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Abstract

In a previous paper, we studied the ergodic properties of an Euler scheme of a stochastic differential
equation with a Gaussian additive noise in order to approximate the stationary regime of such an equation.
‘We now consider the case of multiplicative noise when the Gaussian process is a fractional Brownian motion
with Hurst parameter H > 1/2 and obtain some (functional) convergence properties of some empirical
measures of the Euler scheme to the stationary solutions of such SDEs.
© 2013 Elsevier B.V. All rights reserved.
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1. Introduction

Stochastic Differential Equations (SDEs) driven by a fractional Brownian motion (fBm) have
been introduced to model random evolution phenomena whose noise has long range dependence
properties. Indeed, beyond the historical motivations in Hydrology and Telecommunication for
the use of fBm (highlighted e.g. in [24]), recent applications of dynamical systems driven by this
process include challenging issues in Finance [14], Biotechnology [27] or Biophysics [18,19].
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As a consequence, SDEs driven by fBm have been widely studied in a finite-time horizon during
the last decades, and the reader is referred to [26,6] for nice overviews on this topic.

In a somehow different direction, the study of the long-time behavior (under some stability
properties) for fractional SDEs has been developed by Hairer (see [15,16]) and Hairer and
Ohashi [17], who built a way to define stationary solutions of these a priori non-Markov processes
and to extend some of the tools of the Markovian theory to this setting. See also [1,7,13] for
another setting called random dynamical systems. The current article fits into this global aim, and
starts from the following observation: the knowledge of the stationary regime being important
for applications and essentially inaccessible in an explicit form, we propose to build and study
a procedure for its approximation in the case of SDEs driven by fBm with a Hurst parameter
H > 1/2. This paper is following a similar previous work for SDEs driven by more general
noises but in the specific additive case (see [5]).

More precisely, we deal with an R4-valued process (X;);>0 which is a solution to the
following SDE

dX,; = b(X,)dt + o (X,)dB} €]

where b : RY — R? and o : R? — M, , are (at least) continuous functions, and where My , is
the set of d x g real matrices. In (1), (BtH )i>0 18 a g-dimensional H-fBm and for the sake of sim-
plicity we assume % < H < 1, which allows in particular to invoke Young integration techniques
in order to define stochastic integrals with respect to B/ . Compared to [5] we handle here a fairly
general diffusion coefficient o, instead of the constant one considered previously. Classically the
noise is called multiplicative in this setting, whereas it is called additive when o is constant.

Under some Hoélder regularity assumptions on the coefficients (see Section 2 for details),
(strong) existence and uniqueness hold for the solution to (1) starting from xo € R?. Classically
for any stochastic differential equation, a natural question arises: if we assume that some
Lyapunov assumptions hold on the drift term, does it imply that (X;);>¢ has some convergence
properties to a steady state when ¢t — 4-00?

This question implies in particular to define rigorously a concept of steady state. For equation
(1), this work has been done in [17]: using the fact that, owing to the Mandelbrot representation,
the evolution of the fBm can be represented through a Feller transition on a functional space
S, the authors show that a solution to (1) can be built as the first coordinate of a homogeneous
Markov process on the product space RY x S. As a consequence, stationary regimes associated
with (1) can be naturally defined as the first projection of invariant measures of this Markov
process. Furthermore, the authors of [17] develop some specific theory on strong Feller and
irreducibility properties to prove uniqueness of invariant measures in this context.

In the current article, our aim is to propose a way to approximate numerically the stationary
solutions to Eq. (1). To this end, we study some empirical occupation measures related to
an Euler type approximation of (1) with step y > 0. We show that, under some Lyapunov
assumptions, this sequence of empirical measures converges almost surely to the distribution of
the stationary solution of the discretized equation (denoted by v?) and that, when y — 0%, v¥
converges in turn to the distribution of the stationary solution of (1). This approach is the same
as in [5]. However, the introduction of multiplicative noise has some important consequences
on the techniques for proving the long-time stability of the Euler scheme. In particular, the
main difficulty is to show that the long-time control of the dynamical system can be achieved
independently of y. In [5], this problem has been solved with the help of explicit computations
for an Ornstein—Uhlenbeck type process. Because the noise is multiplicative the computations
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of [5] are not feasible anymore and we use specific tools to obtain uniform controls of discretized
integrals with respect to the fBm. Before going more precisely to the heart of the matter, let us
mention that the numerical approximation of the stationary regime by occupation measures of
Euler schemes is a classical problem in a Markov setting including diffusions and Lévy driven
SDEs (see e.g. [31,20-22,28,29]).

2. Framework and main results

This section is first devoted to specify the setting under which our computations will be
performed. Namely, we give an account on differential equations driven by fractional Brownian
motion and their related ergodic theory. Once this framework is recalled, we shall be able to state
our main results.

2.1. FBm and Holder spaces

For some fixed H € (%, 1), we consider ({2, F, P) the canonical probability space associated
with the fractional Brownian motion indexed by R with Hurst parameter H. That is, 2 = Co(R)
is the Banach space of continuous functions vanishing at 0 equipped with the supremum norm, F
is the Borel sigma-algebra and P is the unique probability measure on {2 such that the canonical
process BY = {Bll = (BIH’I, . B,H N, t € R} is a fractional Brownian motion with Hurst
parameter H. In this context, let us recall that B is a g-dimensional centered Gaussian process
such that Bé{ = 0, whose coordinates are independent and satisfy

E[(B,H’j - BSH”) ] —t—s?, fors,teR. )

In particular it can be shown, by a standard application of Kolmogorov’s criterion, that B admits
a continuous version whose paths are 6-Holder continuous for any 6 < H.

Let us be more specific about the definition of Holder spaces of continuous functions. Namely,
our driving process B lies in a space C? defined as follows: we denote by C? (R, R?) the set
of functions f : R, — R such that

t) — N
VI =0, Nfler= sp LOZTON_
O0<s<t<T (t - S)
where the Euclidean norm is denoted by | - |. We recall that C? (R4, R?) can be made into a

non-separable complete metric space, whenever endowed with the distance §y defined by

So(f.g) =Y 27N (1 A ( sup £ (1) — gl +1f — gne,N)) ,

NeN 0<t=<N

where x Ay = min(x, y) Vx, y € R. However, since separable spaces are crucial for convergence
in law issues, we will work in fact with a smaller space C? (R4, RY): we say that a function f in
C? (R, R?) belongs to C? (R, RY) if

VT >0, w@,T(f, 8) = sup |f(t) — f(S)| §—0

0. 3)
O<s<t<T.0<lt—s|<s |1t —s]°

C? (R, RY) is a closed separable subspace of C? (R, RY).
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2.2. Differential equations driven by fBm

We recall now some results on existence and uniqueness of solutions of the stochastic
differential equation (1) starting from a deterministic point.

When B¥ is a fractional Brownian motion with Hurst parameter H > 1/2, equations of the
form (1) are classically solved by interpreting the stochastic integral fol o(X,)dB} as a Young
integral (see e.g. [12]). The usual set of assumptions on the coefficients b and o are then of
Lipschitz and boundedness types.

Specifically, we recall the following definition of a (1 4+ «)-Lipschitz function:

Definition 1. Let o : RY — My 4 be a C! function and 0 < < 1. We say that o is (1 + «)-
Lipschitz if the following norm is finite:
|Do(x) — Do (y)|

lolli4a = sup [[Do(x)|| + sup m . )
xeRd x,yeR‘l |x - yl

With this definition the basic existence and uniqueness result in a finite horizon [0, T'] for
T > 0 for pathwise equations driven by 8-Holder functions with 6 > 1/2 can be found in [6,23].
Nevertheless in this article we are searching for stationary solutions, which have to be defined
on R, . Moreover we use ergodic results that require some damping effect of the continuous
drift coefficient b. In order to quantify this notion, let us now introduce a long-time stability
assumption (C). Namely, let £ Q(R?) denote the set of Essentially Quadratic functions, that is
C2-functions V : R? — (0, o0) such that

%
liminf ~°) =0, |YV| <CYV and D2V is bounded.

Note that any element V € £ Q(Rd) is continuous, and thus attains its positive minimum v > 0
so that, for any A, r > 0, there exists a real constant C,, suchthat A+ V" <C, V.

With these notions in mind, our standing assumptions on the coefficients b and o are
summarized as:

(C) The map o is assumed to be a bounded Lipschitz continuous function. Moreover we suppose
that there exists V € £Q(RY) such that

@ Yx € R |p(0)* < V(x),
(i1) and such that for § € R and @ > 0 the following relation holds:
Vi e R (VV(x),b(x)) < B —aV(x).

Proposition 1. Let us suppose that in addition to assumption (C), b is Lipschitz continuous and
that o is (1 + «)-Lipschitz with o > % — 1. Then

(i) For any deterministic function B € C?(R,, RY) with 6 > %, and any xo € RY, there exists a
unique solution X € C? (R, RY) of

t

t
X; =x0+/ b(Xu)du—i—f o(Xy)dBy,, 5)
0 0

where the integrals are interpreted in the Riemann—Stieltjes sense.
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(i) Let us set X = ®(x¢, B), so that ®(xo, B) satisfies
t

t
P(x0, B)r = xo +/ b(®(xo, B)s)ds +[ o (9D(xo, B)s)d Bs.
0 0
Then the so-called Ité map ® is continuous from R? x C? (R, RY) into C? (R4, RY).

