Mass of a solid paraboloid (1)

Definition of the solid: Bounded by 1S
e Paraboloid z = 4 — r? eyl cad: (2,6,%)
@ Plane z=0

Problem: Find mass of solid if density is

f(r,0,z)=5—1z
( {(«JM& a e goes up )
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Mass of a solid paraboloid (2)

Domain: We have

D:{O§r§2, 0<6<o2m, O§z§4—r2}

Mass: We compute

M = ///Df(r,e,z)dv
— /02F/02/04_r2(5—z)dzrdrd€

]_ 27 2
= 5/ / (24r —2r3 — r5> rdrdf
o Jo

2r 44 88
= “Tde = o8
/o 3 3
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Definition of spherical coordinates

b
B X
Notation for spherical coordinates: Similar to S ar coordinates
I)J'w (\
(p,p,0), with p>0, 0<e<m 0<0<2r
¢S S~—S—;.
vhi thela Like c“,&wd/u‘caf
Conversion Cartesian to spherical: and.

PP =Xty + 22 + trigonometry to find ¢, 0

Conversion spherical to Cartesian:

x = psin(p) cos(8), y = psin(y)sin(0), z = pcos(yp)

= P IM¢ = x = w(B)= P @ cd(6)
y = 2 @)z p nalg) yn (B)

Samy T. Several variables Multivariate calculus 73 /99
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Spherical coordinates: illustration

Ly

SEIAN Several variables

;rP(P, ¢, 0)

ZA

)

x = psin ¢ cos 0

rP(P, ¢, 0)

Z=pcos¢

r=psing
[

_____ y
x y=psingsing
—
r
Multivariate calculus 74 / 99



Example of spherical coordinates

Point in spherical coordinates:

Problem:

Find Cartesian coordinates for P

(

Answer:

iy

N

\/§\/§>

SEIAN Several variables

Multivariate calculus
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Sets easily written in spherical coordinates

Sphere:

Vertical half plane:
0 =6y 0,6 )
1
Horizontal plane: N
p= asec(gp) 2 =& & fC(D('@):Q
P —co%@)— a yecle)

Cone:

Yo
>

Samy T. Several variables Multivariate calculus 76 / 99


Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


Small spherical volume
Formula: We have

dV = p?sin(p) dpdf dy
e W Ay

S, 7 ﬂ 4p

yu«(@ma

Thuy
dvz P 46
~— s
=p Si“‘/q;\k: N =p;Ag x AP

<pde
A= pZwle) Ap 26 3¢

Ap

L>

’App xnmt.e olume = |
Av= pe2sin ¢y ApA¢A9
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Integration in spherical coordinates

Basic formula: In spherical coordinates (r, 6, z),

///Df(x,y,z)dV

= f 0)si in(0) sin(p), ?sin(p) dpdfd
[ ] ], tosos(@sin(e), psin(@) sint). geos(ie)) 7 sinfi) dp o
x 9 2 dv
When to use spherical coordinates: If

@ The domain D is one of the spherical type domains
— mentioned before

@ f is a function of x? + y? + z2
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Example of spherical integral (1)

Domain: We consider

D = region in the first octant between two spheres of radius 1 and 2
centered at the origin.

Problem: Compute

/:///D (@ +y2+22) " av

Samy T. Several variables Multivariate calculus 79 / 99
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Example of spherical integral (2)
Expressing D in spherical coordinates:
p-{1=p=20<y

T
4

_27

m
<0< —
0<0<3)

p varies from

inner sphere (p = 1)
to outer sphere (p = 2).

¢ varies from

— _m
¢=0top=7.

Samy T.

Several variables

6 varies from
6=0t06=7.




Example of spherical integral (3)

Integral in spherical coordinates:
w/2 /2 2

| = / / / p 3 p?sin(p) dpdpdb
0 0 1

Computation:

2

I = /071'/2 /OW/zln(p) 1sin(gp) dp do
/2 w/2
- |n(2)/0/ (~cos(e))|
 In(2)7
2
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