Limits and continuity (1)

el

Function: We define

locaked or

=

aybrder < 1(1) = (cos(mt), sin(r t),e ")

Questions:
@ Graphr

B by Cofhhui)'y

l\>O o bt -0

@ Evaluate lim,_,r(t) = @)= < l, V) et>
@ Evaluate lim;_, r(t) —> W& vl exist (@ and xh ote

©Q At what points is r continuous?

O)c_(;[(al(}fg {uu ch‘m)

s Sd«gc @) dnlnt) et ae ol
ity feucko o M, (6> 1) abo

conbinuar oo 1h
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Limits and continuity (2)

Answers
Q lim,or(t) =(1,0,e72)
@ No limit. Ast — o0
< r(t) approaches the unit circle in xy-plane

© r is continuous everywhere
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Limits and continuity (3)

2} ¥(® = (cos mt, sin 7, e”*),
fort=0

x Curve approaches the y
circlex? + y> = lin
Kthe xy-plane as ¢ = o°.
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Outline

© Calculus of vector-valued functions

=] & = E DA
SEIAN Vector-valued functions
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Derivative and velocity

z
P @=Ar=r(t+At)—r(t)
o
r(t)
K() = (£@), 8(0), h(t)) X+ A1
y
x (@)
SEIAN Vector-valued functions

2eren’

e )

() Y

/

As At>0, % ->r'(),

which is a tangent vector at P.

(b)
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Spiral on cone example

Function: Consider the curve defined by

r(t) = (tcos(t), tsin(t), t)

Derivative: We get

r'(t) = (—tsin(t) + cos(t), t cos(t) + sin(t), 1)

Related surface: r is a spiral on the cone

X2 4 y? =22

Samy T. Vector-valued functions Multivariate calculus 17 /50
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Unit tangent vector

— Definition 2. |

Let
@ r(t) a vector-valued function
@ Assume r'(t) #0

Then the unit tangent vector of r at time t is defined by

Ak By defocha , IT(ON = |

SEIAN Vector-valued functions Multivariate calculus
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Spiral on cone example

Function: Consider the curve defined by

r(t) = (tcos(t), tsin(t), t)

Derivative: We have seen

r'(t) = (—tsin(t) + cos(t), t cos(t) + sin(t), 1)

Unit tangent: We get

T(t) <—tsin(t)—|—cos(t) t cos(t) + sin(t) 1 >
\Tvm2 0 Ve Ve
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Product rules

—~ Theorem 3.

Let
@ u, v vector-valued functions

@ f real-valued function
Then we have
[f(t)u(t)] = F'(t)u(t) + F(t)u'(t)
[u(t) -v(t)] = u'(t)-v(t) +u(t)-v(t)

[u(t) x v(t)] = u'(t) x v(t) +u(t) x V(1)

Samy T. Vector-valued functions Multivariate calculus 20 /50



Example of product rule
e e <eb el etet> = efdites
@((’)Z’(C))/ = éb < /,C\,/C‘> + Sb<o/ L2e>

Functions: Consider YAl e \,{?
()= (11, f(t)=¢
Product derivative: We find
d ¢ 2 £
rUGLGIE (Lt +1,12+2t)
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Antiderivative

— Definition 4. | \
Consider

o r of the form r(t) = (f(t), g(t), h(t))

e F, G, H antiderivatives of f, g, h respectively

o R(t) = (F(1), G(t), H(t))

Then we have

/r(t)dt = R(t) + (C1, Gy, C3)

Samy T. Vector-valued functions Multivariate calculus 22 /50



Example of antiderivative

Function: Consider

r(t):< ! ,e—3f,sin(4t)+1>

t2 42
Antiderivative: We get

1 1
/r(t) dt = <\/t2 + 2, —ge_3t, t—7 cos(4t)> +C

Samy T. Vector-valued functions Multivariate calculus 23 /50
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