Remark 1. Proposition 1 is not completely standard, when b is not bounded, and we have not
been able to find a specific reference giving an equivalent statement in the literature. Namely the
case of bounded smooth coefficients b and o is handled e.g. in [6,23]. If we move to the case of
a dissipative coefficient b, an existence and uniqueness result is available in [17]. Nevertheless,
this result also assumes that the derivatives of b are bounded. Assumption (C)(i) implies that b is
sublinear. With the boundedness and Lipschitz assumption on ¢ assumed in (C), the proof of the
existence of a global solution of this stochastic equation and of the continuity of the 1t6 map is a
consequence of Young and Gronwall inequalities.

2.3. Ergodic theory for SDEs driven by fBm

We can now define the solution of the stochastic differential equation starting from a random
variable X. Since the It6 map of Proposition 1 is used in the following definition we have to
suppose that in addition to assumption (C), b is Lipschitz continuous and that o is (1 + «)-

. . . 1
Lipschitz with o > 7 — 1.
Definition 2. Let B be a fractional Brownian motion with H > % A process (X;);eRr, is called

a solution of Eq. (1) driven by BH starting at X, if for every 1/2 < 6 < H < 1, (X)/er, is
almost surely C% (R, R?)-valued and if X = ¢(Xo, BM), almost surely.

We now have all the tools to define rigorously a stationary solution to the SDEs driven by
fBm. In the following definition and further on we use the notation 6; : w > w(t + -) for every
t > 0 for the time-shift.

Definition 3. Let (X;);>0 denote an R9-valued solution to (1) in the sense of Definition 2. Let v
denote the distribution of (X;);>0 on c? R, R?). Then, v is called a stationary solution of (1)
if it is invariant under the time-shift. Such a stationary solution is called adapted, if for 0 < ¢ the
processes (Xs)o<s<; and (Bf’ )s>: are conditionally independent given (BSH )s<t-

Please note that there is an abuse of language in the preceding definition. The distribution of a
process (X;);>0 on c? Ry, R9) cannot determine alone if (X 1)1>0 1s a solution of (1) in the sense
of Definition 2. We need the distribution of the pair (X,, B),> to know if X = &(X,, BY),
almost surely. In particular it is not possible to take X¢ independent of (B*'),~( in general as
remarked in Proposition 5 of [5]. Nevertheless we consider as in Definition 2.4 in [17] that two
distributions (X;, (B),0) and (X2, (B¥),>0) on C? (R4, R?) x C?(R;, R?) solutions of (1)
are equivalent if the distribution of X' and of X2 is the same. These definitions are the same
as definitions in [17] that come from Stochastic Dynamical Systems (SDS). In particular, we
require adaptedness of solutions. Compared to Random Dynamical Systems (RDS) (see [1] for
an introduction), this property is specific to SDS and is strongly linked to the fact that for such
dynamical systems, one can associate a Markovian structure (with an enlargement of the space).
Here, the main consequence is that the uniqueness of the stationary solution can be obtained
through the criteria of uniqueness of the invariant distribution of this associated Markov process.
Such results will be stated later.
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Let y be a positive number, we will now discretize equation (1) as follows, for every n > 0,

Y/ = YN, 4+ (t —ny)b(Y)) + o (V) (B = Bl) Vielny, (n+ Dy). (6)
We set

t, = max{yk, yk <t,k € N}.

In fact, we will usually write ¢ instead of 7,, in the sequel. The discretization of (1) can also be in-
troduced with the following discretization #7 : R? xC? (R, R?) — C? (R, RY) of the Ité map:

t

t
D7 (x9, B)y == x0 +/ b(PY (xo, B)gy)ds +/ o (97 (xo, B)gy)st- @)
0 0

Please note that the definition of ¢ does not involve any Riemann integration but only finite
sums and that

YY = &7 (Y}, (B )i=0) as. (8)
We now define stationary adapted solutions of (6) in the spirit of Definition 3.

Definition 4. Let B denote a fractional Brownian motion with H > 1/2 and let X" be defined
by XV = &7 (Xg, (B,H)zzo)- The distribution v” of X on C? (R, R?) is then called an adapted
solution of (6) if the processes (X ;/)05 s<¢ and (BSH )s>: are conditionally independent given
(BSH )s<¢- We will say that v? is stationary if it is invariant by the shift maps (6x) )xenN-

Note that in this definition, there is a slight abuse of language since we do not require the
invariance by the shift maps 0; for every ¢ > 0, but only when t = ky, k € N.
Let us introduce the following uniqueness assumption for v¥ and v:
(S”) (y = 0): There is at most one adapted stationary solution to (1) (resp. to (8)) if y = 0
(resp.if y > 0).

For (S°), we refer to Theorem 1.1 of [17]. When y > 0, we have the following proposition:
Proposition 2. Let H € (1/2, 1). Assume that d = q and that b and o are C?-functions. Assume
that o is invertible and that sup, gs 0~ (x) < 400. Then, (S) holds for every y > O.

The proof, which is an application of [16], is done in the Appendix. B
Let us now focus on the construction of the approximation. We denote by (X7);=0 the
continuous-time Euler scheme defined by X (7)/ =x € R? and for every n > 0

X[ =X}, + @t —ny)b(X;,) + (X)) (B = BX) Vielny, (n+1y). )

The process (X ,y )r>0 1s a solution to (6) such that X’ = x. In order to alleviate the notations
and, when it is not confusing, we will usually write X, instead of X ty . Now, we define a sequence
of random probability measures (P™?)(w, da)),=1 on C’(Ry, RY) with § < H (recall that
C? (R, R?) is defined at (3)) by

1 n
(n,y) —— _
P (w,da) = . kg_l 8X¥<k,1)+.(w)(da)

where 8 denotes the Dirac measure and where, for every s > 0, X!, := (X,,);>0 denotes the
s-shifted process.
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We are now able to state the main theorem of this article:

Theorem 1. Let 1/2 < 6 < H < 1 and assume (C). If (SV) holds for every y > 0,
(i) then there exists yy > 0 such that, for every y € (0, yp),

lim P (w,da) = v’ (da) a.s. whenn — 400,
n——+00
where the convergence is for the weak topology induced by C? (R, RY) and where vY is the
stationary solution of (6).
(ii) If additionally, b is Lipschitz continuous, o is (1 + a)-Lipschitz with « > % —landif (SO)
holds, then

lim v¥(do) = v(da) a.s.
y—0

where the convergence is for the weak topology induced by C? (R, R?) and where v denotes
the adapted stationary solution of (1).

Remark 2. Note that some extensions can be deduced from the proof of this theorem. First,
remark that this result implies in particular that

lim lim Pé"’y)(w,dy):vo(dy) a.s.

y—0t n—>+00

where
n,y) RS
n,y _ 2 _
790 (w,dy) = " ];(SX()/I(—I)y(dy)

and vo(dy) denotes the initial distribution of the stationary solution v of (1). This marginal pro-
cedure will be numerically tested in Section 6.

Also note that some extensions can be deduced from the proof of this theorem. First, when
uniqueness fails for the stationary solutions, the preceding result is replaced by

Theorem 2. Assume (C).

1. Then, there exists yy > 0 such that for every y € (0, 1), (P (w, da)),>1 is a.s. tight
on C? (R4, RY), for every 1/2 < 0 < H < 1. Furthermore, every weak limit is a stationary
adapted solution of (6).

2. If additionally, b is Lipschitz continuous, o is (1 4+ «)-Lipschitz with « > % — 1, set

U (w) = {weak limits of (P (w, da))}.

Then there exists y1 € (0, yo) such that U7 ())y <y, is a.s. tight in c? R4, RY), and any
weak limit when y — 0 of UV (w)), <y, is an adapted stationary solution of (1).

Remark 3. From the very definition of weak convergence, the preceding assertions imply
that the convergence of (P"")(w, da))n,, holds for bounded continuous functionals F :
c? R, Rd) — R. In fact, this convergence can be extended for arbitrary 7 > 0 to some
non-bounded continuous functionals F : C_(’([(), T1,RY) — R. Actually, setting G(a) =
sup;eo,77 V (1), we easily deduce from inequality (11) of Propositions 4 and 5 that

sup limsup P (w, GP) < 400 ass.
Y=<y n—>+00

for every p > 0. By a uniform integrability argument, it follows
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Proposition 3. The convergence properties of (P™Y)(w, da)) extend to continuous JSunctionals
F: CH([O, T1, Rd) — R such that there exists a constant C such that for every o € Ce([O, T1,
RY),
|F(a;,0<t <T)|<C sup VP(a,)
te[0,T]

with T > 0and p > 0.

