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@ Stokes' theorem
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The main theorem

Th 23.}
’_[ e.orem 3 / Coveakia * n FW"* outsde
Consider 2
—_—

@ An oriented surface S in R3

@ S has a smooth boundary C

o F=(f, g, h) vector field in R3
o Curl(F) =V xF

Then we have

]é;F-dr: '//SCurl(F) ‘nds
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From Green to Stokes
2-d 3-d
From 2-d to 3-d:

C

Circulation form
of Green’s Theorem:

iF-dr=JJ(VXF)-de

J
9x- {4

C
Stokes’ Theorem:
§F-dr=”(VxF)-nds
c N
o =2 = = 9ace
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Orientations %' gowhing adumd
N

Compatibility of Grientations: Stokes' theorem involves
@ An oriented surface

@ An oriented curve (counterclockwise)

The orientations have to be compatible through the right hand rule
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Verifying Stokes theorem (1)

Vector field:
F=(z—y,x,—x)

Surface: Hemisphere

S: X*+y’+22=4 () {z>0}

Corresponding curve: In xy-plane, circle oriented counterclockwise
C: x*+ y2 =4
Problem: . (‘omﬂfe dwe (Weame

Verify Stokes' theorem in this context) . (ompu/e M/a@ lhkgwe
. Check Hot My ae =
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Verifying Stokes theorem (2)

Axis of rotation
of Fis (0, 1, 1).

SE+y+2=4|p

z=0
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Verifying Stokes theorem (3)
Parametric equation for C:
r(t) = (2cos(t),2sin(t),0)

Parametric equation for F: Along C we have

F=(z—y,x,—x) =2(—sin(t),cos(t), — cos(t))

Dot product: We have

F(t) -v'(t) = (cos2(t) + sin2(t)) =4

Samy T. Vector calculus Multivariate calculus 162 / 196



Verifying Stokes theorem (4)

Line integral:

fFTds = fF@)-r(o)

= 4 dt
0

Thus we get

j{CF(t) F(t)dt = 8

Samy T. Vector calculus Multivariate calculus 163 / 196



Verifying Stokes theorem (5)

Expression for Curl(F): We have

T 7 k
Curl(F) = a% % %
zZ—y X —X

Computation: We find that F is a rotation with axis (0,1, 1)

Curl(F) = (0,2,2)
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Verifying Stokes theorem (6)

Parametrization of S: We take
r(u,v) = (2sin(u) cos(v), 2sin(u)sin(v),2cos(u)), (u,v)€ R,

with
R={0<u<n/2,0<v<2r}
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Verifying Stokes theorem (7)

Normal vector: We have

t, = (2cos(u)cos(v), 2cos(u)sin(v),—2sin(u)),
t, = (—2sin(u)sin(v), 2sin(u) cos(v),0),
Thus

t, xt, = <4sin2(u) cos(v), 4sin?(u)sin(v), 4 cos(u) sin(u)>
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Verifying Stokes theorem (8)

Surface integral: We get

//SCurl( ndS = //Curl (t, x t,) dA
:/02”/;/2<o,2,2>

: <4sin2(u) cos(v), 4sin?(u)sin(v), 4 cos(u) sin(u)> dudv
= 8/027r /Oﬂ/z (sinz(u) sin(v) + sin(u) cos(u)) dudv
= 8/027r /07r/2 sin(u) cos(u) dudv

We get a positive flux (since F points outward):

/[5 Curl(F) - ndS = 8
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Verifying Stokes theorem (9)

Verification: We have found

jch-dr://scurl(F)mdszsn

=] & = E DA
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