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© Conservative vector fields
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Main issues in this section

Two important questions: E’ = Vi
© When can we say that a vector field is the gradient of a function?
@ What is special with this kind of vector fields?

s Hey ae amemhive
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Conservative vector field

— Definition 6. | \
Let
@ D domain of R?
@ F vector field defined on D

Then F is a conservative vector field if

There exists ¢ such that F = Vi on D

Samy T. Vector calculus Multivariate calculus 43 / 196



Criterion for being conservative in R?

Notation: For ¢ : R? — R, set ¢, = 22 and ¢, = 22

Oy
~ Theorem 7.

Consider a vector field in R C R?:

F=(fg)

Then there exists ¢ such that:

Vo = (px, p,) =F onR,
e o Hhe fact Hod

A {g: L{X.g
f;/:gx on R 3= = kpﬂ‘t

if and only if F satisfies:

SEIAN Vector calculus Multivariate calculus

44 / 196
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Computation of function ¢ in R?

Aim: If f, = g, find ¢ such that p, = f and ¢, = g.

Recipe in order to get ¢

© Write ¢ as gntiderivative of f with respect to x: ”
€ (h9) = J4lzg) dx '+ bly) — e cotont " degend; any
p(x,y) = alx v+ b(y). where a(x,y) = [ f(x,) dx

@ Get an equation for b by differentiating with respect to y:

oy =8 <= by)=glxy)—al(xy)

© Finally we get:
p(x,y) = a(x,y) + b(y).

Samy T. Vector calculus Multivariate calculus 45 / 196
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Example of conservative vector field (1)

Vector field:
F={x+yx)

Problem:
@ Is F conservative?

@ If F is conservative, compute ¢ such that Vo =F

Samy T. Vector calculus Multivariate calculus 46 / 196



Example of conservative vector field (2)

Recall:
F={+yx)

Proof that F is conservative:
f;/ g 1 g gX

Thus F is conservative

Samy T. Vector calculus Multivariate calculus 47 / 196



Example of conservative vector field (3)
Computing ¢: We have
1 2
Y= /f(x,y)dx+ b(y) = X + yx + b(y)

Computing b: We write

o, =x <<= x+b(y)=x <<= b)=0
Expression for o: Since b(y) = ¢ for a constant ¢, we get

1
o(x,y) = §x2 +yx+c

Samy T. Vector calculus Multivariate calculus 48 / 196



Criterion for being conservative in R3

—~ Theorem 8.

Consider a vector field in R C R3:

F={(fgh
Then there exists ¢ such that:
Vo = (px, ¢y, ¢z) =F on R,
if and only if F satisfies:

f;/:gxa fz:hxa gz:hy on R

Samy T. Vector calculus Multivariate calculus 52 / 196



Computation of function ¢ in R3
57 = J{de + blyz)

Aim: If F is conservatiye] find ¢
— such that ¢y, = g and @, = h.

Recipe in order to get ¢:
@ Write ¢ as antiderivative of f with respect to x:

p(x,y) = al(x,y,2) + bly,2). where a(x,y.2) = [ f(x.y,2) dx
@ Get an equation for b by differentiating with respect to y:

o, =8 <<= b(y,z)=g(x.y,2)—ax,y,2)

© lterate this procedure with 0,

Samy T. Vector calculus Multivariate calculus 53 / 196
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Example of conservative vector field in R (1)

Vector field:

F:< 2—zey,y3—xzey,z4—xey>

Problem:
@ Is F conservative?
@ If F is conservative, compute ¢ such that Vo =F

Samy T. Vector calculus Multivariate calculus 54 / 196
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Example of conservative vector field in R (2)

Recall:
F:<x2—zey,y3—xzey,z4—xey>

Proof that F is conservative:

f;/ =8« = —X e’
fz = hx = —¢
g =h = —xé&

Thus F is conservative

Samy T. Vector calculus Multivariate calculus 55 / 196



Example of conservative vector field in R (3)

Computing ¢: We have
1
0= /f(x,y,z)dx+ b(y,z) = §x3 —xze’ + b(y, z)

Computing b: We write
©y =y —xze — —xze” + b, =y —xze

1
= bly,2) = +c(2)

We have thus obtained

1 1
Q= §x3 —xze' + Zy4 + ¢(2)
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Example of conservative vector field in R (4)

Computing c: We write
0, =2"—xe& = —xe&+d(z)=2"-x¢&

1
— ¢(2)= 525 +d
Expression for ¢: For a constant d, we get

1 1 1
p(x,y,2) = §X3—xzey+1y4+gz5+d

Samy T. Vector calculus Multivariate calculus 57 / 196



Fundamental theorem forfing int

4

—~ Theorem 9. N

Consider

@ A conservative vector field F on R C R3
@ ¢ such that Vo =F
@ A piecewise smooth oriented curve C C R from A to B

Then we have

/CF-Tds:/CF-drzso(B)—sﬁ(A)

Samy T. Vector calculus Multivariate calculus 58 / 196
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