Remark 4. A third natural extension of Theorem 1 consists in handling the case of an irregular
fractional Brownian motion B with Hurst index 1/4 < H < 1/2. This extension is presumably
within the reach of our technology on differential systems driven by fBm, but requires a huge
amount of technical elaboration. Indeed, to start with, Eq. (1) has to be defined thanks to rough
paths techniques whenever H < 1/2, and we refer to [12] for a complete account on rough
differential equations driven by Gaussian processes in general and fractional Brownian motion
in particular. More importantly, as it will be observed in the next sections, our main result
heavily relies on some thorough estimates performed on the discretized version (6) of Eq. (1).
When H > 1/2 this discretization procedure is based on an Euler type scheme, but the case
H < 1/2 involves the introduction of some Lévy area correction terms of Milstein type (see [8])
or products of increments of B if one desires to deal with an implementable numerical scheme
(cf. [9]). This new setting has tremendous effects on the proof of Propositions 4 and 5. For sake
of conciseness, we have thus decided to stick to the case H > 1/2, and defer the rough case to a
subsequent publication.

The sequel of the paper is built as follows. The next three sections are devoted to the proof
of Theorem 1. In Section 3, we prove some preliminary results for the long-time stability of
(P"Y)(w, da)),, when y > 0. Itis important to note that the controls established in this section
are independent of y in order to obtain in the sequel a long-time control that does not explode
when y — 0. Then, in Section 4, we obtain some tightness properties for (P™Y)(w,da)) (in n
and y) and, in Section 5, we prove that the weak limits of this sequence are adapted stationary
solutions. Eventually, in Section 6, we test numerically our algorithm for the approximation of
the invariant distribution of a particular fractional SDE.

Note that in the proofs below, non-explicit constants are usually denoted by C or Cr (if a
dependence to T needs to be emphasized) and may change from line to line.

3. Evolution control of (X?) in a finite horizon

The main aim of this part is to obtain a finite-time control of V (X7) in terms of V (X};) which
is independent of y. This is the purpose of the first part of Proposition 4. In order to obtain some
functional convergence results, we state in the second part a result about the finite-time control
of the Holder semi-norm of X7 .

Proposition 4. Let T > 0. Assume (C). Then,
(i) For every p > 1, there exist yp > 0, p € (0, 1) and a polynomial function P, s : R — R
such that for every y € (0, ypl,

VERY) < pVP @)+ Ppo(IB o). (10)
Furthermore,
sup V(X)) = C (VP @) + Ppo(IB o). (an

te[0,T]
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(ii) Forevery 6 € (%, H), T > 0,and y € (0, y]
vV el
|Xt - Xs |
sup ——

) H
o S =Cr (V@ + A8 len). )

where P is another real valued polynomial function.

The proof of this result is achieved in Section 3.2. Before, we focus in Section 3.1 on the
control of increments of some discretized equations with non-bounded coefficients driven by BY .

3.1. Technical lemmas

Let us recall that, for every r > 0, L, =v max{k € N, yk < t}. In the sequel, we will usually
write ¢ instead of 7 ,.

In the following lemmas, we will use the following notation: for any element (x(¢));>0 of
CRy, ]R{d) and T > 0, 6 > 0,y > 0, we define

y () — x@,)|
Ixlly, = sup ——————
0,y 0

s<u<v<t (Qy - Zy)

s

where we set by convention 8 =0.

Lemma 1. Assume that b is a sublinear function, i.e. there exists C > 0 such that for every
x € R4, |b(x)| < C(1 + |x|). Then, for every T > 0, there exists a constant C > 0 such that for
every s, t € [0, T] withs <t, forevery y > 0, for every 0 € (0, H)

%71 = (IRV1+Ca—9) + 12715, — 97 ) exp(Ct - )

where

t
77 = / o (XV)dB".
) s
Proof. First, from the very definition of ()_( ly )r>0, we have for every s, ¢t € [0, T] with s <1:

r _ _
;‘(g:;‘(g+/ b(X])du+ Z) — 7. (13)
S

The function b being sublinear, we deduce that
X7 | =X+ 127115 — 9 + c[t(l + XY Ddu.
s
Setting gs(v) = |)_(£+,,|, it follows that for every v € [0, t — 5],
gs(w) =a+ C/OU gs(u)du

with a = |)_(§| + ||z ||‘(;”ty (t — 5)? + C(t — s). The result follows from Gronwall’s lemma. [

The control of B -integrals is usually based on the so-called sewing lemma (see e.g. [6,11])
which leads to a comparison of [ f(x,)d BY with f(x,)(B} — BI"). The following lemma can
be viewed as a discretized version of such results:
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Lemma 2. Assume that b is a sublinear function. Let yo > 0 and (fy)ye(0,y, be a family of
functions from Ry x R? ro My 4 such that there exists r > 0 such that for every T > 0, there
exists Ct > 0 such that Vy € (0, o],

V(s, x), (t,y) € [0, T] x RY,
Iy, y) = fr (s, 0 < Cr(L+|x[" + |yt —s|+ |y —xD].
Let (H});>0 be defined by

(14)

t
VvVt >0, H[y Zf Sy (s, X;/)dBvH
0 s

Then, for every 6 € (%, H), for every T > 0, there exists Cy > 0 such that for every y € (0, yo),
forevery0 <s <t <T,

A7 — ] = £, XD B = B < Cr - 9% (141X
+UZ7 155+ ) 1B o, (1)

Proof. Denoting by f},,w the (random) function on R a.s. defined by f;,’w(s) = fy (s, )_(;/ (w)),
we can write:

ro_ -
A/ — A7 — f,(s, KB - B = / Fyo@) = fy()dBH.

Let 6 € (1/2, H) (so that 260 > 1). We use a classical Young estimate (see e.g. [34], Inequality
(10.9)), to get an upper bound for the left hand side of (15). Let us recall the definition of
p-variations. For every u, v > 0 such that u < v, for every p > 0 and for every function f : R
— R4,

1

Vp(fvuvv):Sup (Z'f(ti)_f(ti—l)|p> s
i=1

the supremum being taken over all subdivisions (#;) of [u, v]: u =ty <t < --- <t, = v. Then
using the Young inequality we get

\H] = H] — fy(s. X))(B]" = B{)| < CVi(fyo s,

VIV (BY,s,1) (16)

where C depends only on 8. Note that we could write V| ( fy ws S,

—y) instead of V1 (fy w> S, 1)

since f),,w is constant on [t — y, ). We now control separately the two terms on the right-hand
member.
Let T > 0. Since for every u, v € [0, T],

|BE — BH| < I1BH |lg,7Iv —ul’,
we first obtain that
ViBf.s.1) < 1B llg.7(t — 5)°. (17)

Second, let s, t € [0, T'] such that s < ¢ and consider a subdivision (#;)7_, of [s, t — y]. By (14),
we have

| frotieD) = fro@] < CrQ+ X1+ X7 Dt — 6l + X7 — X7 D.
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On the one hand, it follows from Lemma 1 that
11—
LHIXEE+ X7, 1 = o (LH1RT + U127 1557 ).

On the other hand, since b is a sublinear function, we have
- lit _
|xt,+1 - X/ <Cr <1 +/ | X |du + |Z,+l zg|> )
i " i
Then, using again Lemma 1 and the definition of || - ||* “77 | it follows that

X7, — X0 = O (L IRU+ 1271557 ) Gir = 10 + 1271557 (i — 1)

IH—I

By a combination of the previous inequalities (and by the use of the Young inequality), we obtain
| froltis) = fro)] < Cr+ XX+ 0271557 Dt — 6.

Since ) ; (tit1 —1;) <t — s, we deduce that
Vi(frwns £ =y) < Cr+ X+ 1271557 He - 9.
Finally, we plug this control and (17) into (16) and the result follows. [

In the following lemma, we make use of Lemma 2 when f, (z, x) = q(x). In this particular
case, we show below that we can deduce a control of the increments of Z” on an interval with
random but explicit length 1(w) (which does not depend on y).

Lemma 3. Let yg be a positive number. Assume that b is a sublinear function and that o is a
bounded Lipschitz continuous function. Then, for every 0 € (%, H), for every T > 0, there exists
Ct > 0, there exists a positive random variable

1

1 H ) 9
n(w) = (E[(CTHB @llo,7)" A 1]) (18)

such that a.s. for every 0 <s <t < T witht —s < n, for every y € (0, yp)
2] = Z{ 1 < 1= 9" 2llollec + Cr + X Dn’) 1B lo,7

where ||0 |00 = SUP,cgra llo(X)].

Proof. Forevery! > 0,set#; =s + yl and N; = ||ZV||9 ¥ . Owing to the definition of || - ||2,t;/,

we have

7V
- 7]

l1+1

Niy1 < NjVsup ——.

" i<t (tp1 —1;)?

By Lemma 2 applied with s = #;, t = ;41 and f,, (s, x) = o (x) (and r = 0),
SY

41 Z:

(141 — 1)?

