
Outline

1 Graphs and level curves

2 Limits and continuity

3 Partial derivatives

4 The chain rule

5 Directional derivatives and the gradient

6 Tangent plane and linear approximation

7 Maximum and minimum problems

8 Lagrange multipliers
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Recalling functions of 1 variable (1)

Example of function:

y = f (x) =
Ô

9 ≠ x2

Questions:
1 Domain of f ?
2 Range of f ?

Samy T. Several variables Multivariate calculus 4 / 141
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Recalling functions of 1 variable (2)

Recalling the function:

y = f (x) =
Ô

9 ≠ x2

Domain:
x œ [≠3, 3]

Range:
y œ [0, 3]

Samy T. Several variables Multivariate calculus 5 / 141



Functions of 2 variables: example (1)

Example of function:

z = f (x , y) =
Ô

9 ≠ x2 ≠
Ò

25 ≠ y 2

Questions:
1 Domain of f ?
2 Range of f ?

Samy T. Several variables Multivariate calculus 6 / 141
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Functions of 2 variables: example (2)

Recalling the function:

z = f (x , y) =
Ô

9 ≠ x2 ≠
Ò

25 ≠ y 2

Domain:
(x , y) œ [≠3, 3] ◊ [≠5, 5]

Range: Looking at lines x = ±3 and y = ±5, we get

y œ [≠5, 3]

Samy T. Several variables Multivariate calculus 7 / 141
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Contour and level curves

Contour curve:
Intersection of the surface (x , y , f (x , y)) and plane z = z0

Level curve:
Projection of contour curve on xy -plane

Definition 1.

Samy T. Several variables Multivariate calculus 8 / 141



Contour and level curves: illustration

Samy T. Several variables Multivariate calculus 9 / 141
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Example of level curves (1)

Function:
f (x , y) = y ≠ x2 ≠ 1

Samy T. Several variables Multivariate calculus 10 / 141
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Example of level curves (2)
Function:

f (x , y) = y ≠ x2 ≠ 1

Level curves: For z0 œ R, we get the parabola

y = x2 + 1 + z0

Samy T. Several variables Multivariate calculus 11 / 141



Example 2 of level curves (1)

Function:
f (x , y) = exp

1
≠x2 ≠ y 2

2

Samy T. Several variables Multivariate calculus 12 / 141
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Example 2 of level curves (2)
Function:

f (x , y) = exp
1
≠x2 ≠ y 2

2

Level curves: For z0 œ (0, 1], we get the circle

x2 + y 2 = ≠ ln(z0)

Samy T. Several variables Multivariate calculus 13 / 141



Example 3 of level curves (1)

Function:
f (x , y) = 2 + sin(x ≠ y)

Samy T. Several variables Multivariate calculus 14 / 141
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Example 3 of level curves (2)

Function:
f (x , y) = 2 + sin(x ≠ y)

Level curves:
For z0 œ [1, 3], we get a family of lines

Level curves for z0 = 2:

y = x ≠ k fi, k œ Z

Level curves for z0 = 1:

y = x ≠ fi

2 + 2k fi, k œ Z
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Example 3 of level curves (3)
Function:

f (x , y) = 2 + sin(x ≠ y)

Depiction of level curves:
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	Graphs and level curves

