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Outline

1 Double integrals over rectangular regions

2 Double integrals over general regions

3 Double integrals in polar coordinates

4 Triple integrals

5 Triple integrals in cylindrical and spherical coordinates

6 Integrals for mass calculations
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Integration in dimension 1 (1)

Approximation procedure:
Area under a curve is approximated by sum of rectangle areas

Samy T. Several variables Multivariate calculus 4 / 99
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Integration in dimension 1 (2)

Riemann integral: In the limit we get

lim
næŒ

nÿ

k=1
f (xk) �xk =

⁄
b

a

f (x) dx
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Volume approximation (1)

Aim: Approximate the volume V

Òæ Under the surface defined by f on rectangle R = [a, b] ◊ [c , d ]

Approximation:
Divide R into boxes centered at (xú

k
, y

ú
k
)

Area of each box: �Ak = �xk�yk

Then the volume is approximated as

V ƒ
nÿ

k=1
f (xú

k
, y

ú
k
) �Ak
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Volume approximation (2)
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Integration in dimension 1 (3)

Double integral: In the limit we get

lim
næŒ

nÿ

k=1
f (xú

k
, y

ú
k
) �Ak =

⁄ ⁄

R

f (x , y) dA

Samy T. Several variables Multivariate calculus 8 / 99
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Computing double integrals

Basic recipe:
1 Integrate inside out
2 While integrating wrt one variable, keep the other one constant
3 Fubini: The order of integration does not matter

Samy T. Several variables Multivariate calculus 9 / 99
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Example of double integration (1)

Function:
z = f (x , y) = 6 ≠ 2x ≠ y

Region: Rectangle
R = [0, 1] ◊ [0, 2]

Problem: Compute ⁄ ⁄

R

f (x , y) dA

Samy T. Several variables Multivariate calculus 10 / 99
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Example of double integration (2)

Integrating: We get
⁄ ⁄

R

f (x , y) dA =
⁄ 1

0

3⁄ 2

0
(6 ≠ 2x ≠ y) dy

4
dx

=
⁄ 1

0
(10 ≠ 4x) dx

= 10x ≠ 2x
2
----
1

0
Area: We get ⁄ ⁄

R

f (x , y) dA = 8

To be checked: We also have
⁄ ⁄

R

f (x , y) dA =
⁄ 2

0

3⁄ 1

0
(6 ≠ 2x ≠ y) dx

4
dy
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Illustration: integrating first in y
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Illustration: integrating first in x
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Choosing the correct order of integration (1)

Function:
z = f (x , y) = y

5
x

2
e

x
3
y

3

Region: Rectangle
R = [0, 2] ◊ [0, 1]

Problem: Compute ⁄ ⁄

R

f (x , y) dA

Samy T. Several variables Multivariate calculus 14 / 99
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Choosing the correct order of integration (2)

Order of integration: We integrate wrt x first and compute
⁄ ⁄

R

f (x , y) dA =
⁄ 1

0
y

2
3⁄ 2

0
y

3
x

2
e

x
3
y

3 dx

4
dy

= 1
3

⁄ 1

0
y

2
A

e
x

3
y

3
----
x=2

x=0

B

dy

= 1
3

⁄ 1

0
y

2
1
e

8y
3 ≠ 1

2
dy

= 1
72e

8 ≠ 1
8

ƒ 71.28
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Average value

Let
f function of 2 variables
R rectangle

Then the average value of f on R is given by

f̄ = 1
Area(R)

⁄ ⁄

R

f (x , y) dA

Definition 1.

Samy T. Several variables Multivariate calculus 16 / 99
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Example of average value (1)

Function:
z = f (x , y) = 2 ≠ x ≠ y

Region: Rectangle
R = [0, 2] ◊ [0, 2]

Problem:
Compute the average value of f on R

Samy T. Several variables Multivariate calculus 17 / 99
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Example of average value (2)

Integrating: We get

f̄ = 1
Area(R)

⁄ ⁄

R

f (x , y) dA

= 1
4

⁄ 2

0

3⁄ 2

0
(2 ≠ x ≠ y) dx

4
dy

= 1
4

⁄ 2

0
(2 ≠ 2y) dy

= 0

Average value: We find that f is centered on R , ie

f̄ = 0
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	Double integrals over rectangular regions