‘ 77

= (Iolloo + Crtares =) (14 X714+ 127150 ) ) 1™ ..
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By Lemma 1 and the fact that r — || zv ||§’_”Y is nondecreasing, it follows that
Zin = % (Iolloo + Cr (1 + 1KY Dtr11 — )
sup —————— < (llolco + C7((1 + | X5 D41 — 8
i<t (1 —1)° > sV

s 8,1
+1Z7 155 (G — 7)) 1B lg.7-

Let p be a positive number. If ;4| — s < p, we obtain that
Nit1 = Ni Vv (eep + BoNp)
with
op = (llolloo + Cr(L+ XY Do) 1B o7 and B, = Crp’ 1B o,

Let us now set p = n(w) where n(w) is defined by (18). For this choice of p, we have g, < %
Then, the interval [0, ; /(1 — B;)] being stable by the function x — o, + B,x, we deduce that
forevery [ € Nsuch that#11 — s < n(w),

%y
N; < < 2ay.
n
Note that we used that Ng belongs to [0, /(1 — B;)] (since Nog = 0). The result follows. [J

3.2. Proof of Proposition 4

Proposition 4 is the main technical issue of our approximation result, and its proof is detailed
here for sake of completeness. We shall first focus on establishing relation (10) for p = 1. The
main difficulty is to prove that the noise component can be controlled in such a way that under
the mean-reverting assumption, we obtain a coefficient p which is strictly lower than 1. (See
in particular (21).) Note that this property on p will be crucial for the control of the sequence

(V(Xkr))k=>0-
Then, we generalize this result to any p > 1. Finally we handle the Holder type bound of
Proposition 4 item (ii). We now divide our proof in several steps.

Step 1: First upper-bound for V(X Z ) under the mean-reverting assumption. Set A, = Bfn —
B ;{1(;1—1)' Owing to the Taylor formula,
VXuty) = VXay) +V(VV Xny) b(Xy)) +(VV (Xny), 0 (Xny) Apy1)

1 2 = = = =
+ 5 Z 8i,jV('i"n+1)(X(n+1)y - Xny)i(X(n+1)y - Xny)j
iJ

where §,41 € [)_(,,y, )_((n“)y]. Using assumption (C), Eq. (9) for X(nﬂ)y — )_(,,y and the bound-
edness of D2V and o, wWe obtain

VX ntyy) < V(Xny) + 7B —aV(Xpy) + Ar(n + 1)
+CY*V X)) + | Ani1l?), (19)
where

Aj(n+1) = (VV(Xny)a G(Xny)An+l>~
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Set yp = % For every y € (0, y], for every n > 0, we have
- - o
V&) = V&) (1= 57) + 410+ D + By + ClAa ).

Then, iterating the previous inequality yields for every s, ¢t such that s < ¢,

L
1=

vx) = vk (1-3v) 7 + Z (1-%)7 " (1w +py +1aP).

Using that log(1 + x) < x for every x > —1, we deduce that
_ =y _ _ _ y
VIX)<e 7 (VAX)+IH —H D+ > By +CIAP), (20)
k=2+1
v

where

t t )
H = /0 gy () (VV(Xy), 0(X)dBH) =" fo gy (O(VV)i(Xy), 01 (X)d (B[
i,j

_5 . . . -
with g, (s) = (1 — %) v. We now wish to see that this relation has to be interpreted as

= a(t—s) = .
V(X;) <e” 5 V(X,), up to a remainder term.

Step 2: Upper bound for |HZ - I-_Ig|. For every (i,j) € {l,...,d} x {1,...,q}, set

fy! (s, x) = g, (s)(VV)i(x)o; j (x). Using that sup, (o 71, (0.1 | g, (1] < +o0, we check that
(&y (-))ye(0,yp] is a family of Lipschitz continuous functions such that SUP,, (0,01 [8y ILip < +00.
Furthermore, (VV); and o; ; being respectively Lipschitz continuous and bounded Lipschitz
continuous functions, we deduce that ( f)f’j )ye(0,y) satisfies (14) with r = 1. Applying Lemma 2,
we obtain that for every 6 € (%, H),

= = Y 0 v 2 Zy 15:L=V\2 H
SO [ IR+ Cra = " IR+ 02715 18

Now, if # — s < n(w) defined by (18),

|H! — H|

N

1271557 < (2o lloo + Cr (1 + XY Dn’) 1BHlo.7-
Owing to the definition of 1, we have a.s.
I1B™ (@)llo.rn” < Cr
where Cr is a deterministic positive number so that
W27 155 7% < CrBH I + + 1+ XV 7).
Thus,
A7 = A1 < Cr [+ IR0 =9 + @ =92 A+ XL+ 18713 0] 187 o,

Using that |ab| < 27 '(|a|? 4 |b|?) and that 1 + |x| < Cv/V (x), we have
A+ XY D = 9P 1B N7 < C(VEXD @ — 9% +11B713 7).
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It follows that there exists C7 > 0 such that for every ¢ > 0

Crt—9* 11+ ||BH||9,T)>
&

\H} — H]| < et —5)V(X)) (
+Cr(IB13 7 + ¢ — 9% UB7 I3 ).
Now, we choose 7, € (0, 1)

Cr@o* A+ 18"l _
- <1

1
More precisely, we set . = [(Cr(1 + ||BH||9,T))_18]m A 7. Thus, we obtain that for every
0<s <t <Tsuchthatt —s < 7,,

\B — H | < et —)VX)) + CrUB 15 7 + ¢ — ™ IBH |} ). 1)

Step 3: Contracting dynamics for V(X k7). Choose now g9 > 0 such that there exists § € (0, 1/2)
satisfying o

Vx €[0,1], e 2%(1 +eopx) < 1 — éx, (22)

and set 7 = 7g,. Plugging the two previous controls into (20), it follows that for every k €

(Lo L5

<z

V(X)) < VX )= 8a) + Cr(L+ B3 )+ > (By + ClAIP),
l:(k—l)ﬁ
Y

+1

where ax = ki — (k — 1)7. Note that we can apply (22) since

a <2 <2 <278 <1,

In particular, S < 1/2. With the convention [ [, = 1, an iteration of this inequality yields for
everyk e {1,..., L%J}:

k k k
VXip) = VO T [ = sey + Cr1B15 . Y T (1= sen)

=1 m=1Il=m+1

=

m

k k
+ 3 [ a-sad Y By +ClAP.

_(m—Dj
Y +l

<|

Then, using the inequality log(1 +x) < x Vx € (—1, +00), we have forevery m € {0, ..., k}
(with the convention ) = 0)

k k k
[T a-sa) exp( > log(l —8a1)> < exp <— > (Soq)

[=m+1 [=m+1 [=m+1

exp(—3dkn + dmi).
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Thus
k

k k
Y T (= da) < exp(=skii) }  exp(@i)™ < exp(8ii — 8ki)

exp(kdn) — 1

1211

c

m=11l=m+1 m=1 exp(dn) —1 — 8

where C is deterministic (and does not depend on k). Owing to the definition of 7 (and thus from

that of 1), we have

~ — S — 1
i S L+ 1B o)~ ool P v Tt < Copr (14 1BM 7).

It follows that there exists a polynomial function P; such that

k k
criBig . > [T (= ser) < PiIB llo.7).
m=1Il=m+1

On the other hand, since ]_[é‘:m 11 (1 —bay) <1, we also have
mi ki
7 |7

k k
oIl a=say > By+ClaP < ) By +ClAP
u=1

m=1Il=m+1 l_(mfl)ﬁ

14 +

2

< Bkii+C Y A
u=1
We deduce that for every k € {1, ..., L%J}:

V(Xi) < V(x)exp(=dki)) + Pi(1B"lo.7) + COy (B ,0 <1 < T),
where Pj is a polynomial function and Q,, is defined by
7]

0y (WOrero.r) = Y lwlky) — w(tk — D).

k=1
Owing to the definition of || BY lo.T, one checks that for every y € (0, yo]
Qy (B, 1 €0, T <y 'TIB" |5 ; < CrIIBY5 1.

(23)

(24)

Thus, denoting by P the polynomial function defined by P (v) = P;(v) + Crv?, we deduce from

(23) that for every k € {1, ..., L%J}:

V(Xii) < V(x) exp(=8kip) + P(I1B™ llo,1).

(25)

Step 4: Contracting dynamics for V (X1). We now patch the estimates obtained so far in order to

propagate inequality (25) to V (X7). Indeed, applying (25) with k = [7~!T ], we obtain

VX 1717 < V@) exp(=8Li ' T17) + P(I1B Jlg.1).

and owing again to (20), (21) (applied with s = |77 |7 and r = T) and (22), we deduce that

V(Xr) < V(x)exp(=8Li'T]i) + P(IB" llo,1)

(26)
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where P is a polynomial function. Finally, we want to control V(X7) — V(X 7). The function
V'V being sublinear and D>V being bounded, we deduce from the Taylor formula that for every
x,y € R4,

V(y) < V@) +C(x| -1y — x|+ |y — x?).

