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Stokes theorem for a line integral (1)

Vector field:
F = <z, —z,x% — y2>

Surface: Plane in the first octant, with n pointing upward

>
S: z=8-4x-2y () {x>0,y>0,z>0}

Corresponding curve:
Three lines delimiting S — ng bo puame heee

Problem: In order to avoid a parametrization of C
— Evaluate §- F - dr as a surface integral

Samy T. Vector calculus Multivariate calculus 169 / 196
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Stokes theorem for a line integral (2)

SEIAN

R={(xy:0=x=20=y=4-—2}

Vector calculus
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Stokes theorem for a line integral (3)

Expression for Curl(F): We have

TT k

o 9 )

CUF'(F) = Bx w 2
z —z x*— y2

Computation: We find
Curl(F)=(1—2y,1—2x,0)

SEIAN Vector calculus

Multivariate calculus

171 / 196



Stokes theorem for a line integral (4)

Parametrization of S: We take the explicit version
z=8—-4x—-2y, (x,y) €R,

with
R={0<x<20<y<4-2x}

Samy T. Vector calculus Multivariate calculus 172 / 196



Stokes theorem for a line integral (5)

Normal vector: We write the plane as
4x +2y+2z=38

Thus
n=(421)

Formula used for the surface integral: Explicit case in Definition 22

//SF-ndS://R(—fzx—gzy+h)dA

Samy T. Vector calculus Multivariate calculus 173 / 196



Stokes theorem for a line integral (6)

Surface integral: We get

/L&mwyn&
_ /02/04_2X (4,2,1) - (1 — 2y, 1 — 2x, 0) dxdy

2 r4-2x
:/ / (6 — 4x — 8y) dxdy
0 Jo

We obtain:

//SCurl(F) ndS = —838

Samy T. Vector calculus Multivariate calculus 174 / 196



Stokes theorem for a line integral (7)

Computation of the line integral: We have

jéCF-dr—//scurl(F)-nds——838

Remark:
We get a negative flux (circulation is going clockwise)

Samy T. Vector calculus Multivariate calculus 175 / 196



Vector field:
F={(-y,x, 2

Surface: Part of a paraboloid within another paraboloid

S: z=4-x"-3y* ) {223x2+y2},
with n pointing upward

Corresponding curve:
Intersection of the 2 paraboloids

Problem: In order to avoid a parametrization of S
— Evaluate [ [ Curl(F) - ndS as a line integral

Samy T. Vector calculus Multivariate calculus 176 / 196
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Stokes theorem for a surface integral (2)

Outward normal
vector for

Example 3a
z=4—x2— 3?2

Inward normal
vector for

Example 3b
—

Outward norma
vector for

Example 3¢

SEIAN

Vector calculus
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