
Another rational function example (1)

Function:
f (x , y) = x2 ≠ y 2

x + y

Problem: Continuity at point

(0, 0)
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Another rational function example (2)

Continuity: f is a rational function
Òæ Continuous wherever it is defined

Definition at point (0, 0): We have

f (0, 0) = 0
0

This is not well defined, therefore general result cannot be applied
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Another rational function example (3)

Two paths: We have

Along x = 0, lim
(x ,y)æ(0,0), x=0

x2 ≠ y 2

x + y = 0

Along y = 0, lim
(x ,y)æ(0,0), y=0

x2 ≠ y 2

x + y = 0

We get the same limit

Partial conclusion:
This is not enough!
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Another rational function example (4)
Next steps: Try di�erent paths

y = x2, y = x3, etc
Those all give a 0 limit
This is still not enough

Key remark: If (x , y) ”= (0, 0) we have

f (x , y) = x2 ≠ y 2

x + y = x ≠ y

The rhs above is continuous

Conclusion: We have

lim
(x ,y)æ(0,0)

f (x , y) = 0
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Outline

1 Graphs and level curves

2 Limits and continuity

3 Partial derivatives

4 The chain rule

5 Directional derivatives and the gradient

6 Tangent plane and linear approximation

7 Maximum and minimum problems

8 Lagrange multipliers
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Motivation
Derivative for functions of 1 variable: Captures the rate of change

f Õ(x) = lim
hæ0

f (x + h) ≠ f (x)
h

Rate of change in the 2-d case: Can be di�erent in x and y directions
Òæ Captured by partial derivatives
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Partial derivatives

Consider
f function of 2 variables

Then we set

fx(x , y) = lim
hæ0

f (x + h, y) ≠ f (x , y)
h

fy(x , y) = lim
hæ0

f (x , y + h) ≠ f (x , y)
h

Definition 2.
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Some remarks on partial derivatives

Frozen and live variables:
In order to compute fx(x , y)
Òæ the x variable is alive and the y variable is frozen
In order to compute fy(x , y)
Òæ the y variable is alive and the x variable is frozen

Funny notation: For partial derivatives we also use

ˆf
ˆx (x , y) = fx(x , y), ˆf

ˆy (x , y) = fy(x , y)
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Example of computation (1)

Function:
f (x , y) = x8y 5 + x3y
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Example of computation (2)

Recall:
f (x , y) = x8y 5 + x3y

Partial derivative fx :
fx = 8x7y 5 + 3x2y

Partial derivative fy :
fy = 5x8y 4 + x3
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Second example of computation (1)

Function:
f (x , y) = ex sin(y)
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Second example of computation (2)

Recall:
f (x , y) = ex sin(y)

Partial derivative fx :
fx = ex sin(y)

Partial derivative fy :
fy = ex cos(y)
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Second derivatives
Second derivative fxx , fyy :

fxx = (fx)x = ˆ2f
ˆx2 , fyy = (fy)y = ˆ2f

ˆy 2

Second derivative fxy :

fxy = (fx)y = ˆ2f
ˆxˆy

Second derivative fyx :

fyx = (fy)x = ˆ2f
ˆyˆx
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Example of second derivatives

Function:
f (x , y) = ex sin(y)

Second derivative fxx :

fxx = (fx)x = ex sin(y)

Second derivative fxy :

fxy = (fx)y = ex cos(y)
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Order of derivatives

On our running example: We have

fyx = (fy)x = ex cos(y) = fxy

General result (Clairaut’s theorem):
For a smooth f , the order of the derivatives does not matter

fyx = fxy
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Example of order of derivatives (1)

Function:
f (x , y) = ex2y

Problem: Check that
fyx = fxy
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Example of order of derivatives (2)

Recall:
f (x , y) = ex2y

Partial derivative fx :
fx = 2xy ex2y

Partial derivative fy :
fy = x2 ex2y

Mixed derivatives:

fyx = fxy = 2x
1
x2y + 1

2
ex2y

Samy T. Several variables Multivariate calculus 47 / 141



Functions of 3 variables (1)

Basic rule: Functions of 3 variables are handled
Òæ in the same way as functions of 2 variables

Example:
f (x , y , z) = xyz

First derivatives:

fx = yz , fy = xz , fz = xy
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Functions of 3 variables (2)

Second derivatives: We have for instance

fxy = fyx = z

Third derivatives: The only non zero derivatives are

fxyz = fxzy = · · · = fzyx = 1
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	Partial derivatives