Applying this inequality with x = X 7andy = X7 and taking advantage of the assumptions on
b, we have

V(X7)

IA

V(XD +C [y + 1% + (A +1XDIBf — B |+ 1B = B ?] @D

IA

V(Xp)(1+Cy)+CA+ B3 7). (28)

where in the second line, we again used the elementary inequality |ab| < 27!(|a|*> + |b|?) and
the fact that |x|> < CV (x). Combined with (26), the previous inequality yields:

V(Xr) < V) exp(=8Li ' TIi)(1 + Cy) + Pro(1B [lo.1),

where Pj ¢ denotes the polynomial function defined by Pj g(v) = ﬁ(v) +Cd + v?). Finally,

since exp(—8 71T |7) < e *T=1=7) since T > 1 and 7§ < 20 < 1, one can find yy > 0 such
that T — 617 — yp > 0 and such that,

exp(=817 ' T)i(1+Cy) < p as.

Inequality (10) for p = 1 follows.

Step 5: Inequality (10) for p > 1. We recall that for every p > 0, there exists ¢, > 0 such that
for every u, v € R, the following inequality holds: |u + v|” < [u|” + c,(Jv]| - luP~1 + |v|P).
Thus, by the Young inequality, it follows that for every ¢ > 0, there exists ¢, > 0 such that
lu+v]? < (1 +&)|ul? + cgplv|? for every u,v € Rand p > 1. Applying this inequality, we
deduce from the case p = 1 that

VP(XT) < pP(1 4+ &)VP(x) + Cr Po(1B"1lo.1)"-
Since p < 1, we can choose ¢ > 0 such that p = p?(1 + €) < 1. It follows that
VP(X}) < pVP () + Ppo(IB™llo.T)

where P, ¢ is again a polynomial function.

Now, let us focus on (11). We only give the main ideas of the proof when p = 1 (the
extension to p > 1 again follows from the inequality [u + v|? < 2P~1(|lu|? + |v|P)). By (25),
the announced inequality holds taking the supremum of the left-hand side of (11) for every k7
withk € {1,..., L%J }. Then, for every # € [(k — 1)7, k7], it remains to control (uniformly in k)
V(X,) in terms of V (X k—1)7)- By (19) and (21), we obtain such a control for every discretization

time between (k — 1)7 and @ . Then, it is enough to control uniformly V(X;) in terms of V (X )
This can be done similarly as in inequality (27).

Step 6: Proof of the Holder bound (12). Lets, t € [0, T] with0 <s <t < T. We have

t
X% = / b(XY)du + 2 — 7.
s
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First, since |b(x)| < CV/V(x) < C(1 + V(x)),

t
/ b(X})du

s

uel0,T]

<C(t—ys) (1 + sup V()_(u))

and it follows from (i) that

[Ib(XE)du

sup < Cr(Vx) + Ppo(I1B [lg.7)).

o<s<t<r (— 5)?

Thus, we can only focus on the increment of A By Lemma 3, for every u, v € [0, T] such that
v —u < n (where 7 is given by (18)),

|ZY - ZV| < (v —w)’ (2||o||oo +Cr(1+ sup |5fs|)n9> 1B ||, 7.
- s€[0,T]

Using the concavity of x +— x?

[s2 —s1] <y,

7 —~ 1-6 0 H
1ZY — ZV | <2 oo (s2 — s’ IIB™ |lo. 7

on R4, we have for every s1,s2 € [0, T] being such that

and we derive that for every u, v € [0, T] with |u — v| <,
127 —ZV < Crw—w)? [14+ {1+ sup [Xs])n” ) IIB g7
s€[0,T]

Now, by the very definition of 5, we have ? || BY llo.r < 1. Then, since |x|> < CV(x), we have
in particular that |x| < CV (x) (using that inf, g« V (x) > 0) and we deduce from the first part
of this proposition that for every u, v € [0, T] with |u — v| < n:

|Z] = Zi| < Cr(w =)’ (V(x) + P(IB7 [lo,7)). (29)
where P is a polynomial function. B B
We want now to make use of the previous inequality to control Z — Z! forevery0 <s <t <
T. We divide [s, t] into intervals of length lower than 7. More precisely, setting sy = s + k1],
we have
)
=1

2T =7 -7 Y BT
n k

Then, we deduce from (29) that

9 —_— ~
Cr ((t - sLHJ) + VTSJ ng) (V) + P(1B™lo.7))

Cr (=9 + @ =" V) + PAB" 0.1,

\z! — Z{|

IA

IA

Thus, using (29) if t — s < n or the fact that (r — s)n@_1 <@t—-s0fift—s> 1, we deduce that
there exists Cr > O such that forevery 0 <s <t < T,

\ZY = ZV | < Cr(t — )P (V(x) + PUIB" llo.1)).
The result (12) follows.
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4. Tightness properties

In the following proposition, we obtain some a.s. tightness results for the sequence
(P"Y)(w, da)),>1. Using that the controls established in Proposition 4 are uniform in y, we
also show that tightness properties also hold for the set of its limiting measures (U **?) (w, 0))y
defined by

u(oo,}/)(w’ 0) — {/J' c C_Q(R+7 Rd), H(nk(w))kzl’ P(nk(w)v)’)(w’ da) m) "

Proposition 5. Assume (C). Then, there exists yy > 0 such that,
(i) Foreveryy € (0 yol and p > 1, a.s.,
lim sup — ZV (X’ 1)) = CpE[| Pp, (1B llg.)11 < +o0
n—+oo N

where C, does not depend on 'y and P, g is a polynomial function.

(i1) For every 0 € (1/2, H), for every y € (0, yo], (P"Y)(w, da))p>1 is almost surely tight on
C/ (R4, RY). )

(iii) For every @ € (1/2, H), U (@, 0))ye.y) is a.s. tight in C¥ (R4, RY).

Proof. (i) Case p = 1: We first focus on the sequence (% ngv:_ol V()_(;)) ~N>1. Note that, at this

stage, we consider the values of the Euler scheme at times 0, 1, 2, ... (which do not depend on
y). Then we set

ve=0, (B"), =B, -B}.
By Proposition 4 applied with T = 1, we have for every k > 1
V(X)) = pV(XP_)) + Pro(lde-1B"llo.1)

with p € (0, 1). An iteration yields for every £ > 1

—1
VX)) <p V) + Y o P18 B 10,1

m=0

Setting U, = P1,9(||8mBH llg,1) and summing over £, we obtain

IN_I Sy Vi(x) lN &l —1—m
N VD s gyt L L

=0 m=0

Ve 1 N= N
SN " Z 2
-2

V(x)
SNi—p " N(l—p)Z m:

Let us remark that since B is a Ce([O, 1], R?) valued Gaussian random variable, the norm
| Bf ||5.1 has finite moments of every order, which is a classical consequence of the Fernique
Lemma. Hence

E[IP1o(IB* llo,1)]] < +o00. (30)
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Then, since (8,, BY )m>1 1s ergodic (see Remark 5 for background and details), we have

1 N-2

N—+
~ Un —5 E[P1o(IB l9.)] as. 31)
m=0
and it follows that
1 ¥l 1
limsup — > V(X}) < T B oU1B" 101 as. (32)
N—>+OO £=0

We want now to use this result to control the a.s. asymptotic behavior of (% ZZ;& V(X )):k))ﬂzl .
By the second point of Proposition 4(i), for every £ > 0,

sp V(L) = C (VXD + PLotlseB" o).
eel[5 ][ 5]

As a consequence, setting N = [y(n — 1)] + 1, we have

VHJ
N1 7
— V(x)+2 > W

£=0 k{ J+1

c <y n 1) ( ) ( NZ (V()’({) + P1,9(||3KB”||9,1))> .

=0

IA

-y VXY
=0 ’

IA

Using (31) and (32), the result follows when p = 1.

The proof when p > 1 is very similar to the case p = 1 and is left to the reader.

(i1) If for a sequence (u,),>1 of probability measures on R?, there exists a positive function
Q: RY > (0, +00) such that sup,,~.; 1, (¢) < 400 and limjy | 100 @(x) = 400, one classically
derives that (u,),>1 is tight on R? (see e.g. [10, p. 41]). Thus, by (i), (Pé”’y)(a), dx)) is a.s. tight
on R, Owing to some classical tightness results in Holder spaces (see e.g. [30, Theorem 1.4]),

we deduce that we only have to prove that for every T > 0, for every 6 € (1/2, H), for every
g >0,

hran—f(l)lp lrtrililig n kX_: Vonr &y zer =0 (33)
where we recall that
YT >0, wyr(f,6) = sup M
’ O<s<t<T,0<|—s|<§ |t — s
By Proposition 4(ii) with " € (6, H),
ap KX + Py (1B llo', 1))

0<s<t<T (& — 5)?

so that for every s, ¢ € [0, T] such thats < fandt —s < §,

sup < Cr8" (V) + Py (1B 9 1))

o<s<t<T (& — 5)?
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As in (i), this property can be extended to the shifted process: we have for every k > 0

|ka+z - ka+s|
wg, T(X ,0) = sup Y 4
vk 0<s<t<T, t—s<8 (t—s)°
< Cro" VX ) + Py (186B  Nlor.1). (34)

Since (8B Jk>1 is ergodic (see Remark 5 for details) and since by the Fernique Lemma
|BE llo.7 has moments of any order, we have

n—>+c>o

—ZPQ/(nakB lor.7) = E[Py (1 B"llor.7)] as.

