
Choosing order of integration (1)

Function:
z = f (x , y) = sin

1
x

2
2

Region: Of the form

R =
Ó
(x , y) œ R2; y œ [0,

Ô
fi], y Æ x Æ

Ô
fi

Ô

Problem: Compute ⁄ ⁄

R

f (x , y) dA
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Choosing order of integration (2)

Impossible computation: Write
⁄ ⁄

R

f (x , y) dA =
⁄ Ô

fi

0

⁄ Ô
fi

y

sin
1
x

2
2

dxdy

Then antiderivative of sin(x2) not known!

Solution: Switch order of integration, ie write

R =
Ó
(x , y) œ R2; x œ [0,

Ô
fi], 0 Æ y Æ x

Ô
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Choosing order of integration (3)
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Choosing order of integration (3)

Computing the integral:
⁄ ⁄

R

f (x , y) dA =
⁄ Ô

fi

0

⁄
x

0
sin

1
x

2
2

dydx

=
⁄ Ô

fi

0
x sin

1
x

2
2

dx

= ≠1
2 cos

1
x

2
2 ----

Ô
fi

0
= 1

Remark: This trick does not always work!
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Outline

1 Double integrals over rectangular regions

2 Double integrals over general regions

3 Double integrals in polar coordinates

4 Triple integrals

5 Triple integrals in cylindrical and spherical coordinates

6 Integrals for mass calculations

Samy T. Several variables Multivariate calculus 32 / 99
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Recalling polar coordinates

Cartesian coordinates: (x , y)

Polar coordinates: (r , ◊) with
r © distance from origin
◊ © angle wrt x -axis

Polar to Cartesian: We have

x = r cos(◊), y = r sin(◊).

Cartesian to polar: We have

r =
Ò

x2 + y 2, ◊ = tan≠1
3

y

x

4
.
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Area of a small pizza crust (1)

Recall: For integration in Cartesian coordinates
Òæ We used area of small rectangles �x�y

New aim: Find area of a small rectangle in polar coordinates

Samy T. Several variables Multivariate calculus 34 / 99
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Area of a small pizza crust (2)

Approximation: If �r and �◊ are small, then

Area(Pizza crust) ƒ Area(Small rectangle)
= �r (r �◊)
= r �r �◊
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Polar change of coordinates

Let
f (x , y) continuous function
R polar region of the form

R = {(r , ◊); a Æ r Æ b, – Æ ◊ Æ —}

Then we have
⁄ ⁄

R

f (x , y) dA =
⁄ —

–

⁄
b

a

f (r cos(◊), r sin(◊)) r drd◊

Theorem 2.
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Computing a volume (1)

Problem: Find the volume bounded by
Paraboloid z = 9 ≠ x

2 ≠ y
2

xy -plane

Samy T. Several variables Multivariate calculus 37 / 99
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Computing a volume (2)

Intersection with xy -plane: Circle defined by

x
2 + y

2 = 9

Polar coordinates domain:

R = {(r , ◊); 0 Æ r Æ 3, 0 Æ ◊ Æ 2fi}
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Computing a volume (3)

Volume as an integral: We have

V =
⁄ 2fi

0

⁄ 3

0

1
9 ≠ r

2
2

drd◊

=
⁄ 2fi

0

9
2r

2 ≠ 1
4r

4
----
3

0
d◊

=
⁄ 2fi

0

81
4 d◊

Thus
V = 81fi

2
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Example of polar integral (1)

Problem: Compute

I =
⁄ 1

≠1

⁄ Ô
1≠y2

0

1
x

2 + y
2
23/2

dxdy

Remark:
The integral looks terrible in Cartesian coordinates!
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Example of polar integral (2)

Domain in Cartesian coordinates:

R =
;

(x , y); ≠1 Æ y Æ 1, 0 Æ x Æ
Ò

1 ≠ y 2
<

Domain in polar coordinates:

R =
;

(r , ◊); 0 Æ r Æ 1, ≠fi

2 Æ ◊ Æ fi

2

<
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Example of polar integral (3)

Integral in polar coordinates: We get

I =
⁄ fi

2

≠ fi
2

⁄ 1

0
r

3
r drd◊ = fi

5
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