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© Directional derivatives and the gradient
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Objective

Aim: Understand variations of a function
— In directions which are not parallel to the axes

We seek the

rate of change
of fat P;in the
direction of u.

z2=f(xy)

Py(a, b)

Several variables
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Directional derivative

— Definition 5. |

4 u,‘+u,f =l a U=

tion at (a, b)

unit/vector in xy-plane

Let
o f differentiable fu

o u=(u,u)

Then the directional derivative of f
in the direction of u at (a, b) is

- f(a+ huy, b+ huy) — f(a, b)

Duf(a, b) = lim ;
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Computation of the directional derivative

,—[Proposition 6.}

Lot Rmk In pubicule,
e f differentiable function at (a, b) if we buw 4, a“;
@ u = (uy, up) unit vector in xy-plane ;‘I/f;f ;Z:c/bn‘afe
a (1
Then the directional derivative of f decivative

in the direction of u at (a, b) is given by

D,f(a, b) = f.(a, b)us + f,(a, b)u>

\. J

Remark: One can also write

Duf(a7 b) = <ﬂ<(a7 b)? fy(av b)> ’ <u17 U2>
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Example of directional derivative (1)

Function: Paraboloid of the form

z:f(x,y):i(x2+2y2)+2

Unit vector:
1 1 Jult= L 31 =

u=(—,— 2 Z
V2' V2 = unit veckn

Problem: Compute the directional derivative

D,f(3,2)
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Funclin

VectL

Directinal deivabie

{(tl'j}: ZLI 284+ 4 9+

u- <k, 45>
—

2

=z

’Duf(l,co): {;(l,g)-u, + {;{z,g) U,

= 1 x x

F ot oYrp

2
= (ZL’ ( ‘2':1*3)

Thw

Du £ (3,2)

-4 (3+2) -

Note 4 (32) = £2

N

2.47
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Example of directional derivative (2)
Function: Paraboloid of the form

z="f(x,y)= (X2+2y2) +2

I

Unit vector:

c
I
—
Sl
N
Sl
N
~—

Directional derivative: We get

3 1 1 7
Duf(3,2 :<,2>. = )= —— ~ 247
(3.2) 2 <2 2> 2v/2
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Example of directional derivative (3)

=5GP+ 2% +2

Plane 0

containing
uorv
perpendicular
to xy-plane

=3P+ 2 +2

The line in Q tangent to the

intersection curve C in the direction
of u has slope D f~ 2.47.

The line in Q tangent to the
intersection curve C in the direction
of v has slope D f~ —0.98.
=] 5 = E DAy
SEIAN Several variables




Gradient

— Definition 7. | \
Let
e f differentiable function at (x,y)

Then the gradient of f at (x,y) is

/©f<x,y) = (F(x,¥), £,(x,¥))

V nabla
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Example of gradient (1)

Function:

Problem:
@ Compute VF£(3,—1)
© Compute the directional derivative of f
< at (3, —1) in the direction of the vector (3,4)
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Example of gradient (2)

Gradient:

2
X
£ —
Vit = (-
Thus

o = = £ DA
SEIAN Several variables



Example of gradient (3)

Directional derivative: Unit vector in direction of (3,4) is

(53

u= (-, -

55

Thus directional derivative in direction of (3,4) is
Duf(x,y) = Vf(x,y) -u

We get

Duf(3,—1) = —%

Samy T. Several variables Multivariate calculus 72 /145



Interpretation of gradient lal=1

Do f ()= W(w)'u = Nl(ag)ﬁcm(e)

Remark: If
_ _ S Whea O oy (el mos 7
@ u is a unit vector 4 whea 6= o,

o 0 = angle between u and Vf(x,y) U puallel ra V.{
Then

D.f(x,y) = |Vf(x,y)|cos(8 lOleg))
(6 O-
Information given by the gradient "\m}.l e u)_l_ovj(

Q |V£(x,y)| is the maximal possible directional derivative

© The direction u = |§?§§’§§| is the one of maximal ascent

© The direction u = —é;g’i;l is the one of maximal desccent

Q If u L Vf(x,y), the directional derivative is 0
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Interpretation of gradient: illustration

Vf(a, b) lies

in the same plane
ZT as the domain of f.

z=f(xy)
e

(a, b, f(a, b))
(]

—Vf(a, b) points
in the direction of
steepest descent

on surface.

Direction of
zero change /

[Vf(a, b) points in the direction}

of steepest ascent on surface.

=] F
SEIAN Several variables




Example of steepest descent (1)

Function:
f(x,y) =4+ x*+3y? -1
( y) Yy 3s. !(2, 2)

Questions: ,5

@ If you are located on the paraboloid at the point (2, —1, 3)
< In which direction should you move in order to ascend on the
surface at the maximum rate?

@ If you are located on the paraboloid at the point (2, —1, %)
— In which direction should you move in order to descend on

the surface at the maximum rate?

@ At the point (3, 1, 16), in what direction(s) is there no change
in the function values?
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Funclin A9 = 4+ x4 39>, ponl (¢
Maximal aent @ in He diectiocof 9/ (xq)
Hee  Qlrgy- <2z, 6y>

Thw (2,75 ) < 4,-3>

Doechve  of  max aJcem/’

U= v-ﬁ (Z- = <4 -3>
(V4 (2 /’4) (¢4 + 3¢ )e
U = (i —p>| — gk we = [Vf(¢,%)]

Dueckin  of  mox  dexent

U = ~VL(,-%) = & 3/5/ 35>

\V4(2,~42)] S aafe = -5
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Example of steepest descent (2)

Gradient:
Vf(x,y) = (2x, by)
Thus

vf <2, —%) — (4, -3)

Steepest ascent direction: We get
(5:-5)
u= (-, ——
5" 5/
1
vf (2, ——)’ —5
7 (2.3
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Example of steepest descent (3)

Steepest descent direction: We get

with rate of descent

1
‘\W@"i)\ =0
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	Directional derivatives and the gradient

