
Outline

1 Vector fields
2 Line integrals
3 Conservative vector fields
4 Green’s theorem
5 Divergence and curl
6 Surface integrals

Parametrization of a surface
Surface integrals of scalar-valued functions
Surface integrals of vector fields

7 Stokes’ theorem
8 Divergence theorem
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The main theorem

Consider
An oriented surface S in R3

S has a smooth boundary C

F = Èf , g , hÍ vector field in R3

Curl(F) = Ò ◊ F

Then we have
j

C
F · dr =

⁄ ⁄

S
Curl(F) · n dS

Theorem 23.
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From Green to Stokes

From 2-d to 3-d:
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Orientations

Compatibility of orientations: Stokes’ theorem involves
An oriented surface
An oriented curve (counterclockwise)

The orientations have to be compatible through the right hand rule
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Verifying Stokes theorem (1)

Vector field:
F = Èz ≠ y , x , ≠xÍ

Surface: Hemisphere

S : x
2 + y

2 + z
2 = 4

‹
{z Ø 0}

Corresponding curve: In xy -plane, circle oriented counterclockwise

C : x
2 + y

2 = 4

Problem:
Verify Stokes’ theorem in this context
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Verifying Stokes theorem (2)
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Verifying Stokes theorem (3)

Parametric equation for C :

r(t) = È2 cos(t), 2 sin(t), 0Í

Parametric equation for F: Along C we have

F = Èz ≠ y , x , ≠xÍ = 2 È≠ sin(t), cos(t), ≠ cos(t)Í

Dot product: We have

F(t) · rÕ(t) =
1
cos2(t) + sin2(t)

2
= 4
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Verifying Stokes theorem (4)

Line integral:
j

C
F · T ds =

j

C
F(t) · rÕ(t) dt

= 4
⁄ 2fi

0
dt

Thus we get j

C
F(t) · rÕ(t) dt = 8fi
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Verifying Stokes theorem (5)

Expression for Curl(F): We have

Curl(F) =

-------

ı̨ ą̈ k̨
ˆ

ˆx
ˆ

ˆy
ˆ
ˆz

z ≠ y x ≠x

-------

Computation: We find that F is a rotation with axis È0, 1, 1Í

Curl(F) = È0, 2, 2Í
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Verifying Stokes theorem (6)

Parametrization of S: We take

r(u, v) = È2 sin(u) cos(v), 2 sin(u) sin(v), 2 cos(u)Í , (u, v) œ R ,

with
R = {0 Æ u Æ fi/2, 0 Æ v Æ 2fi}
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Verifying Stokes theorem (7)

Normal vector: We have

tu = È2 cos(u) cos(v), 2 cos(u) sin(v), ≠2 sin(u)Í ,

tv = È≠2 sin(u) sin(v), 2 sin(u) cos(v), 0Í ,

Thus

tu ◊ tv =
e
4 sin2(u) cos(v), 4 sin2(u) sin(v), 4 cos(u) sin(u)

f
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Verifying Stokes theorem (8)

Surface integral: We get
⁄ ⁄

S
Curl(F) · n dS =

⁄ ⁄

R
Curl(F) · (tu ◊ tv) dA

=
⁄ 2fi

0

⁄ fi/2

0
È0, 2, 2Í

·
e
4 sin2(u) cos(v), 4 sin2(u) sin(v), 4 cos(u) sin(u)

f
dudv

= 8
⁄ 2fi

0

⁄ fi/2

0

1
sin2(u) sin(v) + sin(u) cos(u)

2
dudv

= 8
⁄ 2fi

0

⁄ fi/2

0
sin(u) cos(u) dudv

We get a positive flux (since F points outward):
⁄ ⁄

S
Curl(F) · n dS = 8fi

Samy T. Vector calculus Multivariate calculus 167 / 196



Verifying Stokes theorem (9)

Verification: We have found
j

C
F · dr =

⁄ ⁄

S
Curl(F) · n dS = 8fi
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	Stokes' theorem

