Choosing order of integration (1)

Function:

Region: Of the form

R={(x.y)eR% ye[0.v7], y <x <7}

Problem: Compute

//Rf(x,y)dA

Samy T. Several variables Multivariate calculus 28 /99
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Choosing order of integration (2)

Impossible computation: Write

//Rf(x,y)dAz/Oﬁ/yﬁsin (xz) dxdy

Then antiderivative of sin(x?) not known!

Solution: Switch order of integration, ie write

R:{(x,y)ERz;XE[O,\/ﬂ, Ogygx}

Samy T. Several variables Multivariate calculus 29 /99



Choosing order of integration (3)

y ¥y
Va (Var T 2
fo L sin x2 dx dy J’ J.smx dy dx
Vi 4 Vi 4
y=x x=Vm
R R
7 x=Vmr
Va x y=0 Var x

In_ttehgr:tl;lf tﬁtrzt ... we integrate first
with respect to x .

with respect to y.
does not work. Instead... P Y

Samy T. Several variables Multivariate calculus 30/ 99



Choosing order of integration (3)

Computing the integral:

//Rf(x,y)dA = / /sm x?) dydx

,\ Uxhu wh

=3 @g)sm x dx U=xt

. _Ecos( )7

=1

0

Remark: This trick does not always work!

Samy T. Several variables Multivariate calculus 31/99
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Outline

© Double integrals in polar coordinates

=] & = E DA
SEIAN Several variables
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Recalling polar coordinates

Cartesian coordinates: (x, y)

Polar coordinates: (r,6) with
e r = distance from origin

e 0 = angle wrt x-axis
Polar to Cartesian: We have
x = r cos(), y = r sin(0).

Cartesian to polar: We have

r=1/x?+y?, § =tan! ()—/> .

X

Samy T. Several variables Multivariate calculus 33 /99



Area of a small pizza crust (1) /\
34y

Recall: For integration in Cartesian coordinates
— We used area of small rectangles AxAy
xe 9) &z by — Jnil(@‘lémgy v

Integiol of { =
New aim: Find area of a small rectangle in polar coordinates
= iAo fnea O_ré cust

I~ A4,
/ fea. crust
b /\,\ = Anen of aeclargle
£2 / /Ar =Adnx n 40
/AB/// \ arc &Mﬂﬂt
/ \ e = L Ar A6
~_/ e T

Multivariate calculus 34 /99
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Area of a small pizza crust (2)

Approximation: If Ar and A# are small, then

Area(Pizza crust) ~ Area(Small rectangle)
= Ar (rA09)
= rArAf

Samy T. Several variables Multivariate calculus 35 /99



Polar change of coordinates

~ Theorem 2. N

Let

e f(x,y) continuous function

@ R polar region of the form

R=A{(r,0), a<r<b, a<6<j}
Then we have

/ /R f(x,y)dA = /j /ab f (rcos(@), rsin(0)) rdrdd

Samy T. Several variables Multivariate calculus 36 /99



SEIAN

Computing a volume (1)

Problem: Find the volume bounded by

@ Paraboloid z =9 — x? — y?
@ xy-plane

z
9
i z

-

v o
|

an

x
-3

N

Several variables

) -
y
y
3
r=3
R
0
N, =0 3 x
-3
o

=
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Computing a volume (2)

Intersection with xy-plane: Circle defined by

x2+y2=9

Polar coordinates domain:

R={(r,0);,0<r<30<6<2r}

Samy T. Several variables Multivariate calculus 38 /99



Computing a volume (3)

Volume as an integral: We have

27 3
vV o= / / 90— ) drdf
; 0( r) r
27 3
= / 9r2—1r4 dé
0 2 4- 0
271'8]_
= [ G
Thus 81
T
V=—
2

Samy T. Several variables Multivariate calculus 39 /99



Example of polar integral (1)

Problem: Compute

1 /192
| = / / g (x2 —i—y2)3/2 dxdy
-1Jo

Remark:
The integral looks terrible in Cartesian coordinates!

Samy T. Several variables Multivariate calculus 40 / 99



ﬂ&@(wb N = 4 -l€y<i O £ x < l/l—gzj

N Tn  plmn  condwates

R =4 0<n¢i ,x<oO<T

>
) &

, Funda. 4y = fgz )%
2

= 2
hwd depedy on A only

Dq {diaym) dA = J_}Zsz 2 dr d&
= T x JD' R4 C()L - _g_:


Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


Example of polar integral (2)

Domain in Cartesian coordinates:
R = {(X,y); —-1<y<1,0<x< \/1—)/2}

Domain in polar coordinates:

R_{(r,e);ogrgl,— gegg}

s
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Example of polar integral (3)

Integral in polar coordinates: We get
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