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Outline

1 Graphs and level curves

2 Limits and continuity

3 Partial derivatives

4 The chain rule

5 Directional derivatives and the gradient

6 Tangent plane and linear approximation

7 Maximum and minimum problems

8 Lagrange multipliers
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Chain rule for functions of 1 variable

Situation: We have
y = f (x)
x = g(t)

Chain rule:
dy
dt = dy

dx
dx
dt
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Chain rule with 1 independent variable

Let
z = z(x , y)
x = x(t) and y = y(t)
z , x , y di�erentiable

Then
dz
dt = ˆz

ˆx
dx
dt + ˆz

ˆy
dy
dt

Theorem 3.
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Tree representation of chain rule (2d)
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Tree representation of chain rule (3d)
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Example of computation (1)
Functions: We consider

z = x2 ≠ 3y 2 + 20, x = 2 cos(t), y = 2 sin(t)

Derivative: We find

dz
dt = ˆz

ˆx
dx
dt + ˆz

ˆy
dy
dt

= ≠16 sin(2t)

Particular value: It t = fi
4 , then

dz
dt

3
fi

4

4
= ≠16
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Example of computation (2)
Other possible strategy:

1 Express z(x(t), y(t)) as a function F (t)
2 Di�erentiate as usual

Problem: this becomes impractical very soon.
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Implicit di�erentiation

Let F (x , y) be such that
F di�erentiable
The equation F (x , y) = 0 defines y = y(x)
x ‘æ y(x) di�erentiable
Fy ”= 0

Then we have
dy
dx = ≠Fx

Fy

Theorem 4.
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Example of implicit di�erentiation (1)

Equation:
ey sin(x) = x + xy

Problem: Find
dy
dx
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Example of implicit di�erentiation (2)

Reformulation of the equation: F (x , y) = 0 with

F (x , y) = ey sin(x) ≠ x ≠ xy

Implicit di�erentiation:

dy
dx = ≠Fx

Fy
= ≠ey cos(x) ≠ 1 ≠ y

ey sin(x) ≠ x
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	The chain rule

