Volume of an ice cream cone (1)

Domain: We consider

D = region between cone ¢ = % and sphere p = 4.

Problem: Compute

V:VolumeofD:/// av
J JD

Samy T. Several variables Multivariate calculus 82 /99



oma

Volume

o D=4 0<O<2T, 0y

<4

- o j)"/é Jch(c() dy 4430 dy

= 27 (lkg)w_és_

21 - @(¢) /% c’%s

Lq

V= 647 (2®)
D



Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


Volume of an ice cream cone (2)

Expressing D in spherical coordinates:

Samy T.

6 varies from

6=0tof =2m.

Several variables




Volume of an ice cream cone (3)

Integral in spherical coordinates:

2r /6 4
/:/ / / p?sin(y) dpdip df
0 0 0

Computation:

2x  [m/6 p34
I = / / —| sin(¢)dedd

o Jo 3o
4 2w /6

= 2T Ccoston | a0
3 Jo 0

= % 1—£ 2T
3 2

_ 64m(2 —V/3)

i —
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Outline

@ Integrals for mass calculations
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A playground example (1) Ci - Ca

Seesaw principle: Seesaw in equilibrium if

midy = mpd,

d,—rl«———d,——
~—d, )

[ ] o
m, A m,
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A playground example (2)

Notation:

Call x the center of mass for the 2-body seesaw system

Seesaw principle revisited: Seesaw in equilibrium if

mq (X]_ —)_() = nmop ()_(—XQ)

m, m
1 & 1 = | ] &- 1 Il
T w T =T T v T T
-3 \ 0 / 3
X X
Z_mx tmyx,
= ¥
my T m,y

Solving for x: We get

_ myxy + maxo  Average(mass x distance)
X = —
my + moy

Average(mass)

Samy T. Several variables

Multivariate calculus 87 /99



Center of mass of a{23:d body
~ Theorem 4. \

Let

@ D closed bounded region in R3

Id- casre
@ p = Density function on D

7
@ Mass of D given by m= [ [ [, p(x,y,))dV

Then the coordinates of center of mass for D are

e TR I

- MXZ
y = f///yp(x,y,x)dv d~case
m m D A
M 1y
o mj/j XXV, 4)

\.
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Moments
dohunce to xg-p&mc masy deashy

/\
Definition of moment: In center of mass defipition, the quantity

Mxy:///sz(x,y,z)dV

is called moment with respect to the xy-plane.
Remark: Moments are of the form

Average(mass x distance)

Samy T. Several variables Multivariate calculus 89 / 99
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A 2-d example (1)

Domain: We consider D C R? defined by
R = {(x,y); 1<x*+y* < 4} () First quadrant
Density of mass: Given by

p(x,y) = /x* + y?

Problem:

Find the center of mass of this object

Samy T. Several variables Multivariate calculus 90 / 99



RCQL'U/L i - < l §Xl+3‘§4§ N ¥ quadnan/‘



Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


Xn(6)
J™ J,Z /L{ca)(e) x 2 x R dr d6

I
X
X
—
(@)
\
—~


Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


A 2-d example (2)

Total mass: We get (with convenient polar coordinates)

m = //pdA
w/2
:/ /prdrde
- /(:/2 /1 2 drdf

Thus
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A 2-d example (3)

Center of mass on the y-axis: We have

) 1
y = —//ypdA
m R

w/2 2
= 6%/ / rsin(6)p rdrdf
o J1

w/2 2
= 6_7r/ /r3 sin(9) drdf
7 Jo 1
45

147

Thus
y ~1.023

Samy T. Several variables Multivariate calculus 92 /99



A 2-d example (4)

Center of mass on the x-axis: We have

1
X = —//xpdA
m R

w/2 2
= 6;/0 /lrcos(Q)prdrdQ

w/2 2
= 6—7T/ / r* cos(#) drdf
7 Jo 1
45

147
Thus

Samy T. Several variables Multivariate calculus 93 /99



A 2-d example (5)

Conclusion: The center of mass is

(%,7) = (1.023,1.023)

s

Hee  the  poblend ()
ymmehe . (xy)
hw T =3

o = = £ DA
SEIAN Several variables
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A 3-d example (1)

Domain: We consider D C R* bounded by

@ Hemisphere with radius a
@ xy-plane dukance fo aty(h

Density of mass: Given by (object heavier clos¢ to the center)

_o,_PF
C{Cﬂ)(."s </ f(p, 5079) =2 3

Problem:

Find the center of mass of this object

Samy T. Several variables Multivariate calculus 95 / 99
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A 3-d example (2)

Graph of the situation:

=] & = E DA
Samy T. Several variables
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