Then, we deduce from (i) and (34) that

lim sup — Za)g T(Xy(k 1y )§C89,_9.

n—+oo N

By the Markov inequality, we obtain for every ¢ > 0,

89'79
lim sup -~ Zl{wm(xﬂk pedze) € (35)

n—+oo 1

and (33) follows.
(iii) Let 6 € (1/2, H) and denote by 1) an element of 1/*>¥)(w, ) and by ,u(y) its margin-
als. By (30) and (32),

C
Yy e O.nl uf (V) < T
where p does not depend on y. It follows that Z/{(oo’y)(w,é) is a.s. tight in R? (where

Z/l(goo ) (w, 0) stands for the set of initial distributions ,u(y))

Now, since C does not depend on y in (35), we also have forevery T > 0,5 > Oand ¢ > 0
for every 6’ > 0:

Vy € (0, yol, M(y)(l{ng(~,5)za}) <cs??

and the announced result follows again from Theorem 1.4 of [30]. U

Remark 5. Some of the arguments of the previous proof are based on the ergodicity of the
increments of the fractional Brownian motion. More precisely, we use the fact that (BtH )teRr 1S
ergodic under the transformation 7% : C?(R, R?) — C?(R, RY) defined by (Tt (w)); = w(§ +1)
—w (&) (¢ > 0), which implies by the Birkhoff theorem that, for any functional F : C?(R,RY) —
R such that E[|F (B[, t > 0)|] < +o0,

n——+00

] n
P-as., - Z F(Bf,. — Bf) —— E[F(B/',1 = 0)]. (36)
k=1

Note that this ergodic result is a (classical) consequence of the Maruyama theorem [25] (see
also [32]) which is stated in a slightly different way: let (6;);cr denote the standard time-shift
defined for  : R — R by 6;(w) = w(¢ + -). Then, a centered stationary real Gaussian process
(Y;)ser is ergodic under (6;);cR if its covariance function r(¢) = E[Y, Y] satisfies r(r) — 0 as
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t — 4-o00. This result can be applied to the stationary (centered) fractional Ornstein—Uhlenbeck
process solution to dY; = —Y;dt + dBlH (since r(t) — 0, see e.g. [4]). Then we retrieve (36) by
using that the increment BﬁH — BZH is a functional of (Y;);>s: BtIZIH — BtH =Y — 1 +fst Y,du.

5. Identification of the weak limits
5.1. Weak limits of (P™Y)(w, da))p>1
We have the following result:

Proposition 6. Assume (C) and let P°>Y) (w, da) denote a weak limit of (P"™?)(w, da))p=1.
Then, PY) (w, da) is a.s. an adapted stationary solution of (6).

Remark 6. In the following proof, we will state some properties “for every function f, for
almost every »” and conclude that “for almost every w, for every function f” the property is
true. For the sake of completeness, we recall here that such inversions are rigorous since we
work on Polish spaces (in which the distributions and the weak convergence are characterized by
some countable family of bounded continuous functions).

Progf. In the proof_, we denote by (75(”)(60, da, dB))n>1, the sequence of probability measures
on C? (R4, RY) x C¥(R, RY) with < 6 < H defined by

» 1 n
(n,y) P -
P (0, da, dp) n ]; 8(X§(k71)+-(w)’B(I;(I—l)yﬁ.A(w)*B(IZfl)V(w))(da7 dp)

where (BtH )¢er is the fractional Brownian motion used to build the Euler scheme (9). First,
let us recall that by Proposition 5(ii), (PO-Y) (@, da))p>1 18 a.s. tight. Thus, we can consider a
weak limit P(7)(w, da). Second, one checks that (P (w, da, dp))n>1 is also almost surely
tight since each of its margins have this property. Indeed, for the first margin, it is again (ii) of
Proposition 5. For the second margin, we use that (B,H )reRr is ergodic under the transformation
T, : C?(R,RY) — C?(R, RY) (see Remark 5). In particular,

1 n
n ;%{an»*‘?g—w @) 37

is converging almost surely to the distribution of (B,H )ier (On c? (R, R?)). Hence, the
sequence (75(”) (w,da, dB))y>1 1s almost surely tight (and thus relatively compact). Then, if
PV (w, da) is the limit of a subsequence of (P (w, da)),>1, maybe with the help of a
second extraction, it follows that a.s., there exists a subsequence (1 (®))k>0 such that

PO (0, dar) kotoo PV, da) and

PV (w, da, dp)

(38)
PO (w, da, df) 2215
where the first margin of 75(°°’V)(a), da, dp) is obviously P¥)(w, da) and the second one
is a.s. the distribution of (BH)er (thanks to (37)). Let us also denote by (Xt(oo”:), B!y the
coordinate process on C_e (R4, RY) x C?(R,RY) endowed with the probability P©"). For
(a, B) € C? (R4, RY) x C?(R, RY) we consider the following function

t t
D7 (@, B =0 + / (D" (a, B)s, )ds + / (D7 (o, B)s, )dPs. (39)
0 0
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Please remark that &7 is slightly different from ®? in the way it handles the initial condition but

& (a, B) = ¢ (a, B)
for every o such that «p = a. For ¢, K > 0 let us denote by F; g the functional defined on
C R+ RY) x CO(R,RY) by Fix(@, f) = supgey las — D7 (a, B1)s] A K where p, =
(B(1));>0. The function F; g is bounded continuous on C? (R, RY) x C?(R, RY).
Then,

E(F. k(X7 BH)) = lim —ZF,K(X(k 1)H,B(,( by — Bi_1),)-

n—-oon

By the definition of the Euler scheme (even though it is shifted), we have for every k > 1,

Frx (X{, B(IZ*I)V+~ — B(IZ—l)y) = 0 almost surely, and

(k—=Dy+-
XV — ¢r(x(r) pH)

almost surely, which ensures that the pair (X (00.¥) | BH) is a solution of (6).
The stationarity of X () follows from the constructlon Actually, using the convergence of
(P™Y)(w, da)), we have for every bounded continuous functional F : c? Ry, R?) - R,

n——+00

_ZF K i) = FOG gy ) =2 BIFXGET)] = ELF (X))

and owing to a change of variable, it is obvious that for every ¢t € yN,

n—-+00

vV
_ZF(X Uh—D414) — FX ) —— 0.

It follows that for every ¢ € y N, for every F,
E[F (X,277)] = B[F (X)),

This property implies that X °>¥) is stationary.

We now focus on the adaptation of X (©.¥)  In this step, we need to introduce, for a subset D
of R that contains 0, the Polish space Wj s(D) that denotes the completion of CSO(D, R?) (the
space of C*°-functions f : D — RY with compact support and f(0) = 0) for the norm

IFll = sup |f () = f()]
saep [t =L+ 111> +[s]%)

This space is convenient to obtain some Feller properties for the conditional distribution of the
fractional Brownian motion given its past. More precisely, by Lemmas 4.1-4.3 of [17], the paths
of BH belong a.s. to Wy 5(R) when 6 € (1/2, H) and 8 + § € (H, 1). Furthermore, setting

B = = BH, — B, we also deduce from these lemmas that for every non-negative ¢ and 7,
Pr(@, ) = LB )s<0l(BM)s=0 = (@y)s=0)

is a Feller transition on W, s(R_) (which does not depend on ?).

Let us now prove that X °>¥) is adapted, i.e. that for every ¢ > 0, (X‘Eoo’y))sg and (B,
are independent conditionally to (BxH )s<t. One can check that it is enough to prove that for every
t > 0 and (arbitrary large) T > 0, (X‘Ew’y))sft and (Bf”JrT)SZo are independent conditionally
to (BSH ")XS() (using on the one hand that (BA{'I )s<¢ 1s trivially a(B‘YH , s < t)-measurable and that
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for every u > 0, a(BSH’“, s <0) = o(BSH ,8 < u)). To prove this conditional independence
property, it is now enough to show that for every ¢ > 0, for every 7" > 0, for every bounded
continuous functionals f : C?([0, 1], RY) - R, g : Wes(R_) = Rand h : Wy s(R_) - R

ELf (X5 € [0, Mg(BIHT, s < 0)n(BI s < 0)]
= ELf (X7 s € [0, Dy (B s < 0h(BI, s < 0)] (40)

where Y8 ((w)5<0) = E[g(B" . s < 0)1(B")s=0 = (@5)s=0] = Prg((ws)s<o)- Since
Pr(w, -) is Feller, ¥8 is continuous on Wy s(R_).

