Volume between two cones (1)

Queyin Wl we aluayy vilegule He funchum 4 o 2
A MO . We §ur wilequle 4 i adec b conpute

volumes
Problem:
Compute the volume ﬁ
@ Above cone C; : z = /x2 + y? _
@ Below cone G, : z =2 — /xZ+ 2 a
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Volume between two cones (2)

Intersection of the 2 cones: Its projection on xy-plane is
X2 + y2 =1

Strategy of integration:
@ In xy-plane, surface delimited by x> + y2 =1
— Easy domain (circle)

Conclusion: an easy way to integrate is in this order,

dzdy dx

Samy T. Several variables Multivariate calculus 58 / 99



Volume between two cones (3)

Integral computation: We get

X2+y
v = / dzdyd
x24y2<1 J 4/ x24y2 zdy ax
- 2 2,/x? 2) dyd
fooper (22052 s

Remark:
Terrible integral in Cartesian coordinates!

Samy T. Several variables Multivariate calculus 59 / 99



Volume between two cones (4)

Polar domain:
0<r<i, 0<o<2r

Volume in polar coordinates:

27 1

v o= / /(2—2r)rdrd9
0 0
1

= 2 —
7TX3

We get

-
3
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Outline

© Triple integrals in cylindrical and spherical coordinates
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Definition of cylindrical coordinates

Notation for cylindrical coordinates: Similar to polar coordinates

(r,0,z)

Conversion Cartesian to cylindrical:

r?=x*+y? tan(f) = 4

=, z=12z
X

Conversion cylindrical to Cartesian:

x = rcos(f), y = rsin(#), z=1z

Samy T. Several variables Multivariate calculus 62 / 99



Cylindrical coordinates: illustration

Z

 P(r, 0, 2)

P+ is the projection

of P onto the xy—plane.J
or S = z 9ace




Example of cylindrical coordinates

Point in Cartesian coordinates:

P(-3,3V3,1)

Problem:

Find cylindrical coordinates for P

Answer:

Samy T. Several variables Multivariate calculus 64 / 99
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Sets easily written in cylindrical coordinates

Cylinder:

Cylindrical shell:

Vertical half plane:

Horizontal plane:

Cone:

SEIAN

O -

r=a @"’s
e
T
a<r<b @ ¢
] 1
|
(
0 = 0, < 2
L?’ )
Ne S
z=a ' N
(
z=ar /; -
I~
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Domain:

Another domain in cylindrical coordinates (1)

Problem:

D= {(r,@,z); r? <z<4}

Identify this domain

=] =) = £ 9OHQC
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Another domain in cylindrical coordinates (2)

Lower bound on z: Given by the surface

2 2

Z=r = z=x’+ y
This is a paraboloid
Upper bound on z: Given by the surface
z=4

This is a horizontal plane

Samy T. Several variables Multivariate calculus 67 / 99



Integration in cylindrical coordinates

Basic formula: In cylindrical coordinates (r, 6, z),

///Df(X,y,Z)dV:///Df(rcos(&),rsin(@),z)rdrdedz

When to use cylindrical coordinates: If

©@ The domain D is one of the cylinder type domains
— mentioned before

@ f is a function of x> + y? ,/ ( Lo {uuch'u o{ 2

Samy T. Several variables Multivariate calculus 68 / 99
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Example of cylindrical integral (1)

Problem: Compute

3 VO-—x2 9-x2—y?
/:/ / / JX2 + y2dzdyd
—-3J0 0 x +y z y x

Preliminary remark:
Awful integral in Cartesian coordinates!

Samy T. Several variables Multivariate calculus 69 / 99
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Example of cylindrical integral (2)

Domain:

—3<x<3 and 0<y<+V9—x?
P
0<r<3 and 0<@0<nm

Computing the integral: With cylindrical coordinates,

™ 3 9—r2
/:/// rdzrdrdd
0 0 0

We get
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