lemma5.3 Let (x,y), (x,y), (x, yp) and (X, y,) be joint Gaussian random vectors,
and suppose that y, converges to y in L*(S2). Then

(i) Elx|y.] — Elx|y]in L>(Q);
(ii) E[E(x|y)EE|ya)] — E[E(x|y)EGE|y)]-

Proof Denote (x,y) ~ N(u, %), (£,y) ~ N(ji, £), (x, yp) ~ N(u", B"), (¥, y) ~
N(ii", £"). Since y, converges to y in L>(2), we have as n — +o00,

E(y,) — E(y) and E{(yxn)(x y,,)} —>]E{<)y€> (x y)},
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which implies (1", £"*) — (i, ). On the other hand, writing

X i X 21 X2
E = , and Co = ,
[<y)] (Mz) V[(yﬂ (Ezl Ezz>
it is well known that

E(x|y) = E[x] + =125, (v — E[y]).

Taking into account the above two points, we have (i) and (ii). O

6 Application to Radar Tracking

In this section we will apply the anticipative linear filter described in Sect. 4 to a
standard practical problem considered in the literature. Specifically, we consider an
anticipative version of the radar tracking system given in [14, Chapter 5]. We shall
observe how the algorithm induced by Theorem 4.1 improves the estimation, versus
a method using the classical Kalman filter and ignoring the anticipative problem.

In the radar tracking situation taken from [14] the signal X is governed by Eq. (4.1),
where a(s) is a constant matrix. Namely, X; = [r, 7, u,l 6, é, u,z] is a 6-dimensional
process, where (7, 6;) describes the position of the tracked vehicle expressed in polar
coordinates in R? (r is called range and 0 is called bearing in [14]). The coordinates
(utl, ut2) also stand for a maneuvering-correlated state noise, while 7, and 0, respec-
tively represent the time derivatives for the range and the bearing.

In [14] the dynamics for the process X is supposed to be governed by the following
equation:

01 0 00 0 00
00 1 00 0 00
00k—100 0 0

dX, = 00"0 ol o |Xedi+ ‘610 dw,, 6.1)
00 0 00 1 00
00 0 00k—1 0 o

where « is a real valued constant, o1, oo > 0 and W is a 2-dimensional Brownian
motion. Equation (6.1) can be interpreted in the following way: we write that r, =
ro + f(; rsds, where the velocity 7, is equal to utl and u,l is an Ornstein-Uhlenbeck
process driven by W,1 . Similar assumptions are also in order for the bearing 6.

As far as the observation process is concerned, we write Eq. (4.2) under the fol-
lowing form:

-1
dz,z[% 00 0 00

— X:dt + d Ny, (()2)
1 t 12
0 0009 00
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where oy is a positive constant and N is a 2-dimensional Brownian motion independent
of W. Note that according to (6.2), Zt1 (resp. th) is a linear function of r; (resp. 6;)
plus a noisy perturbation:

dz! =o;'rdt +dN!, and dZ} =o;'6,dt +dN;.

The anticipative nature of our system is enclosed in the following assumption: We
assume that the initial location X is influenced by the temperature, wind conditions
and other environmental variables, while at the same time these factors have an impact
on the observation. More precisely, we assume that

ro 1 0 Nll

Fo 00 0

1 1

I _ 10 _ Ny
X() -— 6'() - E + n, Where n= y O 1 Nl - y N12 ’ (63)

6o 00 0

u2 01 N}

where we recall that N lj stands for the j-th component of N evaluated att = 1. In
Eq. (6.3) the vector & is a standard R®-valued Gaussian random variable independent
of (W, N), and y is a positive constant measuring the anticipation strength. Notice
that according to Eq. (6.3) the anticipation of X is only felt on the components ro,
6p and g of Xy. Moreover in (6.3) we assume that ry and u(l) depend on N ! while 6,
and u(z) depend on N 2 which is natural in our context. For our numerical simulations
we take x = 0.5, 0p = 0.017 rad, o1 = 103/3 and o» = 1.3.

