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© Lines and planes in space
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Parametric form of the equation of a line

,—[Proposition 8.} T —_ 4 \
Let

e Py = (x0, ¥, 20) point in R3

e v = (a,b,c) vector
Then the parametric equation of a line
passing through Py in the direction of v is

<X7yvz>:<X07_y0720>+t<aybvc>7 tER

For coordinates, we get

X =X+ at
y =yo+bt
z =Zz+ct

\. J
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Line in space: illustration

ZA

Equation of line ¢
r=r,+uw

Variable point
Fi d . P (x, y,'Z/
1xed point
PO(W %r: (aa b, C) is

N any vector in
r=0P =(x,y,2) the direction of ¢.

¢

rO = OPO = <-x03 yoa Zo>

T TS



Example of parametric form (1)

Problem: Find the equation of a line

@ Through point (1,2, 3)
@ Along v = (4.5,6)

T TS



Example % (1,2,3) U= <456>

Then Hie {m@ go ng Hh flcugh A )
weth duechion & hed . eq- (,;g
He {om

$x, 9 £2>= <1,2,3> +£€ <456>

Coodinales
x= I+ 4¢
g = 245t
2 = L+ 6¢
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Example of parametric form (2)

Vector form:

(x,y,z) =(1,2,3) + t (4,5,6), t €R.

Coordinates form:

x =1+4t
y =245t
z =346t

Samy T. Vectors Multivariate calculus 40 / 78



Example of line segment (1)

Problem: Find the equation of line segment

From P(0,1,2) to Q(—3,4,7)

=] =) = £ 9OHQC
Samy T. Vectors



E k&m((e Line  gowy  Fhacugh
P(O,1, 2) andt  Q(-347)
The  doeckve {fo Hty Live o
O = P& - <-2-0, ¢-1, 7-2

= <".7> ) %/ S>
Equaron
<x,y > <9 ,2>+ £<=-33 5> /
Ak
el : wlole Lve F

EE€ 0O,0):; )égmem/’ LPQ
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Example of line segment (2)

Direction vector: v = PQ = (—3,3,5)
Initial vector: OP = (0,1,2)
Equation:

(x,y,z) =(0,1,2) + t(-3,3,5), t €[0,1].

Samy T. Vectors Multivariate calculus 42 /78



Points of intersection for lines

Problem: LEM , S€ m

Determine if /1 and /5 intersect and find point of intersection, with

by : x=2+3t, y=3t, z=1-1t
by + x=4+42s, y=-3+3s, z=-2s

In ade b know l.{ H:ae 6O an m/eu.zcmm 2 iepy:
&, See 1if | U; L Id U g, , ho mbaoeckion
(ccy I GHT7, tag b e er Jydem
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Points of intersection for lines (2)

Step 1: Check that v; not parallel to v,. Here

= (3,3,—1), not parallel to vo = (2,3,-2)
1f a ’“’2 ,Hhen we would have U}- CU" Sithee Hee

Step 2: Equation for intersection 2“¢ come of O, and U, ane

. the e -
Iplem w513 — 4425 emwﬁ'uff:}d

£ ““""‘;“{"‘ < {3t =-34+3s be c=1
b equalan) 1—t = -2 Thuy u/c wauld
have G =@
This system has no solution whick ¢ no}’ Ve

< ¢; does not intersect /5
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Points of intersection for lines (3)

Some conclusions:

e If Vi || Vo,
< {1 does not intersect /5

© Even if v; not parallel to v,,
< we can have that ¢; does not intersect ¢

© In the latter case, we say that the lines /; and ¢, are skewed

Samy T. Vectors Multivariate calculus 45 / 78



/\n

_ e ljr"//
RPlLn . Ths can be wullen
ne -7 -0 ‘

Equation of a plane in R3

,—[Proposition 9.]
Let
e Py = (x0,y0,20) point in R3

e n= (a, b, c) vector
Then the parametric equation of a plane
passing through Py with normal vector n is Y

a(x —xo) +b(y —yo) +c(z—2) =0

Samy T. Vectors Multivariate calculus 46 / 78
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Remarks on plane equations

Plane and dot product: The plane is the set of points P such that

—

PoP-n=0

Other expression for the plane equation:

ax+by+cz=d, with d=axg+bys+ cz

Samy T. Vectors Multivariate calculus 47 / 78



Plane: illustration

n = {a,b,c)

ax + by + cz=d,

ax + by + cz=d,

ax + by + cz=d,

The normal vectors of
parallel planes have
the same direction.

Samy T. Vectors Multivariate calculus 48 / 78



Computing plane equations (1)

Problem: Compute the equation of the plane containing

u= <07172>7 V= <_17370>7 PO(_4a775)

Samy T. Vectors Multivariate calculus 49 / 78



% (=47 5)
N S
S
vmal  vector
W= UxG = —<6 71> =<-6-2,17

Equahm T 6@t )+ 2(y-2) = @-5) =0
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Computing plane equations (2)

Computing the normal vector:

n=uxv=—(6,2—-1)

Equation for the plane:

6x +2y —z=—15

TS



	Lines and planes in space

