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Example of critical points analysis (1)

m,'abo(oc'd
A
Function:
F(x,y) = x> +2y*> —4x + 4y +6
Problem:

Use second derivative test to classify the critical points of f

Samy T. Several variables Multivariate calculus 112 /145
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Example of critical points analysis (2)

Partial derivatives:

fo=2x —4, f, =4y +4

Critical point:

Critical value of f:
f(2,-1)=0

Samy T. Several variables Multivariate calculus 113 /145



Example of critical points analysis (3)

Second derivatives:

Discriminant:
D(x,y)=8>0

Second derivative test: We have

D(2,-1) >0, f,(2,-1) >0 == Local minimum at (2, —1)

Samy T. Several variables Multivariate calculus 114 /145



Example of critical points analysis (4)

2= +2% —4dx+4y+6

Z

Local minimum at (2, —1)
where f, = fy =0
=] & = E DA
Samy T. Several variables



Second example (1)

Function:
f(x,y) = xy(x = 2)(y +3)

Problem:
Use second derivative test to classify the critical points of f

Samy T. Several variables Multivariate calculus 116 /145
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Second example (2)

Partial derivatives:

fo=2y(x=1)(y +3), £ =x(x—=2)(2y +3)

Critical points:

(O? 0)7 (270)7 (17_2)7 (07_3)7 (27_3)7

Samy T. Several variables Multivariate calculus 117 /145



Second example (3)

Second derivatives:

Fex

=2y(y+3), £y =22y +3)(x-1), £y =2x(x-2)
Analysis of critical points:
(x,y) D(x,y) | f« Conclusion
(0,0) —36 0 Saddle point
(2,0) —36 0 Saddle point
(1,-3/2) 9 —9/2 | Local maximum
(0,-3) —36 0 Saddle point
(2,-3) —36 0 Saddle point
g e ¥



Second example (4)

Saddle points at (0, —3), y

2, — 2
(0,0), (2, —3), and (2, 0) Saddle p% w Kﬂe point
} — >

X

| Local
maximum

One local maximum

surrounded by four | 2= Xy(x —2)(y +3)
saddle points. Saddle point f/.:\\\ Saddle point

SEIAN

Several variables



. 9 A
Absolute maximum | m7 bundacy
>
| =
,—[Proposition 14.] \

Let
@ f continuous function of 2 variables

@ R closed region of R?

In order to find the maximum of f in R, we proceed as follows:
@ Determine the values of f at all critical points in R.

@ Find the maximum and minimum values of f on the
boundary of R.

© The greatest function value found in Steps 1 and 2 is the
absolute maximum value of f on R.

Samy T. Several variables Multivariate calculus 120 /145


Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


Example of global maximum (1)

Function:
z=Ff(x,y) =x>+y* —2x — 4y
Region:

R = {(x,y); (x,y) within triangle with vertices (0, 0), (0,4), (4,0)}

Question:
Find global maximum of f on region R

Samy T. Several variables Multivariate calculus 121 /145
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Example of global maximum (2)

Partial derivatives:
Critical point:

y —4
(1,2),

with f(1,2) = -5
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Example of global maximum (3)

Boundary 1: On y =0, 0 < x < 4 we have
fx,y) =x"—2x=g(x),  g'(x)=2(x—-1)

Points of interest on boundary 1: We get

(0,0), (1,0), (0,4)

and
f(0,0) =0, f(1,0) = -1, f(4,0) =38

Samy T. Several variables Multivariate calculus 123 /145



Example of global maximum (4)

Boundary 2: On y =4 — x, 0 < x < 4 we have

f(x,y) = 2x* — 6x = h(x), H(x)=4x —6
Points of interest on boundary 2: We get

and

35 9
fon=0  F(50)=-5  f40=s

Samy T. Several variables Multivariate calculus 124 /145



Example of global maximum (5)

Boundary 3: On x =0, 0 < y < 4 we have
fx,y) =y’ —4y=kly), Kl)=2-2)
Points of interest on boundary 3: We get
(0,0), (0,2), (0,4)

and
£(0,0) =0, f(0,2) = —4, f(0,4)=0

Samy T. Several variables Multivariate calculus 125 /145



Example of global maximum (6)

Summary of points of interest:

£0,00=0,  f(1,00=-1,  £(4,0)=8
F0,4)=0, f (g g) = f40)=8
f0,00=0, f(0,2)=—4,  f(0,4)=0, F(1,2)=-5

Absolute minimum: at (1,2) and

f(1,2) = =5

Absolute maximum: at (4,0) and

f(4,0) =8
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