Then, using the ergodicity of the increments of B¥, we can show as in the beginning of the
proof that (75(”'7’)(50)),,21 is tight on c? (R4, RY) x W .s(R). Thus, there exists a.s. a sequence
(ng) such that

ELf(x7, s < gBIT s <On(BH' s <0)]= lim — ZHk T
k—+00 nk

and such that

E[f (X7 s < r)wg(BH" s <0)h(BM s < 0)]

= im
X k k—1 kI y(k—=1)+t

H
vhtst S = t)h(By(k Debstt — By(kfl)ﬂ,s < 0), and

s < 0). This implies that it is now enough to prove that

with F, = O'(B s < uw), He = f(X

Ji = g(BY — BH

y(k—1)+s+t+T y(k—=1)+t+T>

—ZHk 1 (Jk = ELKIFy k=1)+4]) 1280 as.
k=1

This point follows from a decomposition of the above sum in martingale increments and from
classical martingale arguments (see the proof of Proposition 6 of [5] for a similar argument). [

5.2. Identification of limits when y — 0%

In this part we fix a H-fractional Brownian motion B on C?(R, R?) and we consider a pair
(X>v, BH) on c? Ry, ]Rd) x C? (R4, R?) such that for each y > 0 the joint distribution is
given by Proposition 6.

Proposition 7. Let (yx) be a sequence converging to O such that the distributions of
(X% BHY are converging weakly on C?(R., R?) x C?(R,R?) to (X, BH). Then X is

a stationary adapted solution to (1) in the sense of Definition 3.

Proof. Let us first introduce
t t
B, ) = a0+ / b(B(at, B)y)ds + / o (B, )y)dfs,
0 0

and remark that 5(0{, B) = P(a, B), if «p = a. We want to show that

% _ $(x>®, BH) 41)
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almost surely so that (X*°, B{{ ) is a solution to (1). Let us rewrite the equation with the help of
two continuous operators on C? (R, R?) x C? (R, RY):

VU(a, B); = /Otb(as)ds + /Ot o (ots)dBs,
and
Ala); = a; — ap.
Then Eq. (41) is equivalent to
AX®) = (x>, BY). (42)

Let us also consider the discretization of ¥

t
U7 (a, B); =/ b(aiy)ds—i-/ a(agy)dﬁs.
0 0
Obviously (6) can be rewritten

t

AXVY = w7 (X°Y, BH). 43)

Lemma 4. Let (Vi)k=>1 be a sequence converging to 0 such that (X", BH)kzl converges
weakly on C'(R4,RY) x CP(R,RY) to (X, BH). Then wrx(X* BH) converges weakly
onC?(R4,RY) to w(X*®, BH).

Proof. Let (¢, B) € c? Ry, R4 ) X c? (R4, RY?). A classical result concerning the discretization
of Young integrals shows that

| W (a, B)r — Y (a, B)el < llllocllBllo.cy~'s.

See for instance [6], Proposition 31 or [34]. Hence for T > 0,

1@, B) — U (. Bllo.r < lleello.IBllo.7y> ' T'77. (44)
Let F be any bounded K -Lipschitz functional on c? ([0, 11, ]Rd),
|E(F (@ (X%, BM))) — B(F(#(X*, B)))] - 0 (45)
as k — o0. Then
[E(F (@7 (X%, BM))) — E(F(#(X*>%, B7)))]
< KE(IX®" g7 B lo.1)T' 020", (46)

and using Proposition 4(ii) the left hand side of (46) is converging to 0 as k — co. Combining
(45) and this last fact, we get the desired convergence in distribution. [J

Let us start with
A(XOV) = prk(xr pH)y, 47)

and let k — oo. By Lemma 4, the right hand side of (47) converges to ¥(X>°, Bf) and the left
hand side to A(X°°), which, in turn, has the same distribution as ¥ (X, BH).

Now, let us prove that X°° is stationary. It is enough to show that E[F(X*°)] = E[F (X} )]
for every r > 0 and for every functional F defined by F(a) = [, fi(ay) where fi,..., fm
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denote Lipschitz continuous functions on R? and 71, .. ., #,, belong to R, . By Proposition 6, the
distribution of X°>7 is invariant by the time-shift (6, ) for every k € N so that E[F(X*)] =
E[F (X 2)]. The result follows easily by checking that for every T > 0,

0
E sup |X30»V _ X’30V| y—> 0.
u,vel0,T], lu—v|<y

Finally, it remains to show that (X*°, B is adapted. Since (X°°*) converges in distribution
to X on CQ(RJF, R4) and since B¥ belongs to Wy s (with 6 € (1/2, H) and 6 4+ 6 € (H, 1)),

(XOO”’k/, BH) converges to (X*°, BH) for ¥, a subsequence of y;. Then, we can let y go to 0 in
equality (40) and the result follows. [

6. Simulations

In this section, we give an illustration of the application of our procedure for a one-dimen-
sional toy equation:

dX; = —X;dt + (4 + cos(X,)d B}

We propose to compute an estimation of the density of the (marginal) invariant distribution in this
case. We denote it by vé‘l . By Theorem 1, for every bounded continuous function f : R — R,

(n,y)
lim tim PY" @, f) =g ().
The first step is to simulate the sequence (Bﬁ( y(k 1)) k—1- We use the Wood—Chan method
(see [33]) which is based on the embedding of the covariance matrix of the fractional increments
in a symmetric circulant matrix (whose eigenvalues can be computed using the Fast Fourier
Transform).
Then, we compute Kh * ”P("’y) where K, is the Gaussian convolution kernel defined by

K;p(x) = fh exp(— 2h) Note that Kh*P(n 7/)(xo) (" J/)(Kh(xo -)), where, for a measure

i, and a u-measurable function f, we set u(f) = [ fdu. InFig. 1 is depicted the approximate
density with the following choices of parameters

3
n=10", y =005 h=02, H=7.

We choose to compare it with the density of the invariant distribution when H = 1/2. Note that
in this case, the invariant distribution is (semi)-explicit (as for every ergodic one-dimensional
diffusion) and is given by

M@D) e 1 ‘/W u
_ where X) = —— = €X — —Fdadu X.
M[R) Gtcosx)? P\T ), @tcosu)

We observe that the distribution when H = 3 /4 has heavier tails than in the diffusion case.
Finally, in order to have a rough idea of the rate of convergence, we depict in Fig. 2 the
approximate densities for different values of n keeping the other parameters unchanged.

1
v (dx) =

Remark 7. As mentioned before, this section is only an illustration. In fact, there are (many)
numerical open questions. For the estimation of the error, it would be necessary for a function

to get some rate of convergence results for ’ — VH ong-time error) an or
g f g Its for P (f) (f) (long-ti ) and f



1222 S. Cohen et al. / Stochastic Processes and their Applications 124 (2014) 1197-1225

0.16
0.141 1 e
0.12f
0.1r
0.08
0.06

0.04

0.14| 1
012 >

0.1 4

0
-10 -5 0 5 10

Fig. 2. Approximate density of vgl forn = 10° (dotted line), n = 100 (dash-dotted line), and n = 107 (continuous line).

vgl T f) — vé’ (f) (discretization error) where vé{ "7 denotes the initial distribution of the
stationary Euler scheme with step y. Note that in the diffusion case, it can be shown under some

appropriate assumptions that the long time error is about (yn)_% (see [3] for the corresponding
result in the continuous case) whereas the discretization error is O (y) (see [31, Theorem 3.3]
for a similar result with the Milstein scheme). Finally, even if the Wood and Chan simulation
method is fast and exact, it requires a lot of memory because of the Fast Fourier Transform.
On Matlab, for instance, this implies that we cannot take n greater than 2.107. Thus, it could
be interesting to study some discretization schemes based on some approximations of the fBm-
increments simulated, which consumes less memory.
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Appendix

Proof of Proposition 2. Let us show that (X yk) is a skew-product in the sense of [16] as follows.

For a fractional Brownian B motion on R, set for every n € Z A} = B(I;{ thy ~ Bg,. Setting

W = (RY)%-, we then introduce the regular conditional probability P¥ : W — M;(R%)
defined by':

PV (@) = LAY (A k<0 = )

and denote by P? the Feller transition on WV defined for every measurable function f : W — R
by PY f (@) = Jpa f(@U®)PY (0, dd) where forw € R)2- and® e RY, 0 U@ = (..., 0,
w,, wg, ®). Setting P¥ (x, ®) = x + yb(x) + o (x)d and PY = L((Ap)n<0), we have defined a
skew-product W, P%,, P¥ R4, &7) with the transition operator Q” on R¢ x W defined by

Q" f(x,w) = / FO (x, )P (@, o),

which describes the dynamics of the Euler scheme.

Then, thanks to Theorem 1.4.17 of [16], uniqueness of the adapted and stationary discrete
Euler scheme (X, ) (in distribution) holds, if the skew-product (W, P¥, P7, R?, ¢7) is strong
Feller and topologically irreducible (in the sense of Definitions 1.4.6 and 1.4.7 of [16]).

First, writt @ = (@', ..., &%) and ®” = (&), ..., #)). Denote by M ?(x, ®) the (discrete)
Malliavin covariance matrix of @ defined by

V(x,®) € RY x R? and (i, j) € {1,...,d}?,

d
M (x. @) =Y 05 B (x, @) &7 (x, ).
k=1

Thus, M®(x, ®) = (60*)(x) and since ! is bounded (and continuous), it follows that x —
(det(M 45)_1 (x, w)) is bounded continuous. Second, the functions D, ¢, D, D, ¢ and Doz) @ are
clearly bounded continuous. Finally, the sequence ((A})') has a spectral density f that satisfies
ffﬂ (f(x)~'dx < 400 (see e.g. [2] for an explicit expression of f). Thus, it follows from
Theorem 1.5.9 of [16] that the skew-product is strong Feller.

