Radial vector fields

—~ Definition 1.)

-
We set 7l n
r=(x,y)
Then

General definition: A radial vector field is of the form
F=17(x,y)r, with f(x,y)eR
Fields of special interest:

r

F—
v]P
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Normal and tangent vectors (1) ¢: z244t - a2

Situation: We consider
@ Function g(x,y) = x%+ y?
e Circle C: {(x,y); g(x,y) = a*} — sadiw o
o Field F =+

Irl
Problem: For (x,y) € C, prove that

F(x,y) L tangent line to C at (x,y)
e Elyy palel b Vyiy)
4#\, each gy e C
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Functon q(A,9) = xttyt = 2

Curve Leyel cutve fm, q (2=at)
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——‘) .
clacm Fixy) | gt e
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Normal and tangent vectors (2)

Recall: From level curves considerations, we have

Vg(x,y) L tangent line to C at (x,y)

Computing the gradient: We get

(2x,2y) L tangent line to C at (x,y)

Conclusion: Since (2x,2y) = 2r, we end up with

r L tangent line to C at (x,y)
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Vector field in R3

Definition of vector fields in R3:
e Of the form F(x,y,z) = (f(x,y,2),8(x,y,z), h(x,y, z))
@ For each (x,y,z), F € R® namely F is a vector

Radial vector fields: Of the form

Samy T. Vector calculus Multivariate calculus 15 / 196



Example of vector field in R3 (1)

Definition of the vector field:

F(x,y,z) = <X,y, e_z>

Problem:
Give a representation of F

Samy T. Vector calculus Multivariate calculus 16 / 196



Example of vector field in R (2) Hup 220
Vechn {celd 2’ € N* 11l =0, Fhen

Recall: R o lemeases exp. /a.)/'
F(Xv)/) - é>

Information about the vector field:
Q xy-trace: F = (x,y,1)
— Radial in the plane, with component 1 in vertical direction
@ In horizontal plane z = z5: F = (x,y,e %)
— Radial in the plane, with smaller component in vert. direction
Q@ Asz — oo F— (x,y,0)
— Radial in the plane, with 0 component in vertical direction
o

Magnitude increases as we move away from vertical axis

Samy T. Vector calculus Multivariate calculus 17 / 196
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Example of vector field in R* (3
In 2= {79

////,/\\//

\

\ P

* 1 //VV/ y

\ /// N T

7/r\% x\\
\mm

<z9,I>

T
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Outline

© Line integrals

=] & = E DA
Samy T. Vector calculus



Wak of a fae

W= F - displuement (s R2)
Tho umule way tof e doplatewent o) Linean.
Whet hagens if we move alary o corve ?

Motivation

Physical situation: Assume we want to compute
@ Work of gravitational field F
@ Along the (curved) path C of a satellite

Needed quantity: integral of F along C
— How to compute that?

Amk We dat wth F={ Ol fuackor )
- Thew we well »gJOL af F ‘/ec}'% %t.eé/
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Idea :

« Douekee
T He wwe C.

« Each mall piece

U agnoxumnated

Approximation procedure  <a(b),9l&)

Notation: We consider

o Curve r(t) = (x(t),y(t)) by He ryt line.
@ Partition a =ty < --- < t, = b of time interval [a, b]
@ Arc length s of r « O1 ench ymall pt‘ece,
@ Function f defined on IR? campule wuk @ wual

Approximation:

n

Sn =D (x(te), ¥(t)) Asi

k=1
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Approximation procedure: illustration
Recall:

Zf )) ASk

' [cm=<<r>y(o>

fora=t=b»b

(x(2p), y\(t,}‘)) :

(x(t)), y(1) >
As;

@t Y1) (x(2), ¥(1))

|
(x(t,), ¥(t,))

(x(1), y(ty))

a t; - [P A t,=b t

)
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Computation of line integrals in R?

—~ Theorem 2. N

We consider
@ Curve C defined by r(t) = (x(t), y(t))
e Time interval [a, b]

@ Arc length s of r

@ Function f defined on R?

Then we have

[ as= [ £ (x(e).y(e) IP(0)1ar

Samy T. Vector calculus Multivariate calculus 23 / 196



Computation of line integrals e
S = ‘Lu’(a)l da

dy = lR&)de
Recipe: \/l/
@ Find parametric description of C
— r(t) = (x(t), y(t)) for t € [a, b]

@ Compute |r'(t)| = \/x3(t) + y3(t)

© Make substitutions for x and y and evaluatg ordinary integral
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Average temperature (1)

Situation:

o Circular plate
R = {x2 +y? = 1}

@ Temperature distribution in the plane:

T(x,y) =100 (x* 4 2y?)

Problem:

Compute the average temperature on the edge of the plate
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Curie Cucle ©  <ea(€), ynlt)> =2 (F)
X E <2

(€)= < -dnlk) cpler>
IR (E) = Wt E)t+ Ca’(E)=)

Averaoe femp

?:27" Jc_ :Z(Z,‘ﬂ) C(.B
-
[eM;ﬁL dC g f o ( a?(E)r 2ontles )< dt

T

- AZF () + ") ) dE
3 (l-cn(z€) )

T = 150
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Samy T.

Average temperature (2)

Temperature
on edge of plate

T(x, y) = 100 + 2y?)

Edge of plate x> + y? = 1
r = (x,y) = (cos £, sin #),
for0=t=2mw

Vector calculus




Average temperature (3)
Parametric description of C: r(t) = (cos(t),sin(t))
Arc length: |¥'(t)| =1
Line integral:
27r
/ T(x,y)ds = 100/ x(£) + 2y(£)?) P (1)) dt
c
27r
- 100/ cos (t)+2sin2(t)) dt
0
100 /277 (1 +sin%(2)) dt
= [
0

Thus
/ T(x,y)ds = 3007
C
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Average temperature (4)

Recall:
/C T(x,y)ds = 3007

Average temperature: Given by

T _ fC T(X7y)ds
Length(C)
We get
7397 _ 150
2T
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