
Cramer's thm

Thm Let

X
.... Xu zid

E[X .] = 1 exists

Then

Emlog(Snan) =
- I(a)

, a zu

Simlog(San) =I
where E[etx]

T

I (a) = Suphat-log (y(t)))

Reduced proof underhe assumption

y(t) = E[et] sco

for all tEM.



Legendre transform set

(Ct) = log y(t)
Then Legendre transform
I (2) = Sup (it - LIt) ; EEM]

Thus I convex .

convexity of L we have

2 (0t. + AOIE = El eOGN eAOItut]

- EletxjO El etxigtO

=> y (t, 10 y(t)to

Thus

L 10 t +(-0 ) tr)

& O L(t , ) + AOL (E)

=> L conver



Function 1 and moments we have

L (0) = 0
,
L'(0) = M ,

L"101= var(
, )

construction of I

L(t)

et (slopex)

- (x) = max[xt - L(t) ; tERRy

slope =M
-

E

We have

x) >M = sup attained at zo

I(x) = <up(xt - ((t) ; EcOb

>M = sup attained at to

I(x) = <up(xt - ((t) ; EJOS



Upper bound for LDP write

#) Snznal = Pletsna ethal

[ EleE]
Here t =0

,
which

enta means this is for
- Lelts(m a >u

enta

= exp nInsy(ti) - nta

~ exp -n (at - ((t))

Hence

In 1P) Snzna)

- - at - L(t) ft zo

=>InP(6n <a) < - Suplat -L(t))
to

for a>e
=>InP(Sn = a) 1 - Ila)



↳ Lower bound for Cramer

Lower bound idea

(i) Usually for a rv X,

a> #P)IX-al > If max when a = M

(ii) we use I totransform 2(x)
into a distribution with

mean a rare event becomestypical

(iii) The cast to change the measure

will be quantified by 2-nical

Lower bound setting
L(t)

et (slopex)

- (x) = max[xt - L(t) ; tERRy

slope =M
-

to E

Hyp : I (a)= a to-L(to)



Derivative of 1 If
Y(t)

I (al = sup (at -L(t) ; tEM]

= ato - LIt)

then k'(to) = 0

=> L'(to) = a

New distribution DefineQ with

DQ(x) = e& P



Mean under Q We have

Ea[X]
= Ep =X(x)

&

I

-

Y(to) Ep = etx-

= Y'Ctol
Y(to)

= d (n(y(t)) = L'(to) = a

=> Ea[X] = a



Variance under I We have

Ea[x] = Ep[xetx]
Y(to)

=
&"I tol
e(to)

Thus

Vara(x) = Ep[x] - (Ep[x])
<

= "Itol-Celts
Y (to) & /GS2

-

I (y"(to) y(t) - L'Holl's
Celtos (2

- Y (t) = L" (to
Y

Hence

Vara(x) = ("(tol = 8- >0

L convex



Notation for multidimensional dist we set

(i)n = 2(X, . . . , Xn) = por,

so that

P)Suzna) = Pn(Sn > an)

(ii) Qu = probability with

can =
eto... = etoki

(e( tos (m Y(t)

Thus under Qu we have

< Xi ;1i my i . id with X
,
Q

Hyp we treat the case

a x u( = to = 0)



computation - heuristics write

P) -- a)

= Ea(((t(122-tobe 1Eas)
=(yItol Eat @-nto 1 Inzal]
justify !
u esta e-nato Q · za ~ of order

/

= exptr ato-L(t)) (

= exp (nI(a))



computation for lower bound we have

P(Suzan

= EPn[ 1)an[Se)]
= Celtos In Fan[e-to Alan -fan+ ]
2> ((ts(

*

expl - to (an +))

x Quan San +/

In addition

Q (an in an +/

= Qu 0
-
J Sn-an -I
Fur I

n-

CLT
P 0 -z zuN(0

, 1)

Hence n large enough

Q (an -an +m) => 0

=> lim infn In P(Sn = an

-> y(t) - a to = - I(a)



2 condition on to

Hyp We have assumed

I (a)= a to-L(to)

Is this realistic ?

Main cale Assume a >M and

P(X, (a) >0 ,
1(X, >a) >o

Then

at - L(t) = - In E[etz-a / ]

= - In EC etCal Alfa) + etEra) 1 as]
t- +8 I t+-

↑ =a) [dominated cryce] +0 [monotone cuge]

Hence lim at - ((t) = - D
t-x

similarly lim at - L(t) = -0
t+-x

Also L concave

=> Maximum achieved for some toEl



Degenerate case: Assume a >M and

P(X, ya) = 0

Then at for t 20

I(a)= sup (at - In (Eie+ ] ) ; +20)

=
-

Hence upper bound becomes

In 1) Su =a) - 0
true

,
since this is 0



Degenerate case 2 Assume a se and

P(X, >a) =0 ,
P(x, =a) >0

Then

(2) We have

in In P(Sizan)

=In In (P(X =a))
m

= In (P(x, =all (s)

(ii) One computes

I (a) = <up Lat - LIts ; tzo)

= sup [-In[et(t-as] ; t 20)
50

-- inf2In EletGrasT; EI0]
* - EMS In El etCall ; Ezo)
= - en(P(X, =a)) 22/

Thus gathering (1) and (2) We get

lim t In(Ian) =
- I(a)



3. Example of rate function

Exponential Consider X, ~Eld) .
Then

elt=1
0 eth jede de

= 6/0e
- A-+(x(x

y(t) = E2
if >

o if t = )

Derivative of y We have

y'(t)= y t /
t -J



computing ICa)

k(t)= at - l
- 5

k'(t)
= a -

y'(t)
est)

= a - &ER (
- t)

= a - j tD

Thus

k'(t) = 0 =
j= = a

= d- t= Est = J - t = to

and

I(g)= K(to)

= a(d - a) - Inj
- x-a)

I (a) = Ja - 1 - (n(a)