For the topological irreducibility, it is enough to show that for every (x,w) € R? x W,
for every (y, €) € RY x Rj, Q(x,w, B(y,e) x W) > 0. Since o is invertible, the map @ is
controllable in the following sense: ®(x, @,) = y has a (unique) solution @ € RY, for every
X,y € R4, Furthermore, b and o being continuous, for every ¢ > 0, there exists r; such that for
every o € B(wy, r:), @(x,®) € B(y, ¢). Thus

Q(x9a)7 B(y’g) X W) Z ,ﬁ(a)7 B(&)X7r8)) > 07

since P(w, -) is Gaussian with positive variance. This concludes the proof.

I Note that since (AY),e7, is a stationary sequence, C(A’l/\(A}:)kSo =w) = L(AZHKAZ-»—k)kSO = w) for every
n € Z.



1224 S. Cohen et al. / Stochastic Processes and their Applications 124 (2014) 1197-1225

References

[1] Ludwig Arnold, Random Dynamical Systems, in: Springer Monographs in Mathematics, Springer-Verlag, Berlin,

1998.
[2] Jan Beran, Statistics for Long-Memory Processes, in: Monographs on Statistics and Applied Probability, vol. 61,

Chapman and Hall, New York, 1994.

[3] R.N. Bhattacharya, On the functional central limit theorem and the law of the iterated logarithm for Markov
processes, Z. Wahrscheinlichkeitstheor. Verwandte Geb. 60 (2) (1982) 185-201.

[4] Patrick Cheridito, Hideyuki Kawaguchi, Makoto Maejima, Fractional Ornstein—Uhlenbeck processes, Electron. J.
Probab. 8 (3) (2003) 14 (electronic).

[5] Serge Cohen, Fabien Panloup, Approximation of stationary solutions of Gaussian driven stochastic differential
equations, Stochastic Process. Appl. 121 (12) (2011) 2776-2801.

[6] Laure Coutin, Rough paths via sewing lemma, ESAIM Probab. Stat. 16 (2012) 479-526.

[7]1 Hans Crauel, Non-Markovian invariant measures are hyperbolic, Stochastic Process. Appl. 45 (1) (1993) 13-28.

[8] A.M. Davie, Differential equations driven by rough paths: an approach via discrete approximation, AMRX Appl.
Math. Res. Express (2) (2007) 40. Art. ID abm009.

[9] A.Deya, A. Neuenkirch, S. Tindel, A Milstein-type scheme without Lévy area terms for SDEs driven by fractional
Brownian motion, Ann. Inst. H. Poincaré Probab. Statist. 48 (2) (2012) 518-550.

[10] Marie Duflo, Random Iterative Models, in: Applications of Mathematics (New York), vol. 34, Springer-Verlag,
Berlin, 1997. Translated from the 1990 French original by Stephen S. Wilson and revised by the author.

[11] Denis Feyel, Arnaud de La Pradelle, Curvilinear integrals along enriched paths, Electron. J. Probab. 11 (34) (2006)
860-892 (electronic).

[12] Peter K. Friz, Nicolas B. Victoir, Multidimensional Stochastic Processes as Rough Paths: Theory and Applications,
in: Cambridge Studies in Advanced Mathematics, vol. 120, Cambridge University Press, Cambridge, 2010.

[13] Maria J. Garrido-Atienza, Peter E. Kloeden, Andreas Neuenkirch, Discretization of stationary solutions of
stochastic systems driven by fractional Brownian motion, Appl. Math. Optim. 60 (2) (2009) 151-172.

[14] Paolo Guasoni, No arbitrage under transaction costs, with fractional Brownian motion and beyond, Math. Finance
16 (3) (2006) 569-582.

[15] Martin Hairer, Ergodicity of stochastic differential equations driven by fractional Brownian motion, Ann. Probab.
33 (2) (2005) 703-758.

[16] Martin Hairer, Ergodic properties of a class of non-Markovian processes, in: Trends in Stochastic Analysis,
in: London Math. Soc. Lecture Note Ser., vol. 353, Cambridge Univ. Press, Cambridge, 2009, pp. 65-98.

[17] Martin Hairer, Alberto Ohashi, Ergodic theory for SDEs with extrinsic memory, Ann. Probab. 35 (5) (2007)
1950-1977.

[18] Jae-Hyung Jeon, Vincent Tejedor, Stas Burov, Eli Barkai, Christine Selhuber-Unkel, Kirstine Berg-Sgrensen, Lene
Oddershede, Ralf Metzler, In Vivo anomalous diffusion and weak ergodicity breaking of lipid granules, Phys. Rev.
Lett. 106 (2011) 048103.

[19] S.C. Kou, Stochastic modeling in nanoscale biophysics: subdiffusion within proteins, Ann. Appl. Stat. 2 (2) (2008)

501-535.
[20] Damien Lamberton, Gilles Pages, Recursive computation of the invariant distribution of a diffusion, Bernoulli 8 (3)

(2002) 367-405.

[21] Damien Lamberton, Gilles Pages, Recursive computation of the invariant distribution of a diffusion: the case of a
weakly mean reverting drift, Stoch. Dyn. 3 (4) (2003) 435-451.

[22] Vincent Lemaire, An adaptive scheme for the approximation of dissipative systems, Stochastic Process. Appl. 117
(10) (2007) 1491-1518.

[23] Terry Lyons, Differential equations driven by rough signals. I. An extension of an inequality of L.C. Young, Math.
Res. Lett. 1 (4) (1994) 451-464.

[24] Benoit B. Mandelbrot, John W. Van Ness, Fractional Brownian motions, fractional noises and applications, SIAM
Rev. 10 (1968) 422-437.

[25] Gisird Maruyama, The harmonic analysis of stationary stochastic processes, Mem. Fac. Sci. Kytishl Univ. Ser. A 4
(1949) 45-106.

[26] David Nualart, Aurel Rascanu, Differential equations driven by fractional Brownian motion, Collect. Math. 53 (1)
(2002) 55-81.

[27] David J. Odde, Elly M. Tanaka, Stacy S. Hawkins, Helen M. Buettner, Stochastic dynamics of the nerve growth
cone and its microtubules during neurite outgrowth, Biotechnol. Bioeng. 50 (4) (1996) 452-461.

[28] Gilles Pages, Fabien Panloup, Approximation of the distribution of a stationary Markov process with application to
option pricing, Bernoulli 15 (1) (2009) 146-177.


http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref1
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref2
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref3
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref4
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref5
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref6
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref7
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref8
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref9
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref10
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref11
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref12
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref13
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref14
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref15
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref16
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref17
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref18
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref19
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref20
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref21
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref22
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref23
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref24
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref25
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref26
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref27
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref28

S. Cohen et al. / Stochastic Processes and their Applications 124 (2014) 1197-1225 1225

[29] Fabien Panloup, Recursive computation of the invariant measure of a stochastic differential equation driven by a
Lévy process, Ann. Appl. Probab. 18 (2) (2008) 379-426.

[30] Alfredas Rackauskas, Charles Suquet, Central limit theorem in Holder spaces, Probab. Math. Statist. 19 (1) (1999)
133-152. (Acta Univ. Wratislav. No. 2138).

[31] Denis Talay, Second order discretization schemes of stochastic differential systems for the computation of the
invariant law, Stoch. Stoch. Rep. 29 (1) (1990) 13-35.

[32] Michel Weber, Sur un théoreme de Maruyama, in: Seminar on Probability, XIV (Paris, 1978/1979), in: Lecture
Notes in Math., vol. 784, Springer, Berlin, 1980, pp. 475488 (in French).

[33] Andrew T.A. Wood, Grace Chan, Simulation of stationary Gaussian processes in [0, l]d, J. Comput. Graph. Statist.
3 (4) (1994) 409-432.

[34] L.C. Young, An inequality of the Holder type, connected with Stieltjes integration, Acta Math. 67 (1) (1936)
251-282.


http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref29
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref30
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref31
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref32
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref33
http://refhub.elsevier.com/S0304-4149(13)00285-8/sbref34

	Approximation of stationary solutions to SDEs driven by multiplicative fractional noise
	Introduction
	Framework and main results
	FBm and Hölder spaces
	Differential equations driven by fBm
	Ergodic theory for SDEs driven by fBm

	Evolution control of  (Xtγ)  in a finite horizon
	Technical lemmas
	Proof of Proposition 4

	Tightness properties
	Identification of the weak limits
	Weak limits of  (P(n, γ)(ω, dα))ngeq 1 
	Identification of limits when  γ rightarrow 0+ 

	Simulations
	Acknowledgment
	References