As the reader might expect, our new filter (4.5)—(4.6) provides a much better esti-
mation for the anticipative signal-observation system (6.1)—(6.2). This is attested by
the following simulation. Namely, in the figures below the blue curve represents the
signal path, the yellow curve is drawn according to the classical Kalman filter, and
the orange curve is drawn thanks to our new filter. We have zoomed in the picture for
comparison purposes, so that the signal curve appears to be linear.

782 Estimation of range of vehicle r: gamma=1000 Estimation of bearing of vehicle theta: gamma=1000
782

1019+

4784

-10195
4786

4788
-1020

Range
Bearing

479+

-1020.5 -
4792

479.4 -1021

1 1 1 1 1 1 1 1 1 1
0.982 0983 0984 0.985 0986 0987 0.988 0989 0.985 099 0995 1
O<t<1 O<t<1
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In this set of figures we successively take y = 1000, 100, 10, 1, in order to observe
the effect of the anticipation strength on the filter performance.

Estimation of range of vehicle r: gamma=100 Estimation of bearing of vehicle theta: gamma=100

Range
Bearing

290 s13l
291 L L L . . i 814k . . L L . . .
09 091 092 093 094 095 0965 0966 0967 0968 0969 0.97 0.971 0972
O<t<1 O<t<1t
Estimation of range of vehicle r: gamma=10 Estimation of bearing of vehicle theta: gamma=10
4 151
2k
6
251

Range
&
Bearing

12 -145¢
5|
14
. . . . . . . . . . 55k . . . . .
05 055 06 065 07 075 08 08 09 095 1 075 08 085 09 095 1
O<t<1 O<t<t
Estimation of range of vehicle r: gamma=1 Estimation of bearing of vehicle theta: gamma=1
-1.682
0676
-1.684
0678 1686
o
Q c 4
D 068 £ e
E @
] o]
o o
169
-0.682
1692
0684
1,694
-0.686 169
. . . . . . . . \ .
09 0.905 091 0915 092 0925 077 078 079 08 081 0.82
O<t<1 O<t<1

Remark 6.1 As our simulation shows, the improvement of the new filter from the
classical Kalman filter becomes more significant as the anticipation gets stronger.

Denote by X!, i = 1,...,6 the optimal filter, i.e. X! = E(X!|F7), and denote

by X ! the estimate obtained while the anticipation is ignored. The following tables
present the ratio R; between the error deviations of these two estimates at time 7, that
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is,

. ~. 1/2
E[1X - %P
Ri(t) =\ = =+

E[1X; - XiP]

For t = 1, we consider the anticipation strength y = 1, 10, 100.

t=1 Ry Ry R3 Ry Rs R¢

y = 0.0100 0.0361 0.0608 0.0141 0.0400 0.0616
y =10 0.0100 0.0265 0.0574 0.0100 0.0316 0.0574
y =100 0.0100 0.0265 0.0574 0.0100 0.0316 0.0574

For t = 3/4, we consider the anticipation strength y = 1, 10, 100, 1000.

t=3/4 Ry Ry R3 Ry Rs Rg¢

y=1 0.3670 0.3684 0.3688 0.3670 0.3686 0.3689
y =10 0.4603 0.4609 0.4615 0.4574 0.4610 0.4615
y =100 0.4965 0.4969 0.4981 0.4953 0.4970 0.4981
y = 1000 0.5007 0.5011 0.5023 0.4997 0.5012 0.5023

As the reader can see, our ratios are small regardless of the values of  and y. This
indicates that our filter performs well compared with a filter ignoring the anticipative
nature of the signal.

We end this section with a remark on the stability of our new filter (4.5) and (4.6):

Remark 6.2 In our numerical experiments, we find that the stability of the original
system (4.1) and (4.2) and the new system (4.3) can be quite different. As n gets
smaller the stability of the new system usually decreases, and therefore finer mesh is
needed in the simulations in order to capture the accuracy improvement achieved by
our new filter.
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